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Abstract

We prove a Central Limit Theorem for the critical points of random spherical harmon-
ics, in the high-energy limit. The result is a consequence of a deeper characterization
of the total number of critical points, which are shown to be asymptotically fully cor-
related with the sample trispectrum, i.e. the integral of the fourth Hermite polynomial
evaluated on the eigenfunctions themselves. As a consequence, the total number of
critical points and the nodal length are fully correlated for random spherical harmonics,
in the high-energy limit.
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1 Introduction and Main Results
1.1 Random Spherical Harmonics and Sample Polyspectra

It is well-known that the eigenvalues {—A¢},—q | 2, of the Helmholtz equation

2 9 1 92

+cotd—+ —5——, ¢

A )\. =O, A = )
e f et 8= 502 dp | sin2f dg?

€ [0,2m), 0 € [0, ],

on the two-dimensional sphere S?, are of the form A, = £(£ + 1) for some integer
£ > 1. For any given eigenvalue —\, the corresponding eigenspace is the (2¢ + 1)-
dimensional space of spherical harmonics of degree ¢; we can choose an arbitrary
L2-orthonormal basis {Y 4m ()} m=—¢ ¢ and consider random eigenfunctions of the
form

.....

Ja
Jar
Z agmYem(x), x € Sz

where the coefficients {a4,} are independent, standard Gaussian variables if the
basis is chosen to be real-valued; the standardization is such that Var(fy(x)) = 1,
and the representation is invariant with respect to the choice of any specific basis
{(Yem, m = —£, ..., £}. The random fields { fy(x), x € S?} are isotropic, meaning
that the probability laws of f;(-) and feg(-) = f¢(g-) are the same for any rotation
g € SO(3); they are also centred and Gaussian, and from the addition theorem for
spherical harmonics (see [18], Equation (3.42)) the covariance function is given by,

E[fe(x) fe()] = Pe(cosd(x, y)),

where Py are the usual Legendre polynomials, cosd(x,y) = cos6,cosby +
sin 0 sin 0 cos(¢x — @y) is the spherical geodesic distance between x and y and
(Ox, @x), (8y, py) are the spherical coordinates of x and y, respectively.

In this paper, we shall be concerned with the number of critical points of f(-), defined
as usual as

NE={xes?:Vfiw =0l
it was shown in [24] (see also [8]) that we have

2
B[Ny = ﬁz(z + 1)+ 0,

whereas (see [10]) the variance of ./\/(c is such that

02 log ¢

Var(NY) = + 0(£?), as € — oo. (1.1)
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We now study the limiting distribution of the fluctuations around the expected value.
First recall that the sequence of Hermite polynomials H, () is defined by

1 di¢u) 1 u?
e (—1) ——— — -
Hy(u) = (=D oo = e ) '_meXp{ 2},

so that

Ho(w) =1, Hiw) =u, Hy(u) = u® =1, H3w) =u’ = 3u,

Hy(u) =u4—6u2+3,...
We refer to [25] for a detailed discussion of Hermite polynomials, their properties
and their ubiquitous role in the analysis of Gaussian processes. Below we shall also

exploit the sequence of (random) sample polyspectra, which we define as (see, e.g.
[8,17,20,22,23,27])

heyg ::/ Hy (fe(x))dx.
S2

Itis readily checked that hp.o = 4 and kg1 = 0, for all £; we also have E [hg;q] =0,

forallg =1, 2,... As far as variances are concerned, we have that (see [22,23,27])
2 5761log ¢
Var () = (47)2 . Var(hps) = ——— + 07,
ar (hy;2) = (47) 21 ar (h4) 7 +0(™)
Var (hg) = -2 + o(€72),

£2
forq =3,5,6..., where

(—1)k)62k

= [t anon =3 TR

k=0
and Jo(.) is the usual Bessel function of the first kind.
1.2 Main Results

Our first main result in this paper is to show that the number of critical points and the
sample trispectrum {h ¢ 4} are asymptotically fully correlated: as £ — oo

CovZ (N, hy.
lim o2 NE, hpa) = lim — t4)
L— o0

(=00 Var(N) Var(hp.g) (1.2

In fact, our result is slightly sharper than that, as shown in the statement of Theorem 1.1.
Recall first that the variance for the total number of critical points was computed in
[10] to be asymptotic to (1.1). Let us now introduce the random sequence
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Mg
Ae= =g [ s =
for which it is readily seen that
Var(NF)
E[A]=0, lim —& =1,
[Ac] 00 Var(Ay)
because
x2 A7 [576loge _
Var(Ao) = s Var(hes) = 2635@”2{ e+ 0 2)}
Ez logE

Eo=n —i—O(Z) as ¢ — 0.

It is convenient to write

A=A
£ V(A

We can now formulate the following

Theorem 1.1 As £ — oo

. Cov(NE, Ayp)
7 3 = 19
PN Ap = - Nar(NOVar(A)
and hence
NE —E[Nf]

= Ay +0,(1).

V/Var(Ny)

As a consequence of the previous theorem, for £ — co, we have that (1.2) holds, so
that the total number of critical points is fully correlated in the limit with {h 0:4 } The
limiting distribution of {/¢.4} was already studied in [23], where it was shown that a
(quantitative version of the) Central Limit Theorem holds. Our next main result hence
follows immediately; recall first that the Wasserstein distance between the probability
distributions of two random variables (X, Y) is defined by

dw(X,Y):= sup [Eh(X)—Eh(Y)|,
heLip(1)

where

h(x) — h(y)

Lip(1) := {h : R — R such that
X =y

< 1 for all x ;éy}.

@ Springer



Journal of Theoretical Probability (2022) 35:2269-2303 2273

Theorem 1.2 As ¢ — oo, for Z a standard Gaussian variable, we have that

c_T c
lim dy N@—[Nf],z =0,

L—00 Var (j\/ec)
and hence

NeL—E[NzL] law
Var (V)

Remark 1.3 The previous theorems include actually two separate results, namely:

(i) The asymptotic behaviour of the total number of critical points is dominated by
its projection on the fourth-order chaos term (see Sect. 2);

(i) The projection on the fourth-order chaos can be expressed simply in terms of the
fourth-order Hermite polynomial, evaluated on the eigenfunctions { ¢}, without the
need to compute Hermite polynomials evaluated on the first and second derivatives
of { f¢}, despite the fact that the latter do appear in the Kac—Rice formula and they
are not negligible in terms of asymptotic variance.

As we shall discuss in the following section, both these findings have analogous
counterparts in the behaviour of the boundary and nodal length, as investigated, i.e.
in [21]. Due to the nature of our proof, we do not see any easy path to extend our
results to non-smooth distances such as the Kolmogorov one, apart from the bound
one obtains by standard inequalities between probability metrics such as (C.2.6) in
the book [25]. We recall here also that the Wasserstein distance can be equivalently
expressed in terms of couplings as

dw(X,Y)= inf E,[|X—Y]],
yel(X.Y)

where I' (X, Y) is the set of all bivariate probability measures having the same marginal
lawsas X and Y.

