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Abstract

This paper deals with moduli of continuity for paths of random processes indexed by a
general metric space ® with values in a general metric space X'. Adapting the moment
condition on the increments from the classical Kolmogorov—Chentsov theorem, the
obtained result on the modulus of continuity allows for Holder-continuous modifica-
tions if the metric space X’ is complete. This result is universal in the sense that its
applicability depends only on the geometry of the space ®. In particular, it is always
applicable if ® is a bounded subset of a Euclidean space or a relatively compact sub-
set of a connected Riemannian manifold. The derivation is based on refined chaining
techniques developed by Talagrand. As a consequence of the main result, a criterion is
presented to guarantee uniform tightness of random processes with continuous paths.
This is applied to find central limit theorems for Banach-valued random processes.
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1 Introduction and Main Result

I;et (®, de) be a totally bounded nletric space. For_subsets © C O, the diameter of
® w.r.t. dg will be denoted by A(®), whereas N (O, dg, ) stands for the minimal
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number to cover ® with closed dg-metric balls of radius 7 > 0 with centers in ©. We
will often need the following assumption on the geometry of ®:

3C,1 >0V €]0, A(®)]: N(©,do,n) < Cn". ey

Furthermore, let (X, dy) be a metric space. By B(X), we denote the Borel o-
algebra on X'. Let (Xp)peco be an X-valued random process on some probability
space (2, F,P), i.e., for all & € ©, Xy is a random element in (X, B(X)). Under
a “Kolmogorov—Chentsov type theorem,” we understand a theorem that, under an
appropriate moment condition on the distance dy (Xg, Xy) for 6, ¥ € 0, yields exis-
tence of a continuous or Holder-continuous modification (cf. [4]). We establish the
following general result.

Theorem 1.1 Assume (1) and
(Xg, Xg) is F — B(X?)-measurable for all pairs (6, ) € O withd £ 0.  (2)
Let M, p > 0 and ¢ > t (with ¢ from (1)) be such that
E[dx(Xe, X9)? | < Mde(©,9)? for6, v € O. 3)

Then, for any B €]0, (¢ — t)/pl[, there exists a finite constant Z(@, C,t,p,q,PB)
dependent on A(®), C, 1, p,q and $ only such that, for every at most countable
subset ® C ® with A(®) > 0,

dx(Xe, X9)?

E
de (8, v)kr

<L(®,C,t,M,p,q,p) :=ML(®,C,t,p,q,p).
0,0€0
0£9

“)

In particular, if d y is complete, then the random process (Xg)pce has a modification
which satisfies (2) such that all its paths are Holder-continuous of all orders 8 €

10, (¢ — )/ pl.

Remark 1 Technical assumption (2) is always satisfied when X’ is a separable metric
space because, in this case, B(X?) = B(X)®B(X). In general, we only have the inclu-
sion B(X?) 2 B(X) ® B(X), and the assumption is needed to ensure measurability
of dy(Xg, Xyp).

We consider Theorem 1.1 as our main “building block.” In the literature,
Kolmogorov—Chentsov type theorems are sometimes formulated in a localized form.
A localized version of Theorem 1.1 where ® is not necessarily totally bounded is
presented in Sect. 2.
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Remark2 The key assumption on the geometry of the parametric space © is (1),
where the value of 7 is important, as we need to have ¢ > 7 in (3)." We remark that,
if ® is a bounded subset of R with the Euclidean metric d,;, » = de, then (1) is
always satisfied with = m,”> More generally, a relatively compact subset @ of an
m-dimensional connected Riemannian manifold always satisfies (1) with t = m (we
provide more detail in Sect. 3).

In the classical formulation of the Kolmogorov—Chentsov theorem, it is assumed
that X is a Banach space and ® = [0, 1]” for some m € N (see [22, Theorem 1.2.1]),
and the proof relies on the fact that the dyadic rationals are dense in [0, 1]. Since that
time, there appeared many other versions of the Kolmogorov—Chentsov theorem that
essentially allow to treat more general sets ®. We mention [19, Theorem 2.1], [6,
Theorem 3.9], [10, Lemma 2.19], [12, Proposition 3.9] for several recent formulations
where O is a subset of R”*. Some versions of the Kolmogorov—Chentsov theorem only
guarantee that sup(dx (Xg, Xy)/de (0, MP) < 0o ass. (i.e., it is not claimed that the
expectation of the p-th power of that quantity is finite). However, some applications
such as the ones discussed in Sects.4 and 5 require that the expectation is finite. As
another example of this kind, we mention that the proof of Theorem 6.1 in [2] would
not work without finiteness of such an expectation (see formula (106) in [2]).

In the aforementioned references, X is (a closed subset of) a Banach space and all
X are assumed to be in L (with p from (3)), and the proof involves a certain extension
result for Banach-valued Holder-continuous mappings. That extension result allows
to pass from rectangular regions in R to general subsets ® € R™. In our situation,
when X is only a metric space and we do not assume E[dy (a, X9)P] < oo for all
0 and some a € X (or the like) such a method of the proof cannot work, so we use
essentially different ideas to prove Theorem 1.1.

Another approach, used in [21, Theorem 2.9] (also see [17, Corollary 4.3]), is
worth mentioning. In that reference, the existence of a locally Holder-continuous
modification is proved for X = R under assumptions of a different kind. In particular,
the assumption on ® is that it is a dyadically separable metric space. The latter is
a requirement of a different type than (1) on the geometry of ®, which allows to
pursue the arguments initially elaborated for rectangular regions in R” in more general
situations. The setup in [21] is quite different from ours, and the relation between the
approaches still has to be worked out. Notice, however, that in the finite-dimensional
situation ® C R, the other approach imposes some restrictions on possible sets ®
(see[21, Theorem 4.1]), while our approach allows for arbitrary sets ®@ C R (see
Proposition 2.1 and Remark 3).

We thus summarize the previous discussion by noting that we obtain inequality (4),
essentially, only under requirement (1) on the geometry of the metric space ®, which
is satisfied for bounded subsets of R”* (with # = m) and allows to go beyond R™. It is
also worth noting that the right-hand side of (4) is the same for all countable subsets
© C O and that (4) is the right way to formulate the result in the case when dy is
incomplete (and thus a continuous modification may fail to exist).

1 On the contrary, the value of C in (1) is not important.

2 More precisely, we have N(@dg, n) < [(8A(®) + 1)/n]™ for all > O (see [25, Lemma 2.5]). In
particular, (1) holds with t = m and C = 9A(®)™.
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In order to discuss applications of Theorem 1.1, we formulate the following imme-
diate

Corollary 1.2 Assume (1), (2) and (3). Let B €]0, (¢ — t)/p[ (with p, q from (3) and
t from (1)), and let L(®, C,t, M, p, q, B) be any constant satisfying (4). Then, for
every at most countable subset ® C © and arbitrary § > 0,

E| sup dy(Xe, X9)’ | <L(®,C,1,M,p,q,B)sPP. Q)
0,90
d(0,9)<é

Notice that, like in Theorem 1.1, inequality (5) holds universally, i.e., independently
of the random process satisfying (2) and (3). This will turn out to be useful when
analyzing weak convergence of X'-valued random processes (see Sects.4 and 5).

The crucial step for the proof of Theorem 1.1 is provided by the following auxiliary
result. It is interesting in its own right.

Lem_ma 1.3 Assume (1), (2) and (3). Let © be some finite subset of ® with diameter
A(®) > 0. Then, for any § > 0,

E| sup dx(Xg, Xy)?
0,9€0
de (0,9)<6

_ _ gt
< 4!t2p+3¢+2 (N(@,d@,a/4) [In (N(®, do, 8/4)]7 87 + (zu/—CZ)ipl)f’>

In the case X = R, Theorem B.2.4 in [23] provides a result similar to Lemma 1.3.
For the proof, a refined chaining technique is used there, which we shall adopt to
derive Lemma 1.3.

The structure of the paper is as follows. In Sect. 2, we discuss a localized version of
Theorem 1.1 where ® is not necessarily totally bounded. As an example, in Sect. 3 we
explicitly treat the case where ® is a subset of a Riemannian manifold. In Sects. 4 and 5,
we present some applications of Theorem 1.1 to weak convergence of Banach-valued
processes. Lemma 1.3 and Theorem 1.1 are proved in Sect. 6.

