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Abstract

Using the renewal approach, we prove Bernstein-like inequalities for additive function-
als of geometrically ergodic Markov chains, thus obtaining counterparts of inequalities
for sums of independent random variables. The coefficient in the sub-Gaussian part
of our estimate is the asymptotic variance of the additive functional, i.e., the vari-
ance of the limiting Gaussian variable in the central limit theorem for Markov chains.
This refines earlier results by Adamczak and Bednorz, obtained under the additional
assumption of strong aperiodicity of the chain.
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1 Introduction

Throughout this paper, we assume that ¥ = (Y},),en is a Markov chain defined on
a probability space (€2, F, IP), taking values in a measurable (countably generated)
space (X, B), with a transition function P : X x 5 — [0, 1]. Moreover, we assume
that Y is Y-irreducible and aperiodic and admits a unique invariant probability
measure 7. As usual for any initial distribution x on X', we will write P, (Y € -) for
the distribution of the chain with Y distributed according to the measure . We will
denote by &, the Dirac’s mass at x, and to shorten the notation, we will use [P, instead
of P(;x .
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We say that Y is geometrically ergodic if there exists a positive number p < 1
and a real function G : X — R such that for every starting point x € X andn € N,

[P, ) = ()] < G, (1.1)

where || - |7y denotes the total variation norm of a measure and P” (-, -) is the n-step
transition function of the chain. For equivalent conditions, we refer to Chapter 15 of
[22].

We will be interested in tail inequalities for sums of random variables of the form

IP’X< >t>,
i

n—1
Do r)
=0

where f : X — R is a measurable real function and x € X is a starting point.
Although our main results, stated in Sect. 4, do not require f to be bounded, we give
here a version in the bounded case for the sake of simplicity. This version will be
easier to compare to the Bernstein inequality for bounded random variables stated in
Sect. 2 (cf. Theorem 2.1). Below for convenience, we set log(-) = In(- Vv e), where
In(-) is the natural logarithm.

Theorem 1.1 (Bernstein-like inequality for Markov chains) Let X be a geometrically
ergodic Markov chain with state space X, and let it be its unique stationary probability
measure. Moreover, let f: X — R be a bounded measurable function such that
E; f = 0. Furthermore, let x € X. Then, we can find constants K, t > 0 depending
only on x and the transition probability P (-, -) such that for all t > 0,

n—1 2
t
IF)_X Tl =~ K - k)
<;f( ) >t> < eXP< 32naf4rv+rt||f||oologn>
where
5 B [ee]
Ohtry = Varz (£ (10)) +2 Y Cova (£ (Yo), £(i) (1.2)

i=1
denotes the asymptotic variance of the process (f(Y;));.

Remark 1.2 'We refer to Theorem 4.3 for a more general counterpart of Theorem 1.1
and to Theorem 4.4 for explicit formulas for K and t.

Let us comment briefly on the method of proof. We rely on the by now classical
regeneration technique of Athreya—Ney and Nummelin (see [3,22,23]), which allows
to split the sum in question into a random number of 1-dependent blocks of random
lengths. In the context of tail inequalities, this approach has been successfully used,
e.g., in [1,2,6,7,10,12] and provides Bernstein inequalities of optimal type under an
additional assumption of strong aperiodicity of the chain (corresponding to m = 1
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in (3.1)), which ensures that the blocks are independent and allow for a reduction to
inequalities for sums of'i.i.d. random variables. However, in the general case the imple-
mentation of this method available in the literature leads to loss of correlation structure
and as a consequence to suboptimal sub-Gaussian coefficient in Bernstein’s inequality
(in place of U/%/[r ,)- Our main technical contribution is to propose a regeneration-based
approach which allows to preserve the correlation structure and recover the correct
asymptotic behavior, corresponding to the CLT for Markov chains.

The organization of the article is as follows. After a brief discussion of our results
(Sect. 2), we introduce the notation and provide a short description of the regeneration
method (Sect. 3). Next, we state our main theorems at their full strength (Sect. 4). At the
end, we present their proofs (Sect. 7). Along the way, we develop auxiliary theorems
for 1-dependent random variables (Sect. 5) and bounds on number of regenerations
(Sect. 6). Some technical lemmas concerning exponential Orlicz norms are deferred
to Appendix.

2 Discussion of the Main Result

Let us start by recalling the Bernstein inequality in the i.i.d. bounded case.

Theorem 2.1 (Classical Bernstein inequality) If (&;); is a sequence of i.i.d. centered
random variables such that sup; ||§;|lco < M, then for o2 = Eéiz and any t > 0,

2

t
P[ su >t) <2exp|——+——5—.
(151(2}1 - )_ p( 2n02+%Mt>

Let us recall that the CLT for Markov chains (see, e.g., [9,22,23]) guarantees that
under assumptions and notation of Theorem 1.1, the sums \/L;l Z;:ol f () converge

k

Z«Ei

i=1

in distribution to the normal distribution A/ (0, o/%,[rv). Thus, the inequality obtained
in Theorem 1.1 reflects (up to constants) the asymptotic normal behavior of the sums
JLE > f(Y;) similarly as the classical Bernstein inequality in the i.i.d. context. Fur-

thermore, the term log n which appears in our inequality is necessary. More precisely,
one can show that if the following inequality holds for all # > 0:

Px<

for some a, = o(n) and 0 € R (const’s stand for some absolute constants, whereas
const(x) depends only on x and the Markov chain), then one must have o2 > const -
0/%,“”. Moreover, it is known that for some geometrically ergodic chains a, must grow
at least logarithmically with n (see [1], Section 3.3).

Concentration inequalities for Markov chains and processes have been thoroughly

studied in the literature, the (non-comprehensive) list of works concerning this topic

n—1

> F)

