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Abstract

In arecent paper, Gaunt (Ann I H Poincare Probab Stat 56:1484—1513, 2020) extended
Stein’s method to limit distributions that can be represented as a function g : R — R
of a centred multivariate normal random vector % '/2Z with Z a standard d-dimensional
multivariate normal random vector and ¥ a non-negative-definite covariance matrix.
In this paper, we obtain improved bounds, in the sense of weaker moment conditions,
smaller constants and simpler forms, for the case that g has derivatives with polynomial
growth. We obtain new non-uniform bounds for the derivatives of the solution of the
Stein equation and use these inequalities to obtain general bounds on the distance,
measured using smooth test functions, between the distributions of g(W,,) and g(Z),
where W,, is a standardised sum of random vectors with independent components
and Z is a standard d-dimensional multivariate normal random vector. We apply these
general bounds to obtain bounds for the Chi-square approximation of the family of
power divergence statistics (special cases include the Pearson and likelihood ratio
statistics), for the case of two cell classifications, that improve on existing results in
the literature.
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1 Introduction

Let Z be a standard d-dimensional multivariate normal random vector and let ¥ €
R%d pe a non-negative-definite covariance matrix, so that =127 ~ MVNy(0, 2).
By the continuous mapping theorem, if a sequence of d-dimensional random vec-
tors (W,)s>1 converges in distribution to »1/27, then, for any continuous function
g:RY > R, (g(Wp))n>1 converges in distribution to g(=127). In a recent work,
Gaunt [17] developed Stein’s method [39] for the problem of obtaining explicit bounds
on the distance between the distributions of g(W,) and g(El/ 27), measured using
smooth test functions. Henceforth, for ease of notation, we drop the subscript from
W,.

The basic approach used by [17] (a version of which was first used for Chi-square
approximation by [33, 37]) is as follows. Consider the multivariate normal Stein
equation [5, 22, 23] with test function A (g(-)):

VISV (W) —wIVf(w) = h(g(w)) — E[h(g(Z'/?Z))], (1.1)

which has solution
1
fu(w) = — / }{E[h(g(rw +V1—=128'2Z))] - E[h(g('2Z))1} dr. (1.2)
0

In the univariate case, withd = 1 and ¥ = 1, the multivariate normal Stein equation
(1.1) reduces to the standard normal Stein equation [39]

W) —wf'(w) = h(gw)) — E[h(g(2))],

where Z ~ N(0, 1), and the solution is given by

frw) =~/ / Oo{h(n — E[h(g(Z))]}e™" /2 dt (1.3)
= / ) {h(t) — Elh(g(Z))l)e™" /2 dt. (1.4)

The quantity of interest |E[2(g(W))] — E[h(g(Z 1/ZZ))]l can now be bounded by
bounding the expectation

E[VTZV /(W) — WTV f,(W)]. (1.5)

Taking the supremum of (1.5) over all /# in some measure determining class of test
functions 7 yields a bounds on the distance between g(W) and g(='/?Z) as mea-
sured by the integral probability metric dy (W, »127) = sup,e 1E[R(g(W))] —
E[h(g(X'/?Z))]|. In Stein’s method, the following classes of test functions are often
used:

Hg ={1(- <z : ze R},
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Hw = {h : R — R : his Lipschitz with||4'|| < 1},
H,=1{h:R— R : h?~Vis Lipschitz with |[A®] < 1,1 < k < p},

which induce the Kolmogorov, Wasserstein and smooth Wasserstein (p > 1) distances,
denoted by di, dw and d,,, respectively. As discussed by [6], in theoretical settings
the d), distance is a natural probability metric to work, particularly in the context of
quantitative limit theorems with faster convergence rates than the O (n~'/?) Berry—
Esseen rate. Here, and throughout the paper, || - || := || - oo 1S the usual supremum
norm of a real-valued function. Note that d| = dw.

One of the main contributions of [17] was to obtain suitable bounds for solution
(1.2) of the Stein equation (1.1) that hold for a large class of functions g : RY — R
[this is necessary in order to obtain good bounds on the quantity (1.5)]. In particular,
Gaunt [17] obtained bounds for the case that the derivatives of g have polynomial
growth (this covers, for example, Chi-square approximation: g(w) = w?). These
bounds were used by [17] to derive explicit bounds on the distance between the distri-
butions of g(W) and g(Z) for the case that W is a sum of independent random vectors
with independent components, thatis W = (Wy, ..., Wy)T, where, for j = 1,...,d,
W; = n;l/ 2 Zln; | Xij, and the X;; are independent random variables with zero
mean and unit variance. Notably, Gaunt [17] obtained bounds with faster rates of con-
vergence than the O(n~'/?) Berry-Esseen rate under additional matching moments
between the X;; and the standard normal distribution, and when g is an even function
(g(w) = g(—w) for all w € RY).

The aforementioned results of [ 17] seem to have broad applicability, in part because
many distributional approximations in probability and statistics assess the distance
between the distributions of random variables that can be expressed in the form g(W)
and g(X 1/ 2Z), where W is close in distribution to $!/2Z. Indeed, applications include
bounds for the Chi-square approximation of the likelihood ratio statistic [2], the family
of power divergence statistics [18] and Friedman’s statistic [21], multivariate nor-
mal approximation of the maximum likelihood estimator [1], and the bounds for
distributional approximation in the delta method [17].

Motivated by the broad applicability of the results of [17], in this paper we improve
the results of [17] in the form of weaker moment conditions, smaller constants and
simpler bounds. Future works (including [12]) that require results from Stein’s method
for functions of multivariate normal approximation will reap these benefits.

In Sect.2, we obtain non-uniform bounds on the derivatives of solution (1.2) of
the Stein equation (1.1) that have smaller constants than those of [17] and improved
polynomial growth rate. We achieve these improved bounds through a more focused
proof than that used by [17], which had derived the bounds for the case of polynomial
growth rate g : R? — R from a more general framework. We also use the iterative
technique of [10] for bounding derivatives of solutions of Stein equations to obtain
bounds on the derivatives of the solution (1.2) in the univariate d = 1 case (which
require weaker differentiability assumptions on & and g) that have an optimal w-
dependence; a crude approach had been used by [17] that resulted in bounds with
sub-optimal w-dependence.
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In Sect. 3, we apply the bounds of Sect. 2 to obtain bounds on the distance between
the distributions of g(W) and g(Z), where W is a sum of independent random vectors
with independent components and Z is a standard d-dimensional multivariate normal
random vector. The bounds of Theorem 3.1 improve on those of Theorems 3.2-—3.5
of [17] in terms of smaller constants and weaker moment conditions. In Corollary 3.2,
we provide simplified bounds without explicit constants.

In Sect. 4, we provide an application of the general bounds of Sect. 3 to Chi-square

approximation. We derive explicit bounds for the Chi-square approximation of the
power divergence family of statistics [9] in the case of two cell classifications. The
power divergence statistic has a special structure in the case of two cell classifications,
which allows us to apply the bounds of Sect. 3. Our bounds improve on existing results
in the literature by holding in stronger probability metrics and having smaller constants,
and our Kolmogorov distance bounds have a faster rate of convergence than the only
other bounds in the literature that have the correct dependence on the cell classification
probabilities. Moreover, as all our bounds possess an optimal dependence on the cell
classification probabilities, we are able to demonstrate the significance of the weaker
moment conditions of the bounds of Theorem 3.1, as using the general bounds of
[17] would lead to bounds with a sub-optimal dependence on these probabilities; see
Remark 4.3. Finally, some technical lemmas are proved in Appendix A.
Notation. The class Cy, (1) consists of all functions 4 : I C R — R for which hn=D
exists and is absolutely continuous and has bounded derivatives up to the n-th order.
For a given P, the class C’; (R?) consists of all functions g : RY — R such that all
n-th order partial derivatives of g exist and are such that, for w € R4,

n/k

gw)| <Pw), k=1,...,n.