1.3 Discussion: Correlation Between Critical Points and Nodal Length

The results in our paper should be compared with a recent stream of the literature
which has investigated the relationship between geometric features of random spher-
ical harmonics and sample polyspectra. The first results in this area are due to [22],
which studied the excursion area of {fy} above a threshold u € R (which we label
Lo (u; £)), and showed that it is asymptotically dominated (after centering) by a term
of the form —u¢ (u)h,.2/2; in particular, they showed that

(i) There is full correlation, in the high-energy limit, between /., and the excursion
area, for all u # 0;
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(i) For u = O (the case of the so-called Defect) this leading term vanishes, and the
asymptotic behaviour is radically different: all the odd-order chaoses of order
greater or equal to 3 are correlated with the excursion area.

The same pattern of behaviour was later established for the boundary length £ (u; £)
(for u # 0) (see also [33]) and the Euler characteristic Lo(u; £) (foru # 0, £1, see,
i.e. [11] and the references therein), thus covering the behaviour of all three Lipschitz—
Killing Curvatures (see [1]). More explicitly, we have that, as £ — oo, (see, i.e. [11])

Lo(u; €) — B[Lo(u; £)] = %%HZW)HI (u)¢(u)%he;2 +0,(?)
= 32— W) e+ op(€),
Li@u; £) —E[L1(u; )] = %@@H?(uwwhm +o0,(0'?)
- %\/Zz‘\/gﬁmmhm +op(e/?),
L2 €) ~ L2 0)] = 3 Hywip @heso + 0, (€2)

1
= Ju¢hes + 0p(L™1/%),
whence

lim p?(heo: Lo(u; ) = lim p*(hy.o; £1(u; ) = 1, foru #0,
{— o0 {— 00

elim 0% (heas Lo(u: £) =1, foru # 0, %1,
— 00
and

lim p*(Lo(u; ), L1(u; 0)) = lim p*(Lo(u; €), L2(u; )
£—>00 £—>00

= llim 02 (L1(u; 0), Lo(u; £)) =1, foru # 0, %1,
— 00

Loosely speaking, it can be concluded that these three Lipschitz—Killing curvatures
are asymptotically proportional to /.7 in the high-energy limit for # # 0 (and also
for u # =£1 in the case of Euler characteristics), and thus, they are fully correlated at
different thresholds and among themselves.

These results were extended in [12] to critical values over the interval /. More
precisely, let I € R be any interval in the real line; we are interested in the number of
critical points of f; with value in /:

NED) =#{x € S* 1 fo(x) € 1,V fo(x) = 0}.
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For the expectation, it was shown in [8] that for every interval I € R we have, as
L — o0,

EINS (1)] = %M 1 7l(dr + 01, 7l@) = %(%’2 H2 e

moreover, for / such that

2
V() = [/ pg(t)dz] £0, pS(t) = ——e 2" [2 62—t (14 4 r4)] :
1

1
e
we have that

Jim p? (e N (D) = 1.
More precisely, it was shown in [12], that

N —EIN (D] = = [63/2 fl pg(r)dt}

he2 -
< o (VWG @D) s~ o

We call I nondegenerate if and only if

/ng(t)dt £ 0.

For instance, semi-intervals I = [u, 0co0) with u # 0 are nondegenerate. As a conse-
quence, for the same range of values of u, we have that

llim 02 (La(u; 0), N ([u,00))) =1, fora=0,1,2.
—00

For I = [0, 00) or R (corresponding to the total number of critical points), the leading
constant v (/) vanishes, and, accordingly, the order of magnitude of the variance is
smaller than ¢3; indeed, as ¢ — oo (see [10]),

1
Var(Ny) = Wﬁ log £ + O(£%).

This behaviour is again similar to what was found for £(0; €) (the nodal length of
random spherical harmonics), for which it was shown in [32] that

1
Var(£1(0; 0)) = 2 log € + 0(1);
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actually our expression here differs from the one in [32] by a factor 1/4, because
L1(0; £) is equivalent to half the nodal length of random spherical harmonics consid-
ered in that paper. It was later shown in [21] that the following asymptotic equivalence
holds:

1 /A

1
£1(0:€) = ELL1(0: 0) = =7/ T hea +0p(y/log 0,

consistent with the computation of the variance in [32], because (see [23])

5761og ¢

7 +07?), as £ — o0o.

Var(hg;4) =
In particular, we have that
lim p*(L1(0; 0); hews) = 1.
£—00

Our results in this paper show that the asymptotic behaviour of the total number of
critical points (i.e. I = R) is dominated by exactly the same component as the nodal
length, and indeed

lim p*(£1(0; €); Nf) = lim p> (N5 hea) = 1.
=00 £—00

Summing up, the literature so far has established the full correlation of Lipschitz—
Killing curvatures and critical values among themselves and with the sequence {h 4;2}
for nondegenerate values of the threshold parameter u. Here, we show that in the
degenerate cases (1 = —oo, 0 for critical points) full-correlation still exists between
nodal length and critical points, as both are proportional to the sample trispectrum
he.a = sz Hy(fr(x))dx. The correlation is positive, which is to say that the realization
that corresponds to a higher number of critical points are those where longer nodal lines
are going to be observed. Heuristically, it can be conjectured that a higher number of
critical points will typically correspond to a higher number of nodal components, and
hence, nodal length will be as well larger than average. One cautious note is needed
here: whereas the correlation converges to unity, it does so only at a logarithmic rate,
so it may not be simple to visualize this effect by simulations with values of £ in the
order of a few hundreds. On the contrary, the correlation for values of the threshold u
different from zero occurs with rate £~! and shows up very neatly in simulations.

A number of other papers have investigated the geometry of random eigenfunc-
tions on the sphere and on the torus in the last few years. Among these, we recall
[22] and [23] for the excursion area and the Defect; [7,15,19] and [5] for the nodal
length/volume of arithmetic random waves; [13] for the number of intersections of
random eigenfunctions; [21] for the nodal length of random spherical harmonics; [26]
for the nodal length of Berry’s random waves on the plane; [28] and [29] for nodal
intersections. Zeroes of random trigonometric polynomials have been considered, for
instance, by [2—4] and the references therein. Moreover, [6,31] and [30] study the fluc-
tuations of nodal length and excursion area over subsets of the torus and of the sphere
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(see also [14] for random eigenfunctions on more general manifolds); the asymptotic
behaviour of the number of critical points of spherical harmonics restricted to subsets
or shrinking domains is currently under investigation. Similarly to results which were
established in the above-mentioned papers, we expect asymptotic full correlation to
hold between the “local” number of critical points and the “local sample trispectrum”,
as introduced in [31]; the investigation of this conjecture is still ongoing.