i=0

2
t
>t ]| <const-exp|— 3
const - no? + const(x) - ant| flloo

2.1
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includes [1,2,6,7,10-13,15-17,19,20,24,25,27]. Some results are devoted to concen-
tration for general functions of the chain (they are usually obtained under various
Lipschitz or bounded difference type conditions); others specialize to additive func-
tionals, which are the object of study in our case. Tail inequalities for additive
functionals are usually counterparts of Hoeffding or Bernstein inequalities. The former
ones do not take into account the variance of the additive functional and are expressed
in terms of || f|lo only. They can be often obtained as special cases of concentra-
tion inequalities for general function (see, e.g., [11,24,25]). Bernstein-type estimates
of the form (2.1) are considered, e.g., in [1,2,6,7,10,12,13,16,17,19,20,24,27] and
use various variance proxies o2, which do not necessarily coincide with the limiting
variance o[%/m}. In the continuous time case, inequalities of Bernstein type for the nat-
ural counterpart of the additive functional, involving asymptotic variance, have been
obtained under certain spectral gap or Lyapunov-type conditions in [13,16]. For dis-
crete time Markov chains, inequalities obtained in [1,2,7,10,12] by the regeneration
method give (2.1) (under various types of ergodicity assumptions and with various
parameters a,) with o, which coincides with U,%,,rv only under additional assump-
tion of strong aperiodicity of the chain. On the other hand, the articles [19,20,25,27]
provide more general results, available for non-necessarily Markovian sequences of
random variables, satisfying various types of mixing conditions. The variance proxies
o2 that are used in these references are close to the asymptotic variance and how-
ever in general do not coincide with it. For instance, the inequality obtained in [19],
which is valid in particular for geometrically ergodic chains, uses (in our notation)
o2 = Var, (f(Yo))+2 Zfi] |Covy (f(Yo), f(Yi))|. Comparing with (1.2), one can
see that crf,lm < ¢ 2. Infact, one can construct examples when the ratio between the two
quantities is arbitrarily large or even olf,h , = 0and o2 > 0.Reference [27] provides an
inequality for uniformly geometrically ergodic processes, involving a certain implic-
itly defined variance proxy anz, which may be bounded from above by o' from [19] or
by Vary; (f(Y0))+Cll fllecEx | f (Yo)|, where C is a constant depending on the mixing
properties of the process. For a fixed process, in the non-degenerate situation, when the
asymptotic variance is nonzero, it can be substituted for cr,% at the cost of introducing
additional multiplicative constants, depending on the chain and the function f.

To the best of our knowledge, Theorem 1.1 is therefore the first tail inequality
available for general geometrically ergodic Markov chains (not necessarily strongly
aperiodic), which (up to universal constants) reflects the correct limiting Gaussian
behavior of additive functionals. The problem of obtaining an inequality of this type
was posed in [2]. Let us remark that quantitative investigation of problems related to the
central limit theorems for general aperiodic Markov chains seems to be substantially
more difficult than for chains which are strongly aperiodic. For instance, optimal strong
approximation results are still known only in the latter case [21].

3 Notation and Basic Properties

For any k, [ € Z, k < I, we define integer intervals of consecutive integers
[k, =1k, k+1,.... 1}, [k,D={k,k+1,...,1-1}, [k, 00)={k, k+1,...}.
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For any process X = (X;);cy and S C N, we put

Xs = Xiies, Fr= (]-‘lX>iEN, ]:iX =0 (Xp.1) -

Moreover, for k € N we define the corresponding vectorized process

k k

X© = (Xl( )>. o XY = Xikarni-
ieN

Definition 3.1 (Stationarity) We say that a process (X,),en is stationary if for any

k € N the shifted process (X, +x)neN has the same distribution as (X,,),eN.

Definition 3.2 (m-dependence) Fix m € N. We say that (X},),cN is m-dependent if
for any k € N the process (X, ), <k is independent of the process (X,)n>m+1+k-

Remark 3.3 Letus note that a process (X,,),en is 0-dependent iff the variables (X, ) en
are independent. Finally, let us give a natural example of a 1-dependent process
(X,)nen. Fix an independent process (£,),en and a Borel, real function & : R — R.
Then, (h(&,, &14+1))nen is 1-dependent. Such processes are called two-block factors.
It is worth noting that there are 1-dependent processes which are not two-block factors
(see [8]).

Remark 3.4 Assume that a process (X;),en is m-dependent. Then for any ng € N,
the process (X,+km+1))ken is independent. Moreover, if the process (X;),en is
stationary, then for any ng € N, (X,,4+k(m+1))keN is a collection of i.i.d. random
variables.

3.1 Split Chain

As already mentioned in the Introduction, our proofs will be based on the regeneration
technique which was invented independently by Nummelin and Athreya—Ney (see [3]
and [23]) and was popularized by Meyn and Tweedie [22]. We will introduce the
split chain and then regeneration times of the split chain. The construction of the split
chain is well known, and as references, we recommend [22] (Chaps. 5,17) and [23].
We briefly recall this technique below. Let us stress that although this construction
is based on the one presented in [22], our notation is slightly different. Firstly, let us
recall the minorization condition for Markov chains which plays a main role in the
splitting technique.

Definition 3.5 We say that a Markov chain Y satisfies the minorization condition if
there exists a set C € B(X) (called a small set), a probability measure v on X (a small
measure), a constant § > 0 and a positive integer m € N such that 7(C) > 0 and

P"(x, B) > §v(B) 3.1

holds for all x € C and B € B(X).
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Remark 3.6 One can assume that v(C) = 1 (possibly at the cost of increasing m).

Remark 3.7 One can check that under assumptions of our theorem, the minorization
condition (3.1) holds for some C, v, § and m. We refer to [22], Section 5.2 for the
proof of this fact.

Fix C, m, v and § > 0 as in (3.1). The minorization condition allows us to redefine
the chain Y together with an auxiliary regeneration structure. More precisely, we start
with a splitting of the space X into two identical copies on level 0 and 1, namely we
consider X = X x {0, 1}. Now, we split Y in the following way. We consider a process
® = (Y, A) = (Y;, Ai)i>o0 (usually called the split chain) defined on X. (We slightly
abuse the notation by denoting the first coordinate of the split chain with the same
letter as for the initial Markov chain, but it will turn out that the first coordinate of the
split chain has the same distribution as the starting Markov chain, so this notation is
justified.) The random variables Ay take values in {0, 1}. (They indicate the level on
which @y is.) For a fixed x € C, let

rx,y) = v(dy)

= P, dy) G2

and note that the above Radon—-Nikodym derivative is well defined thanks to (3.1).
Moreover, r(x, y) < 1. Now, forany Ay, ..., A, € B(X),k € Nandi € {0, 1} set

IP>(Akm =1, T[km—&-l,(k—i—l)m] €A X - X Ay | ]:];{:nv fkl),,_m, Yim = x)

=P(A0=i,T[1’m]€A1X--'XAm|T()=x) (3.3)

=/ / F (s s )P Com— 1 dXn) P o2, dXm_1) - .. P (5. 1),
Al m

where
o Liec r(x, xm), ifi =1,
rex i) = { 1 — Lyec 7(x, Xp), ifi = 0. G4
Moreover, for any k,i € Nsuchthatkm <i < (k + 1)m we set
Ai = Agm. (3.5)

Remark 3.8 (Initial distribution for the split chain) In order to be able to set initial
distribution for the split chain for arbitrary probability measure p on X', we define the
split measure ;* on X by:

(1 —8)u(C N A+ pn(ANCY), ifi =0,

WA X i) = {SM(CHA), ifi=1. (3.6)
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Such definition ensures that (Y, Ag) ~ u* as soon as Yy ~ u. For convenience sake,
for any x € X, we will write

Pree(:) = Ps; (). (3.7

Remark 3.9 (Markov-like properties of the split chain) In order to give some intuition
behind the definition of the split chain, note that the distribution of the first coordinate
of the split chain ® with initial distribution ©* coincides with that of the original
Markov chain Y which starts from p. From now on, Y always corresponds to this first
coordinate of the split chain. One can easily generalize (3.3) to show the following
Markov-like property of the split chain: For any k € N and product measurable
bounded function F, we have

E (F (Y(km-+1,00)5 Afm,o0)) | 7:;3,{,,, f;é\m_m)=]E (F (Ypom+1,00)» Afkm,o0)) | Yiem) -
(3.8)

This, in turn, leads to the fact that the vectorized split chain & is a Markov chain.
Even more, for any product measurable bounded function F and k € N we have

(m) (m) (m) (m)
E(F (o)1 o0n) =E(F (o)1 &)

=FE (F (CD(]T?X))) | Yonk—m> Tmk—1, Amkfm) .