' .
k
Hj:l dw;

We will also consider the weaker class C '1'3’ *(Rd), which consists of all functions
g : RY — R such that all n-th order partial derivatives of g exist and are bounded in
absolute value by P(w) for all w € R?. We will write b, = Y j_, X 1A®) ||, where
{7} = /&Y lezo(—l)k*j (’J‘.)j” is a Stirling number of the second kind (see [31]).
A standard multivariate normal random vector of dimension d will be denoted by Z,
and, in the univariate d = 1 case, Z will denote a standard normal N (0, 1) random
variable. Many of our bounds will be expressed in terms of the r-th absolute moment
of the N (0, 1) distribution, which we denote by u, = 2"/2T'((r + 1)/2)/ /7.

2 Bounds for the Solution of the Stein Equation

In the following proposition, we provide bounds for solution (1.2) of the MVN,; (0, %)
Stein equation (1.1) with test function 4(g(-)), which improve on results of [17].

Proposition 2.1 Let P(w) = A+ B Y\, [w;|"i, where r; > 0,i = 1,...,d. Let
0ii=(X)i,,i=1,...,d. Let f(= f) denote solution (1.2).
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(i) Assume that ¥ is non-negative definite and h € C; (R) and g € C} (Rd) for
n > 1. Then, for all w € RY,

h
n

‘ "f(w)
]—[j pOw;i; | T

[A+BZZ”/2 lw; | +o"/2u,,.)}. (2.6)
i=1

(ii) Now assume that ¥ is positive definite and h € CZ_I (R) and g € C?_l RY) for
n > 2. Then, for all w € R4,

_ VT G4)
2F(”+])
d
+BY 2" (jwil"EI(Z 2]

i=1

‘ f(w)
1_[]_1 dw;, |~

hnt min, [AIEI(E 1271

+E|(=722),((212Z),)" |)}. 2.7)

In the case ¥ = 1, the d x d identity matrix, we obtain the simplified bound:

\/_F()

ZF(n-H)

‘ " f(w)
H?:l dwi; | —

d
hn— 1[A +BY 27 (Jwyl" + uri+1)]. 2.8)
i=1

(iii) Finally, consider the case d = 1 with ¥ = 1. Assume that h € CZ_2(R) and
g€ Cﬁ_Z(R), wheren > 3 and P(w) = A+ Blw|", r > 0. Then, forallw € R,

| W) < hy—a[erA+272B(Brlwl” + )], 2.9)

where (o, Br, yr) = (4,4,21,) if 0 < r < 1, and (ar, By, vr) = (r + 3,1 +
5,(r+ Dppyr) ifr > 1.

@iv) If h(w) = w for all w € R, then the inequalities m parts (i), (ii) and (iii) hold
for g in the classes C', (Rd) Cy, (Rd ) and C'y (R), respectively. Moreover,
under these assumpnons the polynomlal growth rate in bounds (2.6)—(2.9) is
optimal.

In the following proposition, we obtain bounds for v, the solution of the Stein
equation

9" f(w)
[T/ dwi;”
where f (= fj)isthe solution (1.2). Again, the bounds improve on results of [17]. Here,

and throughout this section, we suppress in the notation the dependence of the solution
Y, on the components with respect to which f has been differentiated; we do this for

VTEV (W) — WT Vi (W) = (2.10)
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ease of notation and because our bounds for v, do not depend themselves on which
components f has been differentiated with respect to. The Stein equation (2.10) arises
in the proof of parts (iii) and (iv) of Theorem 3.1, in which faster convergence rates
for the distributional approximation of g(W) by g(Z) are achieved when g : R — R
is an even function.

Proposition 2.2 Let P(w) = A + B Y_{_; lwil", where ri = 0,i = 1,....d. Let
oii=X),i=1,...,d.

(i) Assume that X is non-negative definite and h € CI’,”"’" (R) and g € Cf.fH'" (RY)
form,n > 1. Then, for all w € R4,

0" Yy (W)

hm-‘,—n |:A—‘,—B

32 (| 4207 ws) | @011
< mtn (lwil" + 207" ur,) (2.11)

i=1

(ii) Now assume that X is positive definite and h € CZH'"_Z(R) and g €
C’;’+"_2(Rd)f0rm, n>1andm+n > 3. Then, for all w € R¢,

0" Yy (W)
H;:l dw;
a0 (")
BEACDINCES!
d
+BY 32 (jwi"EI(Z 2y (22
i=1

Bmtn—2 min [AEI(E”ZZ)kIEI(E”ZZ)II
1<k,l<d

+ 2E|<2—”2Z>k|E|<2—1/2Z>1<<21/22)i)”|)}. (2.12)

In the case ¥ = I, we obtain the simplified bound
0" 1//m (w)
]_[ —1 dw;

_ Y2rGregt)
AN

d
a2 |:A B IR (il + 2m,-+1)}. 2.13)
i=1

(iii) Finally, consider the case d = 1 with ¥ = 1. Assume that h € CZ’_I(R) and
g € CZ“I(R), where m > 2 and P(w) = A 4+ Blw|", r > 0. Then, for all
w e R,

V) @) = 1 [ A + 3B (B 1wl + 7). @.14)

where (@, Br, ) = (10,10, 10i,41) if 0 < r < 1, and &, Br. 7) = (r* +
F4+8,r2+2r +18, 2r2 +r + 5 urq1) ifr > 1.
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@v) Ifh(w) = wforallw € R, then the inequalities lnparts (i), (ii) and (iii) hold for
g in the classes C'y m+" (RY), Ch m+" 2(RY) and Cp (R), respectively. Moreover,
under these assumptlons the polynomlal growth rate in the bounds (2.11)—(2.14)
is optimal.

Remark 2.3 The following two-sided inequalities are helpful in understanding the
behaviour of the bounds (2.7) and (2.8) of Proposition 2.1 and the bounds (2.12)
and (2.13) of Proposition 2.2 for large m and n:

V2 ') V2
7 < F(”Til) < N Tavih n>1, (2.15)

and

2 < r(%)r(’”TJr”) < 2 m,n>1
J/n(m + n) F(%)F(%"‘H) S —=1/2)(m +n — 1/2)’ T

% > (x + 1/2)_1/2 for x > 0 (see the proof of

Corollary 3.4 of [15]) and Fﬁg;ﬂ{? < (x4 /572 for x > —1/4 (see [11).

Remark 2.4 1.Inequalities (2.6)—(2.8) of Proposition 2.1 and inequalities (2.11)—(2.13)
of Proposition 2.2 are sharper than the corresponding bounds given in Corollaries 2.2
and 2.3 of [17] through improved dependence on the constants ry, ..., rg and m and
n. We remark that further more accurate bounds can be given; for example, a slight
modification of the proof of inequality (2.6) leads to the improved bound

Here we used the inequalities

d

h
[A + B Y I, (Iwil" +o”/2url-)} weR’,
" i=1

’ " f(w)
]_[, pow;; | T

where I, , = n fol "=Vt + /1 —2)" dt, and it is clear that I, , < 2'/2. This inte-
gral cannot in general be expressed in terms of elementary functions, but for given n
and r can be evaluated by computational algebra packages. In specific applications
in which n and rq, ..., rg are known, this bound could be applied to improve con-
stants. Similarly, the constant 27i/2 in the bounds (2.7) and (2.8) can be improved by

replacing 2'1/2 by J,, ,, = 25%(’1‘,5%)2) fo Nl 2i dt, and the factor 3'i/2

in inequality (2.11) can be improved to: Im,,,’ri =n(m +n) fo fo pmtn—lgn=ligr 4
11 — s24+4/1 — 12)"i ds dr, whilst the factor 3’i/2 in inequalities (2.12) and (2.13) can

. 1 gm+n—1 n—1
beimpronedto ., = RS 1 1 S T

+/1 — t2)"i ds dt. For our purposes, we find it easier to work with the more explicit
bounds stated in the propositions, particularly as these inequalities are used to derive
inequalities (2.9) and (2.14) leading to a more efficient proof and simpler constants in
the final bounds.