1.4 Plan of the Paper

In Sect. 2, we present some background material on Kac—Rice techniques, Wiener
chaos expansions and the relevant covariant matrices for our (covariant) gradient and
Hessian. The proof of our main results is given in Sect. 3, where we show that the
total number of critical points is asymptotically fully correlated with the integral
of the fourth-Hermite polynomial evaluated on the eigenfunctions themselves. The
projection coefficients on Wiener chaoses that we shall need are only three, and their
computation is collected in Sect. 4. In Sect. 5, we consider the terms in the chaos
expansion with odd index Hermite polynomials. The technical computations are in
“Appendix A”.

2 Chaos Expansion

As discussed in [8,9,11] and [12], by means of Kac—Rice formula, the number of
critical points can be formally written as

NE = /Sz |detV? £ (x)[8(V fo(x))dx,

where the identity holds both almost surely (using, i.e. the Federer’s coarea formula,
see [1]), and in the L? sense, i.e.

N{ = lim / |detV? £ (x)]8:(V fo(x))dx = lim N¢ .
e—0 Js2 e—0 ’

for

1

i [ e A8V A, 810 = T o)

The validity of this limit, in the LZ(Q) sense, was shown in [11,12]. The approach for
the proof is to start from the Wiener chaos expansion

NE =3 ProjlNElgl =: Y Nlql. @D
q=0

q=0
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where { N [¢]} denotes the chaos-component of order g, or equivalently the projection
of /\/Z‘ on the gth order chaos components, which we shall describe below. In order
to define and compute more explicitly these chaos components, let us introduce the
differential operators

al'xZi s 2;x — .1 i 5
' 99 |g—0, =0, ’ Sin6 99 [g—p, y=¢,

Ol;x = ﬁ . Oy = La—z . 022y
’ 3602 g6, =g, ’ sin6 8009 [g_g. . ’
19
N sin2 0 8_(,02 =0y ,p=0y '

Covariant gradient and Hessian follow the standard definitions, discussed for instance
in [11]; here, we simply recall that

V fe(x) = (01 fe(x), 02 fe(x)),

V2 £y (x) = < 011 fe(x) d12fe(x) — COt@xazfz(x)>
012 fe(x) — cot 0,92 fe(x) 922 fe(x) + cot 0,0 fe(x) ) °

vecV? fo(x) = (311 fo(x), 912 fe(x) — cot 2 fo (x), 922 fe (x) + cot 0,01 fi(x)) .

We can then introduce the 5 x 1 vector (V f¢(x), vecV? fy(x)); its covariance matrix
oy is constant with respect to x and it is computed in [12]. It can be written in the
partitioned form

where the superscript T denotes transposition, and

3-2 0 142

Ag )\2 Ao Ao
ay = 2 P s bg: 000 s Cg——l3 0 1—% 0
0 X 00 0 8 5 ¢ 5
1+)L_Z 0 3— =

Let us recall that the Cholesky decomposition of a Hermitian positive-definite matrix A
takes the form A = AAT, where A is a lower triangular matrix with real and positive
diagonal entries, and AT denotes the conjugate transpose of A. It is well-known that
every Hermitian positive-definite matrix (and thus also every real-valued symmetric
positive-definite matrix) admits a unique Cholesky decomposition.
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By an explicit computation, it is possible to show that the Cholesky decomposition
of oy takes the form oy = A¢Al,, where

Vi g 0 0 0
2
0 Vo 0 0 0 1 0 O 0 O
01 0 0 0
Ac=| 0 0 szgﬂ 0 0 =10 0 » o o]:
0 0 0  Yuk=2 0 0 0 w O
2v2 0 0 » 0 =5
0 VA (het2) 0 YN
22302 3he—2

in the last expression, for notational simplicity we have omitted the dependence
of the 7;s on ¢. matrix is block diagonal, because under isotropy the gradi-
ent components are independent from the Hessian when evaluated at the same
point. We can hence define a five-dimensional standard Gaussian vector Y (x) =
(Y1(x), Ya(x), Y3(x), Ya(x), Y5(x)) with independent components such that

(01 fe(x), 02 fe(x), 011 fe(x), 912 fe(x) — cot 0502 fr(x), 022 fe(x) + cot Oy fe(x))
= AgY()C)
= (mY1(x), Y2 (x), 13Y3(x), 14Y4(x), 15Y5(x) + 12¥3(x)) .

Note that asymptotically

¢ 2 3, ¢ ¢
Y=, Y=, B ey —, s~ —

V8 V3

where (as usual) a; ~ b, means that the ratio between the left- and right-hand side
tends to unity as £ — oo. Hence,

Vo) = L fo), a=12,

Ve
24/2
VAe/3h =2
22 5
—mm 21;x5
NLYYE=) he+2

5(x) =2 22:x fe(x) PO v N

Y3(x) = O1;x fe(x),

Ya(x) =

O1;x fe(x).
Thus, we obtain
Ni = lim / etV £ ()[8: (V fo (x))dx

E—> SZ

= 8111}) /SZ 191150 £o(X) 2.0 Fo(xX) — (D122 Fo ()18 (D1 fo(x), Do fo(x))dx
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= lim /SZ |73Y3(x) (15 Y5 (x) + 12¥3(x)) — (12 Y4(x))*[86 (11 Y1 (x), 71 Y2 (x))dx

2
. 7375 T3 T
= tim 2 [ |52 r00vs0+ 00 W) a0, naedr,
e—0 s2 )\é )‘Z )”Z
where
375 1 773 1 r} 1

The gth order chaos is the space generated by the L?-completion of linear combinations
of the form Hy, (Y1) - - - Hys(Ys), with gy +¢g2 + - - - + g5 = g (see, i.e. [25]); in other
words, it is the linear span of cross-product of Hermite polynomials computed in the
independent random variables Y;, i = 1,2,...5, which generate the gradient and
Hessian of f;. In particular, the fourth-order chaos can be written in the following
form:

NE[4]
1 5 i—1 1 5
= A ﬁ;gh” /S i H2(Yi(x))H2(Yj(X))dx+m§ki /S  Ha(Y; (x))dx

5
1
T3 Z 8ij /S2 H3(Y;(x))Hy (Yj(x))dx

i,j=1

i#]
5
1
+5 > pijk / Hy (Y; (x)) Hy (Y} (x)) Hy (Y (x))dx
2 ijk=1 s?
i#ik
5
+ Z %jkl/szHl(Yi(x))Hl(Yj(x))Hl(Yk(x))Hl(Yl(x))dx , (2.2)
e
where
. [ 2325 DB, T,
hij =lim A E | | —=Y3Y5 + —-Y5 — S Yj| 6 (iY1, Vo) o (Yi) Ha(Y) |,
=0 A Ay Ay
i 2
. 7375 773 T
ki =lim a¢ B | | =2Y3Ys + —=Y3 — SY7| 8. (1Y, 1Y) Hy(Y)) |,
e—0 )‘Z T )”Z
. 1375 W3 o Ty,
ii = lim Ay E| |—=Y3Y —Y; — =Y;|8 Y1, Y.
gij = lim A A%35+A§3 )%4 e(T1Y1, T1Y2)