Now, we can introduce the aforementioned regeneration structure for ®. Firstly, we
define certain stopping times. For convenience, we put 7_; = —m, and then, fori > 0
we define 7; to be the ith time when the second coordinate (level coordinate) hits 1,
namely

t =min{k > 71 | Ay =1, mlk}. (3.9)

Now, we are ready to introduce the random blocks and the random block process

OF T[‘L’, \+m,ti+m), == (Ei)izo s (3.10)

where we consider E; as arandom variable with values in the disjoint union |_| >0 X,
For clarity of this presentation, here and later on, we omit the measurability detalls

Remark 3.10 Let us now briefly discuss the behavior of these random blocks. Firstly,
by the strong Markov property of the vectorized split chain it is not hard to see that
E is a Markov chain. On a closer look, one can see that for any product measurable
function F

E (F (Efi,00)) | Ep0.)) =E(F (i) | Bic1) =E(F (Efi,o0)) | PLy (Biz1)),
(3.11)
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where pr,,, : || jom X J — X™ is a projection on m-last coordinates,

pr, (x(),...,xj)z(xj_m+1,...,xj). (3.12)

Apart from being Markovian, the sequence (E;);>0 is 1-dependent, whereas (E;);>1
is stationary (see [9], Corollary 2.4). The stationarity follows from the fact that for
m|k, we have

LYiym | Ap=1)=v, (3.13)

that is, every time k (which is a multiple of m) the split chain is on level 1 (note that this
implies Ty € C) and the split chain regenerates and starts anew from v. Furthermore,
the lengths of E;:

18il =t — Ti-1, (3.14)

are independent random variables for i > 0 and form a stationary process fori > 1.
Let us add that if m = 1, one can show that E;’s are independent. This fact makes
a crucial difference between strongly aperiodic and not strongly aperiodic Markov
chains (see [5, Section 6]).

At last, let us introduce the excursions and the excursion process
Tip1+m—1
Xi=xi(H)H= Y fOrpH.  x=0iz0 (3.15)

J=ti+m

which will play a crucial role in our future considerations. By properties of the random
blocks, one concludes that x is 1-dependent and satisfies

E(xi | Boi) =E (i | 8. (3.16)

Moreover, (x;);> is stationary. Due to the Pitman occupation measure formula (see,
[22], Theorem 17.3.1, page 428) which says that for any measurable real function G,

T0/m
Ey Y G(is Ami) = 87'7(C) " Ex G(Yo, Ao), (3.17)

i=0

and observation that P, -distribution of excursion y;(f) (i > 1) is equal to the P,
-distribution of yo, we get that for any initial distribution y and any i > 1,

Euxi =Euxo =8"'7(C)"'m / fdn. (3.18)
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As a consequence, E; f(Y;) = 0 implies that for every i > 1, E, x;(f) = 0. Now,
we are ready to decompose our sums into random blocks. If m|n, then

T0/m n/m—1

me— Zo In>0+ In=o Z ; +(le 1(f))
v+m—1
—(ILM > f(m), (3.19)

k=n
where
m—1
=Ok(f) =D f(Tewss).  N=infli 20|t +m—1=n~1}
i=0

(3.20)

This decomposition will be of utmost importance in our proof.

3.2 Asymptotic Variances

During the upcoming proofs, we will meet two types of asymptotic variances: afhv

associated with the process (f (Y;));>o and 0 associated with x . The first one defined
as

1
Oltry = Jim_~Var (f (Xo) + -+ £ (Ty-1)

= Vary (f(Y0)) +2 Y _ Covx (f(i), f(Y0)) (3.21)

i>1

is exactly the variance of the limiting normal distribution of the sequence \/Lﬁ h
f(Y;). The second one:

1
= lim —Var (x1 + - + xu) = Ex? + 2Ex1 x2,
n—>00 n

is the variance of the limiting normal distribution of the sequence \/%7 >, xi- Both

asymptotic variances are very closely linked via the formula
02 =o}, Bt —10) =0,,ms 7 ()7, (3.22)

For the proof of this formula, we refer to [22] (see (17.32), page 434).
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4 Main Results

In order to state our results in the general form, we need to recall the definition of the
exponential Orlicz norm. For any random variable X and o > 0, we define

XO(
1X g, :inf{c>O|Eexp<| | )52}. (4.1

cO(

Ifa < 1,then |||y, isjustaquasi-norm. (For basic properties of these quasi-norms, we
refer to Appendix A.) In what follows, we will deal with various underlying measures
on the state space X'. In order to stress the dependence of the Orlicz norm on the initial
distribution p of the chain ®, we will sometimes write || - ||y, instead of || - |y, -

Before we formulate our main result, let us introduce and explain the role of the
following parameters:

T0/m T0/m
a=|Y |6 . b= |6y :
k=0 Vo Py k=0 Ve P
c=lxi(Nly,, d=Ilr—7ly,, (4.2)

where ®; = Zlm:_o] f (Ygm+i) (cf. (3.19)). The parameter a (resp. b) will allow us to
estimate the first (third) term on the right-hand side of (3.19), whereas the parameters
¢ and d will be used to control the middle term. We note that d quantifies geometric
ergodicity of Y and is finite as soon as Y is geometrically ergodic. Let us mention
that all these parameters can be bounded, for example, by means of drift conditions
widely used in the theory of Markov chains (see Remark 4.2). Finally, let us remind
that Uf,m = Var, (f(Yo)) + 2 Zfil Cov (f(Yp), f(Y;)) denotes the asymptotic
variance of normalized partial sums of the process (f (Y;));.

We are now ready to formulate the first of our main results. (Recall the definitions
of the small set C and the minorization condition (3.1).)

Theorem 4.1 Let Y be a geometrically ergodic Markov chain and 1 be its unique
stationary probability measure. Let f: X — R be a measurable function such that
E; f = 0and let « € (0, 1]. Moreover, assume for simplicity that m|n. Then for all
xeXandt > 0,

px<

n—1

Do

t* _1 t*
> t) < 2exp (— (23a)“) + 267 (C)] " exp (— (23b)°‘>

i=0
- 2 4.3)
—+ 6eX 8 €X _——_— —+ 6eX _—_ .
PEEXP| ™18 (7700 P\ 30n02,, + 81M
t+exp(l)e < o )
X xp | ——— |,
P P 6787 (C)d>
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where 01%,1“) denotes the asymptotic variance for the process (f (Y;)); given by (3.21),
the parameters a, b, c, d are defined by (4.2) and M = ¢(24a =3 log n)al.