2. Inequality (2.9) of Proposition 2.1 and inequality (2.14) of Proposition 2.2 have a
theoretically improved dependence on r than the corresponding bounds of [17] in that
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for large r they are of a smaller asymptotic order; however, for small r they may be
numerically larger. More significantly, inequality (2.9) of Proposition 2.1 improves
on the corresponding bound of Corollary 2.2 of [17] by improving the w-dependence
of the bound from |w|"*! to |w|", whilst inequality (2.9) of Proposition 2.2 improves
on the corresponding bound of Corollary 2.3 of [17] by improving the w-dependence
of the bound from |w|"*2 to |w|". This improved w-dependence allows us to impose
weaker moment conditions in our general bounds in Theorem 3.1.

In proving Propositions 2.1 and 2.2, we will make use of the following simple
lemmas. The proofs are given in Appendix A.

Lemma 2.5 Suppose a,b,c,x,y,z > 0andr > 0. Then

(ax +by)" < (a+b)"(x" +y"), (2.16)
(ax +by+c2)" <(@+b+c)(x" +y +7). (2.17)

Lemma 2.6 Let T,(w) = we™ /2 fucjo re/2dr.
1. Suppose O <r < 1. Then, for w > 0,

T (w) <w. (2.18)
2. Suppose r > 1. Then, for w > r — 1,

T, (w) <2uw". (2.19)
Proof of Proposition 2.1. (i) Suppose that ¥ is non-negative definite. We first recall

inequality (2.2) of [17], which states (under a change of variable in the integral) that,
for positive definite ¥, and g € C; (RY and h € C s (R),

fw)

1
i 1 2z
’]_[j o, <h,1/0 IE[P(Z )]dt, (2.20)

where z}, = tw 4 x+/1 — 12. We will denote the i-th component of zt w by (ZF )i
Using inequality (2.20) with dominating function P(w) = A + B Z —1 lw;|" gives
the bound

" } dr.

‘ "f(w)
H —1 dw;;

<hn/ - I]E|:A+BZ|(,]/2ZI
0

Now using inequality (2.16) of Lemma 2.5, we have
| )il < (VT =12 (gl A+ ™) < 272wl A+ ™),
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where we used basic calculus to bound # + /1 — 12 < «/5, t € (0, 1). Therefore,

n 1 d
‘H fw) <h,,f t”_1|:A+BZZ”/2(|wi|ri+E[|(21/2Z)i|r[]):| dr,
0

j= 1 dwi; i=1

from which inequality (2.6) follows on evaluating the integral f Lin=lqr = 1 /n and
using that (£1/2Z); ~ N(0, 0i;), so that E[(S'/2Z),|" = o ,,.
(i1) Suppose now that X is positive definite. Under this assumption, we may recall

inequality (2.3) of [17], which states that, for g € C; (R% and h € C s (R),

" f(w)

1 n—1
t
‘ <y min/ —E|(2 127y, P(z )|dz (2.21)
1_[/ lawl/ =

0 V1 —1¢2

With inequality (2.21) at hand, a similar argument to the one used in part (i) of the
proof yields the bound

‘ "f(w)
1_[] | dw;;

-
~1)2
< hn—1 12111<d/0 \/T[AEKZ Z)l|

+B Zz’f/z(mi|’fE|<2—”ZZ>,\ +E|(2—1/ZZ>Z(<E”QZ>,->”})} dr
i=1

from which inequality (2.7) follows on evaluating fo m dr = 211/(31'%5)2)

ity (2.8) now follows by setting ¥ = I; in inequality (2.7) and bounding E|Z| =
V2T < 1.

(iii) Suppose now that d = 1 and ¥ = 1. We will employ the iterative approach to
bounding solutions of Stein equations of [10]. Let L denote the standard normal Stein
operator given by Lf (w) = f”(w) — wf’(w). Then, as noted by [10], an induction
on n gives that, for n > 3,

Inequal-

LI Pw) = (hog)" P () + (n —2)f " (w). (2.22)
From (2.22), a rearrangement and an application of the triangle inequality gives that
P @) < Jwf* D)+ 0 =D )+ (e )" P W)l (223)
From inequality (2.6) and Lemma 2.1 of [17], we have the bounds
n =21 f "2 W)| < hyoa[A+27B(lw|" + )], (2.24)
and
(h 0 &) (w)| < hu—z[A+ Blw|"]. (2.25)
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It now remains to bound |wf®~V (w)|, which requires more work to get the cor-
rect w-dependence. To this end, we obtain from (1.3), (1.4) and (2.22) the following
representations for £~ (w):

FO D) =~/ / Tlho )"0 + (- FT Dl P ar (226)

w

w
="’/ / [(ho )" 2()+ (n—2)f" D)™ Pdr.  (227)
o0
We first consider the case 0 < r < 1. From (2.26), we have that, for w > 0,

lwf @D (w)] < we?/? / T litho ™20 + (1 = DI FT D]t

w

o
< hy_owe"" / [24 + B((1+ 272" +272,) e 2 dt
) (2.28)
< hua[2A+272B2lw|” + )], (2.29)

where in the final step we used inequality (2.18). Due to the equality between (2.26)
and (2.27), the same argument can be used to verify that inequality (2.29) is also valid
for w < 0. Applying inequalities (2.24), (2.25) and (2.29) to inequality (2.23) yields
the bound (2.9) for0 < r < 1.

Suppose now that r > 1. When r > 1, applying inequalities (2.18) and (2.19) to
(2.28) (and noting that the case w < 0 is dealt with similarly) yields the bound

lwf D) < hy—a[24 + 2772 B(4|w|" + w,)], (2.30)

for jw| > r — 1. We now bound |wf "D (w)| for [w| < r — 1. We begin by noting
that, forn > 3, u(n) = I'((n—1)/2)/T'(n/2) < 2//7, which follows because u is a
decreasing function of n on (3, 00) (see [26]) and u(3) = 2//7. Using this inequality,
the bound (2.8) yields that, for lw| <r — 1,

lwf® D) < ¢ = DIF" D) < - = Dhga[A+272B(lwl” + prs1)].
(2.31)

From inequalities (2.30) and (2.31), we deduce that, for r > 1 and w € R,
lwf* V@)l < haa[(r + DA+ 2B + 3wl +rp4)],  (232)

where we used that i, < wu,4+1 for r > 1. Finally, we substitute the bounds (2.24),
(2.25) and (2.32) into inequality (2.23) to obtain inequality (2.9) for r > 1, where we
again used that u, < p,41 forr > 1.

(iv) In obtaining inequality (2.20), Gaunt [17] used the assumption that g € C’, (R%) to
bound the absolute value of the n-th order partial derivatives of (ko g)(w) by A, P(w),
w € R9 (see Lemma 2.1 of [17]). However, if h(w) = w, then under the assumption
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geC ﬁy *(]Rd ) we can bound the n-th order partial derivatives of (h o g)(wW) = g(w)

by P(w), w € R?. Also, note that if h(w) = w, then h,, = 1. We therefore see that
inequality (2.6) holds under the weaker assumption g € C ’}3’ *(Rd) if h(w) = w. For
very similar reasons, we can also weaken the conditions on g in parts (ii) and (iii) of
the proposition if A(w) = w.