2 Localized Version of Theorem 1.1

Since the literature in the case ® € R™ sometimes formulates Kolmogorov—Chentsov
type theorems for unbounded ® (by localizing the results of the type of Theorem 1.1),
we now formulate and discuss the localized version of Theorem 1.1 for metric spaces
(®, de) that are not necessarily totally bounded.

The setting is as follows. Let (®, dg) be a metric space satisfying
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Property (P) There exists an increasing sequence {®,},en, ®, € Opy1, n € N, of
totally bounded open subsets of © such that ® = . ©, and

Vn € N3IC,, t, > 0VYn €]0, A(®,)] : N(®,,do,n) < Cun™ ™. 6)

Let (X, dy) be a complete metric space and let (Xg)pece be an A'-valued random
process on some (2, F, P).

Proposition 2.1 Assume Property (P), that the process (Xg)oco satisfies (2) and that,
for all n € N, there exist My, p,, pn > 0 and g, > t, (with t, as in Property (P))
such that

E[dx(Xg, X9)P" | < M, de(0,9)% for6,9 € ©,, do®, ) < pn, n €N,
@)

Then, the random process (Xg)geco has a modification ()~( 0)oco satisfying (2) such that
all its paths are locally Holder-continuous of all orders g € ﬂneN[O, (gn — )/ pnl,
where the expression “Holder-continuous of order 0” is understood as “uniformly
continuous.” Moreover, forn € N, § € ©,, there is some open in ® neighborhood
V(6) of 6 such that

E sup M < oo forall g €0, (gn — tn)/Pul. (8)
0.9€V @) de (6, 9)FPn

040

Remark 3 Notice that any ® C R™ satisfies Property (P). We can take® ©, = @ N
(1 —n,n[™) and all 1, = m, n € N, whereas the constants C, indeed depend on 7.
Therefore, in the case of an arbitrary subset ® C R Proposition 2.1 includes, e.g., the
following statement: There is a locally Holder-continuous modification of all orders
B €10, (g —m)/p[ whenever (7) holds with ®, = ®© N (] —n, n[™), p, = p > 0 and
gn = q > m not depending on n (on the contrary, M,, and p, are allowed to depend
on n). Moreover, in this case, for any 6 € O, there exists an open in ® neighborhood
V() of 6 such that (8) with p, = p holds for all 8 €10, (¢ — m)/pl.

Although Proposition 2.1 follows from Theorem 1.1 via standard arguments, we
present a proof to make the paper self-contained.

Proof of Proposition 2.1 Fix any n € N. The set ®, from Property (P) is totally
bounded. Therefore, we can find open subsets O, 1, ..., O, ,, of ® with diameters
less than p,, such that

n
®n = U ®n,iv
i=1

3 We remark that although such sets ®, are in general not open in R, they are always open in O, as
required in Property (P).
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where ©, ; = ©, N O, ;. By (7), we can apply Theorem 1.1 on each ®, ;. Hence,
each (Xg){;e@’“_ has a modification (YZ’I)QE@,”‘ which satisfies (2) such that all its
paths are Holder-continuous on @n,i of all orders 8 € [0, (g5 — )/ pnl With

n,i ~5N,i\ py
dx(Xy". Xy')

E| sup < oo forall B € [0, (g, — tn)/pul.
0,0€0, de (8, 9)Prn 1)/ pn

O£
Ifi, j € {1,...,ry}aresuchthat ®, ;NO,_ ; # ¢, then the processes (YZJ)GGGIW@M

and (X )o@, NG, ; areindistinguishable, as they are both continuous, modifications

of each other and @n,i N @n, ;j is separable (because totally bounded). Using this, it
is straightforward to construct a modification (Y;)ge@n of (Xp)geo, Which satisfies
(2) such that all its paths are Holder-continuous of all orders 8 € [0, (¢, — t,)/pn[ On
each @n, i with

d Xn,Yn Pn
E sup 'X‘(_e—g) < 00 (9)
oeh,, do@, )P

040

forall B € [0, (g, — t,)/pnlandi € {1, ..., r,}.

Now we vary n € N. Recall that ®,, € ©,41. Since (YZ)QG@n and (Ygﬂ)ge@n are
modifications of each other, both continuous and ®,, is separable, then (Y;')ge@n and
(7;+1)g€@n are indistinguishable. Therefore, there exists Q, € F with P(Q,) = 1

such that, for all @ € €, and 6 € ©,, it holds Xy(@) = Xy (). We define
Qoo = mnEN 2,, and the process (Xg)gco by the formula

791(60), WE Qoo, 0 €O, \O,_1, n €N,

Xo(w) =
o(w) . 0 ¢ .

where ®g := () and x € X is arbitrary. This is a modification of (Xy)gce Which
satisfies (2), and all its paths are Holder-continuous of all orders 8 from the interval
[0, (gn — t1)/pnl on each @n’i, neN,ie{l,...,r,}. Recalling from Property (P)
that each ®,, is open in ®, we get that each point & € ® belongs to some open subset

@n,i of ® (forsomen € Nandi € {1, ..., r,}). In particular, all paths of ()N(g)ge@
are locally Holder-continuous of all orders B € (1),cn[0, (g1 — 1)/ pal, While the last
statement of Proposition 2.1 follows from (9). O
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3 Example: Subsets of Riemannian Manifolds

In this section, we discuss applicability of Theorem 1.1 and Proposition 2.1 in the
setting when © is a subset of an m-dimensional connected Riemannian manifold M.
More precisely, we are going to understand restrictions (1) and Property (P) on ® in
this setting. Essentially, the results are:

e Every relatively compact ® C M satisfies (1) with ¢ = m (Proposition 3.1);
e Every ® C M satisfies Property (P) with t, = m, n € N (Corollary 3.2).

For basic concepts and results from differential geometry, we refer to standard text-
books, e.g., [7], [8], [14] and [16].

Let (M, g) be any connected m-dimensional Riemannian manifold as defined in
[8]. This means that M denotes an m-dimensional C°°-manifold endowed with the
Riemannian metric g. By definition, g is a mapping which associates with each point
p € M aninner product g, on the tangential space T, M at p such that for C*°-vector
fields V, W on an open subset G of M the mapping

G—>R, p—gp(Vp, Wp)

is differentiable of class C°°. Furthermore, let for p, ¢ denote by C,, the set of all
C®°-curves in M joining p to q. The length L(c) of a curve ¢ € Cp, defined on the
closed interval 1. of R is

L(e) = /1 Jeew (0. ) dr.

where ¢’(¢) stands for the velocity of ¢ at ¢. Since M is connected, the sets C,, are
always nonvoid (see [8, p. 146]), and the mapping

dg M xM—R, (p,q) — iréf L(c)

celpq

isametric on M (see [8, Proposition 7.2.5]) sometimes called the inner metric (induced
by g). Moreover, the topology induced by this metric coincides with the original
topology on M (see [8, Proposition 7.2.6]).

Proposition 3.1 (i) Let ® be any relatively compact subset of M. Then there exist a
compact subset K, of R™ as well as r € N and § > 0 such that

N(®yd 7}7) S rN(Km,dm,Zv T]/(S) foralln > O’

where dp, » stands for the Euclidean metric on R™. As a consequence, ® satisfies
condition (1) with t = m w.r.t. the metric dj.

(ii) If dg is complete, then every d,-bounded subset ® of M satisfies (1) witht = m
w.r.t. the metric d.

Corollary 3.2 Every ® C M satisfies Property (P) with t, = m, n € N, w.r.t. the
metric dg.
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Proof Since M is a C*°-manifold, we can find an open covering {©,},en of M con-
sisting of relatively compact subsets of M and satisfying ®, € 0,41 forn € N (see,
e.g., [7, (16.1.4)]). By Proposition 3.1, this sequence of subsets satisfies (6) w.r.t. dg
with t, = m for n € N (and the constants C,, indeed depend on n). Hence, every
® C M satisfies Property (P) with 1, = m, n € N, w.rt. d,, as we can choose?
©,:=0N06,,neN. O

In the rest of this section, we prove Proposition 3.1. The proof is based on a couple
of auxiliary results.

Lemma 3.3 Ler © be a nonvoid compact subset of M and assume ® C G, whe_re G
is an open subset of M allowing a chart u: G — R™ which satisfies that u(®) is
convex. Then, there is some § > 0 such that

N(®,dy, ) < N(u(®),dy,n/8) forn>0.

