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Abstract

In this paper, we study the reflected backward stochastic differential equations driven
by G-Brownian motion with two reflecting obstacles, which means that the solution
lies between two prescribed processes. A new kind of approximate Skorohod condition
is proposed to derive the uniqueness and existence of the solutions. The uniqueness
can be proved by a priori estimates and the existence is obtained via a penalization
method.
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1 Introduction

Given a filtered probability space (2, F, (Ft):ef0,7], P), Pardoux and Peng [20] first
introduced the following type of nonlinear backward stochastic differential equations
(BSDE:s for short):

T T
Y, =§ +f f(sa Yy, Zs)ds _f Z,dBy,
t t

where the generator f (-, y, z) is progressively measurable and Lipschitz continuous
with respect to (y, z), £ is an Fr-measurable and square integrable terminal value.
They proved that there exists a unique pair of progressively measurable processes
(Y, Z) satistying this equation. The BSDE theory attracts a great deal of attention due
to its wide applications in mathematical finance, stochastic control and quasilinear
partial differential equations (see [8,21], etc).

One of the most important extensions is the reflected BSDE initiated by El Karoui
et al. [7]. In addition to the generator f and the terminal value &, there is an additional
continuous process S, called the obstacle, prescribed in this problem. The reflection
means that the solution is forced to be above this given process S. More precisely,
the solution of the reflected BSDE with parameters (&, f, S) is a triple of processes
(Y, Z, L) such that

T T
Yt=$+/ f(s, Yy, Zs)dS+LT_Ll_/ ZsdBy,
t t

T
Y; > S, t €]0,T], and / Yy — Sg)dLg =0, P-a.s.,
0

where L is an increasing process to push the solution upward. Besides, it should
behave in a minimal way, which means that L only acts when the solution Y reaches
the obstacle S. This requirement corresponds to the mathematical expression fOT (Y, —
Ss)dLs = 0, called Skorohod condition. The reflected BSDE is a useful tool to study
problems of pricing American options, the obstacle problem for quasilinear PDEs as
well as the variational inequalities (see [1,7]).

Building upon these results, Cvitanic and Karaztas [3] studied BSDEs with two
reflecting obstacles, which means that the solution Y is forced to stay between a lower
obstacle L and an upper obstacle U. This can be achieved by the combined actions of
two increasing processes: one is to push the solution upward, the other is to push it
downward and both of them act in a minimal way when Y tries to cross the obstacles.
They also established the relation between the solution of the doubly reflected BSDE
and the value function of Dynkin game. For more details about this topic, we refer to
the papers [2,6,9—11,25].

Note that the classical BSDE and reflected BSDE theory can only deal with financial
problems under mean uncertainty, not volatility uncertainty, and can give probabilistic
interpretations for quasilinear PDEs, not fully nonlinear ones. Motivated by these
facts, Peng [22,23] systematically established the G-expectation theory. A new type
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of Brownian motion B, called G-Brownian motion, whose increments are stationary
and independent, was constructed. Different from the classical case, the quadratic
variation process (B) is not deterministic. The basic notions and tools, such as the
stochastic integral with respect to G-Brownian motion B and G-It6’s formula, were
also established.

A few years later, Hu et al. [12] established the well-posedness of BSDEs driven
by G-Brownian motion (G-BSDEs for short) as the following:

T T T
Y, =§ +f f(s, Y, Zs)ds +/ 8(s, Yy, Z)d(B)s — / ZydB; — (K1 — K),
t t t

where the generators f, g are Lipschitz continuous with respect to (Y, Z). Under
conditions similar to the classical case, applying the Galerkin approximation technique
and the PDE approach, they proved that there exists a unique solution (Y, Z, K) to
this equation, where K is a decreasing G-martingale. Besides, in the accompanying
paper [13], they also obtained the comparison theorem, Girsanov transformation and
the nonlinear Feynman—Kac formula.

Li et al. [15] first studied the reflected G-BSDE with a lower obstacle. Due to the
appearance of the decreasing G-martingale, the Skorohod condition was replaced by
a martingale condition in order to get the uniqueness of the solutions. The existence
was proved by the approximation method via penalization. Li and Peng [14] also
considered the upper obstacle case. However, in order to pull the solution down below
the upper obstacle, one needs to add a decreasing process L in the G-BSDE. Hence, the
main difficulty is that the process L — K is not monotonic as in the lower obstacle case.
Although they did not obtain the uniqueness, they showed that the solution constructed
by a penalization method is a maximal one by a variant comparison theorem.

In this paper, we investigate the doubly reflected BSDE driven by G-Brownian
motion with two obstacles (L, U). As in the classical case, there should be two increas-
ing processes A*, A~: one aims to push the solution upward while the other is to pull
the solution downward, and both processes behave in a minimal way such that they
satisfy the Skorohod condition. Besides, there will also be a decreasing G-martingale
K as in the G-BSDE, which exhibits the uncertainty of the model. Therefore, it is
natural to conjecture that a solution to this doubly reflected G-BSDE should be a
5-tuples of processes (Y, Z, K, AT, A7) with L, <Y, < U, satisfying

Ye=&+ [] f(s. Y. Zods + [ g(s. Yy, Z)d(B)s — [ Z,dBy
+HAT — AN — (A7 — AD) — (K7 — K)),
Jf (Ys = LydAT = [ (Us - v)dA; =0.
However, the processes A1, A~ and K here are mixed together, and the above Sko-
rohod condition is not applicable. In this paper, we write A for AT — A~ — K and

replace the Skorohod condition by a new kind of Approximate Skorohod Condition,
which turns into the martingale condition when there is only one obstacle.
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The uniqueness of the solutions is obtained by a priori estimates requiring some
delicate analysis. In order to prove the existence, we consider the following G-BSDEs
parameterizedbyn = 1,2, ...,

T T T
=g [ sz [ s znam - [ zas,
t t t

(AR — AP — (AT - APT) — (K — KD,

where A = [Tn(Y! — Ly)"ds, Al'” = [y n(Y! — Uy)*ds.

The objective, similar to the classical case studied by Cvitanic and Karaztas [3], is
to show that the sequence (Y, Z", A"), where A" = A+ — A"~ — K", converges to
a triple of processes (Y, Z, A), and that (Y, Z, A) is a solution to the doubly reflected
G-BSDE. To this end, the dominated convergence theorem and the property of weakly
compactness played crucial role in Cvitanic and Karaztas [3]. However, these tools
are not available under the G-expectation framework.

Our proof is divided into two stages.

Stage 1 We establish the uniform estimates for Y” under the norm || - || S5 and prove
that (Y" —U)™ and (Y”* — L)~ converge to 0 under the norm || - || $% . These properties
hold true under the assumption that the upper and lower obstacles belong to the space
Scﬁ; (0, T') and they are separated by some generalized G-Itd process (see (A3’). The
latter implies that the limit Y (if exists) lies between the upper and lower obstacles.

Stage 2 We show that the sequences A", A%™, K2 (resp. Z") are uniformly
bounded under the norm || - || L% (resp. || - |l Hg)- For this purpose, we prove that

(Y" — U)* converges to 0 with the explicit rate rll, which requires that the upper
obstacle is a generalized G-1t6 process.

