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Abstract

In this paper, we first provide a short summary of the main properties of the so-called general fractional
derivatives with the Sonin kernels introduced so far. These are integro-differential operators defined as
compositions of the first order derivative and an integral operator of convolution type. Depending on suc-
cession of these operators, the general fractional derivatives of the Riemann-Liouville and of the Caputo
types were defined and studied. The main objective of this paper is a construction of the 1st level general
fractional derivatives that comprise both the general fractional derivative of the Riemann-Liouville type
and the general fractional derivative of the Caputo type. We also provide some of their properties includ-
ing the 1st and the 2nd fundamental theorems of Fractional Calculus for these derivatives and the suitably
defined general fractional integrals.
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Introduction

In the framework of the theory of integrals and derivatives of non-integer order (Fractional Calculus or FC), a lot of
attention has recently been attracted by the so-called general fractional integrals and derivatives with the Sonin kernels.
These kernels were introduced by Sonin in [1] as a natural generalization of the following pair of the power law kernels

k() = h, (1), k(t) =h_,@), 0<a <1, (D

where h,, is a power law function defined by the formula
a—1

h(f) := % a> 0. )
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In the papers [2, 3], Abel employed the property
t
(hy * hi_ )@ = / h, (-1 h_,(v)dr = h(t) = {1}, t>0,0<a <1 3)
0

of the kernels 4, and £, _,, (by = we denote the Laplace convolution and by {1} the function that is identically equal to one
for ¢ > 0) to derive a closed form solution formula for an integral equation nowadays known as the Abel integral equation:

1

f(f)=m

t
/(I—T)a_ld)(f)di', t>0,0<a<l. )
0
Its solution (derived by Abel formally and in the slightly different notations) has the well-known form:

_4a 1 ' —a
(I)(Z)—d—[m/o(t—T) f(T)dT,l>0. 5)

In [1], Sonin used Abel’s method to (formally) solve the integral equation
J@O =& * $)@) = /Ot k(t —7)p(r)dr, >0 (6)
with a kernel « that possesses an associated kernel k satisfying the following condition (compare it to the property (3)):
(k = k)(t):/ot k(t—7)k(r)dr = hi(t) = {1}, t> 0. @)

The relation (7) is nowadays referred to as the Sonin condition and the kernels x and k satisfying this condition are called
the Sonin kernels.

Sonin’s solution to the equation (6) looks very similar to Abel’s solution (5) with the only difference that the power law
kernel h,_, is replaced by the kernel k associated to the kernel «:

_d 4 M-
=2k o = 4 /0 K= 0 (5)de, 1> 0. ®

Another important contribution of Sonin to this subject was a construction of a general class of the Sonin kernels in form
of the products of the power law functions and analytical functions. In particular, we mention a famous pair of the Sonin
kernels that was derived in [1]:

k() = (VD™ U, V1, k() = (W L,V 0<a <1, )

where J, and [, are the Bessel and the modified Bessel functions, respectively.
In the modern FC, the right-hand side of the Abel integral equation (4) is referred to as the Riemann—Liouville fractional
integral of the ordera, @ > 0

UE ) = (hy * PO) = ﬁ /0 (t = O f(r)dr, 1> 0 (10)

and the right-hand side of the Abel solution formula (5) is called the Riemann-Liouville fractional derivative of the order
a, 0La<l:

D ORES %(Iélaf)(t), 1> 0. 11

For a = 0, the Riemann-Liouville fractional integral is defined as the identity operator (of course, this definition is not
arbitrary, but follows from the properties of the operator [j, as a — 0+):
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€3, )@ :=f@), t>0. (12)

In its turn, the formula
DY, (1) = % Uy, N = f(), 1>0 (13)

is nothing else as the 1st fundamental theorem of calculus.
In the framework of the Sonin kernels, the above relations are direct consequences from the Sonin condition (3) extended
to the case @ = 0:

hg * hy = hy. (14)

Of course, the formula (14) has to be interpreted in the sense of the generalized functions (the function 4, plays the role
of the Dirac §-function).