H3(Y; () Hi (Yj(x)],
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. 375 T3
Pijkzglg%)»zE )ﬂ —13Ys5 + —- Az Y A2Y4 8. (Y1, 1Y)
Hy(Y; (x))Hy (Y (X)) Hy (Ye(x) ],
. 1375 T3
ik = lim Ay E —YY 2 2y2 Y ) Y, 1Y
Gijr = 1im Ag 32 3Vs + —- 2 3 )\2 i|0:(t1Y1, iY2)

Hy (Y (x))Hl(Yj () Hi (Y () Hi (Yi(x))] -

The projection coefficients k;, h;;, gij, pijk. and g; i are constant with respect to £.

3 Proof of Theorems 1.1 and 1.2
3.1 Proof of Theorem 1.1

In this section, we give the proof of our main result. Let us start with the L?(),
g-approximation to the number of critical points [12]

NE=lmNEe A= [ 06 A 0la 7 fenas,

for every x € S? we define

|detV? fe(x)[8: (V fox) = > 9§ (x: @) =: ¥f (x).
q=0

By continuity of the inner product in L?(£2), we write

Cov(Ny, hea) = lirr%) Cov(Ny . hea)
E—> ’

lim E [ /S 14tV £ ()[8:(V fo(x))dx /S 2 H4(fz(y))dy}

e—0

lim E / wa(x;q)dx/ Hi(fe(y)dy
s2 pr 2

Now, note that both 7 (x) and Hy(f¢(y)) are isotropic processes on S2, and hence,
we have

[ vieaar [ mionay
S2 q=0 S2

0
=E fg lim ) ¢f (x: g)dx fSZ Hy(fe(y))dy

2
Q—>ooq=0
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Q—o00

o
= Jim B| [ > vitiar [ miond
S2 7=0 S2

by continuity of covariances. Moreover, because all integrands are finite-order poly-
nomials we have

o
tim B | [ S vieiow [ Hiona
S2 7=0 S2

Q—o00

Q
= lim Z/z /SZ]E[wf(x;q)m(fe(y))] dxdy

000 = Js
- / / E [ (v: 4) Ha(fo ()] ddy
S2 Js2?
/2
— 1627 /0 E[w{ (& 4) Ha(fo(y(@))] sin pd,

where in the last steps we used orthogonality of Wiener chaoses and isotropy; we take
x=(%,0)and y(¢p) = (%, ¢). More explicitly, the previous argument allows us to
perform our argument on the equator, where 6 is fixed to /2. Note that

5 i—1 5
UAGEE [2,2, DD ki Ha(Yi () Ha(Y () + o Zk,-fm(w))
i=2 j=1 Ci=1

5
1
i 2_:1 8ij H3 (i ) Hi ()
i#]
5
1 &
2 D @i Ha(Yi (0) Hy (Y () Hy (Yie (1)

ijk=1
ik
5
+ Z Pfjszl(Yi(X))Hl(Yj(X))Hl(Yk(X))Hl(Yl(x))],
i
and hence

Cov(Ny, he.4)

= 167 lim / E [£ (5 4)Ha( fo(y(¢))] sin ¢do

5 i—1

167{2)»gﬁ Z Z{hm R,

i=2 [—
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/2
/o E [Hy(Y; (X)) Hy (Y (X)) Ha(f (y()))] sin pdp
A A e _ .
+ 167 /\24—! g{slg%ki}/o E[Ha(Yi (X)) Ha(fe(y(#)))] sin pdg
1 /2
+167°A 7 ) (lim g5} f E [Hs(Y; () Hy (Y; () Ha( fe(y(@#)))] sin ¢dep
Cig 0
1
i#j#k
/2
/O E [Ha(Y; (X)) H (Y} (X)) Hy (Y (X)) Ha( fo (y(#)))] sin ¢dgp

2 .
+167%h ), {lim g}
it kA

/2
/o E [Hi (Y: (%)) Hi (Y} (X)) Hi (Y (X)) H1 (Y (X)) Ha(fe (y(¢)))] sin pdep.

We shall show below that the asymptotic behaviour of Cov(Ny, hg;4) is dominated by
three terms corresponding to

/2 /2
/0 E[H4(Y2(x)) Ha(fe(y()))] sin ¢d, /0 E[Ha(Ys(xX))Ha(fe(y($)))]
sin ¢d¢,

and
/2
/o E[Hy(Ya2(x)) Ha (Y5 (X)) Ha( fe(y(4)))] sin pdep.

The computation of these leading covariances is given in the three Lemmas A.1-A.3
to follow, where it is shown that

/2 2-3logt
/O E [Hy(Y2(0) Hy(fe(y(@)] sin ¢dp = 41 =522 + 0(¢72),
/2 33 log# 2
/0 E [Ha(Ys(x)) Ha(fe(y())]sin pdg = 4'2 PR +0W™),

/2
/0 E[Hy(Y2(x)) H2(Ys5(X)) Ha(fe(y(¢)))] sin pdep

3 logﬁ

=41 +0(¢7?).
7'[
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All the remaining terms in Cov(N/¢, hy.4) are shown to be O (¢=2) or smaller in Sect. 5
and Lemmas A.4—A.9 below. From Proposition 4.1, we know that

13 7
ko = imké = — 2=, ks = limkf = —— , h
2= e =T BTN 33 25
lim K. = L
_—>O 25 7'[3\/§

Substituting and after some straightforward algebra, one obtains

Cov(Ny, he.4)

3 log¢ 2 3 logt¢ 2 3 log?
= he {472 hosd) — —=— + %k 4!22—— ks 4v32 o2
Z{” »h T Ty 20 137 252 TOED)
A logt 1
=4S x{—12+18—-T}+ O(1
W A AR J+0(1)
Y 4|10g£ 1 oM
3/3 2
Because
Ay = L dx = he
¢ =— 2332\/— 4(fe(x)) m 04
we find
A2 1 logt 1 £log?
CovNg, Ap) = ——= 5=+ 0() = <55+ 0(1),

so that our proof of our main theorem is completed, recalling that, as £ — oo,

Zlogt

Var(Ny) ~ Var(Ay) = .7

+ 0(1).