Proof Let {ey, ..., ey} stand for the standard basis on R™. For any C°°-mapping
g : U — R on some open subset U of R™, we shall use notation dy /4 to denote the
differential of 4 at x € U.

Let us introduce for p € G the set C; (p) of all real-valued C*°-mappings on some
open neighborhood of p. By definition, the tangential space T, M of M at p consists
of real-valued mappings on Cj; (p). The chart u provides the following basis of T, M

0
Eb CR(p) = R, o> dy(poue) (ell,....,m)
(see [8, p.8]). Moreover,

ad d d
(—,...,—):G—> U T,M, pr— (—
duq oy, oup
peG

i”
b gl

defines some C*°-vector field (see [8, pp. 25f.]).
Next, let for x € u(G) denote by d,u~" the differential of u~" at x which is a linear
mapping from R™ into 7,1, M satisfying

dxufl(e,'): fori=1,...,m.

d
a_ui|u*1(x)

Since g,-1(y) 1s an inner product on 7,-1, )M, we may observe for any v =
(w1, ...,vy) € R™

m
3 3
—1 —1
u-1(w (A ), deu™ ) = D i v gu_l(x)(ﬁlu,l(x),Wlw(x)).
i, j=1 ! J

4 Notice that, although such sets ®; are in general not open in M, they are always open in ©, as required
in Property (P).
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Then, with §”~! denoting the Euclidean sphere in R”, we may conclude from the
defining properties of the Riemannian metric g that the mapping

Fu@®) x "N SR, (x,v) > \/gufl(x)(dxu—l(v), dxu—l(v))

is continuous with strictly positive outcomes. Moreover, its domain is a compact subset
of R x R™ so that it attains its maximum § which is a positive number.
Now, let p, g € ® with p # ¢q. Since u(®) is assumed to be convex, the mapping

c:[0,11 = R™, r +— tu(g) + (1 — Hu(p)

isa C™-curve in R™ satisfying ¢(¢) € u(®) fort € [0, 1]. Then, ¢ :=u~! 0T € Cpg,
and by chain rule

(1) = deoyu~ " (u(g) —u(p)) t €0, 1].

Since g,-1(z(r)) 1s an inner product on Tu—l( M and dzyu~" is linear for every

(1)
t € [0, 1], we obtain

\/gu—uz(l))(c’(t), ) = lu(p) — u(@lm2f (@), [u(g) — u(p)1/Iu(p) — u(@)lm,2)
< 8llu(p) — u(@)llm,2 fort €[0,1],

where | - ||,,,2 stands for the Euclidean norm on R™. Hence, by definition of the inner
metric d; we end up with

dg(p,q) < L(c) < 8llu(p) — u(@)llm,2-
Since § does not depend on p, g, we now easily derive the claim of Lemma 3.3. O

In the next step, using Lemma 3.3, we prove the result of Proposition 3.1 first for
compact subsets of M.

Lemma3.4 Let® C M be nonvoid and compact. Then, there exists a nonvoid compact
subset K, of R™ as well as r € N and § > 0 such that

N(®,d,, n) < rN(Km, dm 2, n/8) forn > 0.

Proof For any p € O, we may find a chart u,, defined on an open subset Gup of M,
and some &, > 0 such that p € Gy, and

Be,,(up(p)) ={x e R"| dm,2(xv Mp(P)) <&l S up(Gu,,)~

Setting U, (up(p)) = {x € R™ | dua(x.up(p)) < ¢} and GP :=
u;l (Ue, (up(p))). we observe that (GP) e is an open covering of © because
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Ue, (up(p)) is an open subset of R™. Hence, by compactness of © there exist
D1, ..., Pr € M such that

r r
@gUGl’i gU@i,
i=1

i=1

where @ := u;il (ngi (e p, (pi))) fori =1,...,r.Foranyi € {1,...,r} the set ®
meets the requirements of Lemma 3.3. Hence, we may find 41, ..., &, > 0 such that

N(®;,dg,n) <N (Bm(um(pi)),dm,z, r]/(S,-) fori e {1,...,r},n>0.
The set

Km = U Bpi (u]); (pi))

i=1

is a compact subset of R”. Then, setting § := 4 max{éy, ..., 8,}, we end up with

N(®.dg.m) <Y N(© . dg.1/2) <Y N(Kp.dm2.n/(45)))
i=1 i=1

< rN(Km, dm.2, 77/8) forn > 0.

This completes the proof. O
Finally, we are ready to prove Proposition 3.1.

Proof of Proposition 3.1 (i) Let ® be a nonvoid relatively compact subset of M. The
topological closure O is compact, and N(®,dg, n) < N ) dg, n/2) holds for every
n > 0. Therefore, the first claim immediately follows from Lemma 3.4.

(ii) If dg is complete, then by the Hopf—Rinow theorem (see, e.g., [8, Theorem 7.2.8])
every dg-bounded subset of M is already relatively compact. Therefore, the second
claim follows from the first one. O

4 Tightness for Sequences of Random Processes

Let (®, dp) be a compact metric space and (X, dy) a complete metric space. We
denote by C(®, X) the space of all continuous mappings from ® into X endowed with
uniform metric do W.r.t. the metric dx and the induced Borel o -algebra B(C(©, X)).

Some of the results we are going to present simplify in the case when C(®, &)
is separable (hence Polish, as it is complete). For some discussions below we recall
that, as ® is compact, C(®, X) is separable if and only if X is separable (see [1,
Lemma 3.99]). We, however, stress at this point that we never assume X (equivalently,
C(®, X)) to be separable.
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Let us fix any sequence (X,),en of Borel random elements X,: @ — C(®, X)
on some probability space (2, F, IP). We show how Corollary 1.2 leads to a sufficient
condition for uniform tightness in C(®, X).

Proposition 4.1 Let ® fulfill property (1) with constants C, t > 0.Let ®" C ® bedense
in ®. Assume that (X 2 (e, 9))n <y 18 a uniformly tight sequence of random elements in
(X, B(X)), for all € @' and that there exist M, p > 0 and ¢ > ¢ such that

supE [ dy (Xu (- 0), Xp(-, )" ] < M de(8,9)? for6, ¥ € ®. (10)
neN

Then, (X,),en is a uniformly tight sequence of Borel random elements in C(®, X).

We recall that (1) need not be assumed if ® is a compact subset of R” endowed
with the Euclidean metric. In this case, it is enough only to require ¢ > m in (10) (see
Remark 2).

Remark 4 Notice that (2) is satisfied for all processes X, because they are assumed to
be Borel random elements in C(®, &) in this section and the projection map

Top: C(O,X) — X2 s (f8), f9),

is continuous for all (6, ) € ©2.

Remark 5 Observe that, if X is separable, then the statements

A) X,: Q — C(O,X) is a Borel random element, i.e., a random element in
(C(®,X), B(C(O, X))); and

B) X, = (Xu(-,0))gco is an X-valued process (i.e., for all 8 € O, X,(-,0) is
a random element in (X, B(X))) with continuous paths are equivalent (see [15,
Lemma 14.1]). Thus, whenever X is a Polish space, in Proposition 4.1 (and in what
follows) we essentially work with sequences of continuous X-valued processes. In
general, when (A) and (B) no longer coincide, the right choice is always (A), i.e.,
always to consider Borel random elements in C(®, X), as the concept of tightness (in
C(®, X)) discussed in Proposition 4.1 requires the Borel o -algebra (in C(®, X)).

Proof of Proposition 4.1 We take an arbitrary g €10, (¢ — 7)/p[. By compactness of
©, there exists some at most countable dense subset ® of ®. Corollary 1.2 together
with the continuity of the processes X, yields, forall § > 0 andn € N,

E|l sup dy(X,(.0),X,(,0)" | =E| sup dx(X,(,0), X,(, )"
0,0€0 0,06
de(0,0)<6 de(0,0)<6

<L(O,C,1,M, p,q, B)5"".
Using the Markov inequality, we conclude that, for every ¢ > 0,
lim lim sup IE”( sup  dx(Xn(,0), Xu(-,9)) = e) =0.
=0+ n—oo 0,9€0
de(0,9)<8
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Now the criterion for uniform tightness in C(®, X’) presented in Theorem A.1 applies
and completes the proof. O

We observe that essentially the same condition achieves rather different aims in
Theorem 1.1 and in Proposition 4.1. In Theorem 1.1, condition (3) ensures existence
of a continuous modification for the process X (when X is complete, which is assumed
in Sect.4), while in Proposition 4.1, condition (10) implies the uniform tightness in
C(®, X) for the sequence (X,). (Notice that (10) is nothing else but (3) required
for all X, uniformly in 7n.) It is, therefore, tempting to try to shift continuity of the
processes into the conclusion of Proposition 4.1. And, indeed, this easily follows from
the discussions above, although at the cost of requiring X to be separable.

