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Abstract

We consider rough differential equations whose coefficients contain path-dependent
bounded variation terms and prove the existence and a priori estimate of solutions.
These equations include classical path-dependent stochastic differential equations con-
taining running maximum processes and normal reflection terms. We apply these
results to determine the topological support of the solution processes.
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1 Introduction

In the framework of Itd’s calculus, path-dependent stochastic differential equa-
tions(=SDEs) are naturally formulated and the existence and uniqueness hold under
suitable standard assumptions on the coefficients. For example, reflected SDEs and
SDEs containing running maximum and minimum processes are typical examples. In
one dimensional cases, very simple SDEs containing the maximum and minimum pro-
cesses and reflection term have been studied in detail. In this paper, we consider rough
differential equations (=RDEs) whose coefficients contain path-dependent bounded
variation terms and prove the existence and a priori estimate of solutions. This class
of equations include the classical path-dependent SDEs mentioned above. Although
the solutions are not unique in general, the uniqueness holds for smooth rough paths
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in many cases. Under the uniqueness assumption, we prove a continuity property of
solution mappings at smooth rough paths which is useful to determine the topological
support of the solution processes.

The structure of this paper is as follows. In Sect.2, we introduce a class of RDEs
containing bounded variation terms:

t
Zi=§ +/ o (Zs, A(Z)s)dX, (1.1)
0

where X; is a 1/8 rough path (1/3 < B < 1/2) and A(Z), is a continuous bounded
variation path which depends on the past path (Z;),<;. After that, we state our main
theorem (Theorem 2.7) which proves the existence and a priori estimate of solutions
under o € Lip? ™! (y > 1/8) and suitable assumptions on A. Note that the regularity
assumption on o for the existence of solutions is standard in the case of usual RDEs
which corresponds to A = 0. The solution Z; is a controlled path of the driving rough
path X. Actually, we solve this equation in product Banach spaces consisting of Z and
U = A(Z) by applying Schauder’s fixed point theorem.

To this end, we introduce Hélder continuous path spaces C? and Banach spaces
C47ver-9 consisting of W based on the control function w of X. The latter is a set of
paths whose g-variation norms (g > 1) are finite and satisfy a certain Holder continuity
defined by w. We also study basic properties of the functional A. We briefly explain
examples but we will discuss the detail in Sect.5.

In Sect. 3, we prove our main theorem. The uniqueness does not hold in general.
See Remark 2.8 (6).

In Sect.4, we consider usual 8-Holder rough path X with the control function
w(s,t) = |t — s|. We show that the (generally multivalued) solution mapping is
continuous at a rough path for which the solution is unique in Proposition 4.2 using a
priori estimate of solutions. We use this result to prove support theorems in Sect. 6.

In Sect. 5, we give examples. In Sect. 5.1, we consider reflected rough differential
equations on a domain D in R":

t
Y, =& +/ o(Y,)dX; + ®;, £¢€D, (1.2)
0

where @, is the reflection term which forces ¥; € D. This equation looks different from
the equation studied in the main theorem. However, it is well-known that reflected Itd
(Stratonovich) SDEs can be transformed to certain path-dependent Itd (Stratonovich)
SDEs without reflection term. This is used to prove Freidlin-Wentzell type large devi-
ation principle ([5]) and the support theorem ([14]) for reflected diffusions on domains
with smooth boundary. We prove the existence theorem (Theorem 5.6) under standard
assumptions (A) and (B) on D and o € Lip” ! by transforming the Eq. (1.2) to the
corresponding path-dependent RDE (1.1). This is an extension of the result in [2] in
which we proved the existence of solutions of (1.2) under stronger assumptions that
D satisfies the condition (H1) and o € Cg.

In 1-dimensional cases, perturbed SDEs and perturbed reflected SDEs were studied
by many people. See e.g. [7, 8, 10, 11, 13, 31, 36]. In Sect. 5.2, we give a short review
of these subjects.
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In Sect. 5.3, we consider multidimensional and rough path versions of 1-
dimensional perturbed SDEs and perturbed reflected SDEs. In the study of the latter
one, we need to consider an implicit Skorohod equation as in [2]. As for perturbed
reflected SDE whose driving process is the standard Brownian motion, we can extend
the existence and uniqueness result of the solution due to Doney and Zhang [13] by
using our approach. See Remark 5.22.

Path-dependent functional A (x), which we are mainly concerned with in this paper
is a kind of generalization of the maximum process maxo<s<; |xs| and the local time
term L (x);. The maximum process maxo<s<; | x| is obtained as the limit of ||x || » [0,+])
as p — oo. Hence it may be natural to study the case where A(x); = [|x|[Lr((0,s))- In
Sect. 5.4, we study such examples.

In Sect. 6, we prove support theorems for solution processes by using Proposition 4.2
and Wong—Zakai theorems. In this section, except Theorem 6.4, we consider the
Brownian rough path W which implies that we consider the usual Stratonovich SDEs
driven by the standard Brownian motion.

Section 1 is an appendix. The solution Y; studied in Sect.5 is a sum of a controlled
path Z; and a continuous bounded variation path ;. For a given controlled path Z,
the Gubinelli derivative Z’ is uniquely determined if the first level path X of X is truly
rough in the sense of [20]. In our case, P is certainly bounded variation but does not
have good regularity property in Holder norm. Hence it is natural to ask whether Z’
is unique or not for Y in our setting. We study this problem by using a certain rough
property of the path X in Sect. 7.1. In Sect. 7.2, we make a remark on path-dependent
rough differential equations with drift. This consideration is necessary for the study
of the reflected diffusions with the drift terms.

2 Preliminary and Main Theorem

Let us fix a positive number T. Let w(s,t) (0 < s <t < T) be a control function.
That is, (s, ) — w(s,t) € RT is a continuous function and w(s, u) + w(u,t) <
w(s,t) (0 <s <u <t < T) holds. We introduce a mixed norm by using @ and
p-variation norm. We refer the readers to [21] for the related studies. Let E be a finite
dimensional normed linear space. For a continuous path (x;) (0 <7 < T) on E, we
define for [s, ¢t] C [0, T'],

X lloo,[s,,] = max x|, 2.1
s<u<t

”x”oo»var,[s,t] = max_ |xl, (2.2)

S<u<v=t

N 1/p

1% p-var. 5.1 = {supZ |x,k1,,k|f’] : (23)

P k=1
where P = {s = fyp < --- < ty = t} is a partition of the interval [s, ¢] and x,, , =

Xy — Xyu. When [s, t] = [0, T], we may omit denoting [0, T]. For0 <8 < 1,q > 1,
0 <s <t < T and a continuous path x, we define
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Ixll6,1s,0 = inf {C > O] |xy 0] < Cou,v)? s<u<v=t (2.4)

},

||x||q—var,9,[s,t] = inf {C >0 ‘ ”x”q—vur,[u,v] < Co(u, U)e SSu=<v=< t} . (29)

We use the convention that inf # = +-00. When w(s, t) = |t — s|, [lx]lg,[5,;] < 00 is
equivalent to that x,, (s < u < t) is a Holder continuous path with the exponent 6 in
usual sense. Hence we may say x is an w-Holder continuous path with the exponent
0 ((w, 6)-Holder continuous path in short). For two parameter function Fy ; (0 < s <
t < T), wedefine || Flg,(s,; similarly.

We denote by Ce([O, T1, E) the set of w-Holder continuous paths x with values
in E satisfying x|l = [lxllo.jo.7] < oo. We may denote the function space by
C?(0, T, E), ») to specify the control function. C?([0, T1, E) is a Banach space
with the norm |xp| + ||x]lg. We may just write CY(E) if there is no confusion. Let
€449 (E) denote the set of E-valued continuous paths of finite g-variation defined
on [0, T satisfying [Ix|lg-var,6 1= IIXllg-var.6,j0,771 < 0. Note that cavar-(E) is a
Banach space with the norm |xo| + [l xl4-var,6. Obviously, any path x € cavarf (g
satisfy |xs /| < [Ix|lg-var,6@ (s, 1)?. We may write C?, C47Y*"9 for simplicity.

We next introduce the notation for mappings between normed linear spaces. Let
E. F be finite dimensional normed linear spaces. Fory =n+6 (n € NU {0},0 <
6 < 1), Lip¥ (E, F) denotes the set of bounded functions f on E with values in F
which are n-times continuously differentiable and whose derivatives up to n-th order
are bounded and D" f is a Holder continuous function with the exponent € in usual
sense.

We use the following lemma. The compact embedding in (2) is necessary for the
application of the Schauder fixed point theorem.

Lemma 2.1 (1) Let1 < g’ < q. For a continuous path x, we have

! (g9—4")
1% Ng-var i < 10870 INSESEYE < e o (26)

(2) Let1 <q' <q.Let0 < 0,0’ <1 be positive numbers such that g0 < q'0’. Then
for any x € C47Y*Y we have

1% llg-var.o < @(0, TY@T 9D/ x 00 e S0 @.7)

Further if ¢ < q holds, then the inclusion C4 V9" < C4v9"9 s compact.
3) If”x”q—var,[s,t] < o0 for some q, then limq—>oo ”x”q—var,[s,t] = ”x”oo—var,[s,t]-

Proof (1) We have

1/q
”x”q—var,[s,t] = {Sup E |xt,~_1,t,'|q}
P

1/q
’ —q q'/q (a—4"/q
< [s;prt,l,zlﬂ max [x;,_, ;| q} e B A 3 A AN )

1
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The second inequality follows from the trivial bound || x ||co-var,(s.r] < 1% lg'-var,[s.1]-
(2) By (1), we have

’ 7 ’

16 gvar. g1 < IXNE0E o0 g (s, D@D 20 (s, 0. (2.9)
This implies (2.7). If sup,, [(xn)ol + |xnll4’-var 67 < 00, then by their equicontinuities,
there exists a subsequence such that x,, converges to a certain function x in the
uniform norm. By (2.7), we can conclude that the convergence takes place with respect
to the norm on C7°V"9
(3) We need only to prove lim SUP; 0 lxllg-var.[s.1 < IXlloo-var,[s.r]- Suppose
lx1lgg-var,is,n < 00. Then for g > qo,

1/q 1/q
Sup Z |xl,',1,ti |q S SUP Z |xli71,l‘,' |q0 Sllp max |xli71,ti |(q_q0)/q'
P \5 P \5 P
(2.10)
Taking the limit ¢ — o0, we obtain the desired estimate. O

Throughout this paper, § is a positive number satisfying 1/3 < g < 1/2 if there
are no further comments. Let w be a control function and let X, ; = (X, Xs,1)
(0 <s <t <T)bea (w, B)-Holder rough path on R4, That is, X satisfies Chen’s
relation and the path regularity conditions,

X5l < IXNgw(s, ), [Xesl < IX[lpoo(s,0)*,  0<s<t<T, (2.11)

where || X|lg(< oo) and [|X]l25(< 00) denote the w-Holder norm. We denote by
%P (R?) the setof all (w, B)-Holder rough paths, where w moves in the set of all control
functions. Whenw (s, t) = |t—s|, X, ; isausual B-Holder rough path. If X ; is arough
path with finite 1/4-variation, setting (s, ) = [ X[1}/}5_yqr. 15,7 + 1Kl ifgﬁiw,[m»
IXllg < 1and ||X|2g < 1 hold. We refer the reader to [6, 20, 22, 28, 29] for the
references of rough paths.

We use the following quantity,

3
X =D Xl XHllg = 1X1p +/I1X]2. (2.12)

i=1

We introduce a set of controlled paths .@)2(9 (R") of X, where 1/3 < 0 < B
following [20, 24]. A pair of w-Hdlder continuous paths (Z, Z') € c?([0, T1, R") x
C?([0, T, LR, R™)) with the exponent @ is called a controlled path of X, if the
remainder term RSZJ =Zi—Zs—Z, X, satisfies IR |26 < oo. The set of controlled
paths 9)2(0 (R™) is a Banach space with the norm

I(Z, Z)lao = 1Zol + 12| + 1Z'llg + IR“l20  (Z,Z) € 2% (R").  (2.13)
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The rough differential equations which we will study contain path dependent
bounded variation term A(x);. We consider the following condition on A. Note that
the function space C? in the following statement depends on the control function w.

Assumption 2.2 Let £ € R". Let w be a control function. Let A be a mapping from
CcP(o, T], R" | xo = &) to C([0, T], R") satisfying the following.

(1) (Adaptedness) (A(x)s)g<s<; depends only on (xs)o<s<, forall0 <r < T.

(2) (Continuity) There exists 1/3 < Bo < B such that A can be extended to a contin-
uous mapping from C# ([0, T], R" | xo = &) to (C([0, T], R™), || lloc,[0,77). We
use the same notation A to denote the extended mapping on Cf0.

(3) There exists a non-decreasing positive continuous function F on [0, co) such that
for all x € CP ([0, T], R" | xo = £),

”A(x)”l—var,[s,tj = F(”x”(l/ﬂo)-var,[s,t])”x”oo»var,[s,tjv 0<s=<t<T
(2.14)

hold.

Remark 2.3 The conditions (1), (2) are natural. In many cases, A is defined on contin-
uous path spaces and is continuous with respect to the uniform norm. The condition
(3) is strong assumption. This implies that the total variation of A(x) on [s, #] can be
estimated by the norm of the path (x, — x5) on s < u < t. Note that this does not
exclude the case where A(x), (s <u <t) depends on x, (v < s).

We have the following simple result.
Lemma 2.4 Let w be a control function and let Ch ([0, T1, R™) be the corresponding
Holder space.

(1) Suppose A : Cﬁ([O, T, R" | xo = &) — C([0, T], R") satisfies Assumption 2.2
(1), (2). Then the initial value A(x)q is independent of x € CP([0, T1, R" | xg = &).

(2) Let0 < T' < T and set wr/(s,t) = w(T' +s,T'"+1) (0 <s <t <T-T.
Then w7 is a control function.

(3) Let Cﬁ,([O, T — T'1,R") be the (wy, B)- Holder space. Let y € CP ([0, T'], R")

and x € Cﬁ,([O, T — T'], R") and suppose yr» = x. Set

. Vi t<T',
Xt = ,
Xt—T’ T <t =< T.

Then % € CP([0, T], R"). Let
Ay () =A@ 14, 0<t<T-T, xe Cf?/([O, T—T'1R" | xo = yp).

Then Ay,T/ satisfies Assumption 2.2 replacing w and T by wy: and T — T'. In
particular, (2.14) holds for the same function F.
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Proof (1)Forx € C([0, T],R"),letx, = x;r4. Then by Assumption 2.2 (1), A(x), =
A(x"), (0 < u < t) holds. By a simple calculation, for any x, y € C([0, T'], R"), we
have

Ix" = ¥ lleso < (Ixlles + 1ylles) @ (0, )P ~Fo.
Since (y°)" = Y, this implies lim,_, +¢ [[x" — ¥[8 = 0. Hence

|A(x)o — A(¥)ol = [A")o — Aol < 1A — A llejo.r) — O ast | 0.