Remark 3.1 A consequence of Theorem 1.1 is that, as £ — oo,

Zlogt

o + 0%,

Var (Proj (N} |4])

so that

. Var (Proj[\{|4])
lim ——————~ =
£—>00 Var (/\/} )
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Note that by orthogonality, we have
o
Var (Nf) = Z Var (Proj[N|¢]) = Var (Proj [Ny |4]) + Y _ Var (Proj [Ny |4 + 2k]) ,
g=0 k=1
where the odd terms in the expansion vanish by symmetry arguments, Var (Proj N} |O])

= 0 is obvious and Var (Proj[N|2]) = 0 was shown in [12]. Hence, we have the
bound

o0
Z Proj[N{ |4 + 2k] = o(¢? log £).
k=1

In fact, by a careful investigation of the asymptotic behaviour of higher-order chaotic
projections it seems possible to establish the slightly stronger result

o
> " ProjINf |4 + 2k] = O (£%);
k=1

we omit this investigation for brevity’s sake.

3.2 Proof of Theorem 1.2

It was shown in [23] that

ho.
lim dw L,Z =0;

=00 Var (/’l@;4)

the result then follows from Theorem 1.1 and the triangle inequality

lim dW M [M] Z
{— 00 Var (./\/'L
< lim dy N BNV A

{—00 \/Var N) JVar (Ag)
: Ay
tm v (i ?)
= lim dy N ZEING] A
00 \/Var(/\/;) " /Var (Ay)
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. hl;4
+ lim dy | —=—=,7Z
{—o00 Var (hg;4)

=0.

4 Evaluation of the Projection Coefficients hs;, ka, ks

In this section, we evaluate the three projection coefficients in the Wiener chaos expan-
sion which are required for the completion of our arguments.

Proposition 4.1 We have that

13 L 1 7 N 11
= ks=———F—F, Ns=———pr.
T2 7333 733

Proof Let us recall first the following simple result

ky =

1

V2t

@q = lim E[H,(Y)d (71 Y)] =
e—0

__1 2
\/Etl ’
3

V2T

Indeed, for example

3
. 1 4 2 _
lim BIH4(Y)de (11 Y)] = lim E[(Y" — 6Y" + 3)8;(r1 )] N

since

o0 1 2 \/ZL n = 0,
lim E[Y"8:(11Y)] = lim/ "8e(T1y)———=e 2dy = T
£—0 o 0 ) oo Y o n=1,23...

Now, note that

ko = lim k5
2=

1 1
=1 E Y3Y: —y2 Y
¢ Hf35+ 373% ]%904
3 1 1
) YY+ Y Y|,
ks = lim k&
5T
1 1,
=MmE \/-Y%Ys—i- Yi - 8Y4 Hy(Ys) | 9§
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_lg 1YY+1Y2 IYZH(Y)
_71 2\/535 83 84 4\r5) |,
and
h52=]imh§5

e—0

=1 E Y3Y Y? 2| Hy (Y.

¢ [’«/_35+ 3 — 8 2( 5)}&00%
= IIE YY+1Y 1Y2H(Y)
R 2\/—35 3 84 2UL5) | -

Let us introduce the change of variables

Zy=V3Y;, Zo=Yy, Z3y= y f

so that (Z, Z,, Z») is a centred Gaussian vector with covariance matrix

3 0 1
0o 1 0],
1 0 3
and we can write
! YY+1Y2 11/2—1(22 72
2\/5 315 3 3 3 4—8 143 2)-

The coefficient k; can be computed as follows: write

|=glmz-=]
|

1

1 2
Y3Ys + — Y3 -5V

*{|5

= E[|@. 2. 29", 22, 2

where the symmetric matrix A given by

0 0 1/2
A=|o0 -1 0 |;
120 0

we apply [16], Theorem 2.1, to obtain

E[‘leg—zgu

2 /OO 1 {1 1 1
oty 2 2J/det(I = 2itxA) 24/det(I + 2ii=A)

Jar
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where we have that
det(I —2itSA) = 14 1212 +16ir>,  det(I +2itTA) =1 + 121> — 16i1°,

and computing the integral with Cauchy methods for residuals, we get

4
el - 2] -
V3
and
1 1 V3
= Y3Ys + — Y2 Y| = ~—,
v RN R | R -

as claimed. We introduce now the following notation
I, = El|Z12Z5 — Z3|(Z1 —323)']

forr =0, 2, 4, so that,

11
h52=—;§E[)2123_Z%‘H2<«/—«/—(3Z3 Z1)>:|

=_%éE[\2123—z§‘<ff(3z3—zl))2}+$éu@:”zlz3—z§u

11 1
x0T it
and
k=1 lp (zz 22’11 ' 6z:-7)
s=_3% 123 5| Ha NG 3 1
11 11 13
AP BT g 3ty ok

The statement follows applying the results in [10] where it is proved that

28.52.7

T4 =
4 3\/§

5 Terms with Odd Index Hermite Polynomials
In this section, we prove that the terms in the 4-th chaos formula (2.2) with odd index

Hermite polynomials produce in Cov(N¢, hy.4) terms of order O (£72) and terms equal
to zero. We first focus, in the following proposition, on the projection coefficients.
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Proposition 5.1 The projection coefficients g;j, pijx and g;jx are such that

e fori,j # 3,5 wehave g;j =0,
o for j,k #1,2,4, we have p;j =0,
o We have q;ji = 0.

Proof Recalling that for a odd we have

lirrb E[Ha(Y)3:(11Y)] = 0,

from this we immediately see that the coefficients g;; with i, j = 1, 2 are all equal to
zero. We consider now the coefficients g;; withi = 4 or j = 4, for these coefficients
we observe that the expectation with respect to the random variable Y4 vanishes since
it is expressed as the integral of an odd function. The proof of the last two points of
the statement is similar. O

In Lemmas A.7-A.9, we prove that the terms in Cov(N?, hy.4) that are multiplied
by the projection coefficients not discussed in Proposition 5.1 are either zero or of
order 0(5‘2). In particular, we prove that, fora, b = 3,5,a # b,

/2
/0 E[H3 (Y, (%)) H1 (Yp (£)) Ha( fo (y($))] sin ¢dgp = O(£72),

fora=1,2,

/2
/0 E[H(Yq (%)) Hi (Y3(x)) H (Y5 (X)) Ha(fe(y(¢)))] sin pdgp = 0,

and that

/2
/(; E[H(Y4(X)) Hy (Y3(X)) H1 (Y5(X)) Ha(fe (y(¢)))] sin pdep = 0.
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Appendix A Auxiliary Lemmas
In this appendix, we collect a number of technical results that were exploited for

the correlation results above. We divide the results into two subsections, collecting,
respectively, dominant and subdominant terms.

A.1 Dominant Terms

In this subsection, we collect the results concerning the three dominant terms.

LemmaA.1 As ¢ — oo,

23 3 logt

22 202 +o@™?).