Based on the above analysis, we obtain the convergence of (Y", Z"*, A"), and con-
sequently the existence of the doubly reflected G-BSDE.

Recall that the G-expectation can be represented as the supremum of the linear
expectation under the probability P overall P € P, where P is a collection of mutu-
ally singular martingale measures. Therefore, the G-expectation theory shares many
similarities with the quasi-sure analysis by Denis and Martini [5] and the second-order
BSDEs by Soner et al. [27] and Matoussi et al. [17]. Compared with these works, one
advantage of the G-expectation framework is that the solution to the G-BSDEs is a
(generalized) G-Ito process, and that the decomposition of (generalized) G-It pro-
cesses is unique. This amounts to say that the derivatives d;u, d, u and the second-order
derivative afu of a function u(¢, x) are all well defined in the G-expectation space,
which is crucial to give the probabilistic representations for (path dependent) fully
nonlinear PDEs. In other words, the solutions of G-BSDEs have strong regularity
and can be universally defined in the spaces of the G-framework, which enhances the
results in [27] and [17].

The problem considered in this paper is closely related to Matoussi et al. [16],
which studied the second-order BSDEs with general reflections, but it is formulated
in a quite different way.
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1. The solution (Y, Z, A) to the doubly reflected G-BSDE is defined in the
G-framework, in which the processes have strong regularity and remarkable
properties. As is mentioned above, in the G-framework, the unique decompo-
sition of Itd processes implies that the derivative 8§u is well-defined, which
embodies the advantages of the G-expectation compared to the linear expecta-
tions.

2. In[16] and the corrigendum [18], the process V (corresponding to the process A
in this paper) is defined and characterized by the Skorohod condition individually
for each probability P in P. In this paper, the process A and the correspond-
ing approximate Skorohod condition are given universally with respect to all
probabilities P in P.

This paper is organized as follows. In Sect. 2, we present some notions and results
on G-expectation and G-BSDEs as preliminaries. In Sect. 3, we first state the definition
of solutions to doubly reflected G-BSDEs and establish some a priori estimates from
which we can derive the uniqueness of the solution. We then introduce the penalization
method to prove the existence of the solution in Sect. 4.

2 Preliminaries

In this section, we review notations and results in the G-expectation framework, which
are concerned with the G-Itd calculus and BSDE driven by G-Brownian motion. For
simplicity, we only consider the one-dimensional case. For more details, we refer to
the papers [12,13,22-24].

Let @ = Co([0, 00); R), the space of real-valued continuous functions starting
from the origin, be endowed with the following norm,

o
12y, —i 1 2 1 2
o', ) .:22 '[(tg%gflg] lw} — w?) A ], for 0!, 0? € Q.
1=
Let B be the canonical process on 2. Set
Llp(Q) = {QD(Bl‘lv R} Bln) L ne N7 t]a L] tl‘l € [05 OO), (p € Cb,Llp(Rn)}v

where Cp 1ip(R") denotes the set of bounded Lipschitz functions on R". Let

(2, Lip(82), I@) be the G-expectation space, where the function G : R — R is defined
by

1. 1
G(a) := 51E[a}912] = E(52a+ —o2a).

In this paper, we always assume that G is non-degenerate, i.e., g2 > 0. In fact, the
(conditional) G-expectation for & € L;,(£2) can be calculated as follows. Assume that
& can be represented as

S = w(Bl‘w Blza LRI Btn)'
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Then, fort € [tx_1,t), k=1,...,n,

El[‘p(Blﬂ Bl‘zv U Bl‘n)] = Mk(t, Bl‘v BI] PRI Btk_|)7
where, forany k = 1, ..., n, ug(t, x; x1, ..., xx—1) is a function of (¢, x) parameter-
ized by (x1, ..., xx—1) such that it solves the following fully nonlinear PDE defined

on [fr_1, 1) X R:
dur +G@®2ur) =0
with terminal conditions
uk(tk,x;xl, ...,xk_1) = uk+1(tk,x;x1,...,xk_l,x), k<n

and up(ty, X; X1, ..., Xp—1) = @(x1, ..., X,—1, X). Hence, the G-expectation of & is

Eo[€].
Foreach p > 1, the completion of L;,(£2) under the norm ||§||Lg = (E[1E|P)/P is

denoted by L[é (£2). The conditional G-expectation &[] can be extended continuously
to the completion Llé (€2). The canonical process B is the 1-dimensional G-Brownian
motion in this space.

For each fixed T > 0, set Q7 = {w.A7 : @ € Q}. We may define L;,(27) and
LZ(QT) similarly. Besides, Denis et al. [4] proved that the G-expectation has the
following representation.

Theorem 2.1 [4] There exists a weakly compact set P of probability measures on
(2, B(R2)), such that

R[] = sup Epl&] forall & € L ().
PeP

‘P is called the set that represents E.

Let P be a weakly compact set that represents & For this P, we define the capacity

c(A) := sup P(A), A € B(Q).
PeP

A set A € B(Q27) is called polar if c(A) = 0. A property holds “quasi-surely” (q.s.)
if it holds outside a polar set. In the following, we do not distinguish the two random
variables X and Y if X =Y, q.s.

For & € Lip(Q2r), let £(&) = Elsup, (o7, E:[£]] and £ is called the G-evaluation.
For p > 1and § € L;,(Qr), define ||]|, ¢ = [E(I€]P)]'/7 and denote by LZ(Q7)
the completion of L;,(€27) under | - ||, ¢. The following theorem can be regarded as
Doob’s maximal inequality under G-expectation.
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Theorem 2.2 [28] Forany o > 1 and § > 0, L"C‘;""S(QT) C L%(Qr). More precisely,
foranyl <y < B:=(a+38)/a, y <2, we have

8
€15 ¢ < v U105 + 14177 Copy NENSD). V€ € Lip(@n).
G
where Cgpy =20 i PIV y* =y /(y — 1).
For T > 0 and p > 1, the following spaces will be frequently used in this paper.

— M%0.7) = {n: ni(@) = YN E5(@)1py; 4,0 (1), where & € Lip(Q)). 10 <
- <ty is a partition of [0, T']};
Mg (0, T) is the completion of Mg (0, T) under the norm ”’7”Mg;

HZE(0, T) is the completion of M (0, T') under the norm 91l g2

= 500, T) = {h(t, Bynrs - Byad) 211, 1y €10, T b € Cp 1ip(R™);
- Sg (0, T') is the completion of Sg (0, T) under the norm ||77||sg’

where 7]l = @IS 1n51Pds))'/P, gy = (BICST 1ns2ds)P/21}1/P and

Imllsy = {Elsup;epo, I |PI/P.

We denote by (B) the quadratic variation process of the G-Brownian motion B.
For two processes n € M&(0,T) and ¢ € HE(0, T), Peng established the G-Itd
integrals fo nsd(B), and fo ¢sd By. Similar to the classical Burkholder—Davis—Gundy
inequality, the following property holds.