It is worth mentioning that in the theory of the fractional differential equations, another kind of the fractional derivatives
is nowadays often employed (0 < a < 1):

(D, @) i= AT F@ = (DL, IO —FOhy_y(0), > 0. (15)

This operator is usually referred to as the Caputo fractional derivative of the order a, 0 < @ < 1even if it was introduced
and treated by several mathematicians before publications by Caputo and even if Caputo did not in fact consider this form
of the operator and worked with it in the Laplace domain.

One more form of the fractional derivatives has recently become a subject of active research in FC and its applications.
This derivative is defined as follows:

a o d o
DL = g™ I D0, 0<a<1,0<p <1 (16)
The operator (16) is usually referred to as the generalized Riemann—Liouville fractional derivative or the Hilfer fractional
derivative of order a and type f even if it is a particular case of the fractional derivatives introduced by Djrbashian and
Nersessian in [4], see also [5]. For the properties of this fractional derivative we refer to [6] and subsequent publications
[7-9].

For f = 0, this fractional derivative is reduced to the Riemann—Liouville fractional derivative of order o, whereas for
p = lit coincides with the Caputo fractional derivative of order a:

DX ) = U, j L0 = ( e p) @) = (DR N, 0<a <1, a7

O e = qize L S1.D0 = Uy d—f)(t) = (DL, 0<a<l. (18)

Thus, treating the fractional derivative Dg’f and the differential equations with this derivative allows avoiding a duplica-
tion of work, namely, a separate consideration of the Riemann-Liouville and the Caputo fractional derivatives and the
fractional differential equations with these derivatives.

In [10], Kochubei interpreted the operators (6) and (8) with the Sonin kernels x and k as the general fractional integral
(GFI) and the general fractional derivative (GFD), respectively:

U ) = (& * ))©) = /0 k(t—1)f(r)dr, 1> 0, 19)

d d
B N)D) 2= ko )0 = - A D, 1> 0. (20

Kochubei defined also another type of the GFD in the form
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(B /@) 1= (D /(B = fOk(@), 1> 0. o
For a function f whose first order derivative is integrable, the operator ,D ;) can be represented as follows:
(D H@ = gy fH(@), 1> 0. 22)

In the case of the power law kernel k(f) = h,_,(¢), 0 < @ < 1, this representation is often used as a definition of the Caputo
fractional derivative of the order a.

In [10] and in the subsequent publications devoted to the same topic, the integral operator (19) was called the GFI, whereas
the integro-differential operators (20) and (21) (or (22)) were referred to as the GFDs of the Riemann-Liouville and of
the Caputo types, respectively.

In [10], mainly the GFD of the Caputo type was treated. In particular, this derivative with the kernels from a special class
IC was shown to be a left inverse operator to the GFI (19) with the Sonin kernel k associated to the kernel & of the GFD
(21). Moreover, in [10], some important properties of the solutions to the fractional relaxation equation and to the Cauchy
problem for the time-fractional diffusion equation with the GFD of the Caputo type (21) were investigated in detail.
Recently, a series of papers devoted to the GFI and the GFDs of the Riemann-Liouville and Caputo types with the Sonin
kernels that possess an integrable singularity of power function type at the point zero has been published. In [11], these
operators were studied on the space of functions that are continuous on the real positive semiaxis and have an integrable
singularity of power function type at point zero and its suitable subspaces. In [12], the GFDs of arbitrary order of the
Riemann-Liouville and Caputo types were introduced and investigated. These operators extend the definitions (20) and
(21) that correspond to the “generalized order” of the derivatives between zero and one to the case of any positive real
order. An important subclass of the kernels of the GFDs of arbitrary order was suggested in [13]. The Cauchy problems for
the fractional differential equations were considered in [14] in the case of the GFDs of the Caputo type and in [15, 16] in
the case of the GFDs of the Riemann-Liouville type. We also mention the papers [17-19], where the theory presented in
[11-16, 20] was applied for the formulation of a general fractional dynamics, a general non-Markovian quantum dynam-
ics, and a general fractional vector calculus, respectively.

The current situation with the GFDs is very similar to the one with the Riemann-Liouville and the Caputo fractional
derivatives. Namely, in the publications devoted to this topic, the case of the GFDs of the Riemann-Liouville type and the
case of the GFDs of the Caputo type were treated separately from each other. The main result of this paper is a construc-
tion of the GFDs that unify and generalize these two important types of the GFDs. Following [5], where the case of the
power law kernels was considered, we call these operators the 1st level GFDs. These operators are compositions of two
special GFIs and one first order derivative. This construction can be extended to the compositions of the n 4+ 1 GFIs and
n first order derivatives following the procedure suggested in [4] for the case of the Riemann-Liouville integrals and then
adopted in [5] in connection to the fundamental theorems of FC formulated for these operators. These extended operators
are called the nth level GFDs; they will be considered elsewhere.