Corollary 4.2 Assume that X is separable. Let © fulfill property (1) with con-
stants C,t > 0. We consider a sequence (X,),en of X-valued processes X, =
(X, (-, 0))9co. Let ® C O be dense in ©. Assume that (X, (-, 0)),en is a uniformly
tight sequence of random elements in (X, B(X)), for all & € @, and that there exist
M, p > 0and g > t such that

supE [ da (Xu (- 0), Xp(-,9))" ] < M de(0,9)? for6, ¥ € ©. (11)
neN

Then, each process X, admits a modification X,, = (7£(~, 0))oce that has continuous
paths 0 — X, (w,0) for all w € €, the_processes Xy, n € N, are Borel random
elements in C(®, X'), and the sequence (X,),eN is uniformly tight in C(®, X).

Proof Theorem 1.1 ensures the existence of the continuous modifications X, n € N.
As X is separable, then, due to the equivalence between (A) and (B) in Remark 5,
each X, is a Borel random element in C(®, X). The uniform tightness of the sequence
(X)) nen now follows from Proposition 4.1. ]

Remark 6 1f in Corollary 4.2 we additionally require that each process X,, is sepa-
rable (the definition is recalled below), then we obtain that each process X, is itself
continuous almost surely, so that we obtain the uniform tightness for the sequence
(X)) neN itself.5 This immediately follows from Lemma 4.3. For when this remark
can be useful, we observe that, in some situations, we are given processes that are a
priori separable (e.g., cadlag A'-valued processes in the case ® = [0, 1]).

It remains to justify the previous remark. Recall that an AX’-valued process
(Y (-, 0))geo onsome (2, F, P) is called separable® if there exist an at most countable
subset ®9 C O dense in ® and an event 29 € F with P(€2p) = 1 such that for every
open subset G of ®, and any closed subset D of X the following equality holds true

{0eQ|Y(w,0)eDforall 0 eGNOy} ={weQ|Y(w,0) €D forall  €G}

(see [9)).

5 Formally, we need to identify each process X, with almost all continuous paths with an indistinguishable
process with all continuous paths, in order to view X,, as a Borel random element in C(©, X).

6 In the sense of Doob.
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Lemmad4.3 Let Y = (Y(~, 9))666 be a separable X -valued process that admits a
continuous modification. Then, Y = (Y G, 0))9 ®

and hence there is an indistinguishable from Y process Y such that all its paths are
continuous.

is itself continuous almost surely,

It is worth noting that, contrary to the general setting in Sect. 4, for this lemma the
metric space X’ does not need to be complete.
Proof Let Y = (17(-, 6))9€® be a continuous modification of Y, i.e., forall § € © we
have P({Y (-,0) = Y(-,6)}) = 1 and the paths § — Y (w, §) are continuous for all
w € Q. As'Y is separable, we can find an at most countable ®y C ©® dense in ® and
Qo € F with P(2p) = 1 as described prior to Lemma 4.3. Define

= ({FC.0)=Y0}NQ

6e®q

and observe that P(2;) = 1. It suffices to show that Y (w, 0) = ?(w, 6) holds for
weQandf € O.Soletus fixw € 21 and 6 € ©.

Fork € Nset Gy := {¢0 € © | do(0, V) < 1/k}, and let Dy denote the closure
of the set {Y(w, ) | & € Gx N Op}. Now, separability of ¥ yields Y (w, 8) € Di. In
particular, there is some sequence (19 YneN in Gy N O¢ such that Y (w, 19") — Y(w,0),
as n — oo. This implies Y(a) 19]‘) — Y(w, 0), as n — 00, due to definition of 1.
Moreover, we may select by compactness of ® a subsequence (z?l (n))neN of (z?n )neN

which converges to some 7 eo. Then, by continuity of Y,

Y(@,0) = lim ¥(,0%) =¥

As dg (0, 5k)~§ 1/k, the sequence (ﬁk)keN converges to 6. Hence, drawing on the
continuity of ¥ again, we end up with

Y(w,0) = Jlim Y, 7" = Y(,6).

This completes the proof. O

5 Central Limit Theorems for Banach-Valued Random Processes

Let (®, dg) be a compact metric space, and let (X, || - || x) be a Banach space. We
shall denote by C(®, X) the space of all continuous mappings from ® into & It
will be endowed with sup-norm || - ||oc W.I.t. || - || x, and the induced Borel o-algebra
B(C(©, X)).

Consider any i.i.d. sequence (X;);cn of Bochner-integrable Borel random elements
in C(®, X) on some probability space (2, F, P). We want to investigate weak con-
vergence of the sequence (S,),en consisting of Borel random elements in C(®, X))

@ Springer



Journal of Theoretical Probability (2023) 36:1454-1486 1467

defined by
S, = LXn:(Xi —EB[X,-]) forn e N
a i=1

where EB[X;] denotes the Bochner-integral of X;. We start with the following obser-
vation.

Proposition 5.1 Let || X1||o0 be square integrable.

(i) The following statements are equivalent:
a) The sequence (Sy)neN is uniformly tight;
b) The sequence (Sy,), N converges weakly to some centered Gaussian random element
in (C(©, X), B(C(®, X))).

(ii) If the equivalent statements in part (i) are satisfied, then the limiting law in b)
is tight.

We remark that, as every Borel probability measure in a Polish space is tight,
statement (ii) in Proposition 5.1 has a message only when C(®, X') (equivalently, X")
is non-separable.

Proof As the Borel random element X is Bochner integrable, it is almost surely
separably valued. Then, we can find a closed separable linear subspace Cof C (0,%)
such that P({X; € C}) = 1 (note that C is itself a Polish space and C € B(C(®, X))).
It follows that EB[X] € C. This yields P({X; — EB[X,] € C}) = 1, hence P({S, €
c }) = 1 forall n € N. In view of the portmanteau lemma, this yields that every weak
limit point of the laws of S, n € N, is concentrated on Cc (in particular, is tight), thus
establishing part (ii). Moreover, the implication ) = a) in part (i) now follows from
Prokhorov’s theorem, which applies due to the fact that all measures are concentrated
on a Polish space.

We turn to the implication a) = b) in part (i). By Prokhorov’s theorem, the uni-
formly tight sequence (S,),en is relatively weakly sequentially compact. It remains
to prove uniqueness of a limit point and its Gaussianity. To this end, let » € N and

Aj: C(O®,X) - R, j=1,...,r, be continuous linear functionals. Classical mul-
tivariate central limit theorem applies to the sequence ((A1 oS8,,...A, 0 S”))n eN
because

E[I8j 0 XiP] < I IPE[IXi1Z] <000 j=1.....r

(IIAj|I denotes the operator norm of A ;) and yields weak convergence to a centered
Gaussian law in R”. This identifies every weak limit point of the laws of S, n € N,
as a Gaussian measure and uniquely determines every weak limit point on the o-
algebra £ generated by continuous linear functionals C(®, X) — R. Notice that
£ C B(C(®, X)), and the inclusion can be strict (when C(®, X') is non-separable).
Howeyver, restricted to C both o -algebras coincide:

CNE=CNBEO, X))
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(see [24, Theorem 1.2.1]). Recalling that every weak limit point is concentrated on c
completes the proof. O

For application of Proposition 5.1, we can utilize our criterion in Proposition 4.1
and obtain the following result.

Corollary 5.2 Let © satisfy condition (1) with constants C, t > 0, and let || X ||| be
square integrable. Assume that there is a dense subset ® C ® such that

(Sn (., 9))” cn is a uniformly tight sequence of random elements in X', forall 0 € e, (12)
and that there exist M, p > 0 as well as ¢ > t with

SUpE[[1S:(-.0) = S,( D)%) < M do(®.9) for6.9 c©.  (13)
neN

Then, the sequence (S,),cN converges weakly to a tight centered Gaussian random
element in (C(@, X), B(C(@, X))).