Proposition2.1 [13] If n € HG(0,T) with o« > 1 and p € (0,al, then
supere 7| J;' nsdBs|P € Li;(Qr) and

. T r/2 . u
alcpl, ( / ns |2d‘¥> <E/| sup / nsdBs
' uelr, 7111

where 0 < ¢, < C,, < 00 are constants.

p . T p/2
} <57C 8, {(/ |m2ds) }
t

We now introduce some basic results of G-BSDEs. Consider the following type of
G-BSDE

T T T
Y, =s+/ £, Ys,zs)ds+f g(s,Ys,zs>d<B>s—/ Z,dB, — (K7 — K,X)
t t t
where
ft,w,y,2), gt,w,9,2):[0,T] x Qr xRxR - R

satisfy the following properties:

(H1) There exists some 8 > 1 such that for any y,z € R, f(-,-,y,2), g(,-, ¥,2) €
MO, T);
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(H2) There exists some L > 0 such that

lft,y.2) = f@. Yy D+ 1gt, y,2) —gt,y', ) < Ly = Y|+ |z —Z]).

For simplicity, we denote by & (0, T') the collection of processes (Y, Z, K) such
that Y € S%(0,T), Z € Hi(0, T), and K is a decreasing G-martingale with Ko = 0
and K7 € L‘é(QT). Hu et al. [12,13] established the existence and uniqueness result
for Eq. (1) as well as the comparison theorem.

Theorem 2.3 [12] Assume that & € Lg (r) and f, g satisfy (H1) and (H2) for some
B > 1.Then, forany 1 < a < B, Eq. (1) has aunique solution (Y, Z, K) € &¢(0, T).
Moreover, we have

T
1Y% < CE[1§1 +/ | f(s,0,0)|* + 1g(s, 0, 0)ds],

!
where the constant C depends on o, T, o and L.

Below is a generalization of Proposition 3.5 in [12].

Theorem 2.4 Let f, g satisfy (HI) and (H2) for some B > 1. Assume

T T
Yl :€+/ f(S,YS,ZS)dS+f g(ss Yészé)d<B>A
t t
T
—/ Z,dB, — (K7 — Ko) + (A7 — Ay),
t

where Y € S(0,T), Z € HE(0,T), K, A are both decreasing process with Ay =
Ko =0and Ay, Kt € L%(QT)for some B > o > 1. Then there exists a constant
Cy =C(a,T,0,0,L) > 0 such that

([

1

] < ca{ g, + i < ((E [(/OT fsods)aDz
([ o)) )

where f0 =1£(s,0,0)|, & = |g(s,0,0)|, m»¥ = min{E[|A7|*], E[|K7]*]).

IR

Proof Applying Itd’s formula to |Y;|%, we have

T T T
|Yo|2+fO 1Z,[2d(B), = |s|2—/0 zyszsst—/O 2Y,d(K, — Ay)

T T
+ f 2%, f(s)ds + / 2%,5(s)d(B)s.
0 0
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where f(s) = f(s, Y5, Zs) and g(s) = g(s, Y5, Z;). Then

T 5 T 5 T
(/ |Zs|2d<B>s> sca{|§|“+‘/ Y, f(s)ds +V Y, ZsdB,
0 0 0

5 T 5 T
f YYdK.Y / YSdAS
0 0

o
2

- + +

}

T
/O Ysg(s)d(B);

By simple calculation, we can obtain

R r 3 o[ . .
B [([0 |zs|2ds) } sca{nyn‘;g + Y11 [(IEHKTWJ)% +@LAr D2
1 1
. T o 2 . T « 2
+<E[</ f;’ds) D +(E[</ g?ds> ]) “
0 0
On the other hand, noting that

T T T
Kr=&— Yo+ / Fls)ds + / ¢($)d(B), — / Z,dB, + Ar,
0 0 0

we get

~ n T 2
E[K7|*] < Ca{||Y||§g +E |:(/o |Zs|2ds>
A T « . T o
+IE|:</ fsods) :|+E|:</ g?ds) :|}
0 0
Suppose that I@I[lKﬂ"‘] > IAE[|AT|°‘]. By (2) and (3), we have
A T ) g M . T . @\ 2
E|:(/O | Zs| ds) :| < Ca{“Yugg + ||Y||52~g X <<E|:</() fs dS) :|>
~ T “\? A 172
+ (]E [(/ g?ds> ]) + (BrAze)" )}
0

By symmetry of K and A, we get the desired result. O

] +E[lAr*]

Theorem 2.5 [13] Let (Y/, Z!, K!);<r, | = 1,2, be the solutions of the following
G-BSDEs:
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T T
v/ =¢ +/ fles, vl Zhyds +/ ¢(s, vl ZHd(B),
t t

T
e —/ 7' dB, — (KL — K,

t

where processes {th Jo<t<T are assumed to be right-continuous with left limits (RCLL),
q.s., such rharf@[sup,em] VPl < oo, f, g' satisfy (H1) and (H2), &' € L’é(QT)
with B> 1. IfE' > 2, f1 > 2 ¢! > g% and V,1 — V,2 is an increasing process,
then Ytl > Yt2.

Compared to the classical BSDE, there appears, in the BSDE driven by G-Brownian
motion, an additional non-increasing G-martingale K, which exhibits the uncertainty
of the model. The difficulty in the analysis of G-BSDE mainly lies in the appearance
of this component. Song [29] proved that the non-increasing G-martingale could not
be form of {fot nsds} or {fot ysd(B)}, where 1,y € M.(0, T). More generally, he
proved the following result.

Theorem 2.6 [29] Assume that fort € [0, T}, fot £ed B + fot nsds + K; = L,, where
¢ € H(l; 0,7),ne Mé (0, T) and K, L are non-increasing G-martingales. Then we
have fé dBs =0, fot nsds = 0and K; = L;.

Remark 2.1 A process of the following form is called a generalized G-Itd process:

t t
Uy = uo +f nsds + / {sdBs + K,
0 0

where 1 € Mé 0,7),¢ € Hé (0, T) and K is a non-increasing G-martingale. Theo-
rem 2.6 shows that the decomposition for generalized G-It processes is unique.

3 G-BSDE with Two Reflection Barriers

In this section, we give the formulation of the doubly reflected BSDE driven by G-
Brownian motion. Particularly, the approximate Skorohod condition is introduced to
guarantee the uniqueness of the solutions, which will be proved via some a priori
estimates given later.

3.1 Formulation of Doubly Reflected BSDE Driven by G-Brownian Motion

We formulate the doubly reflected BSDE driven by G-Brownian motion in detail. For
simplicity, we only consider the case of 1-dimensional G-Brownian motion. However,
our results and methods still hold for the case d > 1. We are given the following data:
the generators f and g, the lower obstacle process {L;};¢[0,7], the upper obstacle
process {U;}:c[o0,7] and the terminal value &.
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Here f and g are maps
ft,®,9,2), 8, 0,y,2) 1 [0,T] x Qr x R? > R.