Remark 4.2 For the conditions under which a, b, ¢ are finite, we refer to [2], where the
authors give bounds on a, b, ¢ under classical drift conditions. If f is bounded, then
one easily shows that

max (a,b) < 2D flleo, € = DIl fllco, (4.4)

where D = max (d, Iollyy, B TOMy, Pn*)' For computable bounds on D, we refer
to [4].

Let us note that in Theorem 4.1, the right-hand side of the inequality does not converge
to 0 when ¢ tends to infinity. (One of the terms depends on n but not on ¢.) Usually,
in applications ¢ is of order at most 7 and the other terms dominate on the right-hand
side of the inequality, so this does not pose a problem. Nevertheless, one can obtain
another version of Theorem 4.1, namely

Theorem 4.3 Under the assumptions and notation of Theorem 4.1, we have

n—1

(3

Do r
i=0

tOl o
> t) < 2exp <— (54‘1)“) +2 [Sn(C)]—l exp (— (551b)°‘)

t* 2
+4exp@)exp| ———— | +6exp | — ’
p(8) P( 136(27c)01) P ( 37(1 + p)noy,, + 18Md\/]TPI>
(4.5)
16
where K, = L, + 16/L, and L, = 1o +20.

It is well known that for geometrically ergodic chains |[Tolly,, B+, lITollyy, P«
lzT1—7olly, < oo (see[4]forconstructive estimates). Therefore, (4.4) and Theorem 4.1
lead to

Theorem 4.4 Let Y be a geometrically ergodic Markov chain and 1 be its unique
stationary, probability measure. Let f: X — R be a bounded, measurable function
such that E f = 0. Fix x € X. Moreover, assume that ||tolly, sz, [IT0lly, 7% IT1 —
t0lly; < D. Then forallt > 0,

px(

where af,[rv is the asymptotic variance of (f(Y;)); and K = exp(10) + 2817z (0) L.

n—1

PNALN)

i=0

2
t
>t <Kexp|— 3 5 ,
32n0yy;,, + 433187 (C)|| flloo D= logn
(4.6)

Remark 4.5 Theorem 4.4 implies our main Theorem 1.1 from Introduction with con-
stants K = (exp(10) +26~'7(C)~") and T = 43387 (C)D>.
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5 Bernstein Inequalities for 1-Dependent Sequences

In this section, we will show two versions (for suprema and randomly stopped sums)
of Bernstein inequality for 1-dependent random variables. They will be later used
in the proofs of our main theorems. In what follows for a 1-dependent sequence of
random variables (X;);>o0, ago denotes the asymptotic variance of normalized partial
sums, i.e.,

02, =EX? + 2EX; X,.

Lemma 5.1 (Bernstein inequality for suprema of partial sums) Let (X;);>o be a I-
dependent sequence of centered random variables such that E exp(c ™| X;|%) < 2 for
some a € (0, 1] and ¢ > 0. Assume that there exists a filtration (F;);>( such that for
Zi = Xi + E(X;1|F) — E(X;|Fi—1) we have the following:

(0) X; is F; measurable,

(1) (Zi)i>1 is stationary,

(2) (Zi)ix>1 is m-dependent withm =1 orm = 2,
(3) (E(X;|Fi—1));>, is stationary,

(4) E(X;|Fi_1) is independent of X4 for anyi > 1.

Then,
2 2 1
EZ} =02, |1Zilly, < c(@8/a)e. 5.1)

o0

Moreover, for anyt > 0andn € N,

@ 12
>t)<Kpexp|— +Lyexp|-——m———
= fm SXP ( umc“> m EXP ( Un.m0% + wn,mt>

(5.2)

k

P supZ
1<k<n i=1

X;

where w, = ULy = Sem o+ DA m A D), we = 20m +

D(24a3 log n)éc, Ky, =2(m+ 1) exp(8) and L,,, = 2(m + 1).

Proof Firstly, we will show that if X;’s are centered, independent random variables

with common variance ago and Eexp(c™|X;|%) < 2,then (5.2) holds withug = 2-6%,
1

U0 = %n, Wp,0 = %c (305_2 log n)&, Ky = exp(8) and Ly = 2 (allowing for a slight

abuse of precision we consider this the m = 0 case of the lemma). Indeed, by Lemma

4.11in [2] for A = 2Y@¢)~ 1,

n—1
E exp <A°‘ > (lwi + (E|U,-|>“)> < exp(8), (53)
i=0
where U; = X;l|x;>m, stands for the “unbounded” part of X; and My =

1

¢ (3a™2logn)®. Define the “bounded” part of X;, B; = X;1x,|<um, and notice that
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X; = B; + U;, where B; = B; — EB; and U; = U; — EU;. Using the union bound,
we get for p =1/6

k

Pl sup Z
1<k<n i=1

Xi

Consider first the unbounded part. Using the subadditivity of x — x®, Markov’s
inequality and then (5.3), we get

n
]P’( sup E > tp) <P (exp (A“ E |Ui|°‘) > exp (Apt)“)
1<k<n |-
<k=n |

1 i=1

< exp (8) exp (— tzgx ) = exp (8) exp (— 2(;c)“) .

k
Ui

As for the “bounded” part, notice that EEZ < I[-EBi2 < EX 12 = ago. Therefore, using
the classical Bernstein inequality we get

k 2 2
R t“(1 —
N B|>11-p)) <2exp (- (4 p) .
, 2no2, + 51(1 — p)Mo

Combining the three last estimates and substituting p = 1/6 allow to finish the proof
for independent random variables.

We will now use the independent case to prove the tail estimate (5.2), assuming (5.1),
the proof of which we postpone. Note that (5.2) is trivial unless t > w,, log (2(m + 1))
(as the right-hand side exceeds 1). Therefore, from now on we will consider only ¢

satisfying this lower bound. In particular, setting p = 1/5, we have t > %(2 /) @cand

t > 47X log(n)é. Using the union bound and the assumption 3), we get (denoting
for brevity E; (1) = E (- | 7))
>1t(1— p))

—i—IP’( sup |E; X;y1 —EoX| > fP)

1<i<n

k

Pl sup Z
1<k<n i—1

k

>t <P| sup

1

Xi Z;

k
<P| sup > Z|>1t(1-p)
1<k<n i=1
tp
+2P [ sup |E;i1Xi|>—]. 5.4
1<i<n 2
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By another application of the union bound together with Lemma A.5 and stationarity
of (E;—1X;);, we obtain

t t o
| sup EioiXil > 2} <2nP ([Eox11 > L) < 12nexp (-2 .
I<i<n 2 2 2(2c)"

Notice that

12n exp (_ 2?25&) =12 [" =P (_ 4122£>a ﬂ P (_4122;“)
()(t()(
12 exp (— 41()2(:)0‘ ) ,