We want to discuss the requirements of Corollary 5.2 for special choices of the
Banach space X. Let us start with type 2-Banach spaces. To recall, the Banach space
X is called a type 2 - Banach space if there is a constant C > 0 such that, for all
n € N and X-valued independent centered Borel random elements Wy, ..., W, such
that || W;|| x are square integrable, we have the following inequality

E

<c Y e[imiR]

2
X i=1

n
>w
i=1

(see, e.g., [11, Theorem 2.1]). Prominent examples of type 2 - Banach space are the
following:

e X is a finite-dimensional vector space,
e X is an L”-space on some o -finite measure space (X, A, v) with L”-norm || - ||,
for p € [2, oo[ (see [18, Section 9.2]).

If X is a type 2-Banach space, then conditions (12) and (13) can be simplified in the
following way.

Proposition 5.3 Let X be a type 2-Banach space, let © satisfy condition (1) with
constants C, t > 0, and let || X ||oo be square integrable. Then, it holds:

(1) The sequence (S,),en always satisfies condition (12), even with ' = .
(2) The sequence (S,),en satisfies condition (13) with p = 2 whenever there exist
M > 0 and g > ¢ such that

E[HX](-,@) — X (., 19)||3(] < Mde(0,9)! ford,d e 0. (14)
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In particular, under (14), the sequence (S,),en converges weakly to a tight centered
Gaussian random element in (C(©, X), B(C(©, X))).

It is worth noting that, even in the separable case, we cannot get this result from the
general central limit theorem in type 2 - Banach spaces (see, e.g., [18, Theorem 10.5])
because, in Proposition 5.3, it is only the space X and not C(®, X) that has type 2.

Proof Consider for 6 € ® the continuous linear operator 77y : C (@, X ) — X defined
by mp(f) := f(0). Then by Bochner-integrability of the Borel random element X
in C(®, X'), we may conclude that the Borel random element X(-,0) = 7y o X
of X is Bochner-integrable with Bochner-integral EB [X 1(, 9)] = my (EB [X 1])
In particular, it is almost surely separably valued. Hence, the Borel random ele-
ment X (-, ) — EB[ X (-, 0)] is almost surely separably valued too. This means that
X1(-,0) —EB[X;(-,0)] is concentrated on some separable closed subset of X'. Due
to completeness of || - ||, this implies that X (-, §) — EB[ X/ (-, #)] is a Radon Borel
random element of X (see [24, p. 29, Corollary]). Now, statement 1) follows from the
general central limit theorem in type 2-Banach spaces (see [11, Theorem 3.6] or [18,
Theorem 10.5]) along with the version of Prokhorov’s theorem for Radon measures
(see, e.g., [24, Theorem 1.3.6]).

Concerning statement 2), by the above definition of type 2-Banach spaces, we can
find some constant C > 0 such that

SUpE 181 6) = S, DI | = CE[ X160 = X10.9) = B [X1(.0) = Xa . 9] 3 |
ne

We now observe that

E [||X1(-, 0) = X1(, ) —EP[X1(-,0) = Xi(., 0>]||3(]

2 2
<2E [||X1(-, 6) — X1 (-, z9)||X] +2 HEB[Xl(-, 6) — X (-, 0)]”){
2
<4E[|Xi.0 - x5 ]
where in the last step we use Jensen’s inequality. This completes the proof. O

Let us turn to cotype 2-Banach spaces. The Banach space X is called a cotype 2-
Banach space if there is a constant C > 0 such that, for all n € N and X’-valued
independent centered Borel random elements Wy, ..., W, such that || W; || x are square
integrable, we have the following inequality

E

- ¢ Y E[Iwi]

2
X i=1

n
>w
i=1

(see, e.g., [5]). For a further preparation, let us also recall that a centered tight Borel
random element W in X is called pre-gaussian if there is some centered tight Gaussian
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random element G in X such that
E[Li(W) La(W)] =E[L1(G) L2(G)]

holds for every pair L, L» of continuous linear forms on X.
If X is cotype 2-Banach space, we can obtain the following criterion for prop-
erty (12).

Proposition 5.4 Let X be a cotype 2-Banach space, let ® satisfy condition (1) with
constants C, ¢t > 0, and let || X || be square integrable. Assume that there is a dense
subset @ C O such that

X1(,0) — IEB[Xl (-,0)] is pre-gaussian forall § € @',

Then, the sequence (S,), e satisfies property (12) (with this ®").

Proof First note that X (-, 0) is a tight Borel random element in X’ for every 6 € ©®
(cf. the proof of Proposition 5.3). Now the claim of Proposition 5.4 follows from the
general central limit theorem in cotype 2-Banach spaces (see [5, Theorem 4.1] or [18,
Theorem 10.7]) along with the version of Prokhorov’s theorem for Radon measures
(see, e.g., [24, Theorem 1.3.6]). O

Remark7 As a prominent example let X be an LP-space on some o -finite measure
space (X, A, v) with LP-norm || - ||, for p € [1,2]. Then, it is a cotype 2-Banach
space (see [3, p. 188]). Moreover, for any 6 € O, the tight Borel random element
X1(-,0) —EB[X/(., 0)] is pre-gaussian if and only if L o (Xl(-, 0) — EB[X,(, 9)])
is square integrable for every continuous linear form L on X', and

27\ P/2
/ (E [(ch, 0)x — EP[X1(, 0)]1:) D v(dx) < 00
X

(see [13, Theorem 11]).

6 Proofs

Let us retake general assumptions and notations from Sect. 1. One key of our proofs
is the following auxiliary technical result which extends Lemma B.2.7 in [23]. For a
finite set B, we shall use notation card(B) to denote its cardinality.

Lemma 6.1 Let © be some nonvoid finite subset of ©, and let A 2_1 as_well asr € N
such that A" > card(®). Then, for ¢ > 0 there exists some U C ® x O satisfying

card(U) < A - card(©). (15)

O, MHelU = de®,0) <cr. (16)
sup dx(Xe, Xy) <2 sup dx(Xe, Xy). (17)
e ©,9)eU

de0,9)<c
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Proof Accordi_ng to the proof of Lemma§.2.7 in [23], we may find a sequence (V});en
of subsets of ®, a sequence (6;);cn in ® as well as a sequence (r7)ey in {1, ..., 7}
such that the following properties are satisfied

V]Z@andEIQENVZGN, [1>1y:V;=0.

0, € Viif V; # 0.

card({0 € Vi | do (0, 0)) < ric}) < A" if V; # §.

Vier =ViI\{0 € Vi [de®,0) < (r1—Dcy=1{0 € Vi | de(0,0) > (1 — 1)c}
if V; # 0.

00 —_—

o Y A" < A.card(®).

=1

Vi

We shall show that the set

o0
U= {0.0)10 €V do(.0) < cr)

=1
Vi#)

is as required.
First of all

card(U) < anrd {6,0) |6 €V, do(6;,0) < cr})

=1
Vi#)

o o0
Y card ({6 € Vi | do(0),6) <cr}) < Y A" < A-card(®)
=1 =1
Vi Vi

so that U fulfills (15).

Secondly, let (6, 9) € U. Then 6 = 6; and ¢ € V; with de(6;, ¥) < cr; for some
| € N with V; # @. This means dg (@, ©') < cr because r; < r. Thus, (16) holds for
U. So it remains to show that (17) is valid for U.

Let 0,9 € © with dg(0, ¥) < c. By construction, 6, ¢+ € Vi, whereas neither 6
nor ¥ belongs to V; for [ > lyp. So we may choose I, := max{/ € N | 6,0 € V;}.
Then, 6 ¢ Vi 41 or & ¢ Vi 41, without loss of generality & ¢ V; ;. This means
de (6, %) < (r, — 1)c so that also

de(0,,,0) <de(9,,V) +de(®,0) <r,c.
Hence, (6,,,0), (8;,, V) € U, and thus,

dx(Xg, Xy) <dx(Xg, Xg,) +dx(Xg,, Xp) <2 sup dx(Xg, Xp).
6.9)eU

This shows (17) and completes the proof. O
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6.1 Proof of Lemma 1.3

In the first step, we want to point out the central chaining argument that we shall use
for the proof of Lemma 1.3.

Lemma6.2 Let ® C © be finite with at least two elements. Let nq be the largest
element in Z such that A(®) < 27" and let

ny:=min{n €Z|27" < inf dg(9, %)
6,90
00

Then, ny < ny, and the following statements are valid.