To prove the optimality of the polynomial growth rate in the bounds (2.6)—(2.9),
it suffices to consider the case d = 1. Let h(w) = w and g(w) = |w|?, where
q >n > 1.Then, g € CZI’*(R), where Pj(w) = n!|w|?97". Using the representation
(1.2) of f and the dominated convergence theorem, we have that

1 00
f(")(w) = —/ / t"ilg(”)(tw ++1— t2y)qb(y) dy dr
0 —0

1 00
=—n!/ f t"_l‘tw+\/1 —12y|T"
0 J—o0
(sgn(tw + V1 —12y))"¢(y) dydt,

where ¢ is the standard normal probability density function and sgn(x) is the sign of
x € R. A simple asymptotic analysis now gives that | f(w)| ~ (n!/q)|w|97", as
|w| — oo. Thus, the |w|" growth rate in inequality (2.6) is optimal. The optimality
of the growth rate in inequalities (2.7)—(2.9) is established similarly. We observe that
g € Ch \(R)and g € Ch2(R), where Py(w) = (n — D!|w|™"*+! and Py(w) =
(n — 2)!|w|?7"*2, and almost identical calculations now confirm that the growth rate
in inequalities (2.7)—(2.9) is optimal. ]

Proof of Proposition 2.2. (i) Suppose that X is non-negative definite. We will make use
of the following bound given in Lemma 2.4 of [17], which states (under a change
of variable in the integral) that, for non-negative definite ¥, and g € C Z”'" (R?) and
h e CP™R),

0" Y (W)

1ol ,
—_ shm+n/ / il Ig R T dsdr, (2.33)
[1j=i 0w, 0 Jo

where zy ;] \, = stw+1+/1 — s2y++/1 — t2x and, here and in part (ii) of the proof, Z’
is an independent copy of Z. We will apply inequality (2.33) with dominating function
Pw)=A+B Z;i:l |w;|"". Now, using inequality (2.17) gives that

1Y Wil < (st 4+ 1V/1 =52+ V1= 2Yi(qwi | + x| + 1yl
< 32wl + x|+ ], (2.34)

where we used basic calculus to bound sz +1+/1 — s2++/1 — 12 < /3 for0 < s, <
1. We therefore obtain the bound

@ Springer



Journal of Theoretical Probability (2024) 37:642-670 653

0" Y (W)
H?:l dw;

1,1 d

fhn1+n/ / t’"+"—1s"—1[A+BZ3’f/2(|w,~|”+E[|(21/2Z)i|”]
0 JO i=1

+E[|(z‘/2Z’>i|’f1)}dsdr,

and on evaluating the integral we deduce inequality (2.11).
(i1) Suppose now that ¥ is positive definite. Under this assumption, we recall a bound
from Lemma 2.4 of [17] that states that, for g € C’n ™" 2(R%) and h € C;"*"%(R),

8”}[/m(W) -4 ) / /1 pmn 1 snfl
——| < hyiy—p min —_—
[T} 0w, Iski=d Jo Jo ~/1—12+/1—52

< E|(S72Z)u(z 7122y, P, E T dsd. (235)

Applying inequality (2.34) to the bound (2.35) gives that

0" m (W) f /‘ T S plis sy
min
H?ZI awij = m+n 2 1<ki<d 0 ,;1 —; ,71 — k 1

(A + B 23’1/2 lwi " + (S22 + |(2‘/ZZ’),-|’f)>] ds dr,
i=1

from which inequality (2.12) follows on evaluating the integral similarly to how we
did in proving inequality (2.7) of Proposition 2.1. The simplified bound inequality
(2.13) now follows by setting £ = I in inequality (2.12) and using that, for such £
we have E|(2~12Z);| = E|Z| = /2/x fork =1, ...,d.

(iii) We proceed similarly to the proof of inequality (2.9), using the iterative tech-
nique of [10]. Recall that L, (w) = f (”’)(w), where L is the standard normal Stein
operator. Differentiating gives that

Ly, (w) = ™D (w) + ¥, (w). (2.36)
From (2.36) and the triangle inequality, we get that
[y W)l < lws )]+ 17D )] + 19, (w)]. (2.37)

From (2.9) and (2.13), we have the bounds

£ D W) < 2k [2A +272BQRIwI" + )], 0<r <1, (2.38)
1D < o[ +3)A +272B((r + Dwl” + r + D], 7> 1,

(2.39)

W W) < bt [A+372B(w|” +2u,41)], 720, (2.40)
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where we used that, form > 2, v(m) = I'((m + 1)/2)/ T(m/2 + 1) < /7 /2, which
follows because v is a decreasing function of m on (2, 00) (see [26]) and v(2) = /7 /2,
in applying inequality (2.13).

It now remains to bound |w,; (w)|, which requires more effort to establish a bound
with the correct w-dependence. From (1.3), (1.4) and (2.36), we obtain the following
representation for ¥, (w):

Yl (w) = —e" /2 /oo (£ D @)+ w (0)]e ™ di (2.41)
— W2 / : [F™ D)+, 0)]e ™/ dr. (2.42)

We first consider the case 0 < r < 1.
Applying (2.38) and (2.40) to (2.41) gives that, for w > 0,

lwy! (w)] < we”” /2 / h [ D] + [y, ()[]e 72 dt (2.43)

w

o
< hm_lwewz/Z/ [SA+372BGt + 201 +2u)]e 72 de

w

< hn—1[SA+3BGSlwl” + 2p11 + 211)], (2.44)

where we used inequality (2.18) to bound the integral. Due to the equality between
(2.41) and (2.42), it is readily seen that inequality (2.44) also holds for w < O.
Applying inequalities (2.38), (2.40) and (2.44) to inequality (2.37), as well as using
the inequality 2, < 3,41, 0 < r < 1, to simplify the bound, now yields (2.14) for
0<r<l.

Suppose now that » > 1. We now apply inequalities (2.39) and (2.40) to (2.43) to
get that, for lw| > r — 1,

e¢]

g (W) < by Jwle®” /2 f [+ DA +32B + 601" + (¢ + Dy ]e™ 2 de

[w]
< hpoa [+ DA+ 3B + 12)[w] +  +3)r41)]. (2.45)
where we used inequalities (2.18) and (2.19) to bound the integral. Now suppose that

|lw| < r — 1. Rearranging L, (w) = £ (w) and applying the triangle inequality
gives that, for lw| <r — 1,

[wi, (W) < Wy, )| + [wf ™ W) < - = D[, )| + - = DI w)].
Using inequalities (2.8) and (2.13) now gives that

[wy w) < (r = D2 hm—1[A +37B(w|” + 2,41)]
+ = Dhwoa[A+272B(wl” + prin)]
< hpo[r*A + 3B w|” +2r )], (2.46)
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where in applying inequalities (2.8) and (2.13), we used the bounds I'((m +
1)/2)/T(m/2+1) < /m/2and T'(m/2)/T((m +1)/2) < 2//7 form < 2, which
can be verified with the usual argument for bounding ratios of gamma functions that
we have used earlier in this paper. From inequalities (2.45) and (2.46), we deduce that,
forr > landw € R,

lwirr ()] < 1 [(2 + DA+ 3B +r + 12)|w|” + 2r2 + 2) i) ].
(2.47)

Finally, we substitute the bounds (2.39), (2.40) and (2.47) into inequality (2.37) to
obtain inequality (2.14) for r > 1.

(iv) When h(w) = w, the bounds in parts (i), (ii) and (iii) hold for g in the weaker
classes Cg’i” (RY), ngjk"*z(]Rd ) and CZ’;I (R) for the same reason given in part (iv)
of the proof of Proposition 2.1.

The optimality of the |w|" growth rate of inequalities (2.11)—(2.14) is established
similarly to we did in part (iv) of the proof of Proposition 2.1. We demonstrate the
optimality of the growth rate in inequality (2.11); similar considerations show the
optimality of the growth rate in inequalities (2.12)—(2.14). Letd = 1, h(w) = w
and g(w) = |wl|?, where ¢ > m + n. Observe that g € C;’;"(R) with P(w) =
(m + n)!|w|97™7". Also, by the dominated convergence theorem,

1 pl poo poo
Il’r(nn)(w) = / f / / tm+”_1s"_lg(m+")(Zf,’t):w)(ﬁ(x)(ﬁ(y) dx dydsdr
0 JO J—o0J—00

1 p1 poo poo | |
— — X, —m— X,y
= (m—}—n)!/o /0 / / pmtn—len |Zs,z)jw|q m rl(sgn(zs’t{w))m+n
—o00J —00

X ¢(x)¢(y)dxdydsdz,

where we recall that zf,’,}:w = stw +t+/1 — 52y + /1 — t2x. A simple asymptotic
analysis now gives that |w,f1n)(w)| ~ (m4+mw|? """ /(q(g — m)), as |lw| — oo.