. . . 1 1
where the inequality is a consequence of the estimate r > 4« 270 log(n)«. It follows
that

t g 1o
2P sup |Ei—1Xi| > p_ < IZexp (—p—> = ]2@xp (_—> .
I<i=n 2 4Q2c)™ 4(10c)%

(5.5)

IA

In order to deal with P (| >/, Z;| > t(1 — p)), we start with splitting this sum into
m + 1 parts and using the union bound, namely

k

>

i=1

m
t(d—p)
t(1— < P Zi _—
c-p)sTe(m| T a0

I=k=n |y i<k mt1)i—j

P sup
1<k<n

Now, to each summand on the right-hand side of the above inequality we will apply
the estimate for the independent case obtained at the beginning of this proof. Setting

M = (2403 log n)éc and taking into account (5.1), we obtain

k
1
——P[ su Zi| > t(1—p)
m+1 (15/{2:1 ; l g )
R t(1-p)
< ZIP’ sup Z Zi| > ———
mA 1T \isksn | i mtd

ta
< exp(8) exp (‘m)

+2exp | — a- p)2t2
P %(m+1) [(n+m+1)0020+§(1—p)tM]
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tOt
< exp(8) exp (‘M)

[2
+2exp <_(m+1)[5(n+m+1)ago+2rM])' (5.6)

Finally, using (5.4), (5.5) and (5.6) we get

tO{
> t) < 12exp <_—4(10c)°‘>

+ (m + 1) exp(8) exp (—t—>

k

Pl sup Z
1<k<n i=1

X;

18 8(m + 1)c)*

2
+20m + Dexp <_5(m +D(n+m+1)02 +2(m+ I)IM).

To conclude (5.2), it is now enough to note that the second summand on the right-hand
side above dominates the first one.

To finish the proof of the lemma, it remains to show (5.1). Firstly, we address the
variance of Z;, which can be easily calculated by using the properties of conditional
expectation. We have (recall the notation E; (-) = E (- | F;))

EZI-2 = ]E[Xl2 +E12Xi+1 +Ei271X,' —2E; X Ei1 X —2X;Ei 1 X + 2X,’E1Xi+1].

Since EXE; 1 X; = ]EEZ-Z_IX,', EE; X; 11 Ei1X; = EX; (1E;i1X; and X;E; X, 41 =
E; (X; Xi+1), we obtain

IEZZ-2 = IE(XZ2 +El-2Xi+1 — El-z_IX,' —2XinEi1 X; + 2XiX,'+1)

=E (X2 +2XiXi+1) = 2E (X Bt X)) + E (EPXi41 — B2 X;).

The variance formula in (5.1) follows by observing that due to 3), E (El-le’+1—
E? | X;) = 0, whereas by 4), E (X;+1E;_1X;) = 0.

Now, we will demonstrate the upper bound on || Z; ||, in (5.1). Using the triangle
inequality (cf. Lemma A.1) twice and then Lemma A.3, we obtain

1 1 1 2
1Zilly, < 2@ "NXillye +2¢ NE Xt — EoXillyy <241 Xillye +2& B0 X1y,

1 24 1 11 1 1 (5.7
=29 Xilly, +207 /)@ | X1lly, = 11 X1lly, <2a + E(S/a)a) < c@B/a)x.

This concludes the proof of the lemma. O

Remark 5.2 1If (X);>o is a 1-dependent, centered and stationary Markov chain such that
I Xilloo < M < 00, then the assumptions of the above lemma are satisfied withm = 2
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and F; = o {X; | j <i}.If (§)i>0 are i.id. random variables and f : R? — R s
a bounded, Borel function such that X; = f(&;, &41) are centered, then we can take
Fi =o{&; | j < i+ 1} and notice that the assumptions of the above lemma are
satisfied with m = 1.

Remark 5.3 1t is worth noticing that ago may be equal to O in case of 1-dependent
processes (X;);en. Take for example X; = &1 — & where (§;);en are i.i.d. random
variables. It turns out (cf. [14]) that the reverse is true, that is, if for a 1-dependent,
bounded stationary process (X;);en we have ogo = 0, then there exists ani.i.d. process
(&i)ien such that X; = &1 — §&;.

Lemma 5.4 (Bernstein inequality for random sums) Let (X;);>o be a I-dependent
sequence of centered random variables such that Eexp(c™%|X;|%) < 2 for some
o € (0,1] and ¢ > 1. Moreover, let N < n € N be an N-valued bounded random
variable. Assume that we can find a filtration F = (F;);>¢ such that for Z; = X; +
E (Xit11Fi) — E(X;|Fi—1) we have the following:

(0) X; is F; measurable,

(1) N is a stopping time with respect to F,

(2) (Zi)i>1 is stationary,

(3) Foreach j € N process, (Z;);>j+3 is independent of F |,

4) (E(X;|Fi=1));> is stationary,

) E(X;|Fi—1)is i_ndependent of Xiy1 foralli > 1.

Then for any t > 0 and a > 0,

1 12
P ( > I) < 4exp(8) exp <_ﬁ) + 9CXp (—m) y (5.8)
o

where u = 192 'y = 1024, w = 14M max (2, \/[[(IN/3] —a + 1), lly,) and
1
M = c(24a3logn)w.

N

>

i=1

Proof Observe that 0) and 3) imply 2-dependence of the process (Z;);>1. Therefore,
the filtration F satisfies all the assumptions of Lemma 5.1 and thus (5.1) holds. Note
also that without loss of generality, we may assume that > w log 9. (Otherwise, the
right-hand side of (5.8) is at least one.) Fix s = (82 log9)~!. Using the union bound,
we get (E; (1) =E (- | 7))

N N
ts
P(lex,- > z) 5@(2}2,- > 1(1 —s)) +2P(li?£>n|Ei1Xi| > 5).
1= 1= =t=
(5.9)
1 N
Now using Lemma A.5, ts/2 > c(%)", t > wlog9 and n exp (‘4%22)&) < 1, we
obtain
2P B X > L) < 2P (1Eoxy | > ) < 12 6O" ) (s.10)
su j— il > — n > — €X — . .
e, T )= 0T ) = P T
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Next, we take care of the other term on the right-hand side of (5.9). Firstly, we split
the sum

|

Now, we will consider the jth summand of the above sum. Let us take r = —3
8+/210g(9)

N

>

i=1

2
t(l1—ys)
>t(1—s)>§ZOIP’ Z Zi| > 3 . (5.11)
]=

I<i<N, 3|(i+})

and notice that there is function f; : N — N such that for any n € N, L%J < fi(n) <

[%] and
> 1(1 —‘3')/3) :]P’( > (1 —s)/3)

P(
> Z3i_; >t(1—r)(1—s)/3)+P<2 sup |Zk|>tr(1—s)/3>.