Below, we list the assumptions on the data of the doubly reflected G-BSDEs.
There exists some 8 > 2 such that

(Al) fOr any )77 s f('9 “y y9 Z)’ g(.v %y )’7 Z) € Sg(o’ T);

(A2) |f(tw,y,2) = ft, 0,y )+ 18t w,y,2) —g(t, 0, ¥, 2N < k(ly — '+
|z — Z/|) for some « > 0;

(A3) {Li}ieo,11 {Urkeero,r) € 55(0, T), L; < Uy, t € [0,T], g.s. and the upper
obstacle is a generalized G-It6 process of the following form

t t
U; = Uy +/ b(s)ds +/ o(s)dBs + Ky,
0 0

where {b(t)}ic(0,7], {0 (1) }ief0,7] € Sg 0,7),K € Sg (0, T') is a non-increasing
G-martingale;
(A4) £ e LP(Qp)and Ly <& < Ur,q.s.

Remark 3.1 Notice that Assumptions (A1)—(A4) are quite similar to the ones in [3]
since the non-increasing G-martingale K is equal to 0 when G reduces to a linear
function.

We call a triple of processes (Y, Z, A) with Y, A € Sg(O, T), Z € Hg(O, T),
for some 2 < o < B, a solution to the doubly reflected G-BSDE with the data
&, f.,g, L, U) if the following properties hold:

(S1) L; =Y < TUt,f el[0,T]; . -

(82) Y, =& +f, f(s, Ys, Zg)ds +f, 8(s, Ys, Zy)d(B)s — f; ZsdBs + (A1 — Ay);
(S3) (Y, A) satisfies Approximate Skorohod Condition with order a (ASC,).
Condition (ASC,): We say a pair of processes (¥, A) with Y, A € S¢ (0, T) satisfies
the approximate Skorohod condition with order « (with respect to the obstacles L, U)
if there exist non-decreasing processes { A" },en, {A™ ™ },en and non-increasing G-
martingales { K"}, N, such that

IAE[|A7}’+|°‘ +|AT 7% + |[K%|*] < C, where C is independent of n;

— B[ sup |A; — (AT — AT — K)|%] — 0,as n — 00;
t€[0,T]

— tim By S (¥ — LodAlT2] =0
n—oo R

lim B[] f)| (Us — Yp)d A9/ = 0.

n—oo

Below is the main result of this paper, which gives the wellposedness of the doubly
reflected G-BSDE.

Theorem 3.1 Suppose that &, f, g, L and U satisfy (Al)—(A4). Then the reflected G-
BSDE with data (&, f, g, L, U) has a unique solution (Y, Z, A). Moreover, for any
2<a<pBwehaveY € SE(0,T), Z € H;(0,T) and A € SE(0, T).
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Remark 3.2 Since the solution to a doubly reflected G-BSDE is constructed by a
family of penalized G-BSDEs (see Sect. 4), hence the existence holds only for the
case that @ < B due to Theorem 2.3. However, if there are two solutions (Y, Z!, A?)
with Y7, A" € S£.(0,T) and Z' € HE(0, T), i = 1,2, by Proposition 3.1, we have
Y! = Y2, Consequently, Z' = Z? and A' = AZ. Therefore, the uniqueness result
still holds when o = 8.

Remark 3.3 Recall that in the classical case (see [3]), the Skorohod condition below is
required to guarantee the uniqueness of the solution (Y, Z, A) to the doubly reflected
BSDE with parameters (¢, f, L, U): [} (Ys — Ly)dA} = [ (Us — Yp)dA] = 0,
where AT, A~ are two non-decreasing processes and A = AT — A~

Therefore, a more natural definition of the solution to the G-RBSDE (&, f, g, L, U)
is a triple of processes (Y, Z, A) satisfying (S1), (S2) and the following Skorohod
condition.
Condition (SC): The process A is decomposed as A = A — K with A a finite variation
process and K a non-increasing G-martingale, such that

T T
/ (¥, — LydA? = f Uy — YpdA- =0,
0 0

where AT, A~ are two non-decreasing processes and A = AT — A,

Since the Skorohod condition is stronger than the approximate Skorohod condition,
it follows from Theorem 3.1 that the solution satisfying Condition (SC) is unique.
The existence of the solutions satisfying Condition (SC) is equivalent to prove the
decomposition of the process A in Theorem 3.1:

A = A — K, where A is a finite variation process satisfying the Skorohod condition
and K is a non-increasing G-martingale.

The existence and uniqueness of this decomposition are both interesting problems,
which will be considered in future.

Remark 3.4 Suppose that U = o0, i.e., the doubly reflected G-BSDE is reduced to
the reflected G-BSDE with a lower obstacle. We can show that A € Sg (0, T') is non-
decreasing and satisfies the martingale condition, that is, {— f(; (Ys — Lg)dAg}rer0,77 15
anon-increasing G-martingale, which is the definition of solution to reflected G-BSDE
with a lower obstacle (see [15]).

In fact, let {A" T} ,.en, {A™ ™ },en and { K"}, <N be the approximation sequences for
A. It is clear that A>~ = 0 for any n € N. Note that {A">* — K"} is non-decreasing
and

lim E |: sup |A; — (APt — Kt”)|°‘:| =0,

n—00 t€[0,T]

then A is non-decreasing. Since ¥ < L and K” is a non-increasing G-martingale,
it follows that {— fé(Ys — Lg)dK}iel0,1] is a non-increasing G-martingale for any
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n € N. It suffices to show that

lim E| sup |—/(Y — Ly)dA, —/ (Ys — Ly)dK"| | = 0.
n—00 t€[0,T]

It is easy to check that

t T
E[ sup | — / (Y, — Ly)dA, — / ¥, —LadK;?q
t€[0,T] 0 0

<k sup + I sup
1€[0,T] 1€[0,7]

where A" = At — K" Applying Lemma 3.1 below yields the desired result.
By a similar analysis as above, if L = —oo, the definition of solution to doubly
reflected G-BSDE can be reduced to the one of the upper obstacle case studied in [14].

t
/ (Ys — Ly)dA® ™

/(Y — Ls)d(Ag —A”)

Remark 3.5 For some results, we will replace Assumptions (A1), (A3) by the following
weaker ones.
(AT") Forany y,z, f(-,-, ¥, 2), g(, s Z)EM 0, 7);

(A3’) {L:}iero.11, {Us}iero,r] € SG(O, T),L; < Ut €l0,T], g.s. and there exists
a generalized G-It process [ such that L < I < U, where

t t
I, =1y +/ b (s)ds +f ol(s)dBs + K/,
0 0

with b’ € ME(0,T), 0! € HEO,T), Kl = 0and k! € SP(0, T) a non-
increasing G-martingale.

Remark 3.6 Since the generator g plays the same role as f, in the following of this
paper, we only consider the case that g = 0.

3.2 Some A Priori Estimates

In this subsetion, we give a priori estimate for the solution of the reflected G-BSDE,
which implies the uniqueness of the solution to doubly reflected G-BSDE. In the
following of this paper, we denote by C a constant depending on «, T, k, o, but not
on n, which may vary from line to line.

Let us denote by VarOT (A) the total variation of a process A on [0, T']. We first
introduce the following lemma.