/2
fo B [Ha(Y(2)) Ha( £y (y($))] sin pdgp = 4
Proof Note first that, by Diagram Formula (see [18] Section 4.3.1),

E [Ha(Y2(%)) Ha(fe(y($))] = 4HE [V2(5)) fe (v (@)1}

4
2
=4! {]E |: /13(13 n 1)82xfe(X)fe(y(¢)):|}

2
Box £ 00 Fr @]}

4! 2 {E [
CR2e 412
Now, we have easily

(x, y) = cos By cos Oy + sin by sin 0y cos(@x — @),

and
1 0
E 921 fe(X) fe(y(@)] = — Pe({x, y))
sin®) d¢x ¥=F.y=y($)
1
=— —P({x, in 6 sin 0y, si -
Snd ¢ ({(x, y)) sin 0, sin 6, sin(@x — @y) e
= P,(cos ¢) sin(¢).

Thus, we obtain

/2
/0 E[Ha(Y2(x)) Ha(fe(y()))] sin pdg

22 /2 , ] 4.
= 4'm /(-) {PZ (COS ¢) sm(¢)} sSin ¢d¢
2 4
_gy 2 dtleet 4

CU+1)2 72 2
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12 log ¢

=4S+ 0U™),

using, see Lemma A.10 below,

/2 4r
/O [P (cos ¢) sin” ¢]* sin pdp = 3752 ;’ff YA}
O
LemmaA.2 As { — o0
/2 , 3 logt )
/{; E [Hy(Y5(x))Ha(fe(y(9)))] sinpdep = 4'3 320 +0U).

Proof As before, note first that

E[Ha(Ys(®) Ha( fo(y($)]
= 4{E[Y5(X) fe (y(oN 1}
— 41 {E [(—M
Aevhe =2
S k) 311vxfz(x)> ﬂ(y(d»))] }4
Aevhe =230 =2 7
= 4 {E [(a1e022;x fe(x) — 02001155 fo (X)) fz(y(¢))]}4 ,

022:x fe(x)

where we wrote

. 3he —2 L (Ae +2) )
BV v YN S N e
note that
V3 1 1 1
e =z + 0(6_3)’ ay = W + 0(73)-
Now,
2
E [922:x fe(X) fe(y(@))] = e ZPZ((X )
O 3¢ X=X y=y(@)
= Pé’(cos @) sin® ¢ — P/ (cos ¢) cos ¢.
Likewise
2
E[d11:x fe(xX) fe(y(@)] = 892 Pe({x, y)) = —P;(cos ¢) cos ¢.
xX=X,y=y(})
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Thus, we obtain

{E [(«16022:x fe (x) — 0260111 fe (x)) fe(y(¢)]}4
= ot {Pg’(cos ) sin® ¢ + Pj(cos §) cos¢}4
+ 403,00 {Pg’(cos ) sin® ¢ + PJ(cos §) cos¢]3 P}(cos ¢) cos ¢
+ 602,02, {P,g’(cos ) sin> ¢ + PJ(cos p) cos¢}2 [P{(cos ¢) cos ¢}’
+ 4o, [P[(cos @) sin® ¢ + P{(cos §) cosgb] [ P}(cos §) cos o}’
+ a3, {Pj(cos ) cosp) .
Now, again using Lemma A.10 below,

/2 3
/ {PZ//(COS¢)Sin2¢}4Sin¢d¢= %Mﬁ_()(z(ﬁ
0

272 02

and exploiting instead Lemma A.12

/2
/ [P[ (cos @) sin” ¢ }k [ P{(cos §) cos p}* " sin pdgp
0

=05, forallk =1,...4.
Noting that, fork =1, ...4,

32

=5+ 0 7y and o¥ya5,F = 078,

4
Oy

the proof is completed. O

LemmaA.3 As { — oo,

+ 0.

/2 _ _ ) 1 log?
/0 E [Hy(Y2(x) H2 (Y5(X)) Ha(fe(y(¢)))] sin pdgp = 41(2 - 3);@

Proof Again by Diagram Formula, we have that

E[Hy(Y2(x))Ha(Ys5(x)) Ha( fe(y(¢)))]
= 24{E[YV2(Z) fe(y (@) {E [Y5(X) fe(y(9))])?

2

2
=24 {E [\/;eBZ;XfE(X)fZ(y(qj)i“ {E [@16022:x fe(x)

—azlall;xfe(x)fe(y@)]}z
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= 24/\3 {P/(cos $) sin(¢)}2 {alg(Pé’(cos @) sin® ¢ — P}(cos ¢) cos ¢)
4
+ay; Pj(cos ¢) cos ¢}2 .

Now, using repeatedly Lemmas A.10 and A.12 we obtain

/2
/(; {P/(cos ¢) sin ¢}2 {Otlz (P} (cos ¢) sin® ¢ — P}(cos ¢) cos ¢)
+a; PJ(cos ¢) cos ¢}2 sin ¢d¢
3 log¢

a2 oW

and thus, the conclusion follows. O

A.2 Subdominant Terms

The behaviour of subdominant terms can be characterized rather easily, as follows.

LemmaA.4 As{ — oo, fora =1, 3,4,

/2
/0 E [Hy(¥, (0) Ha (fo(v($)) I sin b = O(€2).
Proof For a = 1, we have that
E [Hy (Y1 () Ha (fe (y(@)] = 41 {E [¥1 D) fo(y(@)])*

4
2
=4 {E [ lﬁ(ﬂ n 1)31 xfe(X)fe(y(¢>)”

22

=4 2+ 12 {E [, xfz(X)fe(y(q))]}

Now, we have easily

E [31:x fe () fe(y(9))]

0
= —Pu({x,y)

a9 X=F.y=y(9)
= Pe((x, ) {— sin 6y cos 0y, + cos Oy sin 6y, sin(@x — <py)} |X:1y:y(¢)
=0.

Similarly
2
4
E[Hs(Y3(x)) Ha(fe(y(P))] = m {E[011:x fe0) fe(@)]}
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and
E [911:x fe (%) fe (y(@))]
= P/'((x, y)) {— sin 6, cos 0, + cos Oy sin Oy sin(py — ‘Py)}2 F=y(@®)
X=X,y=y
=+ Pj({x,y)) {— cos 6y cos 6y, — sin 0, sin 6y sin(p, — </)y)}2 =)
X=X,y=y
= —P/(cos ¢) sin” ¢,
whence
/2
| B @ @) sin s
82 /2 , ) 4, —6
= !m/o {Pe(cosqﬁ)sm ¢>} singdp = O(L™).
Finally,
82
E [Hy(Ya(D) Ha(fo(y@))] = 45— (E [da1.0 fo) fey@)]}
)"g ()\l - 2)
where
E[921:x fe(x) fe(y(9))]
= — P/ ({x,y) {— sin 0 cos 6y, 4 cos 6, sin Oy sin(g, — <py)}2
sin 6y x=X,y=y($)
. . 2
+ ——P,({x, y)) {cos 0, sin b, cos(py — ¢y)
sin 0, ¢ { ! ' } x=X,y=y(¢)
=0.
i