The rest of the paper is organized as follows: In the second section, we provide a short summary of the basic results already
derived in the literature for the GFDs of the Riemann-Liouville and Caputo types. The main results are presented in the
third section, where the 1st level GFDs are introduced and investigated. In particular, we formulate and prove the first and
the second fundamental theorems of FC for these operators and a suitably defined GFI. We also present a formula for the
projector operator for the 1st level GFDs that comprises the form of the natural initial conditions for the fractional differ-
ential equations with these derivatives. Finally, in the fourth section, some discussions and directions for further research
are presented. In particular, there we suggest a construction of the nth level GFDs that will be discussed elsewhere in detail.

Basic properties of the general fractional integrals and derivatives

The GFI (19), the GFD of the Riemann-Liouville type (20), and the GFD of the Caputo type (21) with the Sonin kernels
k and k are a far reaching generalization of the Riemann-Liouville fractional integral (10) and the Riemann-Liouville
and the Caputo fractional derivatives (11) and (15), respectively, with the power law kernels x(¢) = h,(¢), 0 < a < 1 and
k() = h;_,(?), 0 < a < 1. Because of the Sonin condition (7), the “generalized orders” of the GFI (19) and the GFDs (20)
and (21) with the Sonin kernels k and k are between zero and one. In [12], an extension of the Sonin condition as well as
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the suitable definitions of the GFI and the GFDs of arbitrary order have been suggested. However, in this paper, we restrict
ourselves to the case of the GFI (19) and the GFDs (20) and (21) with the Sonin kernels « and k.

Another important remark is that the general framework of the GFI (19) and the GFD (20) has been suggested by Sonin
in [1] without any connection to FC. Sonin presented his results in the spirit of that time, i.e., without introducing any
spaces of functions and without providing conditions for validity of his derivations and the final formulas. In [10], for the
first time, Kochubei treated these matters mathematically rigorously. In particular, he introduced a very important class
K of the Sonin kernels and provided analysis of the operators (19), (20), and (21) with the kernels from this class on the
suitable spaces of functions.

In the recent publications [11, 12, 14-16, 20], another important class £, of the Sonin kernels has been suggested. Moreo-
ver, in these publications, the GFI and the GFDs with the kernels from this class have been investigated on the spaces of
functions continuous on the positive real semi-axes that can have a power law singularity at the origin and its subspaces.
In this paper, we follow and extend this approach to the GFI and the GFDs with the Sonin kernels.

Definition 2.1 ([11]) Let the functions kx and k satisfy the Sonin condition (7) and the inclusions ¥ € C_,(0, +o0) and
k € C_(0, +00), where the space of functions C_(0, +c0) is defined as follows:

C_1(0,+00) := {f : f(O)=7Ffi(), t>0, p>—1, f; € C[0,+00)}. (23)
The set of pairs (x, k) of such kernels is denoted by L.
It is worth mentioning that the kernels of the most time-fractional derivatives and integrals introduced so far belong to
the set £,. In particular, the kernels of the Riemann-Liouville fractional integral and derivative, i, and h,_,, respectively,

are from £,if0 < a < 1.
An important subset of £, was introduced by Sonin in [1]:

+00
K(t) = h, (1) - K,(0), K,(1) = Z i, ay#0, 0<a <1, (24)
k=0
where k| = k() has an infinite convergence radius and
+o0
k() = hy_o(0) - ey (1), Ky (1) = ) byt (25)
k=0

where the coefficients b;, k € N, are uniquely determined by the coefficients a;, k € N, as solutions to the following
triangular system of linear equations:

aObO = 1, Z F(k +1- C()F((I +n- k)an—kbk = 07 nx1. (26)
k=0

In particular the kernels (9) provided in terms of the Bessel and the modified Bessel functions are from the class £,.
Another example of this type was presented in [21]:

k() =h, (D), 0<a <1, p=0, (27)

t
k(1) = hy_g (1) + p / hi_q,(7)dT, (28)

0

where the function 4, , is defined by
ta—l
h,,()==——¢", a>0,peR, t>0.