Thus, the |w|” growth rate in inequality (2.11) is optimal. O

3 Bounds for the Distance Between the Distributions of g(W) and g(Z)

In this section, we obtain general bounds to quantify the quality of the distributional
approximation of g(W) by g(Z), where Z ~ MVNy(0, I;), in the setting that W
is a sum of independent random vectors with independent components. We shall
supposethat Xy 1, ..., Xy, 1,..., X1,4, ..., Xy, 4 are independent random variables,
and define the random vector W := (W1, ..., Wy)T,where W; = n;1/2 Z:’;l X;j,for
1 < j < d. We shall also assume that E[ij] =E[Z ] foralll <i <n;,1<j<d
and all k € ZT such that k < p, for some p > 2; having three or more matching
moments allows for faster convergence rates than the O (n~!/2) Berry—Esseen rate. As
in Sect. 2, we shall suppose that the partial derivatives of g up to a specified order exist
and have polynomial growth rate. To this end, we introduce the dominating function
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Pw)=A+B Z?:l |w;|"", where A, B and rq, ..., rq are non-negative constants.
In the univariate d = 1 case, we simplify notation, writing W = n=1/23""_ X,
where X1, ..., X, are independent random variables such that E[X f] = E[Z¥] for
all 1 <i <nmand1 <k < p. The dominating function also takes the simpler form,
P(w) = A + Blw|".

Our general bounds are stated in the following theorem and improve on the
bounds of Theorems 3.2-—3.5 of [17] through smaller numerical constants and weaker
moment conditions. These improvements are a result of our improved bounds of Propo-
sitions 2.1 and 2.2 on the solutions of the Stein equations (1.1) and (2.10) (the improved
w-dependence of the univariate bounds results in weaker moment conditions) and some
more careful simplifications in the proof of Theorem 3.1 to improve the dependence
of the bounds in parts (iii) and (iv) (in which g is an even function) on the moments
of the X;;. The rate of convergence of all bounds with respect to n is of optimal
order; see [17, Proposition 3.1]. We shall let A, (g(W), g(Z)) denote the quantity
[E[h(g(W))] — E[h(g(Z))]|. The bounds involve the constants ¢, = max{1, 2" "1},
r>0.

Theorem 3.1 Suppose that the above notations and assumptions prevail. Then under
additional assumptions, as given below, the following bounds hold.

(i) Suppose E|X;;|"TPT! < oo foralli, j, 1, and that g € CH(R?) and h € CJ(R).
Then

An(g(W), g(Z))

(p+1>fr<”“ pi1
- 2p (5 + PZIZI <p+1)/2 AEIXij]
J i

d
+B Zz’kﬂ (c,kE|Xij|P+‘E|Wk|’k
k=1

+

1
" S EBIXSTXE + urk+1E|xij|P+1>}. (3.48)

(ii) Suppose E|X;|"tPT! < oo for all i, and that g € C5'(R) and h € C!'™ (R).
Then

(p+1 ¢
An(g(W). 8(Z2)) < - ohp-1 Y | AEIX; P+ 272 B
’ i=1

(crﬂr <E|X,-|P“E|W|'

r/2E|X |’+P+1> + », E|X; |P+1>]. (3.49)

(ii) Suppose E|X;;|"*tP+2 < oo for all i, j,l, and that g € Ch* R and h €

C f +2(R). In addition, suppose that p > 2 is even and that g is an even function.
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Then

An(g(W), g(Z))

2p+3
< it Zl Zl 7 G D 75
j=li

|:AIE|XU-|”+2 +B Z 2k/2 (crk]E|X,-j|p+2E|Wk|’k

k=1
+1
302 +2) & IELXS ]
+ ]ElXP+2 "k|+'u ]E|X|p+2>j| ZZ
/2 ik Tk ij P ( +1) 3
rk 8\/—F(p_)l“l jp /
x ZZ 32 |:AE|X”<|3 + Bz3rl/2( rtE|Xlk|3E|Wt|r’ E|XlkX |
k=11=1 "
+2Mr,+1]E|X1k|3)“- (3.50)

(iv) Suppose E|X;|"*P*? < oo for all i, and that g € CHL(R) and h € C}(R). In
addition, suppose that p > 2 is even and that g is an even function. Then,

1 "\ 2p+3
Ap(g(W), g(2)) < Whp{ Z P

i=1

[arAE|X,~|P+2
+2’/23<c,ﬂ,<]E|X,-|P+2E|W|’
1 3 n n
|r+pt2 P2 = pH+1q| = 3
+ —FEIX )+yrE|x,|f’ )]+2n;;u€[xi 1|[arA1E|x1|
1= =

~ 1 -
+ 3r/23(c,ﬂr <E|X1|3]EIW|r +— /2E|Xz|’+3>+ yrE|Xl|3>“. (3.51)

W) If h(w) = w for all w e R, then the inequalities in parts (i)—(iv) hold for g in the
classes C ﬁ’ *(Rd), C (R) C b2 (Rd) and C (R), respectively.

If one only requires bounds with an explicit dependence on ny, ..., ns and the
dimension d, but not with explicit constants, then the bounds given in the following
corollary may be preferable.

Corollary 3.2 Let r, = maxi<j<qr;j and ny = min|<;j<qnj, and also let ﬁp =
Zle |AD||. Let C be a constant that does not depend on ny, ..., ng and d and
which may change from line to line. Then
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(i) Under the assumptions of part (i) of Theorem 3.1,

d nj

Cdh,
An(g(W), 8(Z) < (p+1)/2 O EIX (3.52)
j=li=1

(ii) Under the assumptions of part (ii) of Theorem 3.1,
r+p+l
An(g(W), g(2)) < ( +1)/2 ZJEIX |

(iii) Under the assumptions of part (iii) of Theorem 3.1,

nj ny
Cdh pir !
An(g(W), g(Z)) < /z’fz §:§ >3 (BIXy R 4 EX X ).
j=lk=1i=1 I=1

(3.53)

(iv) Under the assumptions of part (iv) of Theorem 3.1,

Ch n n
An(g(W), g(2)) < np/—2p+2 ZZ (EIX;| P2 + |]E[xl_1’+1]|15|xl|r+3).
i=1I=1

Remark 3.3 The univariate bounds in parts (ii) and (iv) give bounds on
Ap(g(W), g(Z)) that hold under weaker assumptions on g and / than the bounds
in parts (i) and (iii) with d = 1. The univariate bounds of Theorems 3.2-—3.5 of [17]
also enjoyed this property, but came at the cost of stronger moment conditions in the
univariate case. In virtue of the improved w-dependence of our univariate bounds in
Propositions 2.1 and 2.2, we were able to derive univariate bounds that do not incur
this cost.

Remark 3.4 As noted by [17, Remark 3.6], if [A®)| = 1,1 < k < p, then h, =
Yo {2} = By, where B, = ! 3321 j"/j!is the p-th Bell number (see [31,
Section 26.7(i)]). For example, setting &, = B, in inequality (3.48) gives a bound in
the d,, metric, p > 2. Also note that setting p = 2 in part (ii) gives a bound in the
Wasserstein distance. To understand the behaviour of the bound (3.48) for large p, we
apply the lower bound in (2.15), Stirling’s inequality p! > /27 pP*1/2e~P and the
inequality B, < (0.792p/log(p + 1))? of [7] to obtain the bound

ﬁF(”T“)h 1 p~|—2< 2.153 >1’< 1 ( 2.153 )1’ ,
——h, < = — =] . > 2.
pT&+1 "2y p \logp+ 1) ~ v2\log(p+ 1) P

We note that whilst we have shown that this constant tends to zero as p — o0, this
does not imply that the bound (3.48) will tend to zero in this limit if » is fixed. This is

because, for p > 2and i = 1, ..., n, we have that E| X;|’T! > E|X;|? = E|Z|’ =
22T ((p 4 1)/2) //7. Similar comments apply to parts (ii)—(iv) of Theorem 3.1.
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Remark 3.5 Suppose n; = --- = ng = n. For a fixed number of matching moments
p > 2, if we allow the dimension d to grow with n, the bound (3.52) of Corollary 3.2
tends to zero if n/d*/ (P~ — oo and the bound (3.53) tends to zero if n/d®? — oo.
In particular, for p > 6, the bound (3.52) can tend to zero even if d > n.