(2) and (3) are easy to check. O

Actually, the condition (3) automatically implies the following stronger estimate.
By this result, we may assume that the growth rate of F (u) is at most of order ul/b,
that is, a polynomial order.

Lemma 2.5 Assume the mapping A : cPo, T1, R" | xo = &) — C([0,T],R")
satisfies the condition (3) in Assumption 2.2.

(1) There exists C > 0 such that

1
1A N varts.1 = € (K1) var oy + 1) 1llocar sy 0= s <t =T.
(2.15)

(2) Let us choose positive numbers & and q such thata < B and 1 < q < B/a. Then
for any x, x' € CP, we have

”A(x) - A(x/)”q—var,&
B_g 1
<0, 7)1 " (F(Ix ]l gw(©, TY)|x|lg + F(Ix" gy (0, TY) x| 4) fa

1-(1

x |AG) = Ao bar (2.16)
Proof Let wi/p,(s,t) = ||x||}§§g_var,[syt]. For ¢ > 0, we choose the points s =
fh < t1 < .-+ < ty = t such that wy/g,(ti-1,4;)) = ¢ (1 <i < N -1

and w1/p,(tn—1,.tny) < &. By the super additivity of w;/g,, we have (N — 1)e <
SN w1p o1, 1) < wi8,(s,1) and N < @1g,(s,1)/e 4+ 1. By the additivity

property of the bounded variation norm, we have

N
A N 1-var.fs.1 = Y NAC) N 1-var i1 .40

i=1
y 18y (5. 1)
< Y F (@180 -1, 1)) X loovar. .1 < F (&) (“’*’f + 1) 1 lloo-var1s.11
i=1
1/Bo

x| B0
= F(sP) (/";” 1) 1% loomvar .1
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which implies the desired estimate.
(2) Applying Lemma 2.1 (2) in the case where ¢’ = 1,0’ = B, 0 = &, we have

IAG) = A lg-vara (2.17)
& 1 1—(1
< w0, )P~ (AW hvar.p + 1A 11var )T TAG) — Ao
(2.18)
Note that
Bo

||X || 1/Bo-var,[s,t] = SUp

1
Z |xt,'_|,t,'| //30
i

A

sup

Bo
1
Z (1 . 15,110 (ti -1, 2)) o

i

IA

1l go.s.n10 (s, )70
By the assumption on A, we have

IAG) l1-var.p < F (6]l go@(0, TY) [|x ]l (2.19)
This completes the proof. O
Remark 2.6 Of course, we may optimize the estimate (2.15) as follows:

”A(x)”l-var,[s,t] = F (”x”(l/ﬁo)—var,[s,t]) ”x”oo—var,[s,t],

where F (1) = inf,~ F (&) {(%)l/ﬂo + 1}.
We now introduce our RDEs and state our main theorem.

Theorem2.7 Let y > 1/B. Let X be a (w, B)-Hdélder rough path. Let o €
Lip” “'(R* x R, L(RY,R")) and & € R". Assume that the mapping A
CcP(o, T1, R" | xo = &) — C([0, T], R") satisfies the condition in Assumption 2.2.
Then the following hold.

(1) There exists a controlled path (Z, Z') € 9)2(/3 (R™) such that
13
Z =8 ~|-/ 0(Zs, A(Z)5)dXs, Z;=0(Z;,A(Z)), 0<t<T. (220)
0

(2) All solutions (Z, Z') of (2.20) satisfy the following estimate:
there exist positive constants K and k1, k2, k3 which depend only on o, 8, y, F
such that

1Zllg + 1215 + 1ADhvar.p + 1R ll2p
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—~——\ K1 K2 ——~—«k3
< K {1+ (1+1XIl) " 0. 7)) XI5 (221)

First we make some remarks for this theorem and after that we explain some exam-
ples.

Remark 2.8 (1) From now on, we always set y > 1/8 for 1/3 < B8 < 1/2 if there is
no further comment.

() Let (2, 2"y € Z¥ (R") (1/3 < 6 < B). Let {W,}o<,<7 be a continuous bounded
variation path on R”. Then we can define the integral fé o0 (Zs, Ws)dX; inasimilar way
to the usual rough integral. We denote the derivative of 0 = o (&€, 1) (§ € R", n € R")
with respect to £ by D1o and n by D>o. Let

t
Es,t =0 (Zs, \Ijs)Xs,t + (Do) (Zs, \IJS)Z;XS,I + (D20)(Zs, \ps)f Vs, ® dX,
s

and EY, = EY, — (D20)(Z;, W) [[ W, @ dX,. Let P ={s =19 < --- <ty =1}
and write |P| = max; |t;11 — ;|. Then it is easy to check that lim;p|_, ZlN:l E;,{l,z,-
converges by the Sewing lemma using (3.8). Actually limp_.q ZlNz 1 é;?, L., also
converges to the same limit value. We denote the limit by f; o(Zy, V,)dX,. Hence
the sum of the term f; W, » ® d X, does not have any effect on the integral. However,
we need to consider Z¥ instead of £ to obtain estimates of the integral in Lemma 3.2
which is necessary for the proof of the main theorem.

(3) Let us consider the case o (£, ) = 6 (£ 4+ 1), where & € Lip? ~' (R”, L(RY, RM)).
Let Y be a continuous path on R”. Suppose that there exist (Z, Z') € @)2(9 (R™) and
continuous bounded variation path (¥;)o<;<r suchthat¥; = Z, + W, (0 <t < T).
Clearly, the decomposition of Y to controlled path part Z and the bounded variation
part W is not unique. We should note that our definition of f(; 6 (Ys)dX, depends on Z’
and Y. However, under a natural assumption, the Gubinelli derivative Z; is uniquely
defined for Y and the integral does not depend on the decomposition (Z, ¥). We
discuss this problem in the “Appendix”.

(4) Theorem 2.7 implies that the solution Z; satisfies the following estimate:

Zi — Zs —o(Zs, A(Z)s)xs,t — (D10)(Zs, A(Z)5)o (Zs, A(Z)S)XS,Z
t —
— (D20)(Zs, A(Z)s)/ AZ)sr ®dX:| < G0, 7)., [IX][[g)w(s, 1),
S

O0<s<tr<T. (2.22)
Here G is a certain polynomial function which depends on o, 8, y, F. Also (> 1) is
a positive constant which depends on 8 and y (When y = 3, § = 38 holds). Clearly,
a path Z; which satisfies (2.22) is a solution of (2.20).

(5) Let @ be a control function and C; be positive constants. Actually, under the
assumption that forall0 <s <r < T,

HAC -var 1 = Cr (14 120 s .0) IXllocrvar, 5.1 + Cao(s, 1)
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+ C3lt — 5P,

we can prove similar results to Theorem 2.7 for B-Holder rough paths X withw (s, ¢) =
|t — s| by a similar proof of the main theorem. This extension is necessary to treat
the examples in Example 2.9 (3) and (4). However, we need to change the upper
bound function in (2.21). The reason is as follows. The -Holder rough path X can be
regarded as a (@, B)-Holder rough path, where w(s, t) = (s, t) + |t — s|. We can do
the same proof as in the main theorem in this setting. The control function w in (2.21)
should be changed to this @ and accordingly [||X|||g also should be changed to the

corresponding quantity. Also we should replace the term ||| X]|]| ﬁK3 by (14 [IIX[l[5)*.
(6) If A = 0, the uniqueness of the solutions hold under the assumption o € Lip”.
However, even if A = 0, the uniqueness does not hold in general under o € Lip? ~'.
See Davie [9]. Gassiat [23] gave an example which showed that the uniqueness does
not hold for reflected RDE even if the coefficient is smooth and the domain is just a
half space. Contrary to this, in one dimensional case (note that the driving noise is
multidimensional one), the uniqueness of the solutions of reflected RDEs were proved
by Deya-Gubinelli-Hofmanova-Tindel in [12]. It may be interesting problem to find
natural class of solutions for which the uniqueness hold and a non-trivial class of
reflected RDEs or more generally path-dependent RDEs for which the uniqueness
hold in an appropriate sense. See also Sect. 5.4 for some examples for which the
uniqueness hold.

The situation is different if § > 1/2. Ferrante and Rovira [19] proved the existence
of solutions of reflected (Young) ODE on half space driven by fractional Brownian
motion with the Hurst parameter H > 1/2. Falkowski and Stomin’ski [18] proved the
Lipschitz continuity of the Skorohod mapping on a half space in the Holder space and
proved the uniqueness in that case.

We briefly explain examples. We refer the reader for the detail to Sect. 5.

Example 2.9 (1) Let D be a domain in R” satisfying conditions (A) and (B). Consider
the Skorohod equation y; = x; 4 ¢, where x is a continuous path whose starting point
isin D. Also y; € D (0 <t < T) and ¢; is the bounded variation term. The mapping
L : x — ¢ satisfies Assumption 2.2. Using this result, we can apply the main theorem
to reflected rough differential equations.

(2) Let f; (1 <i < n) be Lipschitz functions on R” and define

A(x), = (Orgggt S1(xs)s oo, Jnax, fn(xs)> . x€C(0,T],R"). (2.23)

This satisfies Assumption 2.2. Actually this satisfies the stronger conditions (Lip) ,
and (BV),, for certain p in Definition 5.12. See Proposition 5.13 for the proof. Note
that even if we replace each maxo<s<; fi (x;) by finite products of maximum functions
and minimum functions of f (x5), Assumption 2.2 holds.

(3) Let ¢y, ..., ¢, be B-Holder continuous paths on R” in usual sense. Let f be a
Lipschitz map from R” to R". Let us consider a variant of the example (2) as follows:

0<s<t

A(x) = (Orgflgt |f(xs) —c1 ()], ..., max [f(xs) — Cn(S)I) .
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This does not satisfy Assumption 2.2 (3). However it holds that
IAC) -var 5.1 < € (I¥locvartsy + 1t =s1F) 0<s<t<T

for some positive constant C.

(4) We consider the case w(s, t) = |t — s|, that is, usual §-Holder rough path. Path-
dependent functional A(x); which we are mainly concerned with in this paper is a
kind of generalization of the maximum process maxo<s<; X5 and the local time term
L(x);. The maximum process maxp<s<; |Xs| is obtained as the limit of ||x||zr o0,/
as p — oo. Hence it may be natural to study the case where A(x); = lIxllzro,))-
Theorem 2.7 cannot be applied to this directly. We will study this example in Sect. 5.4.
(5) Let W; be the 1-dimensional standard Brownian motion starting at 0. Let us consider
the following equations,

t
Y =§+/ o(Ys)dWs +a sup Y, (2.24)
0

0<s<t

t
Y,:é—l—/ o(Ys)dWs+a sup Y+ O, £€>0, Y; >0 forallz. (2.25)
0

0<s<t

Here a denotes a real number.

The Eq. (2.25) contains the local time term @, at 0. These processes have been
studied e.g. in [7, 8, 10, 11, 13, 31, 36]. We see that a multidimensional version of
these equations can be transformed to the equation of the form (2.20) in Sect. 5.2. We
also give some brief review of 1-dimensional cases there.

3 Proof of Theorem 2.7

In the calculation below, we assume y < 3 aswellasy > 1/8.
If we write A(Z); = ¥, then the Eq. (2.20) reads

t
Z; :.‘;—'—i—/ o (Zs, ¥s)dX, 3.
0

W, = A (g + / o (Zs, \IIS)dXS) . (3.2)
0

t

We solve this equation by using Schauder’s fixed point theorem. First, we give an
estimate of the integral f; W, ®@dx, (0<s <t <T) wherex ¢ Cl W e ca-var,0'
and ® denotes the tensor product. To this end, we introduce some notations. Let
0 <s <t < T and consider a mapping F defined on {(u,v) | s < u < v <t} with
values in a certain vector space. Let P = {s =9 < --- < ty < t} be a partition of
[s, t]. We write

N
Y Fu.v)=) F(ti1.t).
P i=1
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We use the following estimate.

Lemma 3.1 Let x € CO(R"). Let p be a positive number such that Op > 1. Let q
be a positive number such that 1/p + 1/q > 1 and ¥ € C4V9(R"). For any
0<s <t <T, theintegral f; W, » ® dx, converges in the sense of Young integral

and it holds that
t
/ v, » ® dx,
S

where Cg 4 = 29+f1§ ( )

< CoqI1¥ llg-var o X llo (s, )T, (3.3)

Proof The assumption implies x is finite 1/6-variation. Moreover 6 + 1/¢g > 1 holds.
Hence the Young integral of f : W, » ®dx, converges and the following estimate holds:

13
/ W ® dx,
s

which completes the proof. O

= Ce,q (v ”q»var,[s,t] [l | 1/6-var,[s,t]

046’
< Co,q ¥ llg-var.o ¥ llg@” ™" (s, 1),

By using this lemma, we will give estimates for the integral f Yt o(Z,, ¥v,)dX,.
As we mentioned, we denote the derivative of 0 = o (€, n) (£ € R", n € R") with
respect to & by Dyo and n by Dro. Also we write Do (€, n)(u, v) = Dio (&, n)u +
Dyo (&, mv. We write ¥, = (Z,,¥,) € R" x R". Let (Z,Z') € 23*(R") and
U g Cavara(RM),

Until the end of this section, we choose and fix p > O suchthat 1/8 < p < y. For
this p, we assume ¢, «, & satisfy the following condition.

1 1
g>1, —+->1, ap>1,

1
> —<a<a<g 3.4
P q 3

As we explained, we consider
t
Es,t = O’(Ys)Xs,t + (Dloﬁ)(Ys)Z;Xs,t + (DZU)(YY)f ‘I"s,r ®dX,. (3.5)
s

By a simple calculation, we have fors < u < t,

- = — -
(Sn)s,ut = g T Sy T Syt

(/ D18+ 0,00 ) (R, © X.)