<P
1<i<[N/3]+1 k=n+6

Due to || Z; ||y, < c(8/a)$ (cf. (5.1)) and Lemma A.4 along with# > wlog(9),n > 2
(for n = 1, the result of the lemma is trivial), we get

2. 4

1<i<N, 3|i+j

Y. Zioj

1<i<f;(N)

(5.12)

tr(l — tr(l —
P2 sup 1z = L= §(n+6)]P’<|Zk|>u)
k<n+6 3

3 (5.13)
a(rr(l — s))® a(tr(l —s)*
<2(n+6)exp <_—8(3c)°‘ ) <2exp <_—16(3c)“ ) .

To handle the first summand on the right-hand side of (5.12), let us fix j and denote
Vi = Z3i43—j, Gi :=F3i—j, T :=[N/3 + 1] < [n/3] + 1. Using the assumptions
on the filtration F and (5.1), it is straightforward to check that the following properties
hold:

y; are independent,
1
Ey; =0, Ey? = 0%, [17illy, < c®/a)x,
yi—1 is G; measurable,
y; is independent of G;,
T is a stopping time with respect to the filtration G;.

Nk L =

This is precisely the setting of Proposition 4.4. ii) from [2] which applied with € := 1,
V2

Pi= 55 and g := /2 gives that for any a > 0,
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]P’( Y Zaij| >t =r)(1—9)/3

1<i<[N/31+1

(1 =r)1 —s)*
8 _ (5.14)
= o mp( 262+ D)0 )

aexn [ (1 =r)(1 —s))*
P 72aa§o+6«/§ﬂ(l—r)(l—s)t '

where

&M 8\«
,u:max(T,Zcroo\/H([N/ﬂ—a+1)+||,/,l>, 5=c(—) )

Using (5.1), Lemma A.2 with ¥ = @Z% and B = %, together with the gamma

8c¥
x

function estimate I"(x) < (7)%] for x > 2 (see Theorem 1 in [18]), we get

2 2 2
8\a (2 4 ,(8\a (2 8\
02, =EZ} <2c? (-) r<—+1>5—c2(—) F(—)§402 <—2> :
o o o o o o

which implies that o5, < %M and as a consequence,

4
w=IMb, b= max (2, JIGNB —a+ 1), ||¢l) .

Therefore, (5.14) reduces to

IP( > Za >t(1—r)(1—s)/3)

1<i<[N/31+1

- ep(®) exp <_ (t(1 —r)(1 - s))‘*)

232+ V2)é)*

e (- (t(1=r)(1=)*
P T2a02 + 82Mb(1 —r)(1 — )t |

Combining the above inequality with (5.9)—(5.13), we obtain

N
(s1)* a(tr(l —s)®
P ( ;X,‘ > t) < 12exp (—4(26)(1) + 6 exp <_—16(3c)0‘ )
(t(d=r1—=s)*
3exp(8 -
e )exp< 232 + V2)¢)™ )
(1 —r)(1 —s))?
9 - .
+9exp ( 72a02, + 8v/2Mb(1 — r)(1 — s)t>
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To conclude, it is now enough to recall that r = 3(8\/510g(9))’1, s = (Sﬁlog 9)~!
and do some elementary calculations. O

6 Bounds on the Number of Regenerations

We will now obtain a bound on the stopping time N, introduced in (3.20). To this
end, we will use the 1 version of Bernstein inequality, which follows easily from
the classical moment version of this inequality (see, e.g., Lemma 2.2.11 in [26]), by
observing that for k > 2, E|§|F < "’”f”fm = k!M*=2v/2, where M = ||£||y,,

_ 2
v =253,

Lemma 6.1 (| Bernstein’s inequality.) If (§;); is a sequence of independent centered
random variables such that sup; ||&; |y, < T, then

2
ZE’ == exp( 4n12+2n>

Lemma 6.2 If ||ty — 1olly, < d, then for any p > 0,

_ pnE(t; — 10)
P (N > ((1 + pn[E(t — 10)] ID < exp(1) exp <_T) 6.1

where K, = L, +16/L, and L, = lpﬁ 20. Moreover, the function p — K, is
decreasing on Ry (in particular, K, > Koo = 1%) andif p = 2/3, then ;K,, <67.

Proof For convenience, let T; = 7; — t;— for i > 1. Firstly, notice that without loss
of generality, we may assume that np > L,ET;. Indeed, otherwise, using ET < d
we obtain

ET, L,E*T, L
exp(1) exp <_pI?pd21> > exp(1) exp <_ Izpd;) > exp <1 — K—I;) > 1.

Thus, from now on we consider n such thatnp > L,ET;.For A = (1+p)n [ET; ]_1 >
1, we get

[A]-1
P(N > [A]) <P(tay —t0 <n) <P | > T,11 =BTy <n— AET)
i=0
[A]-1
=P| > Tt —ETipi <n—(1+ pin 6.2)
i=0
[A]-1
=P| > Tt —ETip1 < —np
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Now, we have ||T;4+1 — ET;41lly, < 2d, so using Lemma 6.1, ET7 < d and np >
L,ETy, we get

2.2
p°n
N> (1+”)”[ET1] Dfe"p <_4(A+1)4d2+4dnp)

pn
= exp 2 Ty
16d [(1+ p)n [ETy ]! + 1] + 4dnp

pnETy
= exp
16d2 e 4 ET‘) + 4dET,
pnET, _ ( anTl>
16d2 B2 L)+ aa K,d?
anT1
< exp X, 72 )

which finishes the proof of (6.1). The properties of K, follow from easy computations.
O

The following lemma is a standard consequence of the tail estimates given in
Lemma 6.2. Its proof, based on integration by parts, is analogous to that of Lemma
5.4 in [2] and is therefore omitted.

Lemma 6.3 Suppose that ||ty — 1olly, < d for some d > 0. Then for any p > 0,

4K pd* 4K pd?
<
[E(r —)]* ~  m?

[ —a),, =

where a = (1 4+ p)n[E(t] — )], K,=L,+ i—?} and L, = % + 20. Moreover,

Ky >K,>K
[E@ -~ 77

7 Proofs of Theorems 4.1, 4.3 and 4.4

In this section, we will prove our main results. The structure of proofs of Theorems 4.1
and 4.3 is similar, and they contain a common part, which we will present first in
Sects. 7.1 and 7.2. The proof of Theorem 4.1 will be concluded in Sect. 7.3 and the
proof of Theorem 4.3 in Sect. 7.4. Theorem 4.4 will be obtained as a corollary to
Theorem 4.1 in Sect. 7.5.

Let us thus pass to the proofs of Theorems 4.1 and 4.3. Assume that m|n. The
argument will be based on the approach of [1] and [2] (see also [10] and [12]) and will
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rely on the decomposition

n—1
D FO0)| < Hy+ My + T, 7.1)
i=0
where
T0/m n/m—1 N
H, = Z®i]lN>o+]lN=0 Z O, M, = Xxi—1(H)|,
- =0 =l (1.2)
N+m—1
Ty=|ly=0 Y f(X)|. N=inf(i 20|z +m—1>n—1}
k=n

The proof will be divided into three main steps. In the first two (common for both
theorems), we will get easy bounds on tails of H,, and 7},. The main, third step will be
devoted to obtaining two different estimates on the tail of M,,. To this end, we will use
Lemmas 5.1, 6.2 (for the proof of Theorem 4.1) and Lemmas 5.4, 6.3 (for Theorem
4.3).