We now set about proving Theorem 3.1 and Corollary 3.2. We begin with the
following lemma, which provides bounds on some expectations that will appear in the
proof of Theorem 3.1. In the lemma, f denotes the solution (1.2) of the Stein equation
(L.1) and ¥, j, form > 1,1 < j < d, is the solution of the Stein equation

m
VTIEV Y, j(W) — WV, (W) = % (3.54)
J

In the univariate d = 1 case, we drop the subscript j and simply write v, for the
solution to (3.54). For 1 <i <nand 1 < j < d, we let W& = W —n'?X;;,
where the random vector X;; is defined to be such that it has X;; as its j-th entry and
the other d — 1 entries are equal to zero. Note that W'/ is independent of X; . We
then define W(i"") =WG@) 4 on _1/2Xij for some 6 € (0, 1). In the univariate case,

we let W(’) WD +0X;//n, where WD =W — X;//n.

Lemma3.6 Ler P(W) = A+ BY | |w;|"i, where A, B > 0, and r1,...,rq > 0.
Assume that ¥ = 15,0 € (0,1) andq > 0, m > 2 and t > 3. Then,

3
ElX ,q,d{ wy )| < [AE\X1]|‘1+BZZ”k/2<¢,kE|X (IR W |k
k=1
Cry
+ rk/ZElxl] zk|+u‘rk]E|le‘ )] (355)
ny
d
’f Val(3)
Xt f(w(l RE ”'21“(@)[AE‘XU"C'+BZ2rk/2(“’k]E|Xij\qE|Wk|’k
k=1
+ rr,;Z]Elej zk|+ﬂrk+1E|Xu| )] (3.56)
d
P Vm.j i) nT("33) )
E|x9 J(W Tl < 27 AE\X“lq—Q—BZS"k/ er BIX; i [9E| Wy |k
ij 3 m+1 mn ij T ij f
ow 4V/2r% +2) =
+ ,”;2E|X§’JX,’,§|+2urk+11E|xij\q)], (3.57)

where the inequalities are for g in the classes C;, (RY), C;,_l(]Rd) and CgH(Rd),
respectively. Now suppose d = 1 and ¥ = 1. Then

EIX? FOw) < hfz{arAmxiw + 2’/23[crﬂr <E|Xi|qE|W|’

,/2E|X |‘1+r) + yrE|X,-|Q]}, (3.58)
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EIX{ ¢ W) < by {&VAMXZ-W + 3’/23[ch} (E|Xi|qE|W|r

,/2E|X |‘1+r) + %ED@-W]}, (3.59)

where the inequalities are for g in the classes C }_Q(R) and Cp L), respectively.

Proof The proof is very similar to that of Lemma 3.4 of [17]. The only difference is
that we improve the bounds of [17] by applying the improved bounds of Propositions
2.1 and 2.2 for the solutions f and v, and we also use the inequality |a + b|" <
cr(lal” +|b|"), r > 0, which is sharper than the inequality |a + b|" < 2" (|a|" + |b]"),
r > 0, used by [17]. O

Proof of Theorem 3.1. Under the assumptions of part (i) of the theorem, the following
bound given in Lemma 3.1 of [17] holds:

AL(g(W), g(2)) < ZZ;{E xS iy
o l(p 1)!n('P+1)/2 Jw P+1
+
+pE‘ 1?7 j( } (3.60)

for some 61,6, € (0,1). We now obtain inequality (3.48) by using inequality
(3.56) to bound the expectations in the bound (3.60), and then simplifying the
resulting bound by using the basic inequalities E|X;;| < E|X;;|* < IE|Xij|b for
2 < a < b. These inequalities follow easily from an application Holder’s inequal-
ity and the assumption that E[X ?j] = 1. We also use these inequalities to deduce that
E|X£71Xl.rlk<| < E|X5+1X;,k{| (p = 2,rr > 0). This is verified by considering the cases
Jj = kand j # k separately, where in the latter case we make use of the independence
of X;; and X;x. The proof of inequality (3.49) is similar, but we instead use inequality
(3.58) to bound the expectations in (3.60).

Now, under the assumptions of part (iii) of the theorem, the following bound of
Lemma 3.3 of [17] holds:

d

An(g(W), (Z)) <ZZ - pml

j=li=1

opt+2 f 9P+ f
p i,j) p+2 )
{E‘X Jw p+2(W91 )‘ E‘X” ow p+2(W62 )
Xp+1]|
Pt P2 G.j))
e e N B 3 o) ,sz
, j=1i=1 P k=1 I=1

x {E’Xlk Wi (Wi k))‘ + —E‘X?k
8wk 2

W } (3.61)

@ Springer



Journal of Theoretical Probability (2024) 37:642-670 661

for some 61,...,05 € (0,1). Using inequalities (3.55) and (3.57) to bound the
expectations in the bound (3.61) and simplifying the resulting bound using the same
considerations given earlier in this proof yields the bound (3.50). The proof of inequal-
ity (3.51) is similar, but we instead use the inequalities (3.58) and (3.59) to bound the
expectations in (3.61). Finally, the assertion in part (v) is a consequence of part (iv) of
Propositions 2.1 and 2.2. O

Proof of Corollary 3.2. The simplified bounds are obtained by applying the following
considerations to the bounds of Theorem 3.1. Firstly, for a real-valued random variable
Y with E|Y|? < oo, we have E|Y|¢ <E|Y|?, forany 2 < a < b.

Secondly, E|Wi|” < Cn;' Y0 E|Xyl” for r > 2, and E|Wi|" < 1 for
0 < r < 2. Forr > 2, this inequality follows from the Marcinkiewicz—Zygmund
inequality 291 E| Y0, ¥;|" < {31 EIY; "+ (X/_, E[¥?])!/?} and the inequal-
ity E|Y|* < E|Y|®, forany 2 < a < b. For 0 < r < 2, we just use Holder’s
inequality, E[W|" < (EW7)"/? = 1. Thirdly, by Holder’s inequality, E| X X} | <
EIXGP D @ EIXGH DY D) < max{EI X, |, E|Xy]**P), fora, b= 1. O

4 Application to Chi-square Approximation

In this section, we provide an application of the general bounds of Sect.3 to the
Chi-square approximation of the power divergence statistics. Consider a multinomial
goodness-of-fit test over n independent trials, with each trial resulting in a unique clas-
sification over » > 2 classes. We denote the observed frequencies arising in the classes

by Uy, ..., U, and denote the nonzero classification probabilities by p1, ..., p,. The
power divergence family of statistics, introduced by [9], are then given by
2 < Ui \*
h=—=—"") U,[<—f> - 1], (4.62)
AL+ 1) = L\mp;

where the index parameter A € R. When A = 0, —1, the notation (4.62) should
be understood as a result of passage to the limit. The case A = 0 corresponds to the
log-likelihood ratio statistic, whilst other important special cases include the Freeman—
Tukey statistic [13] (A = —1/2) and Pearson’s statistic [32] (A = 1):

r 2

=3 Wj=npj)~ (4.63)
=t P

A fundamental result is that, for all A € R, the statistic 7) converges in distribu-
tion to the X(Zr—l) distribution as the number of trials n tends to infinity (see [9], p.
443). Edgeworth expansions have been used to assess the quality of the Chi-square
approximation of the distribution of the statistic 7 by [3, 4, 14, 34, 36, 40]. Forr > 4
and all A € R, Ulyanov and Zubov [40] obtained a o(n==b/ ") bound on the rate
of convergence in the Kolmogorov distance (a refinement of this result is given in
[3]) and, for r = 3, Assylebekov et al. [4] obtained a O (n=3/410:065y pound on the
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rate of convergence. It has also been shown recently by [35] that introducing external
randomisation can increase the speed of convergence in the Kolmogorov metric. Spe-
cial cases of the family have also been considered. For the likelihood ratio statistic,
Anastasiou and Reinert [2] obtained an explicit O (n~'/?) bound for smooth test func-
tions (in a setting more general than that of categorical data). For Pearson’s statistic,
Yarnold [41] established a O (n~"~1D/"), for r > 2, bound on the rate of convergence
in the Kolmogorov distance, which was improved to Oon=Yforr > 6 by [24]. An
explicit O (n~!/?) Kolmogorov distance bound was established using Stein’s method
by [28], whilst [20] used Stein’s method to obtain explicit O(n_l) bounds, measured
using smooth test functions. The results of [20] have recently been generalised to
the power divergence statistics by [18], covering the family for A > —1, the largest
subclass for which finite sample bounds can be obtained.