+ {(Dld)(Ys) —/ (D1o) (Y5 +9Ys,u)d9} ((Z5Xs5.u) ® Xut)
0
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1
+ {(Dzoxm— / <Dzo>m+9n,u>de} (We ® Xo)
0
+ (D10 (YD) Z, — (D10) (V) Z)) Kot

t
+ ((D20)(¥y) — (DZU)(YM))/ Yy @ dX,. (3.6)

Thus, under the assumption on Z, W, applying Lemma 3.1 to the case § = B,
0 =qand (a+b+c) 2 <37 2" 24+ b’ 2 4 ¢¥2), we obtain

|68y
< ID10 oo IR [2a | X Il g (s, )P+

+ Do lly—2|Ysul” ™2 {||Z’||oo||xnﬁw<s, WP+ 19l gvar g0 (s, u)‘i} Xl peo(u, 1)P
+{ID10 o1 Z' e (s, ) + [ D10 lly—2|Ys.ul” 212 oo } 1K ll2pew (e, )%
+ CpgID20 ly 2| Ysul” 21 [l govara | X Nl peo e, )* P

< Do llo R 120 [ X [l peo(s. )P 2% + | Do oo 1 Z [l [ XK g0 (5, )2

—a\Y—2 r=2
+ClIDo 2 { (17 oo I X g (s, 0F )™ 4+ (IR 20 (s, )" )
a—o y=2
+ (”ql”q»var,&w(sa 1) ) }
{(1Z/ 1ol X g0 (5. 0F + 19l gar a0, 07 ) 1X g (s, 0F + 17l [Xl12pe0(s, 02}

(s, N, (3.7)

where C = 3V 22+ C 8.q)- Therefore, there exists a positive constant C which
depends only on y, §, p such that

|6 a] = CKo f (IR o 12 s 1 oo 1 lg-var.) X

(1 + o, t)l/z) w(s, 1) =D

0<s<t=<T 3.8)

where
Ky = |Dolly—2 + |Do o0, (3.9
flab,e,d) =a+b+ (aH S dV‘2> (c+d). (3.10)

LetP = { }1]<V=0 be a partition of [s, 7]. Since B+ (y — Do > B+pa—a > pa > 1,
by the Sewing lemma (see e.g. [20, 22, 29]), the following limit exists,

[(Z.2)), W)y = lim Y By 3.11)
|P|—0 7

@ Springer



Journal of Theoretical Probability

We may denote / ((Z, Z'), ¥) by

t
1(Z, W), or / o (Zu, Wu)dX, (3.12)
5

simply if there are no confusion. This integral satisfies the additivity property

HZ,W)su+1(Z, W)y =1(Z,¥V)s; O=<s=u=t=T. (3.13)

The pair (I(Z, V), o(Y;)) is actually a controlled path of X. In fact, we have the
following estimates.

Lemma 3.2 Assume (Z,Z') € @%“(R") and W e CIV" YR and q, a, @ satisfy
(3.4). Forany 0 < s <t < T, we have the following estimates. The constant K below
depends only on |0 ||co, |1D0 ||, | Do |ly—2, @, B, p, v and may change line by line.

(D |Bs.| = {”U”oo”X”ﬂ + D0 |0l Z' oo [ Xl2p (s, 1)

+ Cpg 1D oW g aar al X oo (s, 0 Jeols, 0P 3.14)

Q) |1(Z, %)y, — By

< K (IR 2w 12/l 12 oo 19 g-var.c ) 1T (1 4+ (s, )72
w(s, 1)V the (3.15)

and

I11(Z, W)lig = llolleollXlp

+ Kg (IR oo 12 s 12 oo 1 lg-var) (1 + (0, T)'/2

+(0, T)W*”*&*%) (0, T)*[IXll5, (3.16)
where
fa b,e,dy=a+b+ @ >+ 24+d""(c+d), (3.17)
gla,b,c,d)= f(a,b,c,d)+c+d. (3.18)
3) |1(Z, W), — o (Y) Xy

< { K (1R o 12" e 17 o 1% g-var )

m (1 + (s, t)l/z) w(s, 1)ra2+p—a

+ 1Do ool Z' [l oo I X [l2p (s, )*F D)

@ Springer



Journal of Theoretical Probability

+ Cp g 1D oo ¥l gvar a1 X | geo (s, )P~ }w<s, n*. (3.19)

“) o (Y) = o (V)|
= 106 lloo {17/l I X g0 (5. P2 + IR [aqo(s, )%~

HIWlyvar.a ) s, 0% (3.20)

(5) ((Z,¥),0(Z,¥)) € Z¥ holds.

Remark 3.3 (1) Under the condition (3.4), (y — 1)a + 8 > 1 holds as we noted.

Q) If W e Clvarf then 1(Z, W) € 7.

(3) We give estimates of paths on [0, 7] in Lemma 3.2. However, a similar estimate
holds on small interval [0, t] (0 < t < T) by replacing the norms and (0, T') in
Lemma 3.2 by the norms on [0, t] and w (0, 7).

(4)Let1/3 < 8 < B. Then X can be regarded as a 1/8-rough path. It is easy to check
that Lemma 3.2 still holds under the condition (3.4) by replacing 8 by B. Suppose
w(0,T) < 1. Then ”XHB < [IXllg and ||X||2/§ < |IX|l25 holds. We use these results
to prove a priori estimate in Theorem 2.7.

Proof (1) This follows from the explicit form of (3.5) and Lemma 3.1.

(2) This follows from (3.8) and the Sewing lemma.

(3) This follows from (2) and Lemma 3.1.

(4) This follows from the definition of Y;.

(5) This follows from (3) and (4) and 2« > &. O

We consider the product Banach space _@)2(9‘ x C47v%2 where 1/3 < 6 < 1/2
and 0 < 6, < 1. The norm is defined by

1Z, 2, W)l = | Zol +1Z5| + 12 lley + 1R ll26, + ol + 1Wllg-var.6r- (3:21)

Let & be the starting point of Z and let n = A(x)p € R". Note that 1 is independent
of x. Let

Wramaen =1 ((Z.2), W) e " x C17% | Zy=¢, Zi =0 (6, m), Wo = n].
(3.22)

The solution of RDE could be obtained as a fixed point of the mapping,

M:((Z,2),%) (e Wraa

S QL0

k) (E+1(Z, V), 0(Y)), AE + 1(Z, V)
(e Wr,a,&,q,g,n). (3.23)

We prove a continuity property of M.
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Lemma 3.4 (Continuity) Assume

1
—<pfo<a<a<pB, ap>1, 1<gqg <min P ,g s (3.24)
3 p—1 «

where By is the number in Assumption 2.2. Then M is continuous.

We already proved the compactness of the inclusion ca~var’ < cavard where
1 <q’ <gq, q0 < q'0’. We need the following compactness result also.

Lemma 3.5 Let % <0 <0 < % Then @3(9/ C @)2(9 and the inclusion is compact.
Proof of Lemma 3.5 Suppose

sup [(Z(n), Z(n))ller = sup{|Z(n)ol + |Z(m)o + 1 Z(0) ller + IR |2/} < 0.
(3.25)

This implies {Z(n)'} is bounded and equicontinuous. Since Z(n); — Z(n); =

Zn), Xs: + Rf;"), {Z(n)} is also bounded and equicontinuous. Hence certain

subsequence {Z(ny), Z(ny)'} converges uniformly. This implies {(Z(ny)’, RZ""%))}
converges in @)2(9. O

Proof of Lemma 3.4 First note that
M(WT,a,&,q,S,n) C WT,a,&,q,§,17~ (326)
E+1(Z,V),0()) € @}2(“ follows from Lemma 3.2. By Assumption 2.2, we have

||A(§ + I(Z, “I’))”q—var,[s,t] = ||A(§ + I(Z, \p))”l—var,[s,t]
< F(I1(Z, 9) 11 /g-var.15.1) 11 (Z, @)l oc-var[s.1]
< F(I1(Z, W) go(s, )P) I1(Z, )|l g (s, )P,

which shows

IAE + 1(Z, ¥)lgvara < F (H(Z, Ol 0, TYP) [1(Z, W)] 5

(0, TP~ < . (3.27)

Thus we have proved (3.26). We estimate ||1(Z, W) — I(Z, ¥)'||. We have
(e = 0() = (0 =0 (F)|

1
- /0 [(Do) ¥ + 0¥ (¥s) = (DY, + 07,0 (s}

< 100 ool Yo = Tl + 1D 1,227 2 (1Y, = Fol? 72+ ¥ = Pl 72) 1Y,
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= 100 los (17’ = Z' e O, )1 Xllp0(5. 0P + IR = RZ 2q0(s, 1)
HIW = Bl aar g0 (s, 1)
_ 5 - =\Y—2
+27 2 Do [y —2{ (IR = RZ 120 (0, 57 + ¥ = Blly-sar a0 0, %)
+ (17 = Zlaw© 51X g (s, 0 + IRZ = RZ 20w (s, )™
~ P y—2
+ ¥ - “I/“q—var,&w(sa 1) ) }

x (U0 ©1+ 12120 O, ) X505, 1 + IR |20 (s, 0 + [ Wl gar g (s, %)
(3.28)

Since B > & > a, this shows the continuity of the mapping ((Z, Z'), ¥)
1(Z,¥). -
We next estimate ||R!(Z-Y) — RIGZ.Y) |,

(z.v HZ.% I -
R = RIED = (12 W) = 000 X,0) = (12, 95 = 0 (T X )|

= |12 W50 = B2 W),0) - (12 B) - B2 D))

+ (DY Z %) = (D1 T Zi %)

We argue in a similar way to the sewing lemma for the estimate of the first term.

Let Py = {t,ﬁV =5+ %} be a usual dyadic partition of [s, ¢]. We have

(1@ )50 = 82 W),,) = (12, 9),, - B2, D))

<D BEZ W —B(Z W) | = [ D EZ W)y — EZ, V),
Pn Pn
+ | 12 W) =Y E(Z, W)
Pn
+ [ 12, )5 =Y E(Z, V) || (3.30)
Pn
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By (3.15),

HZ, W) = BZ, W ||+ || (2, 9)50 = D B(Z, W)y
Pn Py

<K {f(”RZHZOu 1Z"Nees 1Z" 005 1% llg-var.a)
L UR 2 17 e 17 s 19 lg-var )}
x (1+ (s, /)Xl 5 max o (u. DBl g (T (s, ). (3.31)
N
Hence this term is small in the w-Holder space C>* on a bounded set of Wr 4 4 4 ¢ if

N is large. We fix a partition so that this term is small. Although the partition number
may be big,

Z E(Z, W)y — B(Z, W), | = [ D B(Z W)y — B(Z, W)y,

N
=3 > (38 Wouwrnza = 6EZ W20 (3.32)
k=0 Py

is a finite sum, and by the explicit form of § E as in (3.6), we see that this difference
is small in C2* if ((Z, Z'), W) and ((Z, Z'), ¥) are sufficiently close in Wr 4.4.4.£.9-
The estimate of the second and the third terms are similar to the above and we obtain
the continuity of the mapping

(2, Z), W)€ Wr aa.qen) > E+1(Z,W),0(Y)) (€ 3. (3.33)
We next prove the continuity of the mapping

(Z,2)), W)€ Wr aigen) = AE + 1(Z, W) (e CT), (3.34)

s &y

Since we choose By < «, it suffices to apply Lemma 2.5 (2) to the case where
x=&+1(Z,¥V)andx’' = &+ 1(Z, V) because of Lemma 3.2 (2) and the continuity
(3.33). O

By using the above lemmas, we prove the existence of solutions on small interval
[0, T']. Since the interval can be chosen independent of the initial condition, we obtain
the global existence of solutions and the estimate for solutions. We consider balls with
radius 1 centered at ((§ + o (&, n)X;,0(E, 1), n) 0<t<T),

Br.61,6,,g = {((Z, Z", W) € Wrr g, 00,06 1 Z"lloy 10,71 + IR |26, 10.771

+||\y||q—var,92,[0,T/] =< 1}- (3.35)
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Lemma 3.6 (Invariance and compactness) Assume (3.24) andleta <o <@ <@ <

B. Also we choose q' > 1 such that gq <q <gq.
o

(1) For sufficiently small T', we have

M(BT’,a,d,q) C BTCQ,&,q’ C BT’,a,&,q- (3~36)

Moreover T' does not depend on &.
(2) Br',g,a.q is a compact subset of By o 5 4-

Proof (1) The second inclusion is immediate because w (0, T’) < 1 and the definition
of the norms. We prove the first inclusion. Let ((Z, Z'), ¥) € B/ 0.4,4- Recall that
I(Z,V); = 0(Z;, ¥;) and note that | Z'||0o,10,77] < 0 ]lec + | Z/[l«@ (0, T")*. From
Lemma 3.2 (4), we have
1(Z, ¥) llg10.7 < ”DGHOO[”Z/”oo,[O,T’]”X”ﬂ(U(Oa TP~
+ 1R |26 0,770 (0, T')** 2
+ 1 lgvar 0,710 0. )7

< 106 lloo] o lloe + 1) 1X 115 + 2} (0, T)772

We next estimate R/“%) Let0 < s < < T’. By Lemma 3.2 (3), we have

IR" %) |lay 0.7
<D0 ool Z' || 0o, 10,71 I1X1 280, 7")2F~2)
+ Cpg 1D Nloo 1% llg-var .0 711 X | g (0, T ) TF~22

+2Kf (”RZ”Za,[O,T’]» 1 Z" . 0.7 1 2" Nl co.10.7775
I llg-vara.10,71) X[l geo (0, T'yretF-e2e
< {||Da||oo (lolloo + D) IXll2g + Cpq I Do ol X Il g

x +2K£(1, 1, o lloe + 1, DIl Jeo(0, 722,
We turn to the estimate of A(§ 4+ I(Z, ¥)). By (3.27) and Lemma 3.2 (2), we have

IAE + 1(Z, ) lg-var z.10.7]
< F(I1(Z, W), 10,7120, TYP) 1 1(Z, W)l g,10,710(0, T"F
= F (142801 1, oo + 1, DK [1XTT5)

(1+2g(1, 1, loflo + L DIKIX[lgew (0, T')P .
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Thus, noting Lemma 2.5 (1), there exists a positive number K’ which depends on K,
lolloo> |1 Do |lcos f»> g and a positive number ko which depends on 8 — o and @ — «

such that if w(0, T") < {K'(1 + [IX[ll5)} 70, then M(Br' 4.5,4) C B’ q.7.¢ holds.
This completes the proof.
(2) This follows from Lemma 2.1 (2) and Lemma 3.5. m]

We are in a position to prove our main theorem.

Proof of Theorem 2.7 (1) Let us take «, &, p, ¢, &, @ as in Lemma 3.6. By Lemma 3.4
and Lemma 3.6, applying Schauder’s fixed point theorem, we obtain a fixed point for
small interval [0, T']if w(0, T") < {K(1+ Iﬁ\m)}_"o, where K is a certain positive
constant. That is, there exists a solution on [0, 7’]. We now consider the equation on
[T’, T]. We can rewrite the equation as

T+t
Zyigy =2y +/ o(Zy, ¥y)dX, 0<t=<T-T, (3.37)

/

Vry, =A (E +/ o(Zy,, \Ilu)dXM> 0<tr<T-T. (3.38)
0 T'+t

Let wy/(s, 1) = (T’ +5,T' +1)forO0<s <t <T —T'. Wesee that Z; := Zp/,
and ¥, := Wy, (0 <t <T — T’)is a solution to

t
Z = Zo +/ 0(Zy, W)dXpyw 0<t<T-—T, (3.39)
0
U = A, <f o (Zy, \i/u)dxmb,) 0<t<T-T. (3.40)
0 t
where
t
v =§& +/ o(Zy, ¥)dX,, 0<t<T.
0

Note that we already defined A~y,T/(x), 0O <t <T-T)x e CPUO, T —
T'1,R" | xo = Z7/, wr’)) in Lemma 2.4 (4).