0= g ¢ «> 0 29)

Finally, let us mention a pair of the Sonin kernels from £, derived in [22]:
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k(1) =hi_pya (@) + hy_5(0), 0 <a < p <1, (30)

k(t) = P~ E, (=1, (€2))

where E, j; stands for the two-parameters Mittag-Leffler function defined by the following convergent series:

+o0

k
_Z Z
E“'ﬂ(Z)_k=or(ak+ﬁ)’“>0’ hzeC. (32)

In the rest of this section, we shortly present some properties of the GFI and the GFDs with the kernels from £, on the
space C_,(0, +o0) and its suitable subspaces.

The basic properties of the GFI (19) on the space C_, (0, +c0) immediately follow from the known properties of the Laplace
convolution and a theorem provided below.

Theorem 2.1 ([23]) The triple R_; = (C_,(0, +0), +, %) with the usual addition + and multiplication * in form of the
Laplace convolution is a commutative ring without divisors of zero.

In particular, the following relations hold true on the space C_;(0, +o0) ([11]):

Iy + C_1(0,+00) — C_;(0,+00), k¥ € L, (mapping property) , (33)
Ve Uiy = Dy Uy K15 K2 € £y (commutativity law), (34)
Dy Uiey) = Ui,y K15 K2 € £y (index law) . (35)

According to the axioms of FC discussed in [24], a fractional derivative is an operator left inverse to the corresponding
fractional integral. This property is fulfilled both for the GFD of the Riemann-Liouville type (20) and for the GFD of the
Caputo type (21).

Theorem 2.2 ([11]) Let k € L, and k be its associated Sonin kernel.

Then, the GFD of the Riemann-Liouville type (20) is a left inverse operator to the GFI (19) on the space C_,(0, 4+00):
Dy i H@ =f@), f € C_1(0,+), >0, (36)
and the GFD of the Caputo type (21) is a left inverse operator to the GFI (19) on the space C_; 4,(0, +0c0):
(Do i N = f@), | € C_j 4(0,+00), 1> 0, 37)
where
C_1p(0.+00) 1= {f 1 f(1) =y $)O). ¢ € C_; (0, +00)}. (38)

The statement formulated in Theorem 2.2 is usually referred to as the 1st fundamental theorem of FC for the GFDs (see
[5] for a discussion of the 1st and the 2nd fundamental theorems of FC for several different kinds of the fractional deriva-
tives). As we see, it is valid both for the GFD of the Riemann-Liouville type (20) and for the GFD of the Caputo type
(21). However, the spaces of functions, where these GFDs are left inverse to the GFI are very different. The same is of
course valid for the conventional Riemann-Liouville and Caputo fractional derivatives. It is worth mentioning that the
space C_; (0, +o0) defined by (38) can be also characterized as follows ([11]):

C_11(0,+00) = {f : I,f € CL (0,+00) A (I, /)0) =0},

where the space C! (0, +c0) is defined by
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C' (0, +00) = {f € C_;(0,+00) : f' € C_,(0,+c0)}. (39)
This representation of the space C_; (0, +00) is a generalization of the known property
{fef=01"¢, d L0} = {f: Ilfe AC([0, 1]) A (I5,f)0) =0}

of the spaces of functions employed while treating the Abel integral equation (Theorem 2.3 in [25]) to the case of the
GFI with the Sonin kernel k € L.

The GFD of the Riemann-Liouville type (11) is also a right inverse operator to the GFI (19) on the space C_, (,(0, +00),
where « is the Sonin kernel associated to the kernel k of the GFD. Indeed, in this case, we have the representation
S(@ =y D)), ¢ € C_;(0,+00) that leads to the following chain of equations:

() Dy (@) = (0 (k * 0 = U (k * (K x @) =

(© 72 dr

@ ({1} * PN() = (I )0 = f(0).