(1) There exists a family {©, | n = no, ..., n1} of subsets of ® satisfying

card(®,) = N(®,de,2™") forn € {ng, ..., n1}, (18)
0in(f) de(0,9) <27" forne{ng,...,ni}and6 € ©. (19)
€y
(2) The family {®,, | n = ng, ...,n1} from statement 1) may be associated with a
Sfamily {¢, | n = ng, ..., n1} of mappings ¢, : ® — O, which fulfill the following
properties:

©n, 10— 0, 00, (20)
¢ny = 00 for some Vg € ©. 21
d@(gonﬂ(e), (pn(é’)) <27" forne{ng,...,n —1}andf € O, (22)
card ({(¢n+1(0), 94(0)) |6 €0}) <N(®, do, 2~y ifn € {ng, ..., n1—1},
(23)

de (9a(©), pu () < 27"*2 4 de(6,9) forn € (no, ..., n1} and 6,9 € ©.
(24)

(3) The chaining inequality

ni—1

dx(Xe, X¢,0)) < Z dx(Xg,10)s Xo@0) for € ® (25)
k=n
is satisfied if n € {ng,...,n; — 1}.
(4) Under assumptions (1) and (3) from Theorem 1.1 with C > 0, g > ¢t > 0, the

inequality

ni—1 = e+ 1/p\ 7

N(©,dg, 2 *+D)l/p

p

]E[:zg dx(Xo. X,0)) } <M (kz al? (26)
=n
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holds for every n € {no, ..., n; — 1}. Furthermore,

,, 20mDE=D
MC2?t —m——— 0
¢ (2(,[,,)/,, — 1)1’ "=

(=n+1)(g—1)/p (g=n/p
E| sup dx (Xg, Xg,6))" | <1 M C 2% (2 2 )p, n<0<n 27)
He® 20q-0)/p — 1
M C 29+t 27y >0
— 5 n
(2@=n/p — 1)P ’ -

forn € {ng,...,n; — 1}.

Proof Statement (1) follows immediately from the definition of covering numbers.
Furthermore, by construction we have

ng <ny and N(©,de,2 ™) =1, N(©,dg,2™ ™) = card(®). (28)

Then, the proof of statement 2) can be found in [23, pp. 608f.]. In view of (20), statement
3) may be verified easily by backward induction along with triangle inequality. So it
remains to show statement 4). Letn € {ng, ..., n; — 1}. By chaining inequality (25),
we have

ni—1

» p
sup dx (Xo, Xg,0))" < sup ( Z dx (Xg,10) ngk(e)))
0e® 0€0 " k—pn

np—1

P
= ( Y supda (X105 ka(e)))
k=n 0€©

This implies by Minkowski’s inequality

1/p ni—1 1/p
(E [Sup dx(Xe, Xgonw))”D <> (E [Supdx(xwk“w), Xsokw))”D :
k=n

He® He®
(29)
Next, set for abbreviation
I == {(ex110), 9 0)) | 0 € ®}  (k € {no,....n1 —1}).
Then, we obtain in view of (3) along with (22) and (23)
E[ sup  dy (X, X&)”} < Y E[dy(Xe X5)"]
(a,@) el (,@)ely
(222(3) M card(Iy) (2<3) M N(®, dg, 2~ *+D)

2kq 2kq
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By (29), we end up with

09, (=] 1/p\ P
E|:sude(X9,X¢n(g))p] < Z (]E|: sup dX(Xa,X&)p:|>

He® k—n (a,@)ely
ni—1 — _ p
N(®, dg, 2~ k+Dyl/p
<M (> (®.de ) .
p 2kq/p
=n

This shows (26) of statement 4). For the remaining part of the proof, we additionally
assume that property (1) is satisfied with constants C > 0, ¢ €]0, g[. Then, we have

N(@®,dg,2 %Dy < N©, de, 27 %) < € 2'*D fork € {ng,...,n1 — 1}.

Note that 2=*+D < A(@) < A(®) holds for every k € {ng,...,n; — 1} due to
choice of ng. Now, (27) can be derived easily by routine calculations using geometric
summation formulas. This concludes the proof. O

Proofof Lemma 1.3 1f § < inf{dg (8, ) | 6,9 € ®, 6 # ¥}, then
[(0.9) € ® x O | de(0,9) <8} =1{6.0) |06 € ©}.

In this case, the statement of Lemma 1.3 is trivial. From now on, let us assume § >
inf{de (0, V) | 6,9 € ©,0 #* ¥}. In addition, let n¢ be the largest element in 7 such
that A(®) < 270 and let

np:=min{n e€Z|2™" < inf dg(0, )
0.9€0
0£0

We may find a family {®, | n = n_o,...,nl} of subsets of ® and a family
{n | n =no, ..., n1} of mappings ¢, : ©® — O, as in Lemma 6.2.
If N(®, de, §/2) = 1, then A(®) < § so that

0,9€0 0,9€0
de(0,0)<4

E| sup dx(Xe,X9)? =E[Sup dX(Xe,Xﬁ)”],
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and in view of (21) along with (27)

]E|: sup dx(Xo, Xz»)”} <2'E {sup dx (X, Xga,,(,(e))”}

0,9€0 0e®
et 2(=no+1)(g—1)
MC27 —0 04— , <0
20-0/p —1)? "=
2(=no+g—0)/p 4 2(q=0)/p\ p
< MC22’+1’< + ) nop <0 < ny
20q=0/p — ]
M C 2a+p Tt 472_710(‘1_0 , np>=0
(2(q—t>/p — 1)” -

Moreover, by choice of ng we have 270! < 4A(®) < 48 so that routine calculations
yield

E { sup dx(Xg, Xp)”

2%+ M C
< q=t
0,90

- (z(q—t)/p — 1)”

This shows Lemma 1.3 in case of N (0, dg, 8/2) = 1. Next, let us assume that
N(®,de, 8/2) > 2 is valid, and let us choose

nyi=max{n € Z |8 <27"2}, n3:=n; Anpand 7 :=min{r e N|2" > N(©, dg, §/4)}.

We have 27211 < § < 2A(®) < 27011 5o that ny > ng. By choice of n,, we
obtain

sup dy(Xg, Xp) < sup dx(Xe, Xyp).
0,00 0,90
de(0,9)<8 de(0,9)<27212

Moreover, for 0, ¢ € © with dg (6, ?) < 271212 we may further observe

dx(Xg, Xy) < dx(Xe, Xy, 0) +dx(Xg,,0), Xg,, ) +dx(Xo, Xo, )

= dx(Xg,,0)> Xg;0) +2 supdx(Xe, Xg,.0))-
[4=C)

Then, invoking (24), we obtain
do(¢nsy (0), @ny (1)) <272 4 dg (0, 9) < 27T 4 27m2H2 < o7 h3,
Hence,

sup dy(Xp, Xy) < sup dx(Xg, Xp) +2 supdx(Xe, X, 6))-
0,0€0 0,0€0,;, 0e®
de(0,0)<8 de(6,0)<27"313
(30)
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Furthermore, by (18) we may observe
2" > N(©,dp, 8/4) > N(©,do,27") > N(©,de,2") = card(®,,).

Therefore, we may apply Lemma 6.1 to ®,, and 7, choosing ¢ := 273 and A = 2.
Hence, we may find some U C ©,, x ©,, satisfying conditions (15), (16) and (17).
Combination of (30) with (17) yields

sup  dx(Xp, Xyp) =2 sup dx(Xg, Xy) + 2 supdx(Xg, Xy, 6))
0,9€® 0,9)eU 0c® ’
de(0,0)<6

so that

sup dx(Xg, Xp)? <4 ( sup dy(Xg, Xp)? + Sude(XQvX(pm(Q))p)-
0,00 0.9)eU 0e® '
de(0,0)<6

Hence,

E| sup dx(Xe, Xp)?