In this section, we improve the results of [18, 20] for the case of r = 2 cell
classifications, by obtaining bounds that hold in weaker metrics and possess constants
several orders of magnitude smaller. We derive our results by taking advantage of the
special structure of Pearson’s statistic for the case r = 2, which allows us to apply the
general bounds of Theorem 3.1. The special structure is that the statistic can be written
as the square of a sum of i.i.d. random variables with zero mean and unit variance; see
the proof of Proposition 4.1.

Proposition 4.1 (i) Let (U1, U) represent the vector of n > 1 observed counts, with
cell classification probabilities 0 < pi, p» < 1. Let x* denote Pearson’s statistic, as
defined in (4.63). Then,

25
dw (LX), xGy) < ——, (4.64)
W o A/ 1P1P2
and, for h € C(R™),
892
B[R ()] = xGyhl < —— R + [12"]). (4.65)
npip2

where X(zl)h denotes the expectation E[h(Y)] for Y ~ X(zl)-
(i) More generally, let T), A > —1, denote the power divergence statistic (4.62).
Then,

V2| — 1)(4)»+7)|>7 (4:66)

1
dw(L(T), 1) < —W< 54 AC—

and, for h € C}(R™),

2 / " 19 211,
IE[R(T)] — x| = (892 +496[A — 1D (IR°] + A7) + 3()» = D77

npip2
(A = 1D(A —2)(121 + 13)] ||h/||}

6(A+ 1) (*+.67)
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Using the special structure of Pearson’s statistic when » = 2, and applying inequal-
ity (4.67) together with a standard smoothing technique for converting smooth test
function bounds into Kolmogorov distance bounds, we deduce the following Kol-
mogorov distance bounds (see [8, p. 48], and also [19] for a detailed account of the
technique).

Corollary 4.2 Suppose n > 1 and 0 < pi, pa < 1. Then,

0.9496
Vpip2

Let . > —1. Then, there exist universal constants C1, Cy, C3 > 0, independent of n,
p1, p2 and A, such that

Ak (L), xGy) < (4.68)

C3|(A = 1)(X —2)(12A1 + 13)] }

(A + D (np1p2)*/>
(4.69)

1
dx (L(Th), X(zl)) = W{Cl + Ca(A — 1)2 +

Remark 4.3 Order n~'/? bounds for the quantity [E[x(T})] — X(Zr) hl, r > 2, were
obtained by [18] for i € Ci(R*), whilst O(n’]) bounds were obtained for & €
C,f (R*). These bounds generalised bounds of [20] for the quantity |E[A(x%)]— X(zl)h [,
which held for bounded % in the classes Cl% (R*) and C 2 (RT). By obtaining bounds
on |E[h(Ty)] — X(zl)hl that hold for a wider class of functions, in Corollary 4.2 we
are able to deduce a Kolmogorov distance bound for the x (21) approximation of 7 for

two cell classifications that improve the O (n~!/10) bound on the rate of convergence
obtained by [18] to O (n~!/3). This rate of convergence is slower than the optimal
O (n~1/2) rate for the case r = 2, but is, to the best knowledge of the author, the only
such bound in the literature (except that of [18]) that tends to zero under the condition
that np, — oo, where p, = min{py, p»}.

Indeed, npsx — 00 (px = minj<;<,p;) is an established condition under which
the Chi-square approximation of Pearson’s statistic is valid [25]. The key to obtaining
bounds that tend to zero under this condition was the weaker moment conditions of
Theorem 3.1. If any of the absolute moments in the bounds in parts (ii) and (iv) were
of larger order, we would not have been able to obtain bounds that tend to zero if
np, — 00. As an illustrative example, using Theorem 3.5 of [17] instead of part (iv)
of Theorem 3.1 would have resulted in a O (n ') bound that tends to zero under the
stronger condition n°/? p, — oo.

The following result, which may be of independent interest, is used to prove
Proposition 4.1.

Corollary 4.4 Suppose X1, ..., X, are i.id. random variables with E[X;] = 0,
E[X?] = 1 and E[X}] < co. Let W = n~ V23" _| X;. Then,

I—ZIE[X‘I‘]] (4.70)

1
dw(LW?), xZ) < —[24E|X1 1+
(€8] \/—

Jn
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Suppose now that E[X?] < 00. Then, for h € Ci(R*),

[E[R(W?)] — xhl <

n n” 131
(nwnmhme_ﬂm
n n

468
+ |]E[X13]|[704E|X1|3 + —E|X1|5} } 4.71)
n

Remark 4.5 The bound (4.71) improves on the bound of Theorem 3.1 of [20] for the
quantity [E[2(W?)] — X(zl)h| by holding for a larger class of test functions, having
weaker moment conditions, and also possessing smaller numerical constants.

Proof To prove inequality (4.70), we apply part (ii) of Theorem 3.1. We have g(w) =
w? and, since g'(w) = 2w, we take P(w) = 2|w| as our dominating function.
Applying inequality (3.49) (taking note of Remark 3.4 to get a Wasserstein distance
bound) with A =0, B = 2,r = land p = 2, and using that E|W| < (E[W?])/? = 1
and 1 = +/2/m, we obtain the bound (4.70), after rounding numerical constants up
to the nearest integer.

We now prove inequality (4.71). Since g(w) = w~ is an even function, we can
apply part (iv) of Theorem 3.1 to obtain a O (n~") bound. We have (g’(w))2 = 4uw?
and g’ (w) = 2, and so take P(w) = 2 + 4w? as our dominating function. Applying
inequality (3.51) with A = 2, B = 4,r = 2 and p = 2, and using that E[W?] = 1
and w3 = 24/2/m, now yields inequality (4.71). |

We will use the following lemma in our proof of Proposition 4.1. The proof, which
involves an application of Theorem 3.1, is deferred until the end of the section.

Lemma4.6 Let X1, ..., X, be i.i.d. random variables with X1 =4 (I — p1)//P1P2,
where I ~ Ber(p1). Let W = n~1/2 ' 1 Xi. Then, for h € Cg(R*),

2

976
npip2

IE[W3H (WH)]| < {11+ IR 113 (4.72)

Proof of Proposition 4.1. (i) We begin by proving inequalities (4.64) and (4.65). Let
p = p1,sothat pp =1 — p. As Uy + U, = n, a short calculation gives that

2
X2 = ( Ui —np )
vnp(l = p)

Since U; ~ Bin(n, p), it can be expressed as a sum of i.i.d. indicator random
variables: Uy = Y 7_, I;, where I; ~ Ber(p). We can therefore write x: = W2,
where W = n—1/2 Z?:l X;, for X1, ..., X, ii.d. random variables with X| = (I; —
p)/~/p(1 — p). We have that E[X] = 0, E[X%] = 1 and [E[XT']] < E|X;|" <
(p(1 — p))l_m/2 for all m > 2. The assumptions for inequalities (4.70) and (4.71)
therefore hold. Plugging these moment bounds into (4.70) and rounding constants up
to the nearest integer then yield the bound

dw (L(x*), xGy) < (4.73)

1 17
(24 ),
VP12 ( VP12
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We obtain the simplified bound (4.64) as follows. Let Y ~ X(zl)- Observe that, for
he Hw,

IBIR(xH] = x{yhl < W [Elx> = Y| < W I1(ELx] + ELY]) = 2|7 <2,
and so
dw (LX) xGy) < 2. @.74)

Now, the upper bound in (4.73) is greater than the upper bound in (4.74) if

/np1p2 < 17, and so we may take ,/npipz > 17 in (4.73), and doing so yields the
bound (4.64). Similarly, we obtain inequality (4.65) by plugging the moment bounds
into (4.71) and simplifying the bound as we did in deriving inequality (4.64).