Thanks to Lemma 2.4, we can do the same argument as [0, 7] for small interval. By
iterating this procedure finite time, say, N-times, we obtain a controlled path (Z;, Z,’)
(0 <t < T). This is a solution to (2.20). Clearly,

N <1+ o0, THY{KA + [IX]l4)}* (3.41)
We need to show (Z, W) € Wr g 1,6, and its estimate with respect to the norm
| - llg. We give the estimate of the solution on [0, 7']. The solution (Z, Z’) which we
obtained satisfies

1Z e jo.71 + IR lleeo.77 + 1% llgvar g.jo.77 < 1. (3.42)
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Let0 <u <v < T'.From (3.42), (3.16) and (3.1), we have
12116 et < KX 5 (3.43)
Second, by (2.14) and (3.43), we have
A -var ) < F KX K 11Xl g0, v)P. (3.44)

Therefore Z and A(Z) are (w, B)-Hélder continuous paths. Hence, we have || Z'[|g <

K|IX]l|g. Moreover, we can apply Lemma 3.2 to Z and ® = A(Z) in the case where
a = a = fand g = 1. Thus, by substituting the estimates (3.43) and (3.44) for (3.19),
we obtain for0 < u <v < T/, |R,fv| < K|lIX][ll geo (ue, v)2#. These local estimates
hold on other small intervals. By the estimate (3.41), we obtain the desired estimate.

) Let(Z,7Z) € @}2(’5 (R™) be a solution of (2.20). Let By < ,5 < B. The constants
K, k1, k2, k3 which will appear in the calculation below depend only on ¢ and F and
may change line by line. As we already noted in Remark 3.3 (4), Lemma 3.2 still
holds replacing 8 by B.Wetake 0 < v < T so that w(0, 7) < 1. Using ”X||,§,[0,r] <

1 Xlg,[0,7] and ||X||5 (0.0] < 1X1l g, 10,71 Which follows from w (0, T) < 1, we have

12151001 = I oo XIIg 1071 + 1RZ Il 3,10 110 (0. )P (3.45)
By Lemma 2.5 (1), we have

”A(Z)”l—var,[s,t]
1
= C (1213 var g + 1) 1 Z lowmvar 15

7 K 1/Bo 7
= C{(IoloolXllp 0,01+ 1R g 1o, @@, 0F ) 7 + 111 Z15, 05,00,
(3.46)
which implies
”A(Z)Hl-var,ﬁ,[o,r]
1 1 g
= K (1X15 {0 + IRZ1LPS 0@, 0% +1)

(1X1 0,01 + I1RZ .10, 10 0, T)F )

. i
< K{ 1X 111071 + 1X13 10,01 + 1XIE 02y + IRZ Iy, 10 11 (0. )

-\ 2 ~ 2
A B zZ1/Bo B/B
+ (IR lg10.000. )+ (IRZ1LLE @0, 0)F) } (3.47)
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By (3.45) and (3.47), we obtain
1215 10.0) = 0 (Z. A5 1011

. i
< K{nxnﬁ,m,ﬂ X3 0,00 + IXIE T + IRZ D135, 10.0 (0. T)F

N\ 2 1 = 2
+ (IR g 10,0100, 0F )+ (IRZILLS w0, 0P%0) 1 (3.48)

We apply Lemma 3.2 (3) to the estimate of R inthe case where W = A(Z),q = 1
and @ = & = B. By combining the estimates obtained above, we see that there exist
k1 > 0,k > 1,k3 > 0and K > 0 which can be taken independent of 8 such that

IR I3j.0.0y < K{TXIT5 4 1R 135100100 0 + (1R 135,001 0. 1)
2/3,[0’.[] = ﬂ 2,3,[0,‘[]0) 77:) ” ”25‘[0’1-]@( ,'L')
K2
+ ||Z/||/§’[()’-[]w(os )% + (”Z/”B,[O,t]w(o’ 7-')}63) } (3.49)

Let 25, = 1Z'll30.. + ||RZ||25 (0.)- Then using (3.48) and (3.49), we see that
there exist (poss~ibly different) k1 > 1,k > 1,x3 > 0, K > 0 which can be taken
independent of 8 such that

—~— K] .
G <K [|||X|||ﬁ + (0, 1)< (ZBJ +Z,K§2,f>} . forall Twith (0, 7) < 1.
(3.50)

Since B < B, the function 7 > %G . (0 < t < 1) is an increasing continuous
function and lime—+925,, = 0. If [IX]ll; = 0, then by the definition, Z, = £ for
all0 <t < Tand |Z|g = ||RZ||25 = 0 hold. The desired estimate holds. So we

assume m)_(\m # 0. We now define
—~——K
n=swlr|r=7, 000 <1, 5, < 2K0XIl; "}

There aretwocasesty = T and ] < T.Suppose 1] = T.ThenzB 0.7] = 2K|W)Z|||7;K1

holds. If this is not the case, z fou = 2K Hl)(/_\mkl holds. Hence by the inequality (3.50),
we get

—~—— K] 1/k3
KXl

a)(O, Tl) > P ——~—— K1\ K2
2KIXT + (2K 11X )

(3.51)

After establishing this estimate, we proceed in a similar way to the argument in the
proof of (1) replacing T’ by 7). In this way, we obtain an increasing time sequence
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0=t <71 < <71tv_-1 <1ty =T (N > 2) and the estimate (3.51) hold for
w(ti—1,7) (1 <i < N —1). Also we have

—~—K] X
0Z0. 00 oy + IR gy = 2KIIXIl, . 1<i<N—1, (352
—~—— K]
121,00 7 + IR ey, 7y < 2K1IXIlg - (3.53)

By using va;ll w(ti—1, 7)) < w(0, T), we get the estimate of N as follows.

1/\_//(11(2—1 1/ie3
N < (2+2"2K"2_ 1X1ll5 ) w(0,T) + 1. (3.54)

Using (3.52), (3.53), (3.54) and simple estimates

, /
1z ||/§,[0,T |Z ”E’[Ti—l’fij’

VA
RZ gy o+ 20 2 N2 Mg ey eI X 81071
i=1 j=1

VA
”R ”2/§,[0,T

N
=21

i=1

N N i-1
=21

i=1
we obtain

—~——K] 2/-\—/1(2
125,071 + 1R g g0,y = K { (14 11XT15 ™ ) 00, T+ 1] 11X~ (3.55)

Since f < B and | Z'|lg.10.7] + IR |l2p.10.11 < oo, taking the limit B 1 B, this

estimate hold for the norms || - [|g and || - [|2g as well. The estimates of Z and A(Z)
follow from this estimate and the estimates similar to (3.45) and (3.47). This completes
the proof. O

4 A Continuity Property of the Solution Mapping

In this section, we consider the case where w(s, t) = |t — s|. That is, we consider
usual Holder rough paths. Also let us denote the set of S-Holder geometric rough paths
(1/3 < B <1/2)by %f (R?) which is the closure of the set of smooth rough paths
in the topology of # (R?). In this paper, smooth rough path means the rough path h
defined by a Lipschitz path 2 € C! and its iterated integral ﬁfv ;= fst (hy —hs) ®dh,.
We identify h and the Lipschitz path /. Also we denote the set of smooth rough paths
by CLip(RY).
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Let Z(h) be a solution to (2.20) for X = h. Then Z(h) is a solution to the usual
integral equation

t
Zi—k+ / o (Zs, A(Z);)dhs. @.1)
0

As already explained, we cannot expect the uniqueness of the solution of the RDEs
in our setting driven by general rough path X. However, the uniqueness hold in many
cases when the driving rough path is a smooth rough path and o is sufficiently
smooth. If the solution to the ODE (4.1) is unique, then Z(h) is uniquely defined
and (Z(h), R“™  A(Z(h))) satisfies the same estimate as in Theorem 2.7. We use the
notation Z(h), instead of Z(h), in this case.

We denote the set of solutions (Z, Z’) of our RDE (2.20) by Sol(X). We prove a
certain continuity property of multivalued mapping X +— Z(X) € Sol/(X) at the rough
path X for which the solution is unique. Thus, this multivalued map is continuous in
such a sense at any smooth rough path if the uniqueness holds on the set of smooth
rough paths.

We write C%~ = My<p<pCY/~¢, C1TV90= = N,y 0o coCI7V4 9% Clearly, these
spaces are Fréchet spaces with the naturally defined semi-norms. Also note that Z(X) €
CP=([0, T1, R™).

Lemma 4.1 We consider the Eq. (2.20) and assume the same assumption on A
and o in Theorem 2.7. Let X € €P(RY). Let {Xy} C €PR?) be a sequence
such that limy oo |IXn — X|llg = 0. Let us choose solutions Z(Xy) € Sol(Xy)
(N = 1,2,...). Then there exists a subsequence Ny 1 oo such that the limit Z =
lim_, 00 Z(Xy,) exits in CP=([0, T1, R™). Further for such Z, (Z,o(Z, A(Z))) €

Sol(X) and limy_, oo H RZXny) _ RZ Hzﬁ — 0 hold,

Proof By the estimate in Theorem 2.7 (2), we can choose { Ny} such that Z(Xy, ),
A(Z(Xp,)) converges in CP~ and C'*tv@B~ respectively. This implies
limg o0 [} ACZ(XN))s,rdX N, (r) =[] A(Z(X))s,,dX, which shows the limit Z
satisfies the inequality (2.22).

This proves (Z, 0 (Z, A(Z))) € Sol(X). We have

Z(Xn.)
Ry, M = Zs i (Xy,) — 0 (Zx(XNk)s» A(Z(XNk))s) (XN)s,t-

Z(X
Hence limj—, o0 RS’E M) Rifx) for all (s, #). Combining the uniform estimates of

(w, 2B)-Holder estimates of them, this completes the proof. O
The following proposition follows from the above lemma

Proposition 4.2 We consider the Eq. (2.20) and assume the same assumption on A
and o in Theorem 2.7. Assume the solution of (2.20) is unique for the rough path
Xg € €P(RY). Then the multivalued mapping X (e €P(RY)) > Sol (X) is continuous
at Xy in the following sense. For any ¢ > 0, there exists § > 0 such that for any X
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satisfying |[IX — Xolllg < & and any Z(X) € Sol(X), it holds that
1ZX) — ZXo)llg- + IR*X — R X035 <&,

Remark 4.3 Let X € ‘Kf (RY). 1t holds that for any sequence {hy} C CLip (RY) satis-
fying limy_, |||hy — X]|| = 0, any accumulation points of {Z(hy)} belong to Sol (X).
The set Sols, (X) which consists of such all accumulation points is a subset of Sol(X)
and may be a natural class of solutions. However Sol (X) = Sol(X) may hold.

By a similar argument to the proof of Theorem 4.9 in [2], we can prove the existence
of universally measurable selection mapping of solutions as follows.

Proposition 4.4 We consider the Egs. (3.1) and (3.2) and assume the same assumption
on A and o in Theorem 2.77. Then there exists a universally measurable mapping

T: 6/ @) 5 X > (20X, 0 (Y (X)), W(X)) € CF~ x €F~ x clvarsh

which satisfies the following.

(1) (ZX),o0((Y(X))) € @;ﬁ(R”) and ((Z(X),O’(Y(X))) , \I/(X)) is a solution in
Theorem 2.7 and satisfies the estimate in (5.13).

(2) There exists a sequence of Lipschitz paths hy such that ||X — hy|llg — 0 and
Z(hy) converges to Z(X) in CP~(R") x CP~ (LR, R")) x Clvar+-A=(RY).

Proof Below, we omit writing &. We consider the product space,
E =%f R x CP~R") x CP~ (LR, R") x " TP~ @R (4.2)

and its subset

Eo= [(h Z(), o (Y (h)), \y(h)) € E | his a smooth rough path} (4.3)

Let Ej be the closure of Eg in E. Then Eg is a separable closed subset of E. The sep-
arability follows from the continuity of the mapping & — ((Z(h), o (Y (h))), V(h)).
Note that Sol~, (X) coincides with the projection of the subset of E( whose first com-
ponent is X. Hence by the measurable selection theorem (See 13.2.7. Theorem in
[15]), there exists a universally measurable mapping Z : ‘ﬁgﬁ (RY) — E such that
I(X) € {X} x S0l (X). This mapping satisfies the required properties in (1) and (2).

O

Remark 4.5 1t is not clear that we could obtain the adapted measurable solution map-
ping Z.
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5 Examples
5.1 Reflected Rough Differential Equations

Let D be a connected domain in R”. As in [27, 34], we consider the following condi-
tions (A), (B) on the boundary. See also [35].

Definition 5.1 We write B(z,r) ={y € R" ||y — z| < r}, where z € R", r > 0. The
set Ny of inward unit normal vectors at the boundary point x € 3D is defined by

Nx = Ur>0Nx,r, 5.1
Ner={neR"||n|=1,B(x—rn,r)ND =4} . (5.2)

(A) There exists a constant rg > 0 such that
Ny =Ny #9 forany x € 9D.

(B) There exist constants § > 0 and 0 < §’ < 1 satisfying:
for any x € 9D there exists a unit vector /, such that

(ly,n) > 8’ forany n € UyeB(x,B)ﬂBDNy-

Let us recall the Skorohod equation. The Skorohod equation associated with a
continuous path x € C([0, co), R") with xg € D is given by

yi=x+¢, yeD =0, (5.3)

1
b= [ V0GOS0 20, 0 €Ny iy €0D )

Under the assumptions (A) and (B) on D, the Skorohod equation is uniquely solved.
This is due to Saisho [34]. We write I'(x); = y; and L(x); = ¢;. By the uniqueness,
we have the following flow property.

Lemma 5.2 Assume (A) and (B). For any continuous path x on R" with xo € D, we
have forall t,s > 0

F(x)t—ﬁ—s =TI (ys + esx)-[ , (5.5)
L(X)z4s = L(x)s + L (ys + 05x), , (5.6)

where (05X)7r = X745 — Xg.
We obtain the following estimate of L(x).

Lemma 5.3 Assume conditions (A) and (B) hold. Let x; be a continuous path of finite
g-variation (q > 1). Then we have the following estimate.

1L varisin = € (K1 gy 1) 1¥llocmvar, s (5.7)
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where C is a positive constant which depends on the constants 8, 8', ry in conditions
(A) and (B).

Proof We proved the following estimate in [2, 4] following the argument in [34].