LemmaA.5 Fora =1, 4, we have that

/2
/0 E[Hy (Yo (X)) Hy (Yo (X)) Ha( fe(y(9)))]sinpdp = 0,  where ¢
=1,...5 c#a.
Proof 1t was shown in the proof of Lemma A.4 that E[Y|(X))fe(y(¢)] =

E[Y4(x)) fe(y(¢)] = 0. The result is then an immediate consequence of the Dia-
gram Formula (see (A.2.13) on page 202 of [25]). O

We are then left with only two terms to consider.
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LemmaA.6 Fora = 2,5, we have that

/2
/0 E [Ha (Y, (X)) Ha(Y3(¥)) Ha(fo(y(¢)))]sin pdp = O(£72).
Proof We have that

E [Hy(Y2(x))H2 (Y3 (X)) Ha( fe(y(¢)))]
= 4 {E[Y2(X) fr Y @N {E [Y3(E) fe (y (o)1)

2
=t o (B (e fe@) fe @)}

8

%, o E e @]

2
X — 5
L +1)

{P}(cos ¢) sin(9)}” x P}(cos ¢) sin2¢}

|

and therefore

/2
/o E [H2(Y2(x)) H2(Y3(X)) Ha(fe (y(¢)))] sin pdep

/2
< const X Zif‘ / {P/(cos ¢) sin(q&)}4 sin’ ¢pde
0
= 0.

Finally,

E [Ha(Ys (%)) Ha (Y3 (X)) Ha(fe (y(#)))]
= 4R [Ys5(F) fe (v (@) HE [Y3(E) fo (y (o)1}
= 4E [(a1¢02:x fe(x) — a2€811;xfl(x))fl(y(¢))]}2

8
%, = E e @]

= 4! {ale(Pé/(COS ®) sin®(¢) — P} (cos ¢) cos @) 4 az¢ P, (cos ¢) cos ¢ }2
8

/ 2
X G 3 (Piteos ) coso):

exploiting again Lemma A.12, the result follows. O

LemmaA.7 As{ — oo, fora,b =3,5a #b
/2
/o E[H3 (Yo (X)) Hi (Yp (X)) Ha(fo(y($)))] sin pdep = O (€72).
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Proof By applying again the Diagram Formula (see [18] Section 4.3.1), we have

/2
/O E[H3(Ya (X)) Hi (Yp (X)) Ha(fe(y(#)))] sin ¢pd

/2
2/0 {3%4B[Y, ()Y (OB [Ya (%) fo (y())]
+ ME[Y, (%) fo (@) ELYp (F) fo(y(¢))]} sin ¢dp.

We observe that

N NG NE
E[Y3(xX)Y5(x)] = NN 2?»4«/)% E[azzxfe(x)311xfe(x)
\/g Ae +2 _ _
BV v v W 2\/)%_2E[311;xfe(X)311;xfe(X)]
B NE V3he =2 Ay
YN uNM 5g ket
V8 e +2 Ao
T B —2 0B —2 A =2 8 -2
=0,
moreover
ELY3() fr(y@)] =~ Pl(cos g cos
S vV e N ’
and
3he —
E[Ys5(x) fe(y(@)] = ; \/— E[022:x fe (%) fe (y($))]
M B fe® S @)
- X
BTN T Vv
Xli%[P//(COS ) sin® ¢ — P{(cos ¢) cos ¢]
- M2 plcosg)cosol
)\.e\/}%—_zm ¢ COS COS .
The statement follows by applying Lemma A.12. O

LemmaA.8 Fora=1,2,

/2
/o E[Hy(Yq (%)) Hi (Y3(X)) H1 (Ys5(X)) Ha(fe(y(¢)))] sinpdg = 0.
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Proof From Diagram Formula, we have

/2
/0 E[H> (Y, (X)) Hi (Y3(xX)) Hi (Ys (X)) Ha(fe(y(9)))] sin pdep

/2
=/0 {2E[Y, (X)) Y3(O)]E[Ya (X)Y5(x)]

+ AE[Ya (X) Y3 (OJE[Y3(X) fe (v (@D IE[Ya (X) fe(y(9))]

+ 3 4R [Y3(5) Vs (DB [Ya (%) fe (y(9))]

+ AE[Ya (X) Y5 (OJELY3(X) fe (v (ODIE[Ya (%) fe(y(9))]

+ 4E[Y3(%) fo (Y (N TEY5 (%) fe (v (DI [Yo (%) fe(y($))]} sin ¢dp.

The statement follows by observing that (for ¢ = 1,2) E[Y,(x)Y3(x)] = O,
E[Ya(x)Y5(x)] = 0, E[Y3(x)Y5(x)] = 0, and E[Y, (%) fe(y(¢))] = 0. o

LemmaA.9 We have
/2
/0 E[Hy (Y4 (X)) Hy (Y3(x)) H1 (Y5(x)) Ha(fe (y(¢)))] sin pdep = 0.

Proof Once again, the statement follows from Diagram Formula, which gives

/2
/0 E[H>(Y4(x))Hi (Y3(x)) Hi (Y5(X)) Ha(fe(y(¢)))] sin pdp

/2
=/0 {2E[Y4(X)Y3(X)JE[Y4(X)Y5(x)]

+ 4E[Y2(X)Y3(D)IE[Y3(X) fe (Y (@NIE[Y4(X) fe (y())]

+ 3 - 4E[Y3(2) Y5 (DB [Ya(E) fo (y(9))]

+ AE[Y4(X) Y5 (O IE[Y3(X) fe(y (@NDIE[Y4(X) fe(y(9))]

+ 4E[Y3 (%) fo (Y (@NTE[Y5 (%) fe (y (DI [Ya () fe(y($)]} sin pdgp

and E[Y4(x)Y3(x)] = 0, E[Y4(x)Ys5(x)] = 0, E[Y3(x)Y5(x)] = 0, E[Y4(X) fe (y(¢))]
=0. O

A.3 Some Useful Integrals

We write as usual

r

d
P (u) =

P, .
o e (1)

For our main arguments to follow, a key step is to recall the following results, which
are proved in [8], Lemma C3. For all constants C > 0, we have, uniformly over
Clt=¢p=m/t
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; 2 2 .
p;)m):\/;—( D2 cosyE+ R (¢), r=0,1,2, (5.1

sin”+3 )

where 1//2E =U+1/2)¢p —m/4forr =0, 2, and 1//6i =U+1/2)¢p+m/4forr =1,
and

1 1 vt
RO @) =0 (— w), R @) =0 (ﬁ¢5/2>’ R @) =0 (¢:7f/2> |
(5.2)

Our results will then follow from the following two lemmas:

LemmaA.10 Forr =0, 1, 2, we have

3¢% log €

/2
(r) sor 94 _ 4r—2
/0 [P, " (cos @) sin” ¢]" sin pdgp = 7 22 + 0O ).