0,90
de(0,9)<8
< 4P E sup dy(Xp, X9)? | +4P E Supd)((Xg,X(pnz(g))p . 31D
6,9)eU He® ’

If n3 = ny, then ¢,,(6) =0 for 6 € © due to (20). Hence,

4P K |:sup dx(Xg, X¢n3(9))p] =0 ifn3 =ni. (32)
0c®

So let us assume for a moment n3 < n1. Then invoking property (1) and assumption
(3), we may conclude from Lemma 6.2, (27)

2(=n3+1)(g—1)
MCc2¥ — n <0
20¢-0)/p — 1P
2(=n3+D(g=0/p 4 2(@=D/p\ p
E [;ugdx(xg, X¢n3(9)>1’] s mc2( S +1 ) m<0<m - (33)
(51 -
ot 2—n3(g—1)
MC?2 _— >
¢ (z(q—r)/p — 1)1’ o mz0

@ Springer



Journal of Theoretical Probability (2023) 36:1454-1486 1477

We also have n3 = n so that the inequality 2-m3+1 < § is valid. Hence, in view of
(33) by easy calculations, we end up with

897" ifny < ny. (34)

20q-0/p — 1)P

22043p A1 C
47 E | supdx(Xo, Xg,,0) | <
0e® ‘ (

Furthermore, applying sequentially (3), (16), (15) and (18) we may observe

E| sup dy(Xe.Xp)”| < > E[dx(Xe. X9)"]
©.9)eU 0.9)eU

A3)

=M Y de(0.9)
©,9)eU

16)

< M card(U) 21 (=n3+3) 374

(15)
< 2M card(®,,) 29 "t 74

18 _
(S) 2M N(©,dg,277"3) 29 m3+3) 74

< 2M N(©,dg,27"2) 29 -m3+3) 74

By choice of nj and 8, we have 27313 = 27143 < 16§ if n3 < n,. Otherwise,
we obtain 277313 = 27m%14 < 45 due to definition of n5. In addition, 272 > §/4.
Hence,

E| sup dy(Xp, Xp)” | <2M N(©, do, §/4) 87 (167)¢
0,9)eU

The choice of 7 implies 2" ~! < N(®, dg, §/4) so that

21n (N(®, do, §/4))
In(2)

r<

Therefore,

4r 1E|: sup dx(Xg,le)pi| < 4Pt M N(®, do, 8/4) [In (N (O, de, 8/4)]" 87. (35)
0,9)eU

Putting (31), (32)_, (34) and (35) together, we now easily derive the statement of
Lemma 1.3 if N(®, de, §/2) > 2. The proof is complete. O
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6.2 Proof of Theorem 1.1

Let (1) be satisfied with constants C, t > 0, and let (Xy)gee fulfill inequality (3) with
constants M > 0,q > t. Moreover, let us fix 8 €]0, (¢ — t)/pl[. First, we want to
show inequality (4) for finite subsets of ©.

Proposition 6.3 There exists a finite constant L(®©, C,t, M, p, q, B) that depends on
A(®), C, t, M, p, q, and B only such that, for any finite subset ® C © with at least
two elements, it holds

dy(Xo. Xp)P
E| sup EEXeXITN o Mg )
0,9€0 d@(@, -(})ﬂp
o0

Moreover, L(@,C,I,M,p,_q,ﬂ) can be chosen to depend linearly on M:
L(®7C5t5M7P5Qaﬂ)ZML(®7C7t7paQaﬂ)-

Proof Let ® be any finite subset of ©® with at least two elements. Set
Nk = 2"‘(A(®) + 1) for k € N, and let the set J be defined to consist of all

k € Nwith gy < de (8, 9) < 2n; for some 0, 9 € ©. Note J # ). Then,

dyv(Xg, X9)P dy (Xg, Xg)P _
E| sup dx Xg, Xp)" SZE[S“P {Mle,ﬂe@), Nk <d@(9,ﬂ)§2nk}]
p.oce do©, )PP = de (6, 9)PP

049

=Y P E[sup [dx (X Xo)? [ 0.9 €, do @, 9) = 20 ]
keJ

<Y okhr E[sup {d)((Xg, Xg)P ‘ 6,9 €®,de®,9) < znk” (36)
keJ

For k € J, the application of Lemma 1.3 yields

E [sup {dX(Xg, Xg)P ‘ 0,9 €©,do®,9) < 2nk]]

C Q) )

< 420 H4a+2 (Vk(&@) Cn? + (2@=n/p —1)?

2p+4q+2 q N\ A (—k+1) C 2(7k+1)(q70
< 4T M (AO) + 1) | Vi(©,0)2 “W . (3D

where

Vi(©, ©) := N(©,de, ni+1) [ln (N(@, de, 77k+1))]q -
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Moreover, the set {k € N | nr+1 < A(®)} is nonvoid so that we may select its
minimum say ko. In view of (1), this means

k+1 !
N(©, do, <C|——— ) <C2®D" fork e N, k > k.
( C) 77k+1)_ (A(@)—}—l) < ork e > ko

Hence, for k € J with k > ko we may give a further upper estimate of inequality (37)
by

Blsup {d (Xo, Xp) [ 0,9 €8, do 0. 9) = 20|

< 42pF4aF2 (kD@D a1 ¢ (A©) 4 1)¢ (4’[1n (c-2®+Dny) 4. 7(2(%1)/1” 1)”) .
Then,
2805 [sup {dx (X, X0)? | 6.9 € 6, do @, 9) < 20}

_ e mc(a©) +1)°
- (2@=0/r — 1)1’

2(Bp—(g—1)k (4’[1n (C . 2(k+1)t)]q . (2(‘]*0/!’ _ ])1’ + ])

(38)

holds for k € J with k > kg. Next, setting

4Pty (A©) + 1)1
= (2@-0/p — 1)1’

2(Bp—(g—1)k <4l[ln (C . 2(k+1)r)]q . (z(li—f)/P _ 1)” + 1)

we may observe

kN9 L (gD P _ )P
TP (1 it 50 (e L N
k—oo ag| k—o0 4f|:ln (C . 2(k+l)t):|‘] . (2(‘7*0/17 - l)p +1

Therefore,

Li(®,C,t,M,p,q,B)

42r+59+2 A1 (A(@) + l)q 00 )
= Bp—(g—1)k (4t CAt+DIT | (Ag=D/p _ 1\P
- (2(q—t)/p _ 1)1’ ka: 2 (4 [ln (C 2 )] (2 1) + 1)
=Ko

< 0. (39)

Moreover, by choice of ky we have
N@, de, 77k+1) =1ifke N,k <ko
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which implies that V4 (©, @) = 0is valid for k € J with k < ko. Then with }_ := 0,
]
the application of (37) yields

ko—1
022"'31’ E [sup {dX(Xg, Xp)P ‘ 0,9 €®,do®,9) <27 (A©) + 1)}]
k=1
keJ

4204942 (A©) + 1)1 R

(=k+1)(g—1) ~kBp
(2(q—t>/p — 1)1’ kz::l €2 2

42050+2 p (A©) + 1) &

(Bp—(g—1)k
Gair 1y C /;2 ) (40)

Since Bp < g — t, we obtain that

42P 5442 M (A(O) + 1)?
(2(q—t)/p — 1)”

00
C Zz(ﬂp—(q—f))k < oo,
k=1

Ly(®,C,t,M,p,q,pB) =
41

Combining (36), (38) and (40) with (39) and (41), we end up with

dx(Xg, Xy)?

E
de (0, 9)FP

0,9€0
049

2
EZLJ(@»CJ, M,p,q,.B)=L(O,C,t,M,p,q,pB).
j=1

This yields the first claim of Proposition 6.3. The second claim is a direct consequence
of the expressions in (39) and (41). O

Proof of Theorem 1.1 We first fix any B €]0,(q — t)/pl. Let the constant
L(®,C,t,M, p,q,B) be chosen according to Proposition 6.3, and let us consider
any at most countable subset © of ® which consists of at least two elements 0, . We
may select some sequence (®1)keo of nonvoid finite subsets of © with at least two
elements satisfying

o0
0,9 € ®p C Oy forkeN and U@k:@
k=1

Then,
dx(Xe, X9)? dx(Xe, X9)? dx(Xe, X9)?
Sup = @ oypr 73D SUD = = S e
6,0 €0y d@(@, 19) kENO,I?E@k @( s ) 0,90 @( s )
0#£9 049 0£0

and thus by monotone convergence theorem along with Proposition 6.3
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dv(Xg, Xg)P dv(Xg, X9)P

E 2o, Xo)P | _ B sup dx(Xo, X5)7 <L®,C,1,M,p,q,p). (42)
0.9¢0 de (8, 9)PP k—o00 0.9¢0), de (9, 9)Pr
040 040

This shows (4) due to the second statement of Proposition 6.3.