— —_ q
1L var s = 87 ({57 GO loovartsu) + 1} 16100 1o+ 1)
X (G(”x”oo-var,[s,l]) + 2) ”x”oo-var,[s,t], (5.8)

where

Gu)=4{1+8Texp{8" 28 +u)/@ro)}}exp {6 28 +u)/2ro)}, ueR. (5.9)

By combining this and Lemma 2.5, we complete the proof. O

Lemma 5.4 Assume (A) and (B). Consider two Skorohod equations y = x + ¢, y/ =
x4+ ¢'. Then

lye — yiI* < { xe — %12 + 4 (¢ l11-var 0,61 + 110 11-var.0,1) max [x(s) — x/(s)|}
exp { (19 l11-var, 10,61 + 19" 1-var,0.61) /70} - (5.10)

The estimate (5.10) can be found in Remark 4.1 (i) in [34]. Lemma 5.3 shows
that if x is a (w, 6)-Holder continuous path, L(x) € C lvar.0 Kolds true. Actually,
| L (x) l1-var,[s,7] can be estimated by the modulus of continuity of x and || || so-var,[s,¢]-
For example, see [34] and the proof of Lemma 2.3 in [4]. Hence, we see that L is a
1/2-Holder continuous map on C ([0, co), R"). Note that I' is Lipschitz continuous if
D is a convex polyhedron ([16]).

Let X € €P(R?). We assume D satisfies the condition (A) and (B). We now
consider reflected RDE:

t .
Yt=§+/ o (Yy)dX, + &, @,:L(§+/ o(YS)dXS) , £eD. (511
0 0

t

We need to make clear the definition of the solution (Y;) of (5.11).

Definition 5.5 We call Y; is a solution of (5.11) if and only if the following holds:

(i) There exista Z € 2%/ ([0, T1, R") and a continuous bounded variation path &,
suchthaty, =Z, +®, (0 <t <T).
(i) & =L(Z); (0=<t=<T).
(iii) Z satisfies

t
Z,=§+/ 0(Zs + L(Z2)5)dXy, Z,=0(Z;+L(Z)) 0<t<T.
0
(5.12)
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Note that if Y is a solution in the above sense, Z is uniquely determined by ¥ and
Xsince Z; = & + f(; o (Ys)dX, and Z; = o (¥;) hold. See also Remark 5.7 (1).
By applying Theorem 2.7, we obtain the following result.

Theorem 5.6 Let X € €#(RY). Assume D satisfies conditions (A) and (B).

Let o € Lip" " L(R", LR, R")) and & € D. Then there exist (Z, Z') € Qiﬁ(R")
and ® € C1VB(R™) with &y = 0 such that Y; = Z, + ®, is a solution of (5.11).
Moreover the following estimate holds,

—~——\ K] K2 —~—«K3
1Z1 + 1R lag + 1Pl 1varp < K {14+ (14 11XT05) " 0@, D} 115"
(5.13)

where K, k; are constants which depend only on o, B, v, 8,8, ro.

Proof By applying Theorem 2.7, we have at least one solution Z and the estimate of
(5.12). Let Y, = Z;, + L(Z); and &, = L(Z);. Then this pair is a solution to the
original equation. O

Remark 5.7 (1) Let (Y;, ®;) be a solution of (5.11). Then there exists & > 1 such that

t
Ys,t - qu,t - <U(YS)Xs,t + (DU)(YS)[G(XY)]XSJ + (DO’)(Y;) </ (Dx,u ® qu))‘

<Co@s,0), 0<s<t<T. (5.14)

Conversely, suppose

(i) (Y, ®;) is a pair of continuous paths satisfying (5.14) and (®,) is a bounded
variation path satisfying | ® | 1-var,(s.1) < Cor(s,)f (0 <s <1 < T).

() Y, e DO<t<T).

>iii) (Yy, ;) satisfies

t
Q; = / Lyp(Yn(s)d||®ll1-var,0s1 0=t =T, (n(s) €Ny, ifY¥; €dD).
0

Let Bg = 0 (Y) Xy + (D) (Yp)lo (Y)1Xy s + (Do) (¥) (f{ ®s.u ® dX, ). Then
[(8E)susl < Ca(s, )% (0 <s <u <t <T)holdsand Zy, € C/([0, T], R"; xo =
0) exists such that [(Zo; — Zo,5) — 8s.¢] < Cw(s, 1)?. Further, by the assumption on
@, (Zo) € 7y ®") with Z),, = o(¥,) and ¥, = Yo + Zo,, + @, holds. Clearly,

Zy: = f(; o (Yy)dX,. By the definition of L, we have L(Yy + Zo,.); = $;. Hence,
(Y, ®,) is a solution of (5.11).
(2) In [2], we consider the following condition (H1) on D:

(i) The condition (A) holds,
(i) There exists a positive constant C such that for any x, it holds that

1L CO-var, 5,11 < Cllxlloo-var, [s,1]-
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This condition holds if D is convex and there exists a unit vector [ € R" such that
inf {(, n(x)) | n(x) € Ny, x € 9D} > 0.

Under (Hl)and o € Cg, we proved the existence of solutions of reflected RDEs driven
by 1/8 rough paths and gave estimates for the solutions in Theorem 4.5 in [2]. We
used Euler approximation of the solution modifying Davie’s proof in [9]. In the proof,
we need to solve the following implicit Skorohod equation in each step,

t
y,:g+n,+M</ <I>,®dx,)+d>;, gEeD, 0<t=<T, (5.15)
0

L<$+17.+M</ q>,®dx,)) =&, 0<t<T, d¢9=0, (5.16)
0 t

where0 < 7" < T,y, e D0 <t <T'),M € LR"®RY, R") and ¥, is a continuous
bounded variation path. Also 7, x; are finite 1/p-variation paths which are defined by
X and X. If we replace [y &, ® dx, in (5.15) and (5.16) by [y f(®,) ® dx,, where f
is a bounded Lipschitz map between R”, then we can solve the equation under general
condition (A) and (B). To avoid the explosion problem, that is, to handle the linear
growth term of ®,, we put stronger assumption (H1)(ii) on D in [2]. Also we used
Lyon’s continuity theorem of rough integrals in the proof and so we need to assume
oceC 2 In this paper, we adopt different approach to the problem and obtain an
extension of the previous result in the sense that the assumption on o and D can be
relaxed.

In Sect.4, we prove a continuity property of solution mappings at Lipschitz paths
under the uniqueness of the solutions. For reflected RDEs, we can give more explicit
estimate of the continuity of the solution mapping Y at the Lipschitz paths. As before
we consider a domain D C R” which satisfies the conditions (A) and (B). Let 4 be a
Lipschitz path on R¢ starting at 0. If o is Lipschitz continuous, there exists a unique
solution (Y (h, &), ®(h, £),) to the reflected ODE in usual sense (see Proposition 4.1
in [4] for example),

t
Y, =s+/ o(Yydhs + b, EeD, 0<1<T. (5.17)
0

We may omit denoting &, £&. Moreover, Z(h); = & + féo(YS(h))dhx, Z.(h) =
o (Y;(h)) and ®(h), are a unique pair of solution to the equation in Theorem 5.6
for the smooth rough path h,; = (hs;, ﬁf’l) defined by k. Hence the solution
(Z(h), RZM) @ (h)) satisfies the estimate (5.13) with the same constant Cy, Cs.
From now on, we will give an explicit estimate for Y; (¢, X) — Y;(n, h). Let X be
a general (not necessarily geometric) B-Holder rough path. Let X;? be the translated
rough path of X by 4. That is, the 1st level path and the second level path are given by,

X; ! = Xo1— hys (5.18)
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Xi) =X —hy, - ft X;h®dh, — /t hyu ®dXT. (5.19)
s s
Hence
IX7"p < 11X = Rllp. (5.20)
IX 25 < I1X — R?|l2p + (1 + ﬁ) T'PIX = hliglhll. (5.21)

These imply that if |||h — X|||ﬁ < 1, then

_ 2
IX"lp < (1 +\/<1 + m) Tl_ﬂ”h”]) lIlh — Xll 5. (5.22)

By the definition of controlled paths, we immediately obtain the following.

Lemma5.8 Let X € (ff(Rd). Let h be a Lipschitz path. If (Z,7Z') € 92'3, then
(2,2Z') € 23, In fact,

! yv—h
ZSJ - ZsXs,t

< (IRZll2p + 1Zg) + 1Z g™ Il = )72 ) (¢ = 7P,
(5.23)

Let (Z,7)) € .@%"‘(R”) and ® e CIV%R") with &g = 0 and ¢, a, &
satisfy the assumptions in Lemma 3.1. By the above lemma, we can define the
integral f Yt O’(Yu)dX;h and the estimates in Lemma 3.2 hold for this integral. Here

Y, = Z, + ®,. Moreover, E;; in (3.5) which is defined by Xs_i' reads

5,1

t
Bsi =0 (Y) X, "+ (Do) (Y) ZUX 1+ (Da)(YS)/ D, ®dX," (5.24)
S

t
= U(Ys)Xs,t + (DU)(YY)Z;XSJ + (Dg)(Yv)f q)x,u ®dX, — U(Ys)hs,t
s
- (5.25)

where
~ _ t t
Byt = —(Do)(Ys)Z, (hf,,t +/ X, ®dh, +/ hsu ® dx;ﬁ)
S N
t
+ (DG)(YS)/ D ® dhy. (5.26)
A
Since |é3,t| <C(t-— s)1+5‘, the sum of these terms converges to 0. Thus we obtain
t t t
/ o (Y,)dX; " = / o (Y,)dX, — / o (Y,)dh,. (5.27)
N N N
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We now consider the following condition on the boundary.
Definition 5.9 (Condition (C)) There exists a Li pY function f on R” and a positive
constant k such that for any x € 9D, y € D, n € N it holds that

1
(y—x,ll)Jrz((Df)(X),ll)ly—XI2 > 0. (5.28)

Usually, the function f is assume to be C,f in the condition (C). See [27, 34]. Here,
we assume f € Lip? to make use of estimates in Lemma 3.2.

Under additional condition (C), we can prove the following explicit modulus of
continuity.

Lemma5.10 Let X € ‘Kf (RY). Assume that D satisfies the conditions (A), (B), (C)
and o € LipV’l. Let V1 (X, &), Z,(X, &), D;(X, &), Yi(h, &), Ds(h, &) be a solution
as in Lemma 4.1. Assume ||h — X|||g < 1. Then there exists a positive constant C
which depends only on o, ro, 8,8, f, k such that

Sup V(X 8) =Y (h o)l < Ce“MI (g — ¢ + I = X]ll). (5.29)
<r=<

Proof We write Y[ = Yt(X,E), CD(X,E)t = q)t and ?l‘ = Y(l’l, C)l" &)t = cD(h, C)t

_2 7 .
for simplicity. Let Z; = e * <f(y’)+f(y')) |Y; — Y;|2. We have

Z, — Zo
_ /01267%(/(&)#(?3)){(1, _7, (a(y)—a(y )) )dH (YX _?S’U(Ys)dxs—h)}
2 [ * v o\¥ % ’ 2 [ —h
;/0 Z, (o ()" DIV +0(Fy) Df(Yx),hs)ds—;f0 z, (Df (X, o (r)dx;")
(s
/0 20 EUI (Y)){(Y — ¥, do, — db,)

1 o, 1 . -
+ £ (DF(). A0 Y = TP + o (DF (F). dd ) 1Y, = T ). (5.30)

Condition (C) implies that the fourth integral on the right-hand side of the Eq. (5.30)
is always negative. By the estimates of the solution Y, Y, ®, ® in Theorem 5.6 and the
estimates in Lemma 3.2 and the Gronwall inequality, we obtain the desired estimate.

O

5.2 Perturbed Reflected SDEs: A Short Review

Let us recall basic results for the following equation driven by a continuous path x;
on R,

Y, =x/4+a sup Yy +b inf Y, (5.31)

0<s<t O=s=<t
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Yi=x,4+a sup Y+ P;, x>0, Y; >0 forallz. (5.32)

0<s<t

When x; is a sample path of a standard Brownian motion, the solutions to (5.31)
and (5.32) are called (doubly) perturbed Brownian motion and perturbed reflected
Brownian motion respectively.

First we consider the Eq. (5.31). Clearly, if either a > 1 or b > 1, then there are no
solutions to this equation for certain x. So we consider the case wherea < landb < 1.
Suppose b = 0. Then we have explicitly, ¥; = x; + % supg<;, Xs. By [7], when
| % | < 1, afixed point argument works and the unique existence holds for any

continuous path x; with xo = 0. The unique existence extends to | —~— a a)(] 5 | =1by
[10]. Consider the case where x; is a sample path of 1-dimensional Brownian motion
W; with Wy = 0. Forany 0 <a < 1,0 < b < 1, itis proved in [31] that the pathwise
uniqueness holds and the solution is adapted to the Brownian filtration. Finally, for
any a < 1, b < 1, the same results is proved in [8].

We consider the Eq. (5.32). By a fixed point argument, the unique existence is
proved in [25] the case (1) @ < 1/2 and (2) a < 1 with x9 > 0. Next, the pathwise
uniqueness is proved by [8] for a < 1 when x; is the Brownian path W; with Wy = 0.
The unique existence for a < 1 is extended by [13] for any continuous path x;.

We next explain results for the variable coefficient version driven by a standard
1-dimensional Brownian motion W;,

t
Y, =&+ / o (¥)dW; +a sup Y. (533)
0

0<s<t

t
Y, =¢ +f o(Ys)dWs+a sup Y+ &, £€>0, Y, >0 forallt, (5.34)
0

0<s<t

where o is a Lipschitz continuous function on R and the integral is the It integral.
The unique existence of the solution to (5.33) is proved for @ < 1 by [13]. The same
authors prove the unique existence of the solution to (5.34) for two cases where (1)
a<land& > 0and (2)0 <a < 1/2 and & = 0. Under the same assumption on a,
the absolutely continuity of the law of Y; with respect to the Lebesgue measure was
studied in [36].