Lemma3.1 For a > 1, let A, {A"},en C SG(0,T) be processes such that
El|Varl (A)|*] < C and

n—00 t€[0,T]

lim 113:[ sup |A; — A;’|°‘} =0,
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where C is independent of n. Then, we have ]E[|Var0T (A)|¥] < C. Moreover, if Y €
Sg(O, T), with p = %5, we have
} o

Proof We first show that A is a finite variation process. Let

lim £ sup
n—00 tel0,T]

t
f Y d(A; — A
0

n—1
A= {Zail(,i,,iﬂ](s); lai|=1,0<ty<---<t,=T,n € N} .
i=1

Since SUPyef0, 7] |A; — A}| converges to O under the norm || - ”LIG’ we may choose a

subsequence, still denoted by A", such that sup, ¢ 1 |A; — Aj| converges to 0, g.s.
It follows that for any a € A

T T
lim a(s)dA] = f a(s)dAy.
0

n—oo 0

Then we have
T T
Varl (A) = sup / a(s)dAy = sup lim inf / a(s)dA”
acAJO acA " 0

T
< lim inf sup / a(s)dA™ = liminf Vard (A™).
n (IEA 0 n

Hence, it follows from the assumption that E[| VarOT (A)]*] < C. It remains to prove
that for any ¥ € SZ(0, T), with p = -, we have

t
lim E| sup f Yid(As — A)| | = 0.
n—00 te[0,711J0
In fact, for each m € N, let f’;m = Z:”Z_Ol Yzl!" I[tlng,irn+1 (t), where tim = %, i =
0,1,...,m. Set
t t -
I= sup / Y'd(As — AY)|, II= sup / (Ys = YDd(As — AD)|.
re[0,711J0 te[0,711J0
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By simple calculation, we have

Em<) k& [ sup |Ys[(|Afn = Agr |+ A — At;'ll)}
i=0

s€[0,T]

IA

m—1
<1E[ sup |Y|”]>”PZ{<1E[|A” —A,ﬂlw}‘/u(ﬁn/&;}l—A,,m|“]>“°'},
i=0
B < (E[ sup |Y; —?£’|P}>1/P{(E[|Var§ (AN DY 4 B Vard (A
s€[0,T]

Letting n tend to infinity yields that E[I] — 0, for any m € N. Then, letting m
approach to infinity, we obtain that E[II] — 0 by Lemma 3.2 in [12]. The proof is
complete. O

Proposition 3.1 Let (é;‘l fl L,U) and (52 f2 L, U) be two sets of data each one
satisfying allAssumpnons (Al)~(A4). Let (Y, Z!', A") be a. solution ofthe reﬂected G-
BSDE with data (§', f', L, U), i = 1, 2, respectively. Set Yt = Y1 E =gl —g2,
Then, for any 2 < a < B, there exists a constant C .= C(«, T, k, g) > 0 such that

T
|Y;|* < CE[|§] +f [Ag]“ds],
t
where J.g = | f1(s. Y2, Z}) — f2(s. Y2, ZD)I.
Proof Set Z; = Z! — 72, A, = A} — A2. By the G-It formula, we have
v 12 v 1 1 1 2 2 72 v 7 52 O g A
AP = =20, (Y@ Y, ZY) — £2, Y2, Z2)dt + 27, 2,dB, + 22d(B), — 2V,dA,.
For any r > 0, applying G-It6’s formula to Ho‘/2 = (|Y,%)%/%e", we have
T T
H,‘"/ze”+/ re™ HYds +f 5 S HY PN (Z)2d(B),
t t
gia T o Trs /22 3 \2 5 \2
=[§"e" +a(l - 5) e " H; (Ys)™(Zs)"d(B)s
t
(4)

T
r 2—-19
+/t ad S HY P V(s v Zh — s, Y2, Z))ds

T T
+f ae S HY? 'V dA, —/ aeS HY*7'Y, 7. dB;.
t t
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From Assumption (A2) of f I we have

T
/ S HI P (s Y]z — s, YR Z2))ds
t
T ;
5/ ae” Hy ” {|f1 G, Y  zh — fl(s, Y2, Z2)| + As)ds
t
T ;
5/ ae" Hy 2 {ikc(|Ys| + | Zs]) + Ag)ds
t

T -1 T 1 oA
<7 / e”H;"”dH% / S HEN(2,)2d(B),
t t

T
+/ ae™s HY*712)5,|ds,
t

i3

where 7 = ak + #"il) Then by Young’s inequality, we obtain

T r T
/ ae™ P12 1ds < (@ — 1)/ e”Hf‘/zderf e A 1%ds.
t ! !

Let {A"" %), en, {AP" 7 },en and {K'"},cn be the approximation sequences for
Al i =1,2.Set Ab" = Almt — Abm— _ K1 i =1, 2 Ttis easy to check that

T
/ ae HY* '¥dA!
t
T 2—1 2—1
:/ ae HY* 'd(Al - A§~”)+/ ae HY* 'V d Al
t t
<

, T
/ ae HY* 1Y, d(Al — Alm +/ aeS HY* I(Ys)erA;’mJr
) t

T T
+/ ae B (¥ ~dAl —/ S HPT (¥ Tk
t t
By Lemma 3.1, we have for any ¢ € [0, T']

lim 1@:[

n—o0

T
/2—1¢ 1 1,
/t aeSHy' " Yid(A) — AP

|0

Note that Y/ > Ly, forany s € [0, T]and i = 1, 2, which implies that ¥; < Y, — Lj.
Hence, we have (f( ot < Y, Yl — L. By simple calculation, we obtain that
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A

T
o f e’ HyP 7 () TdAl
t

T
< CE[ sup (|YH| + Y22 / (n)*dAb"*]
t

tel0,T]

T
/ (YS)+dAs1,ﬂ,+
t

% 2
g

T 1« 2 a2 A
SC(E|: sup (1Y, % + 1Y/ ):|) @ (E|:

te[0,7]

Recalling the definition of approximate Skorohod condition, we have

|0

lim 1@:[

n— oo

T
/ ae S HP () Tdal et
t

Similar analysis as above yields that

- .
lim [ / ae HY 7 (¥ ~dAlm—| | =0,
LiJt n
~ T T 2—1 i
lim E / ae  HY* (P tdA2" || =0,
LiJt .
~ [ T 2—1 i
lim 12 / ae HY 7 (¥)~dA2mH| | = 0.
LiJt n

Set M = [t ae” HY* ' (V,Z,dBy + (T HdK" + (V) ~dKZ"), n > 1. By

Lemma 3.4 in [12], M" is a G-martingale. Let r = 7 + «. Combining the above
inequalities, we get

HY?e + (M) — MI")

T
< &% + / " |hsl
t

T
+/ aerYHa/z I(YS)+d(A;,n,++A?,n,7)
t

a/2—-1%

(xe”H Yod(AL — AL

T
+/ ae HEP 7 (¥ ~d(AV~ 4 A2
t

Taking conditional expectations on both sides and letting n — oo, there exists a
constant C := C(«, T, L, o) > 0 such that

T
Y% < CE[|§]* +/ |As|“ds].
t
The proof is complete. O
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4 Proof of the Main Result