7.1 Estimateon H,

Using {N = 0} C {r9p > n — m}, the definition of a (see (4.2)) and Lemma A .4, we
get

T/m n/m—1
Por(Hy > 1) <P | Iys0 ) 10i +In=0 Y 10i] > ¢
i=0 i=0
T0/m
S DNCT 73
i=0

tO(
< 2exp <_a_“> .

7.2 Estimateon T,

By repeating verbatim the easy argument presented in the proof of Theorem 5.1 in [2],
we obtain

P (T, > 1) < 2[87(C)] " exp (-%) . (7.4)

We skip the details.
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7.3 Proof of Theorem 4.1

Recall that M = ¢(24a 3 log n)é and note that without loss of generality, we can
assume that r > 8M log 6. Otherwise, (4.3) is trivial as the right- hand side is greater
than or equal to 1. Fix p = 2/3. We have (A := [(p + Dn(E(t1 — 19))"'])

PM,>t)=PM, >t, N<A)+PWM, >t,N > A)

sup Xi—1
<1<k<A Z

To control the first summand on the right-hand side of the above inequality, we will
apply Lemma 5.1 withm = 2, X; := x; = F(Ej+1) (cf. (3.16)),c :=cand n := A.
Assuming that the assumptions of the lemma are satisfied (we will verify them later
on), we obtain (in the first line, we use stationarity of (&;);>1):

. )

P:=P( sup [} xi-1|z1)=P( sup
<1<k<A Z . ) <1<k<A
tC{
<6exp®)exp| ————
< 6exp(8) exp %(24@&
2
+6exp | —
AWE ([(p+ DnEE —0) '] +3) 0 + 6:M
<6exp®)exp | — g
16 24¢)c

t2
+6CXP <_ 15 ((P + l)n(E(‘[l —_ -[0))—1 + 4) o,go + 6IM> (76)

(7.5)

)+IF’(N>A).

2 F(Ei)

Recall that by (3.22), a = aMrvE(fl — 109). We will now obtain a comparison
between a and r M, which Wlll allow us to reduce the above estlmate to one in which
the sub- Gau551an coefficient is expressed only in terms of oMrv Thanks to Lemma
A.2 applied with A := (x1/¢)* and B := 2/a, we have

02 < 3Ex? < 32T Q2/a + 1) < 32Q2/a)a T,

where the last inequality is a consequence of equation 4 in [18]. Moreover, recalling
the definition of M and using the assumption ¢ > 8log(6) M, we obtain

2 2 -3 2 2 24 2
tM>8log(6)M~=8log(6)c”(24a™ " log(n))« >16 - 8log(6)e“(2/a)e™ > 760,
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The last inequality in combination with (7.6) yields

1@ 12
P <6exp8)exp| ——— ) +6exp| —
P p( 1a—6(24c)a> p( 15(p + 1)na§4,v+7tM)

1* 12
<6exp@®)exp| ———— ) +6exp[ —————— .
p() p( §(24c)a> P ( 25n01%,1rv+7tM>

In order to justify the above inequality, it remains to verify the assumptions of
Lemma 5.1. To this end, take

(1.7)

Fi=olB;jlj=i+1}, Zi =i +EGuw1lF) —EGulFi-1).

We will now strongly rely on the properties of the stationary sequence of 1-dependent
blocks (Z;);>1 stated in Remark 3.10 together with (3.15) and (3.16). Since x; =
F(E;i+1),theassumption 0) of Lemma 5.1 is trivially satisfied. To prove 2), observe that
E(xi+11F) = E(xi+1|1Ei+1) = G(E;41) for some measurable function G, and so the
sequence (Z;);>; = (F(Ei1+1) + G(Ei41) — G(&;));~ is stationary (as a function
of the stationary sequence (E;);>). The sequence (8/))i>1 is 1-dependent, which
clearly implies that (Z;);>; is 2-dependent, i.e., the assumption 2) of the lemma. The
assumption 3), i.e., the stationarity of the sequence (E(x;|Fi-1));>; = (G(Ei));>1,
follows again by stationarity of (&;);>. Finally, using once more the fact that (Ei)i=0
is 1-dependent, we obtain that forany i > 1, therandom variable E(x;|Fi—1) = G(E;)
is independent of x;+; = F(E;42), which ends the verification of the assumptions of
Lemma 5.1 and proves (7.7).

Thus, in order to get a bound on P(M,, > ¢) it suffices to estimate the second term
on the right-hand side of (7.5). To this aim, we use Lemma 6.2 with p = 2/3 and
d = d obtaining

P (N > {(1 + p)n(E(r; — ro))_l-‘) < exp(l) exp <—W> .

In combination with (7.5) and (7.7), this gives

1 2
PM, >1) <6exp@)expl ——— | +6exp| -———————
(M= 1) = 6exp(®) p( 1?6(24c)"‘> p( ZSnGI%,,w+7tM>

nE(t — To))

+exp(l)e —
xp(1) xp( Py

Combining the above inequality with (7.3) and (7.4), we get

> t) < IP’(H,, > I_T '5/6t> +IE”<M,, > 5/6t)

n—1

px<

PN
=0
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+ P (Tn Z 1_2Jt>
t* _1 t*
< 2exp (— (233)a> 4+ 267 (C)]” " exp (— (23b)°‘)
nE(t) — 1’))
67d>

+ exp(1) exp (—

1 t?
+ 6 exp(8) ex —— | + 6ex — | -
P p( %(27c)“> p( 30na,%4rv+8tM)

In order to finish the proof of Theorem 4.1, it is enough to substitute E(7; — ) =
s 1a(C)"'m.

7.4 Proof of Theorem 4.3

Recall that M = ¢(24a3 log n)é, and let p > 0 be a parameter which will be fixed
later on. We are going to apply Lemma 5.4 with X; = x; = F(E;41), ¢ := ¢,
Fi:=0{E; | 0 < j <i+1}. Clearly, N is a stopping time with respect to . The
remaining assumptions of Lemma 5.1 can be verified in the same manner as in the
proof of Theorem 4.1. Leta = (1 + p)% [E(t; — ro)]_l. By Lemma 6.3, we get

1 _ 2
[(TN/3T—a+ D, =3 H (N — (1 + p)n(E(r) — 1)) 1)+le +iog3

<4d2K+ 2 - 4+7 d’K
=3 7 " log2=\3 50 P

where the last inequality follows from (recall the definition of K, from Lemma 6.2)

T ol 1 104 2
50°7=50" 75 5 T log2’

Therefore, max (2, \/[ (TN/31 —a+ 1), |ly,) < /4/3+7/50,/K, - d and we get
that for arbitrary p > 0,

P ( > t) < 4exp(8) exp (—%)

2
t
+9exp | — .
P ( 34(1 + p)oy,, + 17TMdt, /K,,)

Using the above inequality together with (7.3) and (7.4), we obtain

P t<IE”H>t+]P’M>26t+]P’T>t
> J— —_ —_
* - "= 54 "= 07 "= 54
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o

t _1 t*
< 2exp (— (543)“) + 267 (C)]” " exp (— (54b)“>

to{
+ 4 exp(8) exp <—m>

2
t
+9exp | — ,
P ( 3701+ p)oZy, + 18Mdt1/Kp>
which concludes the proof of Theorem 4.3.