5.3 Perturbed Reflected Rough Differential Equations

We consider the multidimensional versions of (5.33) and (5.34) driven by rough paths.
Our objectives are the following two equations.

t
Y, =&+ / o (¥,)dX, + C(¥),, (5.35)
0

t
Y, =§ +/ o (Yy)dX; + C(Y); + @sep, (5.36)
0
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where ¢, = /(0,...,0,1) and 0 € Lip" “!(R", L(R?, R")). We assume that C is
a mapping from C ([0, T'], R") to the subspace of continuous and bounded variation
paths on R” and {C(x)s}o<s<; is measurable with respect to o ({xs}o<s<;) for all
0 <t < T. The first Eq. (5.35) is a perturbed rough differential equations and
the second Eq. (5.36) is a perturbed reflected rough differential equation on D =
{(x1, ..., x0) | x4, = 0}. ®ye, is the reflected term and Y; and @, should satisfy

Y," = (Y;,e,) = 0forallt > 0, where (-, e,) is an inner product,
(5.37)

t
(®;) is continuous and nondecreasing,®oy = 0 and ¢, = / Loy (Y{HdDy.
0
(5.38)

In both equations, Yy # & in general. Consider the case ¢+ = 0. Then we have Yy =
&+ C(Y)o. Since C(Y) is adapted, C(Y) is a function of Yy and we may write
C(Y)o = Co(Yp). Hence Yy should satisty Yo = & 4+ Co(Yp) and we need to assume
Yo € D. If we consider the case where Y; € R and C(Y); = amaxo<s<; Y5 (a < 1),
Yo = ﬁé holds. In this case, Yy > 0 and £ > 0 are equivalent and so Y; starts from
[0, 0c0) when & > 0. Under the assumption that Yy = & 4+ Co(Yp) € D, by the explicit
solution of the Skorohod problem, we have

t
®; = max {— (S ~|—/ o (Y,)dX; + C(Y)s,en> \/0} , (5.39)
0

O<s<t

where a V b = max(a, b).
We give the definition of the solution of (5.35) and (5.36).

Definition 5.11 (1) Y; is a solution of (5.35) if the following hold.

(i) There exists a Z € 73 (R") such that ¥, = Z, + C(Y); and Z, = o(¥;) (0 <
t < T) hold.

(i) Z, =&+ [y 0(Zs + C(Y)y)dX, (0 <t < T) holds.

(2) (Y;, ®;) is a solution of (5.36) if the following holds:

1) (Y, ®;) satisfies (5.37) and (5.38).
(ii) There existsa Z € @;ﬂ(R”) suchthat Y, = Z, + C(Y); + ®se, and Z] = o (Y;)
(0 <t <T)hold.
(iii) Z, =&+ [y 0(Z; + C(Y)s + ye,)dX, (0 <t < T) holds.

We solve these equations by transforming them to the equations in Theorem 2.7. To
this end, we introduce the following conditions.

Definition 5.12 For a mapping C : C([0, T'], R") — C([0, T], R™), we consider the
following conditions, where p denotes a positive number.

(Lip), ICx) = C(Wlloo,f0,e1 = plix — Yoo [0, for all x,y € C([0, T], R") and
0<r<T.
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(BV)p ”C(x)”l—var,[s,t] < :0||x||oo—var,[s,t] for all 0 <s=<t=< T.

We may write C € (Lip), simply when C satisfies the condition (Lip),, efc. Also we
denote by ||C||Lip the smallest nonnegative number p for which (Lip), holds.

Clearly the conditions (Lip) 0 and (BV), are stronger than the conditions in
Assumption 2.2. Also the conditions (Lip) , and (BV), imply the conditions (A1),
(A2) and (A3)in [1].

As we noted, C which is defined in Example 2.9 (2) satisfies the above conditions.

Proposition5.13 Let p > 0. Let f : R" — R be a Lipschitz function satisfying
(Lip)p. Let C(x); = maxo<s<; f(xs) for x € C([0, T], R"). Then we have C €
(Lip), N (BV),,.

Proof We consider the simplest case C(x); = maxo<s< X5, Where x is a continuous
path on R. Let 0 < s < t. We take values 0 < s, < 5,0 < f, < t such that
C(x)s = x5, and C(x); = x;,. Suppose t, < s, then C(x), = C(x);, (s <u <1t)
holds. Hence || C(x)|l1-var,[s,r] = 0. Suppose s < t, < t. Then using x; < x;,, we
have

Cx) —C(x)s = Xp, — Xs, < Xp, — Xy < ”x”oo—uar,[s,t]a

which implies the validity of (BV). We next show (Lip);. Let x, x” be continuous paths
on R. Similarly, t; denotes a time at which x’ attains its maximum of x,, (0 < u < ).
We have C(x), — C(x"); = x;, — x;,. If x,, — x/, = 0, Suppose x;, > x;,. Then, by

/ !/
Xy > X, we have

0<Ckx)—CW) = Xt — x;

g S X, — x;, < llx = x"lloo,0.11-
This proves that (Lip); holds for C(x); = maxo<s<; ;. General cases follow from
this simplest case. O

We consider (5.35). To this end, we consider the following condition on C.
(Condition C) (1) For any x € C([0, T], R"), there exists unique y € C([0, T'], R")
such that y = x 4+ C(y). Define (:‘(x) =y—X.

(ii) C satisfies (Lip), for certain 0.

About this property, we have the following. The proof is straightforward and so we

omit the proof.

Proposition 5.14 Assume C satisfies (Condition C) (i). Then for any 0 <t < T and
x € C([0, t], R"), there exists a unique y € C ([0, t], R") such that y = x + C(y)
on [0, t]. For these x and y, we define C’,(x) =y —x € C([0, ], R"). Then for any
z € C([0, T1, R") satisfying zs = x5 (0 < s < 1), C(2)s = C;(x)s (0 < s < 1) holds.

By this result, given § € R”, the solution 7 € R" of n = § + Co(n) is unique if C
satisfies (Condition C) (i). We have the following result for (5.35).

Theorem 5.15 Let C be a continuous mapping between C([0, T], R"). Suppose C
satisfies (Condition C) and C satisfies (BV) » for certain p”. Let X € €B (RY).
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(1) There exists a controlled path Z € @}2(’5 (R™) satisfying the equation
13
7, =¢ +/ o (zS + C(Z)S) dX,, 7| =0 (Z +C(Z)). (5.40)
0

and Z has the estimate similarly to Theorem 2.7. Moreover Y; = Z; + C‘(Z), isa
solution to (5.35).

(2) Let Y; be a solution to (5.35) defined by Z € @)2(/3 (R™). Then Z is a solution to
(5.40). Moreover; such a Z is uniquely determined by Y.

(3) The transformations defined in (1) and (2) are inverse mapping each other and
the uniqueness of the solution of (5.35) and (5.40) is equivalent.

Proof (1) The existence and the estimate of the solution follows from Theorem 2.7.
By Y, = Z; + C‘(Z), and by the definition of C’, we have C’(Z) = C(Y). Hence
Z; =0(Z; + C(Y)) and Y; is a solution to (5.35).

(2) By the definition of C, C(Z); = C(Y), holds. Hence Z is a solution to (5.40).
Also the uniqueness follows from the assumption on C.

(3) These follows from the assumption on C. O

We give sufficient conditions on C under which C satisfies (Condition 0).

Lemma 5.16 Let C be a continuous mapping between C ([0, T], R™).

(1) Assume C satisfies (Lip),, with py < 1. Let x € C([0, T], R™). There exists a
unique’y € C([0, T], R") satisfyingy = x+C(y). Then C satisfies (Lip) y, /(1=py)-

(2) Suppose that C satisfies (Lip), with p1 < 1 and (BV),, with p» < 1. Then C
satisfies (BV) p, /(1—py)- )

(3) Suppose that C satisfies (Lip) , and (BV), with p < 1/2. Then C satisfies (Lip) ,
and (BV)  with p' = % <1

Proof (1) The existence of y follows from the fact that the mapping y > x + C(y) is
contraction. We have C(x) = C(y) = C(x + C(x)). Therefore,

1€ = EWlloe00 = o1 (I = ¥lowo. + 1€ = €&l 01)  (5:41)

which implies [|C(x) = C(x")lloo 0,1 < 725 1¥ = 'lloc, 10,11
(2) We have

1€ 1-var 5.1 = 1Cx + CO1-var.[s.1]

=P (”x”oo—var,[s,t] + ”é(x)”oo—var,[s,t]>

=P (”x“oo—var,[s,t] + ||é(x)||l—var,[s,t])

which implies the desired estimate.
(3) This follows from (1) and (2). O
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Example 5.17 (1) We consider the following C:

O<s<t O<s<t

n n
ci(Y), = Za; sup Y +Zb§ inf Y/, (5.42)
j=I j=1

where ¥/ and Ci(Y), are the j-th coordinate and i-th coordinate of ¥; and C(Y),
respectively. By Proposition 5.13 and Lemma 5.16, we see that this C satisfies the
assumption in Theorem 5.15 for sufficiently small a’, b'.. In this paper, we do not
consider the subtle case as in the previous Subsection, e.g., [ab/(1 —a)(1 —b)| < 1
ora < 1,b < 1, etc. We just mention the following simple result.

Leta; < 1 (1 <i < n) and consider C defined by C'(x); = a; maxo<s<; X' (s),
where x; = (x;). If a < —1, the mapping C : x = (x)(¢ C(0,T],R) —
(a maxg<s<s X5) € C([0, T'], R) is not a strict contraction mapping, but, y = x +C(y)
(y € C([0, T], R)) is uniquely solved as y; = x; + ﬁ maxo<s<; Xs. Therefore, we
have explicitly

~ aq a
C(x),:(1 max x!, .. z maxxf).

—aj 0<s<t ° R a, 0<s<t

Hence, this example satisfies the assumption in Theorem 5.15.

(2) Let fi : R* — R (1 < i =< n) be Lipschitz functions satisfying (Lip),,. For
x € C([0,T],R"), we define C by C'(x); = maxo<s<s fi(xs). Then C satisfies
(Lip) \/ﬁ and (BV)E p; - Hence, if > pi < 1,thenthe assumption in Theorem 5.15

holds. This follows from Proposition 5.13 and Lemma 5.16.

We now consider (5.36) on D~ = {(x1,...,x,) | x, = 0}. For the moment, we
suppose C satisfies (Condition C) and & is chosen so that the solution 1 of n =
& 4+ Co(n) satisfies n € D as we noted before. Let Y; be a solution of (5.36) and

suppose ¥y = Z; + C(Y)z + ey as in Definition 5.11 (2) (ii). Let Zt =Y —C(Y),.
Using C, we have Y; = Z, + C(Z),. Then

Yi =272+ CY); + Pre,
=7, +C(Z) + Dren
=Z, 4+ C(Z + ®ey); + Drey. (5.43)

By (5.39), we get an equation for ®,,

®, = max {—(Z? +CN(Z + CDe,,)S) v o}, (5.44)

0<s<t

where Z; and C" is the n-th coordinate of Z, and C respectively. This is a nonlinear
implicit Skorohod equation. This kind of equation appeared in the study of the Euler
approximation of the solutions for reflected RDEs in [2].
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Fix x € C([0, T], R"; xo = &) and consider a mapping on C ([0, T], R; ¢p = 0):

Mi(@) = max {—(xl' + €"(x + gen ) VO] ¢ € C(LO.TLR: g9 = 0),
(5.45)

where x” is the n-th coordinate of x. Now suppose that x > C”(x) is a Lipschitz map
belonging to (Lip),. Then we have for any ¢, ¢’ € C([0, T], R; ¢pp = 0)

M (@) — M (@)oo, 10,71 < kll$ — ¢ lloc,10,7]- (5.46)

Hence, if ¥ < 1, thatis, C" is strict contraction, then M is a contraction mapping for
all x € C([0, T], R"; xo = &). Let us denote the fixed point by i(x). Then we have
® = L(Z). Thus, under the assumption that C" : C([0, T], R") — C([0, T], R)
satisfies (Lip), with p < 1, we obtain a mapping x(€ C([0, T],R"; xo = §)) —
I:(x) e C([0, T], R; ¢9 = 0) and the equation for Z:

t
Z =&+ / . (zs +C(Z+ L(Z)ey)s + Z(Z)Sen) dax,. (5.47)
0

We have the following estimate of L.

Lemma 5.18 Suppose

(i) C satisfies (Condition C) and C satisfies (BV) o for some p” > 0.
(i) C" satisfies (Lip), with k < 1 and C" satisfies (BV), with k' < 1.

Let A(x)t = é(x + I:(x)en)t + i(x),en. Then the following hold.

+ kK

- - 1
(1) I1Lx) = L&) ooy, < - llx — x| 00,[0,6-
/

~ 14+«
(2) ”L(x)Hl—var,[s,t] =<

1—« ”x”oo—var,[s,t]-

I
- - 14+«

3) 1AX) = A oo 0,11 < <,0' + 0+ p’)m) lx = x"llo, 10,1,

14+«

1—« ||x||oo—var,[s,t]~

(4) ”A~(x)||l—var,[s,t] =< <,0// + (1 + p”)
Proof (1) Since L(x) satisfies

8 _ (. ~n ¥

L) = max [ (xs +C"(x + L(x)en)s) v 0} : (5.48)

we have

IL(x) = L oo 0,11 < 11X — X lloo, 0.6 + IC™ (x + L(x)ey)
—C"(x' + L(xNen) lloo.j0.1]
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= lx = ¥lloc,0. + & (I8 = ¥ lloe. 0.1 + 1 ()

~Le)lo0.)
which implies

= ~ I+«
ILG) = LD lloo,fo.1 < -

X — X[l o.[0.1]-
(2) We have
L) -var 5,61 < I1X™" + C"(x + L(x)en) lloo-var .11

< 1% loo-var.ts.e] + 1C™ (x + L(x)en)lloo-var 5.1

< Ixllocvar, 5.1+ & (1 lloo-var. st + 1E G aar 1) -

/
. ~ K
Thus, we obtain || L(x)[l1-var,[s,1] < — 1% loo-var,[s,11-

(3) By using (1) and (2), we have

~ ~ I+«
IAG) = A los 10,07 < 0 <||x = X' lloc, 0,07 + T * _x,”oo,[O,t])
14+« ,
+ 1 —« lx — x'lloc,[0,115

which implies the desired result.
(4) We have

A 1-var.s.0] < IC(x 4+ Lx)en) l1var 5.0 + 1L | 1var fs.0]

1 7 L+«
= 0" (¥ llo-var.fs + 1L loomvarfs) + T ¥ loc-var,f
" 1+« 1+«
< 0" | Ixlloovar,[s.e] + 11—« X loo-var.[s,11 ) + 1 — 1l oo-var, 5,11
I+«
= <p" + 1+ ﬂ@m) X lloo-var,fs,11-

The following lemma follows from Lemma 5.16.

Lemma 5.19 Suppose C satisfies (Lip), and (BV), with p < 1/2. Then the assump-
tion of Lemma 5.18 (i) and (ii) hold with p' = p” =k = k' = ﬁ < 1.

We now state our theorem for (5.36) and give the proof.
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Theorem 5.20 Let C be a continuous mapping between C([0, T1, R"). Suppose C
satisfies the same assumption in Lemma 5.18. Moreover we assume that the solution
nofn =& + Co(n) satisfies n € D. Let X € €P(R?). Let A be the mapping defined
in Lemma 5.18.

(1) There exsits a solution Z € @}2(’3 (R™) to (5.47) and Z has the estimate similarly
to Theorem 2.7. Let Y; = Z; + A(Z), and &, = Z(Z)t. Then

Yi =2+ CY); + Drep, Z; =oYy), & =L(Z~+CY)), (5.49)

hold. That is, (Y, ®) is a solution to (5.36).