(x) d
However, it is not the case if one considers the GFD of the Riemann-Liouville type (11) on its natural domain

CL, (0. +00) = {f € C_, (0, +00) : 4 = liyf € C(0.+0)). (40)

The inclusion C_; (0, +00) C C! Lk
)(0 +00) corresponds to the space of the continuously differentiable functions, whereas the space C_; ,,(0, +00)

(0, 4+00) follows from Theorem 2.2. For the 1st order derivative, the space

1 J(k
consists of all functions that can be represented as integrals of continuous functions.
Now, we proceed with the 2nd fundamental theorems of FC for the GFD of the Riemann-Liouville type D, and for the

GFD of the Caputo type D, respectively.
Theorem 2.3 ([20]) Let k € L, and k be its associated Sonin kernel.

For a function f € C' . (0,+0c0), the formula

—1L,(k)
Uy Dy )0 = f(1) = (k * ) O)k(0) = f (1) — Uy HO)xc(2), 1> 0 41

holds valid.

In the case of the Riemann-Liouville fractional derivative (11) of order @, 0 < a < 1, the kernel function £ is the power law
function h;_, and its associated kernel « is the function /,. The formula (41) takes the well-known form (see, e.g., [25]):

(5, D5, N0 = £(0) = (g " ) Oy (1), 1> 0. 2)

Theorem 2.4 ([11]) Let x € L, and k be its associated Sonin kernel.

Then, the relation

holds valid on the space Cll (0, +0) defined as in (39).

For the properties of the space C! 10, +00) we refer to [23]. For the Caputo fractional derivative (15) of ordera, 0 < a < 1,
the formula (43) is well-known (see, e.g., [23]):
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(I54 «D5, )@ = f(6) = f(0), £>0. 44)

Remark 2.1 The results presented in Theorem 2.3 and in Theorem 2.4 can be reformulated in terms of the projector opera-
tors of the GFDs of the Riemann-Liouville and Caputo types, respectively:

(PO 1= f(1) = (e By NO = Uy, O, (1), 1> 0, (45)

(PZf)(t) :=f(t) - (I](K) *D(k)f)(t) =f(0), t>0. (46)

The right-hand sides of the formulas (45) and (46) determine the natural initial conditions that should be posed while
dealing with the initial-value problems for the fractional differential equations with the GFDs of the Riemann-Liouville
and Caputo types, respectively.

We refer to [15, 16] for the results related to the fractional differential equations with the GFDs of the Riemann-Liou-
ville type and to [10, 14, 26-28] for analysis of the fractional differential equations with the GFDs of the Caputo type.

It is also worth mentioning that the relation (14) can be employed for an extension of the definitions of the GFDs of the
Riemann-Liouville and Caputo types to the case of the kernel 4, and of the definition of the GFI to the case of the kernels
hy and A, that are the Sonin kernels in the generalized sense:

U DO 2= U3, ))O) = f(@©), >0, 47)

Uy N@ 1= Uy, H@), 1> 0, (48)

(D N@ = %(ﬂ(h])f)(t) =f®, >0, (49)
Dy N@) 2= U @) = f(6) = £(0), 1> 0. (50)

The 1st level general fractional derivatives

In this section, we introduce the 1st level GFDs and investigate their basic properties. We start with defining a suitable
generalization of the Sonin kernels.

Definition 3.1 The functions «, k;, k, € C_,(0, +o0) that satisfy the condition
(x * ky = k))(®) = hy(®) = {1}, t>0 (51)

are called the 1st level kernels of the GFDs.

In what follows, the set of the triples (k, &, k,) of the 1st level kernels will be denoted by E: (the denotation L' stands for
the set of the kernels of the mth level GFDs with the generalized order from the interval (n — 1, n) and we set ES =L).
Because the Laplace convolution is commutative, the triples of the kernels from C} are unordered. However, we agree to
associate the first kernel k¥ with the GFI defined by (19) (strictly speaking, this operator cannot be called the GFI anymore
because its kernel « is not a Sonin kernel) and the kernels k, and k, with a suitably defined GFD of the 1st level. Another
important remark is that any of the kernels from the triple (k, k;, k,) is unique as soon as two other kernels are fixed. This
follows from the property that the ring R_; = (C_,(0, +00), +, *) does not have any divisors of zero, see Theorem 2.1. The
kernel « from a triple (k, k;, k,) will be called the 1st level kernel associated to the pair of the kernels (k;, k).