7.5 Proof of Theorem 4.4.
Denote M = || f |l and notice that for > nM, the left-hand side of (4.6) vanishes,

so we may assume that ¢+ < nM. Using (4.4), one can easily see that if m|n, then
Theorem 4.1 applied with ¢ = 1 implies that

4

n—1
. -1 1t
,E—o:f(Tl) > t) < (2+2[8n(C)] )exp( 46DM>
t
_ 7.8
+ 6exp(8) exp( 432DM> (7.8)

1 6e i +exp()e < nm )
X — X X - |-
P\ 30n02,, + 19200m ) T TP\ T 6787 (0) D2

The assumption ¢ < nM yields

e nm <e tm
xp| ———— xpl ———"7-—=1.
P\ 67570)p2 ) = P\ " 6787 (C)MD?

which plugged into (7.8) gives after some elementary calculations that (recall K =
exp(10) +2[37(C)] ™)

px(

proving the theorem in the special case m|n.

Now, we consider the case m { n. Define [n],, to be the smallest integer greater
or equal to n, which is divisible by m. Notice that without loss of generality, we
can assume that 7 > 4330D2M 87 (C). (Otherwise, the assertion of the theorem is
trivial as the right-hand side of (4.6) exceeds one.) Since D2%87(C) > m (recall
E(t; — 19) = 8’171(C)’1m), this implies that t > 4330Mm. Moreover, ast < nM,
we also obtain that n > 4330m.

n—1

> Fn)

i=0

2
t
>t] <Kexp|— 3 , (1.9)
30no};,, +432tD>M 5 (C)logn
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Thus, for p = 1/4330 we have )Z[ﬂnf" £(0)

< Mm < pt,and as aconsequence,

n—1 [nm—1
P D_fC| =) <P || D fO)|>0=px].  (7.10)
i=0 i=0

Now using (7.9) and the inequality n > 4330m, we get

n—1 2
t
P Ti)|>t]) <Kexp|—
: gﬂ & =P\ TSl 02,, + 433t D2Ms(C) logn
l2
<Kexp|— 3
31(n +m)oy,,, +433tD>2MSm(C)logn
l2
<Kexp|—

32no3,., +433tD2M8n(C) logn
This concludes the proof of Theorem 4.4.
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A Orlicz Exponential Norm

At the beginning, recall the definition of the exponential Orlicz quasi-norm (4.1) and
note that if « > 1, then || - ||y, is a norm, whereas for 0 <« < 1, || - [y, is only a
quasi-norm. More precisely, we have the following version of the triangle inequality

(see Lemma 3.7 in [2]).

Lemma A.1 (Triangle inequality for ¢ < 1) Fix 0 < o < 1. Then, for any random
variables X, Y we have

1/a B
X+ Yy, < (lleli‘ZﬁllYlli‘zfa) <2V (X Ny + 1Y Ny ) -

Now, we present a moment estimation for random variables with bounded exponential
moment.
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Lemma A.2 IfY is nonnegative random variable such that E exp(Y) < 2, then for any
B > 0, we have

EY? <2 (B +1).

Furthermore, if B € N, then one can replace the constant 2 with 1.

Proof If § is a natural number, then the claim follows from Taylor’s expansion of
exp(x). The general case is obtained by Markov’s inequality, namely

EY? = /OOOIE”(Y‘8 > t)dt = /()OO]I”(exp(Y) > exp(ﬁ))dt

o 2
<[ ——
0 exp (t

0 (A.1)
)dt = / exp(—s)28sP~1ds = 28T (B).
0

==

]

The next lemma allows to pass from the 1,-norm of a random variable to the norm
of its conditional expectation.

Lemma A.3 (Orlicz’s norm of conditional mean value) Let 0 < o < 1. Assume that a
random variable X satisfies || X ||y, < 0o. Moreover, let F be some sigma field. Then,

1 1
jog (wexp (52)) 2\
IEXIF) |y, < (1 + logT 1 Xy < (&) 1 Xy, -

Proof Set ¢y (x) = exp(x®) for x > 0 and notice that ¢, is concave on (0, x,) and

—an ! .
convex on (xy, 00), where x, = (%) /a. Define W, to be a smallest convex function
bigger or equal to ¢, which is equal to ¢, on (xy, 00), that is,

aexp (15%) (g™ + 1), if 0 < x < xq,
¢Ol(x)a if.x Zxa.

Wy (x) = {

Clearly, W, is a convex function on R and it is easy to see that ¢, < W, <
o exp (ITT"‘) ¢, . Using these properties, Jensen’s inequality and the definition of the
Orlicz norm, we get

Eg, (M) <R, (M) <R, ( 1X] ) < 2wexp (1—_“>
1X v, 1X v 1X v P

log(a exp %)) * ) )
Putcy = |1 + ——»—+ > 1 and note that due to Jensen’s inequality,

log(2)

£ <|E<X|f>|> 3 (M (|E<X|f)|))cé _,
“\ealXly, /= U7 1Xly, -
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which completes the proof. O

Now, we give two concentration inequalities which are valid for random variables with
finite Orlicz norm. The first one is an easy consequence of the Markov inequality;
therefore, we omit the proof.

Lemma A.4 For any random variable X with || X||y, < oo andt > 0, we have

o

X1,

P(X|=1) <2exp -

Lemma A.5 (Tail inequality for conditional mean value) Let 0 < o < 1. Assume that
a random variable X satisfies || X|ly, < 00. Moreover, let F be some sigma field.

Then for any t > (g)l/a 1 Xly,, we have

o

o

P (IE(X|F)| > t) < 6exp ToXE
Yo

Proof Fix ¢ > | X|ly, and t > (%)1/05 c. Then in particular, we have o (£)* > 2.
Using the Markov and Jensen inequalities along with I'(x) < x*/e*~! ( [18], Thm.
1) and Lemma A.2 with Y = (| X|/c)%, B = t*/c%, we get

P(EXIP)| > 1) < P(EXIF)E > 20) <O R EX|F)9
< (g x (D"
= /) O E X/ < 2e (/)" exp (= (t/0)%)
< 2eexp (—(1/2) (t/c)¥),

where in the last inequality we used the estimate xe™ < ¢~ which is valid for all
x € R. Now, it is enough to take limit ¢ — || X||y, and notice that 2e < 6. O
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