(2) Let (Y, @) be a solution to (5.36) and Z be a controlled path appearing in Defini-
tion 5.11 (2). Then Z is a solution to (5.47). Moreover, Z is uniquely determined
by Y and X.

(3) The transformations defined in (1) and (2) are inverse mapping each other and
the uniqueness of the solution of (5.36) and (5.47) is equivalent.

Proof (1) By Lemma 5.18 and Theorem 2.7, there exists a solution Z to (5.47) and
has the estimate given in Theorem 2.7. By the definition of L and C, we have L(Z) =
L(Z 4 C(Z + L(Z)ey)) and C(Z + L(Z)) = C(Y) which shows (5.49).

(2) The argument by which we derived the equation (5.47) shows the former half part.
Z is uniquely defined by Y and X only because Z; = & + fé o (Yy)dX;, Y is a sum of
Z and a continuous bounded variation path and Z; = o (¥).

(3) The invertibility of the mapping follows from the definition. The latter half state-
ment follows from this property of the mapping. O

Example 5.21 (1) We consider C in (5.42). If a;, bi. are sufficiently small, then
the assumption on C in Lemma 5.18 holds by Proposition 5.13, Lemma 5.16 and
Lemma 5.19.

(2) We consider the example in Example 5.17(2). Suppose >, pi < 1/2. Then
the assumption on C in Lemma 5.18 holds. This follows from Proposition 5.13,
Lemma 5.16 and Lemma 5.19.

(3) Let a € R and we consider Lipschitz functions f; (1 <i < n) in Example 5.17
(2) and define for x = (x* )” 1 € C(0, T],RY),

C(x); = | max fi(xg),..., max f,_1(xs), max f,(xs)+a max x" ). (5.50)
0<s<t 0<s<t 0<s<t 0<s<t °

Suppose £ is chosen so that n € D. For example ifa <1, fu(m, ... s -1, 0)>0
for all n and || df " || is sufficiently small, & € D is sufficient for n € D.

We prove thatifa < 1/2and )", p; is sufficiently small, C satisfies the assump-
tion in Lemma 5.18.
Let

Cf(x)t = | max fi(x;),..., max f,(x5) |, Cfn(x)t = max f,(xy).
0<s<t 0<s<t 0<s<t
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The equation y = x + C(y) is equivalent to
a
y=x+Cr()+ g max (Cr, (s +x7)en =t Px(y)

If >, p; is sufficiently small, then the mapping y — ®.(y) is a strict contraction
mapping for all x. Thus, y = x + C(y) is uniquely solved and C(x) = y — x is
defined. Note that

€)= Cplx + € @) + 77— max (Cp, (v + C @) +x)en.

By this expression, for any ¢ > 0, if ), p; is sufficiently small, we have, for any
x,x" € C([0, TT,R"),

1€ = EWloe01 = & (1€ = C@llow o, + I = ¥ o, 0.1

Jr||

lx — x"ll 00,1061,

1-—
”é(x)”l—var,[vt <eé& < ) |x||oo—var,[s,t] + ”é(x)”oo—var,[x,t])>

+ —|lx"
l—a” ”oo var,[s,t]-

This shows thatifa < 1/2and ) ; p; sufficiently small, the assumption of Lemma 5.18
is satisfied.

Remark 5.22 (Remark on the 1t6 and Stratonovich SDEs) The equations, (5.35) and
(5.36) are formulated by using rough integrals. We now consider the equations replac-
ing the rough integrals by It and Stratonovich integrals against the standard Brownian
motion W;. The solutions are semimartingales and the equations are well-defined. We
need to assume o is Lipschitz continuous and o € Cg for the It6 and Stratonovich
integrals respectively. Under the same assumptions on C in Theorem 5.15 and Theo-
rem 5.20, the existence and the pathwise uniqueness hold for the stochastic integral’s
version of (5.40) and (5.47) by the Lipschitz continuity of their coefficients which
implies the uniqueness of the solutions of the stochastic integral’s version of (5.35)
and (5.36). In Sect.6, we consider Stratonovich SDEs corresponding to (5.35) and
(5.36) and prove the support theorem of the solutions (Corollary 6.6).

Consider Example 5.21 (3). In the case of standard Brownian motion, this example
extends the existence results for solutions in Doney and Zang [13] slightly. Also we
can extend the absolutely continuity property of the law of Y; in Yue and Zhang [36].
We study this problem in a separate joint paper with Yuki Kimura.
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5.4 Related Path-Dependent RDEs

We consider the Holder rough path X. Namely, o (s, ) = ¢ —s. In this Subsection, we
consider RDEs depending on the L”-norm of the solution. For simplicity, we consider
the case where A(x); is a real-valued process. That is,

(1) o € Lip¥ (R” x R — L(RY, R")).
(2) We consider the following case:
(2a) Let f € Lip'(R”,R) and A(x), = fé f(xs)ds,

1/p
(2b) LetR > 0,1 < p <} and set A(x), = {f()’(|xx| A R)Pds} ,

I/p
(2¢) LetO < & < R < 00, p > 1 and set A(x); = {fo’ (6 \V |xs /\R)pds] .

Our RDE is of the form,
t
Z =& +/0 0(Zs, A(Z)5))dXs, (5.51)

as before. In the case (2a), the equation reads Z; = & + fot o(Zs, V)dX,, ¥V, =

fot f(Zs)ds, which is usual RDE and we have the existence and the uniqueness of the
solutions. We consider the case (2b). Clearly, (Lip); holds. For simplicity, we write
f(x) = |x| A R. Note that

t 1/p
A@»—A@ns{f|ﬂmwammww} + 1 f )l — )P
< (Ixlloc-var,is.0 + R) (¢ —HVP, 0<s<t<T. (552

Hence noting a remark in Example 2.9 (3), we see that the solution exists and a
priori estimate holds. Actually, we can prove the uniqueness of the solution under the
additional assumption that & # 0.

Proposition 5.23 Assume (1) and (2b) in the above. Further we assume f(|&])(=:
€) # 0. Then the solution of (5.51) is unique.

Lemma 5.24 Assume the same assumption as in Proposition 5.23. Here we allow
p > 1. We have the following estimates. Below, C; (i = 1, 2) are polynomial functions
and w(s,t) =1t —s, (s, 1) = /P — /P,
IAC) 1-var.s.01 < C1(e™! R, %l 0.1) (@G5, 1) (s, 1), (5.53)
IAG) = AW h-var 5.1 < Ca(e™ " R. X, 10.00- 1911810, 11X = ¥lloo.f0.1
(@(s, 1) + (s, 1)) . (5.54)

Proof We have

1_
pl

1 t
A@)y = —f(x)? </ f(xu)Pdu>
p 0
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Also, we have

|f () = fxo)| < llxllgu®.

Hence

f)l = = foru < (— v
X — foru ,
W=7 = \20Ix1

which implies

([ rerw)= 0 i)

and
p—1 2l
1—p z 1 2||x||5 Bp
Ax), P < (8) P +< . ) (5.55)
Therefore,
RP [2\P7! . . 2llxllg b
IAC) 1 1-var (5,6 < - (g) p@'P — sty 4 <T> (t —s)

Let y be another 8-Holder continuous path with |yg| = €. We have

A — Ay, = LIEDP = SG0? L o0? AW - Ay
T P A@AG)T

=:0(t) + L(®).

Using the elementary inequality, b;:zr

<rmax (a" 1,071 (a,b > 0,5 € R), we
have

—1
t 2R\ P! 2 B

/ 111 ) du < (—) p (17— 57 + (M) " (-9
s P &

¥ = ylloo.5.11-

Also we have
-1 -1
A = AW,
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- 20 (1 (2xlg\ T2yl
< (= DR M|x = ylloo.[0.1] <m+<—ﬂ (2222 .

& & &

Hence using (5.55),

t (p_ 1)R2p—1 2 2p—1
[Lw)|du < ———( = lIx — ylloc,10,1]
K P &

' ’ VCION 1/(Bp)
Xf {ul_l/p—l—u<< ||x||ﬂ) +< ||y||,s>
s £ £
1 SERCAE
X B Bp
i —i—( - ) du,

which completes the proof. O

Proof of Proposition 5.23 Let Z; and Z, be solutions to (5.51) and suppose || Z — Z|| #
0. We may assume z; := [|Z — Z|loo,[0,,] > O for all # > 0. Otherwise, that is, if
to = inf{t > 0| ||Z — Z”oo,[O,t] > 0} > 0 happens, then it suffices to consider
solutions Z; and Z, from 9. We have

t t
Zi—Z; = / [A(Z)s — A(Z)51dG; + / [Zs — Zs1d Hj,
0 0

where G and Hy are E(Rd, R™)-valued maps which act from the right as

s 1
NGy = /0 ( fo (Dzo)(zu,A(Z)u+e(A(Z)u—A(Z>u>)d9> [nld X,

s 1
nH, = / ( / <Dlo>(2u+e(zu—Zu),A@)u)de) [nldX,
0 0

and the integrals are Stieltjes integral and the rough integral. The rough integral is
well-defined because we assume o € Lip”. Clearly, Gy, H; are controlled paths of
X. We fix ¢ and consider the processes in the time interval 0 < s < z. Let Fy =
zfl (A(Z)s — A(Z)s) and set Fy = f(; F,dG,. By Lemma 5.24 and a priori estimates
of Z, Z, we have |F, | < Ko(u, v)ﬁ, where w(u,v) = o(u,v) + w(u, v) and
the positive constant K depends only on o, p, f, X. Then we have the following
expansion,
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s n—1
Zy—Zs =z F +/ [Z, — Z,)dH, =z, Fs + Zlk(s) + Ju(s), n=1,
0 k=1
(5.56)

N
I(s) =zFs, Jo(s) =Zs—Zs, Ii(s)= /0 li—1(u)dH,,

Jn(s) = /S Jn-1(w)dH,y.
0
(5.57)

We now consider (@, 8)-Holder rough path X(A) whose first level path is F, , &
Xuov € R+ and the iterated integrals of them are defined in a natural way using
Xu,v- Let X(A) (e (RT)®K) be the k-level path (k = 1,2). Then it holds that
|X(A)fw| < Ko(u, v)kﬂ (k =1,2). Wecanregard F,G,H, Z — Z as controlled
paths of (w, B)-Holder rough path X(A). Therefore using the estimate of the higher
order iterated integrals, we obtain

= kB - nB
OO e o) < 20T
kp)! 0<s<t (np)!

where C is a certain constant which may depend on X. Thus, forall 0 < ¢ < T, there
exist positive numbers C, C’ which may depend on X such that

max |l (s)| < z , (5.58)
0<s<t

_ @(0,1)"P
<zC'a0,0f + C"————
2 =2 C w0, + )]
which implies for sufficiently small # and for all n
_ 1 @0, 0"
< (1= Ca0 k) Ten
2 = ( (0, 1)") P!
and so z; = 0O for sufficiently small #. This completes the proof. O

Remark 5.25 In the above argument, we assume 1 < p < 1/8 and we use a priori
estimate of the Holder norm of the solution Z. When p > 1/, the path of A(x)
just satisfies very low regularity around 0. Hence we cannot apply our argument
directly to this case. However note that S-Holder rough path X can be regarded as a
1/ p-Holder rough path and A(x) € C'"v*"1/P_ Hence, we can extend our result by
considering controlled paths of 9;(’7 /P and ¢1-var1/P That is, under the assumption
o e Lip!"l and x¢ # 0, for all p > 1, we can prove the existence and uniqueness

1/
of the solutions of (5.51) in the case of A(x); = {fé(|xs| A R)p} p. However the

assumption o € Lip!?! seems unnecessary.

In the case of (2c¢), we can prove the existence and the uniqueness of the solutions
in a similar argument to Proposition 5.23. However, unfortunately, we cannot prove
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uniform estimate of the solutions when p — 00 and so the estimates cannot be applied
to the case A(x); = maxg<s<; f(xs). Note that any (w, B)-Holder rough paths X is
a (w, p)-Holder rough path. Let 9)2(’3 “(R") be the associated controlled path spaces
defined by . Similarly to the case of (2.20), the integral in (5.51) is also well-defined.

Proposition 5.26 Let us consider the situation (1) and (2c) above. Then there exists
a unique solution to (5.51).

Similarly to Proposition 5.23, we need the following lemma. The proof is almost
similar to Lemma 5.24 and we omit it.

Lemma 5.27 Assume (1) and (2c). We have the following estimates.

IAQ)1-var.s.0] < C1(e™ 1, R)G(s, 1), (5.59)
IAG) — A H-var,is,1] < C2(e™1 RYIDS lloollx — Ylloo,[0,11@(s, 7). (5.60)

Proof of Proposition 5.26 We can proceed as in Sect. 3 by adopting the control function
(s, 1) = |t —s| + t1/P — /P with the help of Lemma 5.27. O

6 Continuity Property and Support Theorem

Let W; be a standard d-dimensional Brownian motion. Then we have the notion of
the It6 and Stratonovich SDEs driven by W,. Let W be the associated Brownian rough
path defined by the Stratonovich integral. When A = 0 and o € Cg, the solution
Z (W) is equal to the solution to the Stratonovich SDE in It6’s calculus for almost all
W. This is checked, for example, by the Wong—Zakai theorem and Lyon’s continuity
theorem. In our cases, we do not have the uniqueness. However, under the assumption
that o € Cg, the Wong—Zakai theorems hold for reflected SDEs, perturbed SDEs
and perturbed reflected SDEs. By using this and Proposition 4.2, we can prove the
continuity of the solution mapping of the SDEs at Lipschitz paths in the rough path
topology. We prove support theorem for the above mentioned processes by using the
continuity.

Let us recall the definition of the Brownian rough path. Let ©¢ = C([0, T], RY)
and 1 be the Wiener measure on ©¢. Let W € ©¢ and WIN be the dyadic polygonal
approximation of W, that is,

<t=t)

N
— i

WtN = Wt.Nl +27NT71(I - tiN)Wt.Nl N L

N =27NiT, 0<i <2V (6.1)
Let WY, = [T WY, ® dW}. Let us define

le{We®d|(W?V

s,

WY,) converges in € (R?) for all B < 1/2}. 6.2)

Here €* is defined by w(s, t) = |t — s|, that is, %P denotes the set of usual Holder
rough paths.
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Itis known that 1(21) = 1 and the limit point of (W, WY) for W € Q| is called
the Brownian rough path. We identify the element of W € € and the associated
Brownian rough path W. Clearly {W | W € 1} C Cﬁ; (R?) holds for any g < 1/2.