The simplest but an important example of the kernels from E} is a triple built by the power law functions
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k(1) = hy (1), k(1) = h, (1), ky(t) = hy_,_, (1), 1> 0 (52)
under the conditions
O<a<l,0<y<l-a. (53)

The inequalities (53) ensure that all three exponents of the power functions from (52) are from the interval (—1, 0) and
thus these functions possess the integrable singularities at the origin and belong to the space C_;(0, +o0). For the func-
tions given by (52), the condition (51) is satisfied due to the relation

(hy * hp)(®) = hyyy(®), 1>0, >0, §>0 (54)
that in its turn follows from the well-known connection between the Euler beta- and gamma-functions:

F(a)I'(B)

1
_ a=1¢1 _ \B—1 g5 —
B(oc,/?)—/0 (=0 dt Tatp)

Following the procedure suggested by Sonin in [1], a general class of the 1st level kernels can be constructed in form of
the products of the power law functions defined by (52) and the analytical functions. Indeed, we first fix two out of three
kernels from the triple (x, k;, k,) in the form

k(t) = h,(t) - f,(0), f,(t) = :ZD; i, ay#0,0<a <1, (55)
+oo
k() = h, (1) - f(0), fo(t) = k:zo bt*, by#0,0<y <1—a. (56)
For the function k,, the ansatz
ko (1) = hy_o, (0 - 50, f5(0) = :2.; et (57)

is employed. The unknown coefficients ¢, are determined by substituting the power series (55), (56), and (57) into the
condition (51) that leads to an infinite system of the linear equations with a triangular coefficient matrix similar to the
one presented in (26).

Another possibility for producing the 1st level kernels is by using the Laplace transform technique. Let us assume that
the Laplace transforms of the kernels «, k|, and k, exist in the complex half-plane R(p) > ¢ with a certain constant ¢ € R.
Applying the Laplace transform to the condition (51) leads to the relation

RP) 6 () - kp) = 1% R(p) > ¢ (58)

for the Laplace transforms of the 1st level kernels «, k;, and k,. Then the tables of the Laplace transforms and the inverse
Laplace transforms can be used to first find some triples that satisfy the equation (58) and then to return back to the time
domain.

For other techniques for construction of the Sonin kernels that can be also applied in the case of the 1st level kernels we
refer to [29].

We also mention that the formula (14) leads to the following useful implication for a triple of the 1st level kernels involv-
ing the generalized function A:

ho * ky % ky = hy = ky % ky = Iy (39)

that means that the remaining kernels k, and k, build a pair of the Sonin kernels from £, (or E?). In this sense, the GFDs
of the Riemann-Liouville and Caputo types can be interpreted as the Oth level GFDs.
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Having defined the 1st level kernels, we now proceed with defining the GFDs with these kernels.

Definition 3.2 For a triple (x, &, k,) € L', a 1st level GFD is defined in the form

d
(11Dt iy N0 3= (L 5 Y f )0 60)
whereas the corresponding GFI with the kernel « is given by the right-hand side of the formula (19).

The main utility of Definition 3.2 is that it covers both the GFD of the Riemann-Liouville type and the GFD of the Caputo
type. Indeed, taking into account the representation (47) we arrive at the following particular cases of the 1st level GFD

(60):
I.  For k; = h, the GFD of the Riemann-Liouville type with the kernel k,:

d
1P IO = (i 20,70 = (40 )0 = By O, 61)

II.  For k, = hy, the GFD of the Caputo type with the kernel k;:

1B N0 = (b S 10, )0 = (1) )0 = (D O ©

Please note that the pairs of the remaining kernels (k, k,) and (k, k;) mentioned in the cases I and II, respectively, are
the Sonin kernels from £, see the implication (59).
Let us now consider the 1st level GFD (60) in the case of the power law kernels from ﬁi defined by (52). The GFI with
a power law kernel is the conventional Riemann-Liouville fractional integral defined by (10) and thus the formula (60)
takes the following form:

B, n DO = (I3, S 177 7)o ©3)

The operator (63) is the Hilfer fractional derivative defined by (16) in a slightly different parametrization introduced in [5]
(the representation (16) is the formula (63) with y = (1 — «)). In [5], the form (63) of the Hilfer fractional derivative was
called the 1st level fractional derivative. Because the operator (60) is a natural generalization of the 1st level fractional
derivative (63) to the case of the arbitrary st level kernels from L!, we called it the 1st level GFD, see Definition 3.2.
In the previous section, we provided the Ist and the 2nd fundamental theorems of FC for the GFDs of the Riemann-
Liouville and Caputo types. These results were derived in separate publications and for different spaces of functions. In
this section, we present a unified approach for handling the 1st level GFDs including its particular cases (61) and (62) in
form of the GFDs of the Riemann-Liouville and Caputo types.