Likewise

302 logé

/2
/ [P (cos ¢)] [P,Z”(cos ®) sin® ¢1% sin pdgp = + 0%,
0

7/2 ogZ
/ [Pe¢(cos ¢>)] [P,Z(cos o) s1n¢ singpdgp = — + 0O(1),
0

64 log 12

/2
/ [P, (cos )I*[ P} (cos ¢) sin p1* sin ¢pd¢p = + 0h.
0

Remark A.11 More compactly, for ri, r» = 0, 1, 2, we could have written the single
expression

/2
/ [Pg(rl)(COS ¢) sin’! ¢]2[Pl(’2) (cos ¢) sin’? ¢ 1% sin pdep
0
@ (=D)) 2t Jog ¢
B w2 202
+ 0(52(r1+r2)—2).

Proof We recall first that Pl(r)(cos o) < 22" for all ¢ € [0, 2m). Hence,

c/t cye
/ [Pe(r) (cos @) sin” ¢]* sin ¢dep < const x £8" / sin? ! gpdp = 0 (472
0

0

and it suffices to consider ¢ > C/£. Hence, we have

/2
/ [P (cos ¢) sin” ¢]* sin ¢pd¢p
0
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22 /2 o T 4 ]
:?fc/e [mcos((€+l/2)¢iz>] sin ¢pd¢

+ 423/2 /”/2 [./ £ cos ((Z +1/2)¢ + Z)T [R(r)(¢) sin” ¢] sin ¢de
732 Je e £sin ¢ 4 e

2 /2 o 12 " e
+ 6; e [——K o ¢_ Cos ((f + 1/2)¢ + Z)i| I:RZ (gb) sin ¢:| sin ¢d¢
21/2

+4 fm[ Y o ((z+1/2)¢if)} [R(’)(qﬁ) sin” ¢]3sin¢d¢
7'[]/2 Cc/e m 4 ¢

/2
i / [Rg”(qs) sin” ¢]4sin¢>d¢.

c/e
It is not difficult to see that, fork =1, ...,4,
/2 r N d—k
- 4172 j:—) [R(’) in” ] inpdp = O (L7 2):
/CM [m“’s(( PrES: ] Dig)sin g| singdg = 0(¢?)

indeed the previous integrals are bounded by, for r = 2,

gkr—k/2 /C o [ RP (¢) sin” ¢]4_k sin ¢pdg

1/2 4—k
< const x £3k/2/ |:—:| sin ¢d
= C/e Sln/</2 32 ¢d¢

< const X €k+2f

1
C/E smk/z ¢ oK/ sin ¢dé

< const x £F+2 / ¢ dgp = 0(£9).
c/t

Likewise, forr =1,

/2
(kK2 / | [R;”(@ sin’qS] sin pdep
C

/e sink/2 ¢

4k
< const x £~/? o ! sin ¢pd¢
- /e Sink/2¢ £1/2¢3/2

/2 1
= const x kaz/ k2 4 26-3k/2
c/e sink/2 ¢ ¢

sin ¢pd¢
< const X Ek_2/ ¢k_5d¢ = O(Ez).
c/e

Thus,
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/2
/ [P (cos ¢) sin” ¢]* sin ¢d¢p
0

S TEC (It e
T2 /e Zsin¢cos 2 ¢ 4 sin ¢de '

The following equalities can be established by simple trigonometric identities:

4 1 T 3 1 .
oS <<€ + 5) ¢ — Z) =3 + g(— cos(2¢p(2¢ + 1)) + 4sin(¢ (2¢ + 1))),

4 1 b4 3 1 .
0s ((Z + 5) ¢+ Z) =3 + g(— cos(2p(2¢ + 1)) — 4sin(¢p(2€ + 1))).

Thus, we have

/2 23 2
/ [Pg(r)(cos ) sin” ¢1* sin pdgp = g4r—2__/ g+ 0@t
0 728 c/e sing

3
= FE‘V_Z lOgE + O(£4r—2)’
"

since

/2
= logl + O(1).
C/t

T/2 ] 1 1 —cos¢
—d¢p = —log| ——
cje sing 2 14+ cos¢
The proof of the first part of the lemma is then concluded. The proof of the second

result is very similar, and we can omit some details; in particular, we simply recall the
identity

204+ 1 b4 204+ 1 b4
o T P
cos < > ¢>+4)C0s < > ¢ 4)

_ [%ECOS<2z;1¢)_%Esm<2e2+1¢)]2[gc%(zz;l(p)
NG

(2041 S (20+1 \T
[cos (—2 ¢)—sm <—2 ¢>i|

cos?((2¢ + 1)¢).

Bl— A~

Because cos 2x + 1 = 2 cos? x, it is not difficult to see that

/”/2 cos*((2¢ + 1)¢) dp — E/H/Z 1

Cc/t Sil’l¢ 2 Cc/t sin¢
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/2
n / cos(2(2¢ + 1)¢)d

1
— Zlogl + O(1).
e 2sing ¢ =logt+ O

Dealing with the lower order terms as in the first part of the lemma, we can now
conclude with our second statement, i.e.

72 8
f [Py(cos ¢) sin™t ¢12[ P\ (cos ¢) sin”? ¢1* sin pdep = 3¢ logt | 0 (€%,
0 27'[2 ZZ
72 8
f [Py (cos ¢) sin ¢12[ P> (cos ¢) sin’? ¢1* sin pdep = g_zloig + 0%,
0 72 202
72 8
/ [P (cos ¢) sin”t $17[PLY (cos ¢) sin' ¢ sin pdgp = e_2logz + 0.
0 72 202

In our second auxiliary result, an upper bound is given.

LemmaA.12 As £ — oo, we have that
/2 « 4—k
f | P/(cos )| )P[(cosq)) sin” | singdg = 0(®), forall k=1,...4.
0

Proof As before, for the “local” component where ¢ < C /£ (some fixed constant C)
we have

Cc/t
/ [Pé/(cos ¢) sin” ¢>}k [ P{(cos ¢)cos ) * *sin g
0

cye
< const x £4 x 68_21‘/ sin?¥ ¢ sin ¢pdo
0

— O(£8+2k7(2k+2)) — 0([6) .

On the other hand, using again formulas (5.1) and (5.2), and computations analogous
to Lemma A.10, we find easily that

/2 _
/C/z { P(cos ¢) cos d)}k {Pé’(cosqﬁ) sin2¢}4 ksin ¢de

k/2 6—3k/2 /2 1
< const x £°/“ x £°
= /C It sin3k/2 o sin2—k/2 o

/2

sin ¢pdg + O (£%)

<const><€6*k/ —— singdg + 0(£% = 0«£°).
< e g S + 0 = 0

O
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Not

e in particular that for k = 4, we obtain the bound

/2
/ [P}(cos ¢)]* sin ¢pdp = O (£°).
0
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