In this section, we will focus on the penalization method in order to get the existence
of solutions to doubly reflected G-BSDEs. For n € N, consider the following family
of G-BSDEs

T T
=g [ poeorrznas- [ zias - k- kD
! ! (5)
T T
+n / (¥ = L)~ds —n / (Y] — Uy *ds.
t t

Nowlet A"~ = n [y (Y —Ug)tds, AP = n [ (Y2 —Ly)~ds. Then {A}" )0, 71
are nondecreasing processes. We can rewrite G-BSDE (5) as

T T
Y/ =«§+/ f(s,YS",Z?)ds—/ Z{dB; — (K7 — K[")
t t

+ (AT — AP — (AT — A7),

(6)

4.1 Uniform Estimates of Y”

Under weaker Assumptions (A1’), (A2), (A3’), (A4), we show that {Y"}7° | are uni-
formly bounded under the norm || - || 52

Lemma 4.1 For?2 < o < B, there exists a constant C independent of n, such that

E[ sup |Y,”|°‘:| <C.

t€[0,T]

Proof Let I, = I +f0t bl (s)ds —|—f0t o !(s)dBs + K/ be the generalized G-It process
suchthat L < I < U.SetY! =Y'—1;, Z] = Z} —o! (1), H, = (Y2, U, = U, — I,
Li=L;—1I;,and f; = f(t, Y], Z]) + b’ (t). G-BSDE (5) can be rewritten as

T T T
Y'=£&—1Ir +/ f(s)ds +n/ (Y" — Lg)~ds — n/ Y" — Uy tds
t t t

T
—/ Z"dB; — (K — K + (K5 — K.
t
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For any r > 0, applying It6’s formula to H,a/ 2ert , we get

T T
Hta/2€rt + / rerng/ZdS + / %ersHSOt/Zf] (Z?)2d<B)s
t t

a/2-2
N

T
=|§—1T|a€rT+0l(1—%) f e HIPTA(YM2(Z0)2d(B),
t

T T
- / ae™ HYPTn Y (! - Ot ds + / ae™ HY P n V(Y — Ly)ds
t 1
! =150 7 ’ 21,50 5 > >
+ / ae HY* 'Y fuds — / ae HY* (Y1 ZMdBs + Y'dK" — Y'dK]).
t t
Noting that —¥”(Y" — Ug)* < 0and Y (Y — Ly)~ < 0, we get
/2 T /2 r %4 a/2—1,5n\2
H' e —I—/ re" Hy ds+/ Ee”HS (Z1)“d(B);
t t

T
<|E=Ip1%T +al - %)/ o O
t

(THHZHPA(B),
T 2-1/2, 7
+f ae” HP 71 flds — (M — M)),
t
where
13
M, =/ ae HYP (Y7 Z,dBy + (Y TdK? + (7)) ~dK])
0
is a G-martingale. From Assumption (A2) of f, we have
g 2-1/2, 7
f ae HYP72 filds
t

T
< / ae™ HEP V2 £(5, 0,00 + b1 ()] + kT2 ] + | Z2] + 5| + o (5)]1}ds
t

2 T T
— l _ _
<o+ 2 / e”Hf/zds—i—Mf S HYP N (Zm2d(B),
oe—1))J; 4 t ’
T 2—1/2
+/ ae” HYP V2 £(5,0,00 + b (9)] + (1] + o (5))]ds.
t
By Young’s inequality, we obtain
T a/2—1/2
f ae” H [1£(s,0,0) + 6" ()] + k(1Us] + lo? (s)])1ds
t

T
< f 1 (5. 0, 0)[% + b7 ()| + k| L[ + k[0 (5)]%]ds
t
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T
1 4o — 1)/ e HY?ds.
t

Combining the above inequalities, we get

« T e Ta@—1) ,, o2 _
Hee' +/ (r —@)e Hy' ds +/ Te”Hs *(Z))*d(B)y + (M1 — M)
t t

T
<|&—Ip|%T +/ 11 f(s,0,0)[% + BT ()| + k| I;|* + k%o’ (5)]*1ds,
t

where ¢ = 4(a — 1) + ax + #ﬁl) Setting » = @ + 1 and taking conditional
expectations on both sides, we derive that

T
HY?e" < By[lg — Ip1%e’T +f eI f (5,0, 0)[% + B ()% + k¥ I + x|’ (5)|*1ds].
t

Then, there exists a constant C independent of n such that
_ R T
¥/'|* < CE,([IE — I7]* +/ [1/(s,0,0)|* + 5" ()% + o' ()|* + |I;*]ds].
t

Noting that |Y/'|* < C(|17t” |“ + |1;]*) and applying Theorem 2.2, we finally get the
desired result. O

4.2 Convergence of (Y" — U)* and (Y" — L)~

Under Assumptions (A1%), (A2), (A3’), (A4), we show that (Y —U)* and (Y" — L)~
converge to 0 under the norm || - || 52 First, we prove a simple lemma.

Lemma 4.2 For S € SE(0, T) with B > 1, define [' e ™ds, := ¢S, — ™S, +

f; nSye~"du, and set in(t) = E,[]| ftT e "= ds, |*] for some | < o < . Then, as
n — 0o, we have,

te[0,T]

E[ sup |in(t)|} — 0.

Proof Notice that the mappings D" : Sg(O, T) — S(I;(O, T) by D*(S) = i, are
uniformly continuous with respect to n, i.e.,

1D"(S) = D"(S) I,

53“05[AE|: sup &, [ sup |Ss —S;| sup |Sf|“_l]]
1€[0,T]  sel0,T] 5€[0,T]
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a—1

1 a1
53“&(1@[ sup B[ sup |SS—SA’.|“]:|) <E[ sup [ sup |Sf|"‘]:|> .

t€[0,T] s€[0,7] te[0,7T] s€[0,T]

where S¢ = 9S + (1 —0)S’ for some 6 € [0, 1]. By Theorem 2.2, it suffices to prove
this lemma for a dense subset of Sg (0, T). For a G-1t6 process S; = So ~|—fé bS(s)ds+
Jy o5(s)dBy + [y ¢S(s)d(B)s with b5, 5, 05 € M2(0, T), we have

T
lin ()] <Cq (E,D / e "0 (b3 (s)] + |c5(s)|>ds|“}

t

T
+E, [| f e " D65 (5)d By |"‘D
t

Cof 1 A “
5—2‘(71@[ sup (|bs<s>|+|c5(s)|)“}+Et[ sup |oS<s)|“D.
n2z \n2 s€[0,T] 5€[0,T]
So, we getI@ [sup,E[O,T] |in(t)|"‘] — 0 as n goes to oo. O

Lemma4.3 LetY", M" € §¢(0,T) and f" € ME(0, T) for some 1 < a < B satisfy

_ T T _ T _ _ B

Y'=¢ —i—/ f"(s)ds +n/ (¥Y;! — Ly)~ds — n/ (Y!'—Uy)tds — (M} — M.
' ! t

Assuming that M" isa martingale under a time-consistent sublinear expectation E,
we have