Theorem 3.1 For the kernels (x, ki, k,) € E}, the 1st level GFD (60) is a left inverse operator to the GFI (19) on the
space C_, (0, +00) defined by (38):

(LD, k) Loy D@ = (@0, [ € C_ (0, +00), 1> 0. (64)
Proof A function f € C_, (0, +00) can be represented as
J@ = (g, P)0) = (k; * $)@)

with a function ¢ € C_,(0, +0). Because the kernels (x, k, k,) € E} satisfy the condition (51), we arrive at the follow-
ing chain of the equations

d d
(LD, sy U @ = ("(kl) P Uik, ”(K)f>(f) = ("(kl) 7 Dy Doy Dk, ¢>(l) =
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d

(”(k,)d%(kz * K% ky o ¢)(l)>(l) = (ﬂ(kl)E

({1} = ¢)(t))(t) =g, DO =1
that proves the formula (64).

For k| = hyand k, = hy, the 1st level GFD is reduced to the GFD of the Riemann-Liouville type with the kernel k, and to
the GFD of the Caputo type with the kernel k;, respectively. Thus, Theorem 3.1 covers the results presented in Theorem 2.2
including the descriptions of the spaces of functions used in its formulation.

In the next theorem (2nd fundamental theorem of FC for the 1st level GFD), we present a formula for a composition of

the GFI with the kernel x and the 1st level GFD on the space of functions C' Lk )(0, +00) defined as in (40).
— LY

Theorem 3.2 For the kernels (x, k, k,) € Ll the formula
(e 1L|D(kl,k2)f)(t) =f@ - (ﬂ(kz)f)(()) (ky = ©)0), f € Cll,(kz)(o’ +00), 1> 0 (65)

holds valid.

Proof For a function f € C! Lk )(0, +00), the 1st level GFD does exist and is from the space C_; (0, +00). Let us now
—Ltky J(ky

introduce an auxiliary function that we denote by ¢:
&0 1= ey 1.Dge, 1) ). (66)
Because of the inclusion ;; Dy, 1) f € C_j (0, +00), Theorem 3.1 leads to the relation
(LD, iy DO = (LD, ) Iy 1LPk, s D@ = (LD, 1) @) (67)
that implicates that the function ¢ — f belongs to the kernel of the operator ;D )
(1B, s (b =)@ = 0, 1> 0. 68)
Let us now determine the null-space of the Ist level GFD ;D ; y:

(1P NO =0 & L1, f =0 & () N0 =ty + D =C &

(k x ky *= ky = )) =({C} * k * k))(t) & ({1} = /H) =C{1} * k * k))() ©

J(@) = Clk * k).
Thus, we arrive at the representation
ker |; Dy, i, = {Clx = k))(@®), C € R}. (69)
Combining it with the relation (68), we get the formula
d@) = f(1) + Clx * k)@, 1> 0. (70)
To determine the constant C, we apply the operator [ ) to both sides of the representation (70):
Uy IO = (o) IO + Clly * 5 5 k)(R) = Uy, O + C. an

On the other hand, we have the following chain of equations:

d
Uiy DD = Tty Dy Dt pep O = Qi by Uy 7 D) =
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x5 Ky 5 (0 MO = (1) % (G 1y NO =

(I(l)+% b )@ = (U, H@ = Uiy (O0).

Comparing the last formula with the formula (71), we determine the constant C in the form

C = —(y,NNO). (72)

The representation (65) follows now from the formulas (66), (70), and (72) that completes the proof of the theorem.

In the case, the kernel k, is the (generalized) kernel A, the 1st level GFD coincides with the GFD of the Riemann-Liouville
type with the kernel k, and the formula (65) is reduced to the following form (see Theorem 2.3):

(Tey Doy N0 = (@) = (U, O (), f € Cil,(kz)(O, +00), £ > 0.