(i1) To prove inequality (4.66), we use the following bound, which can be found by
examining the proof of Theorem 2.3 of [18]:

IE[A(T))] — x(yhl < [E[A(xD] = x{))hl
|(A—1><4A+7)|||h’||< L, )
(A +1/n NIZENI YA

(4.75)

Using inequality (4.64) to bound |E[(x?)] — X(zl)h| and also using the inequality
1//P1+1/yP2 < ~2/(p1p2) now yield the desired bound. We note that inequality
(4.75) was derived under the assumption that np, > 1 and that if A > 2, then also
npy > 20 — 2)2, where p, = min{p1, p>}. However, if these assumptions are not
satisfied, then the bound in (4.66) exceeds 2 [the upper bound in (4.74)], and so there is
no need to impose these conditions in the statement of the theorem; similar comments
apply to inequality (4.76) below.

Finally, we prove inequality (4.67). We use the following bound, which can be
found by examining the proof of Theorem 2.2 of [18]:

IE[A(T3)] — x{)hl

A—DO =221+ 13)|/ 1 1 )

< I( )( )( )|(_+_>”h ”
6(A + 1)n P

P67 LY B\ + E[A(x? 2 hl+R 4.76

* 18n m—i_ m) 1A~ + El2(x )]_X(l) | + R, (4.76)

where

R R Y
R = E + (W) 1],
3 NSRRI )
and §; = (Uj —npj)//npj, j = 1,2. To bound R, we express S; and S in terms

of W. Using the representation of W2 = x? given at the beginning of the proof and
the alternative representation W = (U, — np2)/./np1p2, which is obtained using
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a similar calculation, we have the representations S| = /poW and S, = /piW.
Therefore,

b1/ 32
R= (1’ 2_ 4 D )|E[W3h’<wz>1|
3 NI TEN )
992A — 11, 3/2 172 372 1/2\ 74,/ P 496|r — 1], p
< — + IA' L+ 17"]) < ———— (1711 + I1A"1).
el G IR SR il ) el )

4.77)

where we used Lemma 4.6 to obtain the first inequality. We now obtain inequality
(4.67) by substituting inequality (4.77) and our bound (4.65) for [E[A(x 2)— X(zl)h| into
(4.76), and simplifying the resulting bound using the formula 1/p1+1/p2 = 1/(p1p2)
and the inequality (1/,/p1 + l/\/ﬁ)2 < 2/(p1p2), for 0 < py, p» < 1 such that
pi+p=1 O

Proof of Corollary 4.2. We first prove inequality (4.68). Recall from the proof of
Proposition 4.1 that when r = 2 we can write Pearson’s statistic as X2 = W2,
where W = n~1/2 Z?:l X; for Xy, ..., X, 1i.d. random variables with X; =,
(I —p)/~/P(T = p)and I ~ Ber(p). Recall also thatif Z ~ N (0, 1) then Z* ~ x7, .
Thus, for any z > 0,

IP(W? < 2) —P(Z? < 2)| = |P(—/Z < W? < 2) —P(—z < Z% < /2|
<|P(W < Jz)—P
(Z <+ P(W < —2) —P(Z < —/2)l,

from which we deduce that dx (£(x?), x(21)) < 2dx(L(W), L(Z)). Now, using the
Berry-Esseen theorem with the best available numerical constant of C = 0.4748
[38], we get:

0.4748E|X7|  0.9496
A (L) X)) <2 = :
EX2)2/n  Jpip

We now prove inequality (4.69). Let « > 0, and for fixed z > 0 define a function
he : RT — [0, 11by he (x) = lifx < z3he(x) = 1-2(x—2)%/a?ifz < x < z+a/2;
he(x) = 2(x — (z4a)?/a?if z4+a/2 < x < z4a;and he(x) = 0if x > z+a. Then
h!, is Lipschitz with ||h/,|| = 2/« and ||h|| = 4/a>. Let Y ~ X(zl). Using inequality
(4.67) now yields

P(T), <z)—P(Y <2)
< E[he(T))] — Elhe (V)] + E[he(Y)] —P(Y <z)

2 4 19 , 4
< (892 4+ 496|A — 1)) -+ — +—A=1 C—
npip2 o o 9 o
(A — 1A —2)(121 + 13)] 2
60+ 1) ~E}+]P’(Z§Y§z+a). (4.78)
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We note the inequality P(z < Y < z+a) < /2a/7 (see [20, p. 754]). An upper bound
now follows on applying this inequality to (4.78) and choosing o = c¢(np1 p2)~2/3, for
some universal constant ¢ > 0. To simplify the bound, we used that basic inequality
|A — 1] < 14 (A — 1)2. Similarly, we can obtain a lower bound that is the negative of
the upper bound, which completes the proof. O

Proofof Lemma4.6. Let g(w) = w>h’'(w?). We begin by noting that E[g(Z)] =
E[Z3K' (Z?)] = 0. This is because the standard normal distribution is symmetric about
the origin(Z =4 —Z,forZ ~ N (0, 1)) and g(w) is an odd function (g(w) = —g(—w)
for all w € R), meaning that E[g(Z)] = E[g(—Z)] = —E[g(Z)], whence E[g(Z)] =
0. Therefore, we can write E[W31'(W2)] = E[W3K (W?2)] — E[Z3R/(Z2)].

We shall obtain the bound (4.72) by applying part (ii) of Theorem 3.1 with z(w) = w
and g(w) = w3 i (w?). Using the basic inequality 242 < 1+a*, wehave, forw € R,

lg'(w)] = 2w*h" (w?) + 3w?h' (w?)| < 2w*||A"|| + 3w? |7
3 / Vi 3 / 4
< SIA N+ (200714 S ) w.

We therefore can apply part (i) of Theorem 3.1 with A = 3||k’||/2, B = 2||h”| +
3||A'||/2, r = 4 and p = 2, and using the bound (3.49) gives that

[E(W3 0 (W] = [EIW3H (W) - E[Z31 (2]

3 21, 3 a3, 3 4 12 4 2_ 3
giﬁ{?wme”+%mhu+?mD nmxmmw1+ﬁmm”+mJ;mX”
1 648 648 864 864
< [Hh/u(2247+- +-444444§>-+uh”u(29754- +-444444§>}

Jnp1p2 np1p2  (np1p2) npip2  (np1p2)

<

1
T J/npip2

864 864
IR+ 1A 13| 2975 + L
2
npi1p2 (np1p2)

where we used that us = 84/2/7 and that E| X3| < (p1p2) "V, E|X]| < (p1p2) /2
and E[W*] = 3(n — D(E[X?])?/n + E[XT1/n < 3+ 1/(np1 p2). We obtain the final
simplified bound (4.72) using a similar argument to the one used in the proof of
Proposition 4.1. O
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A Further Proofs

Proof of Lemma 2.5. The case r = (is trivial. Let us prove inequality (2.16) for integer
r > 1. By the binomial theorem,

(ax+by) =Y (,:) @y * <y (,Z)akb’—k(x’ +3)

k=0 k=0
=(@+b) x"+y",

where the inequality follows from an application of the basic inequality x¥y" % <
x" + y". The proof for general » > 0 is exactly the same except that we must instead
use the generalised binomial theorem. The proof of inequality (2.17) is also very
similar, with the same basic argument, but instead we apply the generalised trinomial
theorem and the basic inequality x'y/z¥ < x” + y" + 2" for i, j, k > 0 such that
i+j+k=r. O

Proof of Lemma 2.6. Making the change of variables u = r2/2 allows us to write 7 (w)
in terms of the upper incomplete gamma function I'(a, x) = |, xoo u*le ™" du:

1 2
T, (w) = 2(’_1)/2we”’2/2f‘<%, %) (A1)

We now note two upper bounds for the incomplete gamma function. If 0 < a < 1,
then I'(a, x) < x¥le=* forallx > 0 (See [27]), whilst if a > 1, then I'(a, x) <
Bx®le=* forx > %(d — 1), B > 1 (see [30]). For 0 < r < 1, we apply the
bound of [27] to (A.1) to obtain inequality (2.18). To obtain inequality (2.19), we
instead apply the inequality of [30] with B = 2 to (A.1). O
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