T T
¥ — Uyt < B[ / e "0 fr(s)ds + f e"@f)dUs]‘, ©)
t t

T T
(7' — Ly~ < Bl f e fr(s)ds + / e_"(s_t)dLs]‘~ ®)
t t

Proof For S € Sg(O, T), setting I?t" = 17,” - 8,0, =U,—S,andL, =L, — S, we
have

T
e—nt?tn_’_[ e—"SdM;I
t
T _ B _ _ _
= efnT(é' —S7) +/ ne " <st - (st - Us)+ + (st - LS)>ds
t
T . T
+ / e f(s)ds + / e dsg.
t t

(HIfS, =U;,,wehave § — ST =& — Ur <0, and
Y- (Y —U)T+ L) =—"~U)” + (" —Ly)” <0. (9
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So, we have

T T
(f;tn _ Ut)+ < Et[/ e—n(s—t)fn(s)ds +/ e_n(s_t)dUS]‘.
t t

QIS =L;,,wehaveé — Sy =& — L7 >0, and

Y- (Y —U)T+ @~ L) ="~ L)t — (' —Uy)~ >0. (10

So, we have
_ T _ T
Y/ — L)~ < [El / e f(s)ds + f e—"“—”dLs]‘.
t t
The proof is complete. O

Lemma 4.4 Assume that (Al’), (A2), (A3’) and (A4) hold. As n goes to oo, for any
2 <a < B, we have

Bl sup |(¥'=U)**| =0, E| sup |(¥'—=L)7|*|— 0. (11)
1€[0.T] 10,71

Proof Foreach given e > 0, we can choose a Lipschitz function /(-) such that /[ ;] <
1(x) < Ij—2¢.2¢7- Thus we have

f(s, Ys”, Z;‘) — f(s, Ys", 0)
=(f(. Y Z) — f(s. Y] ODZ)) +a)" 2 = m§" + al" ZY

where a;”" = (1 — L(ZM)(f(s, Y, Z) — f(s, YP,00)(ZH)~! € MZ(0, T) with
las"| < k. It is easy to check that |m$"| < 2«e. Then we can get

[, Y8 ZE) = fs, Y, 0) + a0 " ZE + m"

Now we consider the following G-BSDE:
T T
Y/ =& +/ as"Zs"ds —/ ZP"dBy — (K7" — K{™).
1 t
For each £ € L[ (Q7) with p > 1, define

A A

which is a time-consistent sublinear expectation. Set B®" = B, — fot ag""ds. By
Theorem 5.2 in [13], {B""} is a G-Brownian motion under E&"[.].
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We rewrite G-BSDE (5) as the following

T T T
Y =¢& —G—/ fo"(s)ds —/ n(Y! — Ug)tds +/ n(Y;! — Ly)"ds
t t t

r (12)
_/ Z{dB;" — (K7 — K["),
t

where f&"(s) = f(s,Y",0) + my". Since K" is a martingale under E&"[] by
Theorem 5.1 in [13], it follows from (7) in Lemma 4.3 that

T T
¥ = UT < B / eI FE(5)ds + f e—”“—”dus]’.
t t

By Theorem 2.3, for 2 < o < B, it follows that

E| sup (Y —U)T
t€[0,T]

]Etg’n[\/\ e—n(s—t)‘f&‘,n(s)ds 4 / e—i’l(S—f)dUS] :| (13)
t t

T T “
/ e—n(&—t)fs,n(s)ds +/ e—n(S—t)dUX’ ]:|’
t t

which converges to 0 as n goes to co by Lemma 4.2. Similarly, we can prove

< I@[ sup
1€[0,T]

§Ca1@[ sup I@t[
1€[0,T]

lim B| sup |(¥'—L)"|*| =0.
o0 | rel0,T]
The proof is complete. O

4.3 Uniform Estimates of 2", K", A"~ and A"t

In this subsection, we give the uniform estimates for Z”, K", A™* and A"~ under
Assumptions (A1)—(A4). To this end, we prove that (Y — U)™ converges to 0 with
the explicit rate % which requires that the upper obstacle to be a generalized G-Itd
process.

Lemma4.5 For2 < o < B, there exists a constant C independent of n, such that

N C
E|: sup |(Y,n - Ut)+|a:| =

tel0,T] n
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Proof Now U, = Uy + [i b(s)ds + [4 o(s)dBy + K, with b, o € S50, T), and
K e Sg (0, T) anon-increasing G-martingale. Below, we employ the notations in the
proof of Lemma 4.4.

We rewrite U; as

t

t
U, = Uy +/ b*"(s)ds +/ o(s)dBS" + K, (14)
0 0

where b®"(s) = b(s) + a; "o (s). By (13), we have, for2 < a < B,

JE[ sup |(¥}" —U:)ﬂa}

te[0,T]

T T
Etsn[/ e—n(s—t)fs,n(s)ds +[ e—n(s—t)dUS]
t t

.

R o
< E[ sup :|
1€[0,7)

B T
DAg / e TS H 5" ()] ds]
t

< fE[ sup
te[0,T]

By Theorem 2.3, it follows that

EP"[ sup | £5"(s) + 65" (5)]]
s€[0,T]

a:|

1 - ~

ECa—aE[ sup 1, sup |f€*"<s)+bs’"<s)|“]}.
n t€[0,T] 5€[0,T]

~ 1 A
E| sup [(¥) — U)*t|" s—aIE[ sup
1€[0,7T] n 1el0,T]

Since & SUpP;c(0.7] ]E, [supsepo.7) [ /5" (s) + bg'”(s)l"‘]i| are uniformly bounded, we
get the desired result. O

Lemma 4.6 For?2 < o < B, there exists a constant C independent of n, such that

. . . . T 5

E[|K}1*]1 < C, BIA}T|1"] < C, EJA}T1*1 < C, and E ( / |z;?|2ds) <C.
0

Proof By Lemma 4.5, there exists a constant C independent of n such that

T o
E[jA%71*] = n®E [(/ ¥ — Ux)+ds> } <C.
0

Then, it follows from Theorem 2.4 that I@[( fOT |Z§’|2ds)%] are uniformly bounded.
Noting that

T T
Kb — At =gy +/0 f(s. Y, Z"ds —/0 Z"dBy + AL,

@ Springer



Journal of Theoretical Probability (2021) 34:2285-2314 2309

we conclude that ]E[lK 7= A';’J’ |*] are uniformly bounded. Since K7 and — AT are
non-positive, the proof is complete. O

4.4 Proof of Theorem 3.1

In this subsection, we prove that Y", Z", and A" = APt — K" — AP pn > 1 are
Cauchy sequences with respect to the norms || - || $%5 -l HE and || - || 525 respectively,
and that their limits are a solution to the doubly reflected G-BSDE.

Lemmad4.7 For2 < o < 8, we have
lim E| sup [Y—Y"*|=0,
n,m—o0 tE[O,T]

T b
lim E[(/ |z;’—z;“|2ds) }:0,
n,m— 00 0
lim B| sup [A" — A" | =
n,m— oo 1€[0.7]

Proof For any r > 0, and n, m € N, set

Y, =Y"—Y", Z, =27 — 7", Ki =K'= K",
AF = At — At A;_A"*—A’"* fr=fa,Ymzn = f@,y", zm.