Leto € C}% (R*, £L(R4, R™)) and consider a Stratonovich reflected SDE,
dY, =o(Y;)) odW, +d®;, Yy=£& e D. (6.3)

We write Z; = Y; — ®;. The corresponding solution YtN which is obtained by replac-
ing W, by W/ is called the Wong—Zakai approximation of ¥;. We also denote the
corresponding reflected term by ®V and set ZV = YV — ®N Tt is proved in [3, 4, 37]
that the Wong—Zakai approximations of the solution to a reflected Stratonovich SDE
under (A), (B) and (C) converge to the solution in the uniform convergence topology
almost surely. Note that a similar statement under the conditions (A) and (B) is proved
in [3]. See also previous results [14, 17]. By using the result in [4, 37], a support
theorem for the reflected diffusion under the conditions (A), (B) and (C) is proved by
Ren and Wu [33]. We now prove a support theorem for the reflected diffusion under
(A) and (B) by using the estimates in rough path analysis in this paper and in [3, 4].
First we note the following results.

Lemma 6.1 Assume o € Ci(R”, E(Rd, R™)). We consider the solution (Y, Z, ®) to
(6.3) and their Wong—Zakai approximations (YN, ZN, ®N).
(1) Assume D satisfies condition (A), (B), (C). Let

Q= {We @d‘ max [|Y,N—Yt|+|Z[N —Z,|+|c1>,N—<1>,|} —

0<t<T

0 as N — oo}. (6.4)

Then u(S22) = 1.
(2) Assume (A), (B) hold. Then there exists an increasing sequence {Ni} C N such
that u(23) = 1 holds where,

0<t<T

Q= {We@d‘ max {|YtNk—Yt|+|Z,N"—Zl|+|d>§V"—CI>t|}
— 0 ask — oo}. (6.5)

Proof (1) This is proved in Lemma 5.1 in [2].

(2) Itis proved in [3] that maxo<;<7 |Y,N — Y;| converges to 0 in probability under (A)
and (B). This and the moment estimate in [4] implies that lim y_, oo E[maXo<;<7 |YtN —
Y;|P] = 0 for any p > 1 and there exists a subsequence Ny 1 oo such that
YN —y,
to Lemma 5.1 in [2], we can prove (6.5) by taking a subsequence if necessary. O

maxg<;<T — 0 p-almost surely. By using this and by a similar proof

We now consider the Stratonovich SDEs corresponding to (5.35) and (5.36).

t
vl =g+ /0 o (Y)) 0 dW; + C(YP),, (6.6)
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t
v/ =6+ f o (Y{) o dWs + C(YP"), + @rep, 6.7)
0

We assume o € C[% and C satisfies the same assumption as in Theorem 5.15 and
Theorem 5.20 respectively.

We can transform these equations to the following equation with certain A which
satisfies (Lip) o and (BV),, for some p > 0 in a similar way to (5.35) and (5.36),

t
Zi—¢ +/ o(Zs + A(Z),) 0 dW,. 6.8)
0

The relation between Y (= Y?orY?") and Z is given as Y; = Z;, + A(Z),. Clearly,
if we consider an ODE which is obtained by replacing W by a Lipschitz path %, then
the solution is unique.

In [1], we proved a Wong—Zakai type theorem for the above Stratonovich SDEs
under the conditions on A: (Al), (A2) and (A3). These conditions are weaker than
(Lip), and (BV),,. Thus we have the following.

Lemma 6.2 Suppose A satisfies (Lip), and (BV), for some p > 0 and o €
Cg(R”, L(R?, R™)). Let us consider the solution Z to (6.8) and the Wong—Zakai
approximation ZN defined by WV . Let

Q4={We®d max |ZtN—Z,|—>0asN—>oo}. (6.9)

0<t<T
Then (1(24) = 1.

We prove support theorems for the solutions to (6.3), (6.6) and (6.7) as an application
of the results in Sect. 4. For such purpose, it is important to obtain the support of W.
The following is due to Ledoux-Qian-Zhang [26]. More general results can be found
in [22].

Theorem 6.3 Let B < 1/2. Let [i be the law of W. Then we have Supp i = %f (RY),
where Supp [u denotes the topological support of [L.

In Remark 4.3, we define a subset of the solution mapping Sol(X) (X €

%f (R?)). We see the topological support of the selection mapping with values in
UXE%ﬂf ®%) S0l (X) as follows.
Theorem 6.4 Let v be a probability measure on Cﬁf (RY). Let S be a subset of‘ggﬂ (RY).

We assume Suppv = ‘Kgﬂ (R?) and v(S) = 1. Let us consider RDE (2.20) and the
solution Z(X) under the same assumption in Theorem 2.7. We assume the solution
for any smooth rough path is unique. Let 7 : X(e€ S) — Z(X)(e Sol(X)) €
CP=([0, T1, R"™) be a measurable mapping with respect to the v-completed Borel o -

[ —"]
field. Then we have Supp (Z,v) = {Z(h) | h € C'} , where Supp (Z,v) denotes the
topological support of the image measure of v by T.
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Proof The inclusion Supp (Z,v) C {Z(h) | h € C!} follows from the definition
of S0l (X). The converse inclusion follows from the continuity of the multivalued
solution mapping at the set of smooth rough paths which follows from Proposition 4.2
and the assumption on v. O

At the moment, we do not have the uniqueness theorem for (5.11), (5.35) and (5.36).
However, the strong solutions exist uniquely for the corresponding Stratonovich SDEs
driven by Brownian motion under the smoothness assumption on o. Moreover, the
Wong-Zakai theorem hold for them and this convergence theorem gives selection
mappings Z in Theorem 6.4 for such cases and we can obtain the support theorem for
them.

Corollary 6.5 Assume D satisfies (A) and (B) and o € Cg. Let Y be the solution to
(6.3). Let 0 < B < 1/2. Let PY be the law of Y on CP([0, T1,R" | Yo = &). Then the
support of PY is given by

Supp (PY) ={Y(h) | h € C‘(Rd)}cﬂ. (6.10)

Proof ForX = (X, X;,) € ‘Kgﬁ (R%),let XN be the dyadic polygonal approximation
of X similarly defined as WV .Let YV, ZV ®" be the solution to (6.3) driven by XV .
Let { Nk} be the increasing sequence in Lemma 6.1 (2). Define

Q= [X € <Kgﬂ(Rd) yNe, ZNe and @ converges uniformly on [0, T] as k — oo]
(6.11)

and

Yi(X) = lim YN, Z,(X) = lim zMe @,(X) = lim oM Xe; (612

Q3 is a Borel measurable subset of %g’s (R?) and Y, Z and ® are Borel measurable
mapping defined on Q3. By YtN = Z,N + CI>£V = ZtN + L(Z"); and the continuity
property ofL,AY,(X) = Z,(X)+L;(Z(X)) (X € €3) holds. Let §23 =QN{W|W e
Q1}. Then 1(R23) = 1 and

Y =Y(W)=Z(W)+L(ZW)), We Q3

holds. Note that L : Cﬁ_([O, TL,R"; xo = &) — Cﬁ_([O, T1,R™) is a continuous
mapping. This follows from Lemma 2.5 (2), Lemma 5.3 and Lemma 5.4. Hence it
suffices to apply Theorem 6.4 to the case Z(W) = Z(W), S = €23 and v = /i to obtain
the support theorem in the topology of C#~. Since we can choose any g € (0, 1/2),
this completes the proof. O

Similarly, we have the following result. Since the proof is similar to that of Corol-
lary 6.5, we omit the proof.
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Corollary 6.6 We consider the solutions YP and YP" to (6.6) and (6.7) respectively.
Let 0 < B < 1/2. We consider the laws of PY" and YP" on CP. Then we have

Supp (PY")y ={YP(h) | h € Cl(Rd)}Cﬂ, (6.13)

Supp (PY""y = {YPr(h) | h € Cl(Rd)}Cﬂ. (6.14)
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Appendix A
A.1 Uniqueness of the Gubinelli Derivative

Let Y be a continuous path on R” and suppose that there exist (Z, Z), (Z VARS
9)2(9 (R™) and continuous bounded variation paths (¥;)o<;<7, (\i[f)OSfST such that
Y, =Z + V¥, =Z,+ ¥, (0 <t < T). We discuss conditions under which Z = Z;
holds for all 7.

We consider the following condition C(8, p, £) on a continuous curve X on R?
(d = 2), where 0 < 6 < /2, p > 1 and £ is a unit vector. This is related to the
property of the truly roughness of the path [20]. Below we denote the angle between
two non-zero vectors vy and v by 6(vy, v2), where 0 < 6 (vy, v2) < 7.

C(S, p, &) For any interval [s,t] C [0, T], there exists a sequence of partitions
Pyv={s=t) < < z,f{N) =t} of [s, ¢] such that limy_, o |Py| = 0 and

Jim Y Xl = o0, (A.1)
i€Pn(X,§,8)
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where

b4
Py(X.6.8) = {1 =i kW) 10 (X, 1 8) = 5 =8 or 0(Xi_,.—6)
< % ) holds} (A2)
It is easy to check that almost all sample paths of a fractional Brownian

motion(=fBm) W; whose Hurst parameter 0 < H < 1 satisfies C(, p, &) for
p < 1/H and sufficiently small 6.

The proof is as follows. Let e; = &. We choose orthonormal vectors ea, ..., e; in
R? which are orthogonal to e;. Let Wtk = (W;, ex) and WtJ- = Zzzz W,kek. Then by
the rotational invariance of W;, (th, R Wtd ) are also fBm with the Hurst parameter

H.Let Py be the dyadic partition of [s, ¢], that is, tiN =y +i2_N(t —s)0<ic< 2N).
The conditioni € Py (W, ey, §) is equivalent to

|Wt1_NIJ_N| > (and)|Wy yl. (A.3)

im0

Below, we write WI_N1 N = W;_1,; and so on for simplicity. Let p > 1. We have

2N
Iy == Z = 11|P_Z|Wz 11| 1 oy = (tan 8)| Wi |
iePN(W e1,8) i=1

>Z| il hwr = ansywit |
>Z| il hwl = ansywit |

+ Z (' —1l” = (@and)”|W, |p> Lt <cansywt, |
21\/

>Z| LilP = ans)? Y " wik

i=1
d 2N

>Z| | LilP = (an§)P(d — PPN N wE P,

k=2 i=1

By Remark D.3.2 in [30], for all 1 < k < d, we have
N 2V
oNHp—N ) .

i—1,i

=/ lx|Pdu(x) in L2,
R

lim —
N—oo (t — )P “ :
i=
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where p is the 1 dimensional standard normal distribution. This implies that if
pH < 1 for sufficiently small § there exists a subsequence Ny 1 oo such that
limy, o0 Iy, = 400 for almost all W.

Proposition 7.1 Ler X € €#(R?) (1/3 < B < 1/2). Let us choose p such that
1/2B8) < p < 1/B. Assume that the first level path X; satisfies C(8, p, &) for any
£ € K and a fixed positive 8, where K is a countable dense subset of S*~. Let Y, be
a continuous path on R"*. Suppose Yy = Z; + ¥, = Z, + \T!,, where Z, 7 € @}2(’3 (R™)
and W, V' are continuous bounded variation paths. Then Z, = Z; (0 <t <T)holds.

Proof Suppose that there exists so such that Z{ — Z;.O # 0. Then there exist0 < 51 <
so < $2 < T and unit vectors &1, & € K such that

e = Inf |(Z{ = Z)"&| > 0, (A4
sup 0 (20— 261 6) = 8/2. (A.5)
51 <85<82

We use C(6, p, &) for & = & and the interval [sq, s2]. Let N be partition points

of Py.Ifi € PN(X &, §), then

l’l+1

6 0 % 6hld
— or (_Xtﬁl.rf"’(zs_zs) %'1)5*—5 olds.

<I_
2 2 2
(A.6)

N

0 (X, v (Z = Z01) <

Therefore, fori € Py (X, &, §),

>sm< )(X,N || @ =2y gl‘

1)
> &g,,5, SIN <§ X, NN
1 1

KX["N"I’N’ (Z;iAil B Z’/iNl)*gl)

(A7)

Also we note that

<Xti’\il,ti"” (Zt/,/‘il - Zr,ﬁl)*&) = <®ti”il,t,»” — N §1> <RtZN1 N Rzlz.”il,zl.N’El)‘

(A.8)
Thus we obtain
P S\\ 7
Z ‘X, NN <or-! (83“,2 sin <5>)
iePn(X,e,8)
V4 VA
(19 = W1y gy IR = RZND ) - (A9)

Since p > 1/(28), the right hand side of the above inequality is bounded. This
contradicts the assumption on X. O
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Path-Dependent RDE with Drift

We consider path-dependent rough differential equations with drift term. It is necessary
to consider such kind of equations for the study of reflected diffusions with drift. In
the case of n-dimensional Brownian motion W, = (W}, .. , W), one possible
approach to include the drift term is to consider the geometric rough path defined by
W, = (W;,t) € R, By considering the geometric rough path which is naturally
defined by Brownian rough path W, ;, we may extend all results in previous sections
to the corresponding results for the solutions to the equation,

t t
Z =& —|—/ o (Zs, A(Z)s)dWy +/ b(Zs, A(Z)s)ds. (A.10)
0 0

However, we need to assume b € Lip? ~! (R x R", R") (2 < y < 3) todo so and the
assumption on b is too strong. Hence, we explain different approach to deal with the
drift term. Let us consider 8-Holder rough path, that is, the case where w (s, t) = |t —s|.
Letb e C ; (R™ x R™, R™) and consider the equation,

t t
Z, =¢& +/ o (Zg, ¥y)dX +/ b(Zg, Yy)ds, (A.11)
0 0

V,=A (5 + /.O’(ZX, Wo)dX, + / b(Zs, lI’S)ds) . (A.12)
0 0

t

The meaning of this equation is as follows. The controlled path (Z, Z’) and ¥ are
elements as in the definition of E; ; and I(Z, ¥); ;. In the present case, we consider

t
Es,t = U(Ys)Xs,t‘i'(DlU)(YS)Z;XX,FF(DZU)(YX)f q"x,r ® dX,+b(Ys)(t — s).
‘ (A.13)

Then, (6 é)_w,t =08)sur + bYs) —b(Y,))(t —u)fors <u < tand

| (b(Ys) = b(Y) (1 = w)|
<1Dblloe (171l X llg (¢ = )P +IRZ a5t = PP+ W llgvar.alt = %) (¢ = 5).
(A.14)

By using this, we define

t
[(Z, W), :=/ G(ZM,\IIM)qu+/ b(Zy, W, )du_ lim Y Eu.. (A5
s

P|—0

P
For this, (1(Z, ¥)o,1, 0(Z;, V) € @)2('3 and similar estimates to Lemma 3.2 holds.

Moreover, Lemmas 3.4 and 3.6 hold. Thus, Theorem 2.7 holds for suitable constants
which depend only on o, b, 8, p, y.Inthe case of reflected rough differential equation,
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all statements can be extended to differential equations with drift term b € C ; In
particular, the extension of Corollary 6.5 to reflected diffusion with the drift term
gives an extension of the support theorem in [33].
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