For the kernel k, = hy, the Ist level GFD is the GFD of the Caputo type with the kernel k; and the formula (65) takes the
form (see Theorem 2.4):

(e B N@) = f(0) = f(0), f € CL (0, +00), 1> 0.

Another important particular case of the formula (65) is the one that corresponds to the Hilfer fractional derivative (63).
In this case, the 1st level kernels (x, k;, k,) are given by the power functions (52). Thus, we have the relations

Ty N0 = g, N, gy ))O) = L1 _ey N, (hy * ) )(0) = Ry, (1)
that lead to the following form of the 2nd fundamental theorem for the Hilfer fractional derivative in form (63):

Ioy 1By, ) DO =F(O) = Uy IO By (0), 1> 0. (73)

This formula (in a slightly different parametrization) was derived for the first time in [8].

Remark 3.1 The formula (65) can be represented in terms of the projector operator of the 1st level GFD as follows:
P N@) 1= f(0) = ey 1.D e, 1,) D@ = Uy S)O) (ky % x)(0), 1> 0. (74)

The right-hand side of the formula (74) determines the form of the natural initial conditions that should be posed while
dealing with the initial-value problems for the fractional differential equations with the 1st level GFDs (see [8] for an
operational method for derivation of the closed form formulas for solutions to the initial-value problems for the linear
fractional differential equations with the Hilfer fractional derivatives and the initial conditions determined by the right-
hand side of the formula (73)).

Discussions and directions for further research

In this paper, a construction of the 1st level GFD that contains both the GFD of the Riemann-Liouville type the GFD
of the Caputo type as its particular cases is suggested. To this end, a suitable generalization of a pair of the Sonin kernels
to the case of a kernel triple is first introduced. An important particular case of these kernels is given by three power
law functions such that the sum of their exponents is equal to one. This case corresponds the so-called Hilfer fractional
derivative that involves the conventional Riemann-Liouville and Caputo fractional derivatives as its particular cases.
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For the 1st level GFDs, two fundamental theorems of FC are formulated and proved. Based on the 2nd fundamental theo-
rem, a closed form formula for the projector operator of the 1st level GFD is deduced. This operator determines the form
of the natural initial conditions while dealing with the initial-value problems containing the 1st level GFDs.

As to the topics for further research, we mention an in-depth investigation of the fractional differential equations with the
Ist level GFDs in the linear and non-linear cases (see [15, 16] for some results related to the fractional differential equa-
tions with the GFDs of the Riemann-Liouville type and [10, 14, 26-28] for analysis of the fractional differential equations
with the GFDs of the Caputo type). Because the 1st level GFD contains the GFDs of the Riemann-Liouville and of the
Caputo types as its particular cases, one can cover both types of the fractional differential equations while considering
the fractional differential equations with the 1st level GFDs.

Another important topic would be an extension of the notions of the 1st level kernels and the 1st level GFDs to the case
of an arbitrary order (in this paper, we restricted ourselves to the case of the “generalized order” between zero and one).
To this end, one can follow the schema suggested in [12] for the case of the GFDs of the Riemann-Liouville and of the
Caputo types, namely, first to replace the condition (51) with a more general condition

(x * ky * ky)(t) = h,(t) = —(n— ik neN

and then to define the 1st level GFD with a kernel pair (k;, k,) in the form (the corresponding GFI is generated by the
kernel x)

dn
(11Dt iy N0 = (R T L ) 0

Finally, we mention that the notion of the 1st level GFDs can be generalized to the case of the 2nd and even nth level
GFDs following the procedure presented in [5] for the case of the Riemann-Liouville fractional integrals. Say, the 2nd
level GFDs that correspond to the GFI with the kernel x are compositions of three GFIs and two first order derivatives:

QLD sy k) @) 1= <|](k1) % Uy dit I](k3)f)(t)’
where

(k * ky * ky x ky)(t) = hy(t) = {1}, 1> 0.
The nth level GFDs are defined as follows:

d d
GrDik,....k, ) O 1= ("(kl) PR ﬂ(k,,)Eﬂ(k,lH)f)(t),

where
(k =k * ...ox k, )@ = h() = {1}, t>0.

All these and further related topics will be considered elsewhere.
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