For the remaining part of the proof let us assume that dy is complete, and let ® be
some at most countable subset of ® which is dense w.r.t. dg. As a further consequence
of (42), we have P(A) = 1, where

dx(Xg, Xy)?
P —————pp =
o.pc0 do®, )PP
040

A=

This implies that on A the random process (X4),.g has Holder-continuous paths of
order 8. By completeness of dy, we may define a new random process (Xg)gee via

gimeXla(a)), weEA,
Xg(®) =1 yeo
X, w ¢ A,

where X € X is arbitrary. Clearly, this process has Holder-continuous paths of order 8.
Furthermore, it can be shown by standard arguments that this random process satis-
fies (2). We now show that it is a modification of (Xy)gce. For this purpose, let us fix
any 6 € O, and let (¥ )ren be a sequence from © which converges to 6 w.r.t. dg. By
construction of (Xy)gce, we may invoke inequality (3) to conclude

E[dx(Xo, X3)"] <E[14-dx(Xo, X9,)"] < M do (0, 9)? — 0 fork — oc.
In particular, on the one hand the sequence (d x(Xg, X, )) e converges in probability

to 0. On the other hand by definition of (Xp)oeco, the sequence (d ¥ (Xo, Yﬁk))
converges in probability to 0. Then, if / € N

keN

0 < limsupP({dx (Xo, X9) > [})

k—o00

< lim sup P({dx (Xg, Xp,) + dx (Xg,, Xo) > 1})

k— 00
< lim sup [P({dX(Xg, Xo) > 1/2}) + P({dx (X, Xo) > 1/2})] =0,

k— 00

and thus,

P({dx(Xo, Xg) > 0}) = lir&P({dX(Xg,Yg) >1})=0.
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Hence, P({Xo # Xp}) = 0, i.e., (Xg)oeo is a modification of (Xg)seo.

Finally, consider an increasing sequence (8,),eN C 10, (¢ — 1)/ p[ such that 8, —
(g —t)/p, as n — oo. The argument above shows that, for any n € N, the process
(Xg)peo has a modification (7;)96@ with Holder-continuous paths of order g, and

satisfying (2). Let us fix for a moment an arbitrary n € N. The processes (YZ)QE@) and
(Ygﬂ)ge@ are indistinguishable because they are modifications of each other, both

continuous, and ® is separable (as a totally bounded metric space). We can, therefore,
find an event 2,, € F with P(L2,,) = 1 such that, for all w € €2, and 6 € O, it holds

Xp(w) = YZH (w). We then define the set
Qoo = ﬂ Q,
neN
and notice that P(Q2o,) = 1 and, for all w € Q,, 0 € ® and n € N\ {1}, it holds
_1 p—
Xy () = Xy ().
Consequently, the process ()? 9)oce defined via

Xp(@), € oo,

Xo(w) =
9() x9 w¢QOO’

where x € X is arbitrary, is amodification of (Xg)gco sush that all its paths are Holder-
continuous of all orders B €]0, (¢ — t)/p[. Note that (Xg)gce also satisfies (2). This
concludes the proof. O
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Appendix A: Criterion for Uniform Tightness

Let (®, dg) be a compact metric space and (X, dy) a complete metric space. We use
the notation w(-, -) for the modulus of continuity on C(®, X), i.e.,

w: C(O, X)x]0,00[— R, (f.8) > sup dx(f(O). f().
de(0,9)=<8
0,9€0

To make the paper self-contained, we present here the precise formulation of the
criterion for uniform tightness, which was applied in the proof of Proposition 4.1.

Theorem A.1 Let (X)), eN be a sequence of Borel random elements X, in C(®, X) on
some probability space (2, F,P). Let ® C ® be dense in ©. The sequence (X,)neN
is uniformly tight if and only if

(Xn ¢, 9))neN is a uniformly tight sequence of random elements in X, for all @ € @',
(A)

and, for every ¢ > 0,

lim limsup P(w(X,,8) >¢)=0. (A2)

>0+ n—soo

We remark that since, for any § > 0, the mapping w(-, §) is continuous, w (X, &)
is a random variable for every n € N (in particular, the probability in (A2) is well
defined).

Proof The result is well known for X = R (see [26, Theorem 1.5.7]), and a similar
one is shown in the proof of Theorem 14.5 from [15] in the case of separable and
complete dx. We shall use arguments from the proof of Theorem 14.5 in [15].

Firstly, let us assume that (X},),cN is a uniformly tight sequence in C(®, X), and
let &, n €]0, 1[. Then, there exists some compact subset IC C C(®, X') such that

sup P({X,, € C(®, X)\ L} <. (A3)
neN

By a general version of the Arzela—Ascoli theorem (see [20, Theorem 47.1]), the set
IC is equicontinuous which means that we may find for any 0 € ® some §p > 0 such
that dX(f(z?), f(@)) < g¢/2 for every f € K whenever dy(¥,0) < 8p. Since O is
compact, we may apply Lebesgue’s number lemma (see [20, Lemma 27.5]) to the
open cover of © consisting of the open metric balls Bs, (6) around 6 with radius Jg.
In this way, we may select some § > 0 such that w(f, §) < ¢ holds for every f € .
Then, foralln € N,

P({w(Xy, ) = e}) = P({X, € C(O®, X)\ KL} =,
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and thus,

lim limsupIP({w(X,,,é) > 8}) <. (A4)

>0+ n—oo

Moreover, for 8 € © the projection mapping
: C(O,X) > X, f f(O)
is continuous so that 7o () is a compact subset of X. Furthermore, by (A3)

sup P({X, (-, 0) € X\ 1p(K)}) < supP({X,, € C(O®, X)\K}) <n.  (A5)
neN neN

Then, we conclude from (A4) and (A5) that (X,,),,en satisfies conditions (A1) and (A2)
because &, n were chosen arbitrarily in ]0, 1[. This finishes the proof of the only if
part.

For the if part, let (X,),en fulfill conditions (A1) and (A2). Fix any y €]0, 1[.
Since ® is compact, the mappings X, (w, -) are uniformly continuous for v € Q2 and
n € N. Hence, for v € Q and n € N, we have w(X,,, §) — 0, as § — 0. Combining
this observation with condition (A2), we may find for any k € N some 8¢ > 0 such
that

sup P(Jw(Xn, 8x) > 275}) <27% 1y (A6)
neN

Since ® is compact, the metric on ®’ is separable. In addition, ®’ is dense. Then, there
is some sequence (O )ken in © which is a dense subset of ®. Hence, in view of (A1)
we may find for every k € N some compact subset K of X such that

sugP({Xn(~, 0) ¢ Ki}) <2751y (A7)

Now define
Bi=({rec©.0)1 60 € Kiw(r 50 =27},
k=1

and denote the topological closure of B w.r.t. ds by c/(B). Then, we have

supP ({X, € C(®, X)\ cl(B)})
neN

<supP({X, € C(O©, X)\ B})
neN

< sup 3 [B((Xa (- 6) € X\ Ki) + E((w(Xa, 5 > 27D |
ne k=1
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So invoking (A6) along with (A7), we end up with

sup P (X, € C(O, )\ el(B) = Sty a2ty =
ne k=1

Hence, it is left to show that B is a relatively compact subset of C(©, X).

For an arbitrary ¢ > 0 and for every & € ©, choose some k € N such that
2% < ¢.Then, by construction of B, we obtain w( f, 8x) < e for f € B.Inparticular,
dx(f(®), f(0)) < e forevery f € B and any ¥ € © with de (9, 0) < §k. Thus, we
have shown that B is some equicontinuous subset of C(®, X). Therefore, by a general
version of the Arzela—Ascoli theorem [20, Theorem 47.1] it remains to show that the
set {f(0) | f € B} is arelatively compact subset of X’ for any 6 € ®. This means to
show that this set is totally bounded w.r.t. dy due to completeness of dy.

Let us fix any & € ©. Choose, for an arbitrary ¢ > 0, some ky € N such that
27k < e/2. Since {6y | k € N} is dense, we may find some k; € N such that
de(6,,0) < Sko. This implies by the construction of the set B that

f(6k,) € Ki, and dX(f(le), f(O)) < ¢/2 forevery f € B. (A8)

The set Ky, is assumed to be compact, in particular, it is totally bounded w.r.t. dx, so
that there exist m € N and x1, ..., x,;, € X satisfying

m
Ky, U B2 (xi),

i=1

where, for r > 0, B,(x;) denotes the open dy-metric ball around x; with radius r.
Then, we may conclude from (A8)

(f©) 1 feBy < JBexi).

i=1

This shows that the set { f(6) | f € B} is totally bounded w.r.t. dy, which completes
the proof. O
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