Denote H, = |¥;|. Applying Ito’s formula to H*/*e™, we get
2 r 2 Ta 2-1
Hta/ ert+/ rerSHDl/ dS+/ 2 rSHOl/ (Z;)2d<B>y
t t
a [T s 0 s 0 T g1y iy Al
—a(=2) [ HPEE 2 AB) + | e BT ] - AD)
t t
r 2-1 r 2-1
+/ ae” HY stds—/ ae HY* NV, Z,dB, + V,dK,).
t t
Noting that A]"™ = n [y (Y — Uy)*ds, AP" =n [y (Y — Ly)~ds, we have
T 2-1 .
/ ae HEP ' Yd(AF — A7)
t
T a/2—1
= f e"* H; [@;« —Lg) = (¥]" - Ls)](dA;“+ —dAy)
t
r 2-1
—/ OtersHa/ |:(st - Us) - (Ysm - Us)i| (dA?’i - dAgn'i)
t
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T
< / aeS HY*~ 1[(1@” — L) dA™ 4 (v — Ls)dAg“Jr]
t
T 21 T
+f s HY [(YS" — U TdA™ ™ + (¥ — Us)+dA§“_} = / Ayds.
t t
Therefore,

T T
HEe + / re' B s + / % e P (2,7 B),
t t

a/2—-13

T T
Sa(l—%) / ¢ HIP T (V)2(Z)2d(B)s + / we HYP 7Y, fuds
t

t

T
+/ Agds — (M7 — M),
t

where M, = f oce”Ho‘/2 I(YS 7.dB; + (I?s)‘*dK;" + (I?s)_sz") is a G-martingale.

Applying the Holder inequality, we have

T
/ ae H, 2 | fs|ds <(ou<+—1))/ e H % ds
t

—1 _ N
2ol / & HYPTN (22,
t

Lettingr = 1 + ax + 1), we have

T
H?e" + (Mp — My) < / Ayds.
t

Taking conditional expectation on both sides of the above inequality, it follows that

T
H,“/ze”gE,[/ Ayds]. (15)
t
Consequently, we have
A A i T
E| sup |V;|| <E| sup ]E,[ Agds] | . (16)
1€[0,T] 1€[0,T]

By symmetry and Theorem 2.2, it suffices to prove that there exists some y > 1, such

that
a T 2—1 Y
lim & (f HY* (Y;’—LS)—dA;H) 0. (17)
n,m—o0 0
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Forl <y < B/a,

T Y
k [(/ HP - Ls)‘dAT*) }
0

< I@l[ sup |¥s|@7P7 sup ((¥) - Ls))V(A’}”)y]
s€[0,7T] s€[0,7T]

_a 1
< (E[ sup |ﬁ~|°‘V1)“ (fE[ sup (¥’ —Ls>‘)“‘y}>a@[(f\’%”*)”1i,

5€[0,T] 5€[0,T]
which converges to 0 as n goes to oo by Lemmas 4.1, 4.4 and 4.6.

By a similar analysis as in the proof of Theorem 5.1 in [15], for some 2 < « < B,
we get that

E (/ |Zt|2df> <CAE| sup |V}[* [+ @E| sup Y| '/},
0 t€[0,7T] tel0,T]
. . . . . T 5
E| sup |A|¢| <C{E| sup |¥,|* |+ E (/ |Z,|2dt> .
tel0,T] 1€[0,T] 0

The proof is complete. O
Now, we prove our main result.

Proof of Theorem 3.1 First we prove the uniqueness. Suppose that (Y, Z/, A?), i =

1, 2 are solutions of the reflected G-BSDE with data (&, f,, L, U). Proposition 3.1

yields that Y'! = Y2. Applying G-It&’s formula to (¥,! — ¥?)? = 0 and taking expec-
tation (we may refer to Equation (4)), we get

) T a/2
1) [(f |zl — z§|2d<B)s> } =0.
0

It follows that Z! = Z2. Then it is easy to check A! = AZ.

Now we are in a position to show the existence. By Lemma 4.7, there exist ¥ €
Sg (0,T), Z € H;(0, T) and a finite variation process A € S¢;(0, T') such that when
n goes to infinity,

T 3 .
Bl sup [Y'=Y%| -0, E (/ V4 —Z,|2ds> — 0, B[ sup |A? — A% | =0,
1€[0,T] 0 1€[0,T]

where A7 = A;”+ — K" — A}"". By Lemma 4.4 , we derive that L, < Y, < Uy, for
any ¢ € [0, T']. Itremains to show that A satisfies the approximate Skorohod condition
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with order a. We claim that { A"V}, e, {A™ ™ }uen and { K"}, are the approximation
sequences. It is sufficent to prove that
a2
] _o.

T T T
[ (Y — L)dA™t = / (Ys — YAl T +/ (Y* — Lon(Y" — Ly)~ds
0 0 0

< sup Y, —YPALT.
t€[0,7T]

n—0o0

T
lim E U/ (Ys — Lg)dA™ T
0

In fact, it is easy to check that

It follows that

T
E U/ (Ys — Lg)dA™t
0

Hence, the claim holds. The proof is complete.

/2
<& sup ¥, —¥@ 2EALTD2,
te[0,T]

Remark 4.1 The analysis for the penalization method above can also be used for the
single obstacle case, which will extend the results in [15] and [14] to a more general
setting. More precisely, suppose that L € Sg (0, T) is bounded from above by some
generalized G-Itd process I satisfying (A3”). Then the reflected G-BSDE with a lower
obstacle whose parameters are given by (&, f, g, L) admits a unique solution, where

(f, g) satisfies (A1), (A2) and & € L’(S;(QT) such that & > L7. The reflected G-
BSDE with an upper obstacle whose parameters are given by (&, f, g, U) admits a
unique solution, where (f, g, U) satisfies (Al)—-(A3) and & € Lg (Q7) with & < Ur.

By the construction via penalization, we obtain the following comparison theorem
for doubly reflected G-BSDEs.

Theorem 4.1 Let (£%, fi, L', U') be two sets of data satisfying (Al)—(A4), i = 1, 2.
We furthermore assume the following:

(i) §' <& q.s.;
(ii) fl(t,y,2) < f2(t,5,2),Y(y,2) € R
(iii) L} <L?, U <U%L0<t<T,q.s.
Let (Yi ,Zi ,Ai) be the solutions of the doubly reflected G-BSDE with data
&Y Y LN UY, i = 1,2, respectively. Then
Y <Y? 0<1<T gs.

Proof Fori = 1,2, consider the following G-BSDEs parameterized by n = 1,2, .. .,

. , T . ) T . .
=g [ it zitas - [ Zinas - k- ki
t

t
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T T
- n/ (Y" —uUhtds +/ n(Y:" — L)~ ds.
t t

By Theorem 2.5, forany t € [0, T]andn = 1,2, ..., we have Y,l‘" < Y,z’". Letting
n go to infinity, we get the desired result. O

Remark 4.2 Similar result still holds for the comparison theorem if the function g
which corresponds to the d(B) term is not 0.
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