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Abstract

This study concentrates on a nonlinear deterministic mathematical model for the impact of pathogens on
human disease transmission with optimal control strategies. Both pathogen-free and coexistence equilibria
are computed. The basic reproduction number R, which plays a vital role in mathematical epidemiology,
was derived. The qualitative analysis of the model revealed the scenario for both pathogen-free and coexist-
ence equilibria together with R,,. The local stability of the equilibria is established via the Jacobian matrix
and Routh-Hurwitz criteria, while the global stability of the equilibria is proven by using an appropriate
Lyapunov function. Also, the normalized sensitivity analysis has been performed to observe the impact of
different parameters on R,. The proposed model is extended into optimal control problem by incorporating
three control variables, namely, preventive measure variable based on separation of susceptible from con-
tacting the pathogens, integrated vector management based on chemical, biological control, ... etc. to kill
pathogens and their carriers, and supporting infective medication variable based on the care of the infected
individual in quarantine center. Optimal disease control analysis is examined using Pontryagin minimum
principle. Numerical simulations are performed depending on analytical results and discussed quantitatively.

Keywords Modelling - Human pathogens - Stability analysis - Backward bifurcation analysis - Sensitivity
analysis - Optimal control

1 Introduction

®
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A human pathogen is a microorganism such as a virus, bacterium, protozoan, or fungus that causes disease in humans.

Symptoms such as sneezing, coughing, fever, and vomiting are caused by viruses and bacteria [1]. These pathogens have
been a great problem since the beginning of civilization and still continue to cause disease to humans. Nowadays, in a
world where modern antibiotics are designed to destroy pathogens, they continue to be a primary source of disease. For
example, in 2019, human infections are approximated to cause more than 8 million deaths [2]. Despite the fact that various
infectious diseases have been eliminated, new problems such as antibiotic resistance have developed [3]. In combination
with investigational studies, mathematical models have importantly valuable in recognizing and analyzing host-pathogen
interactions (HPI) and developing optimal treatments [4-7].
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Malaria is an infectious disease caused by a pathogen called protozoa. It is a vector-borne disease caused by parasites
known as Plasmodium that are transmitted to people through the bites of infected female Anopheles mosquitoes [8].
Typhoid fever is an infectious disease caused by different species of Salmonella [9]. “Most of the time, typhoid fever is
caused by lack of sanitation where the disease bacteria are transmitted by ingesting contaminated food or water” World
Health Organization (WHO), 2003. A mathematical model is formulated and analyzed for the dynamics of water-borne
disease transmission [10]. This model is extended by introducing control intervention strategies such as vaccination,
treatment, and water purification. The control model is used to determine the possible benefits of these control strategies.
Furthermore, the model is proposed and analyzed for the effect of contaminated materials for the spread dynamics of
COVID-19 pandemic with self-protection behavior changes [11]. It illustrates that the effects of behavioral social change
towards self-protective measures are crucial to stop the transmission of the virus.

There are several mechanisms for some pathogenic organism controls, such as prevention and treatment. For example,
washing your hands regularly, cleaning kitchens and bathrooms, staying home when ill, avoiding insect bites, practic-
ing safe sex, keeping up to date with recommended vaccines, and getting medical advice. A common known preventive
measure for some viral pathogens is vaccines. For instance, diseases such as measles, mumps, rubella, and influenza
have vaccines, whereas diseases such as AIDS, dengue, and chikungunya do not have vaccines available [12, 13]. But,
vaccination is an effective control measure against any epidemic, such as the COVID-19 pandemic [14]. According to
the WHO, 133 COVID-19 vaccines were in the process during 2020 and four vaccines were approved in March 2021 by
Italian and European medicine agencies [15]. Also, Anthrax and pneumococcal vaccines are the vaccines of some bacterial
pathogens, but various other bacteria lack vaccines as preventive measures, but infection by such bacteria can be treated
by antibiotics such as amoxicillin, ciprofloxacin, and doxycycline.

In view of the above, a nonlinear deterministic mathematical model to investigate the dynamics incorporating human
pathogens in the environment and interventions with optimal control is proposed, and also their qualitative analyses using
the stability theory of differential equations are established.

The paper is organized as follows. In the “Model formulation” section, we derive a mathematical model. In the “Model
analysis” section, we show the details of model analysis. In the “Extension of the model into optimal control” section, we
propose an optimal control problem by incorporating control variables. The obtained analytical results are shown through
numerical simulations in the “Numerical simulations” section. Conclusion is presented in the “Conclusion” section.

2 Model formulation

The proposed mathematical model consists of two populations: human and vector populations, with the interaction
of pathogen concentration in the environmental reservoir. The total population subdivides into six compartments: sus-
ceptible human S,(¢), infected human /,(¢), recovered individuals R,(), susceptible vector S,(¢), infected vector /,(¢), and
pathogen concentration P(#). The susceptible human is recruited into the population at rate ¢. It can be infected at rate 3,
when it contacts with infected vector. The natural death of the human population is at a rate y,. The infected will recover
to enter into the recovered compartment at a rate y. Recovered individuals with loss of immunity at rate . Recruitment
of vector population with rate z. The susceptible vector can be infected in two ways: through contact with pathogens
from the environment at rate 3, and from infected humans at rate f,. Natural death of vector population is at rate y,. The
pathogen induced by infected humans is at rate a and its death rate . Some diseases cannot be transmitted from human to
human without vectors. For instance, a vector-borne infectious disease like malaria is transmitted from human to human
by a mosquito of the genus Anopheles. Based on the above assumptions, mathematical model is described by nonlinear
systems of ordinary differential equations:



Journal of Mathematical Sciences (2022) 266:675-695 677

S, =@+ Ry, = B,y — 1Sy,
I;l = p,1,S, — (@ +y + ul,,
JR, = vl = 6 + m)R,.

S =1 —(BP+ RIS, — 1,S,,
I = (BP + Bo1,)S, — u,1,,

P' = al, — 0P,

L

ey

with initial condition: S,,(0) > 0,1,(0) >0,R,(0) >0.5,(0) >0,1,(0) >0, P(0) >0.

3 Model analysis

In this section, we study the invariant region, positivity of solutions, pathogen-free and coexistence equilibrium, basic
reproduction number, local and global stability of equilibria, sensitivity, and bifurcation analysis of model (1).

3.1 Invariant region

Let us derive an invariant region €, in which the solutions of model (1) are bounded. Let N(#) = S, (¢) + 1,,(©) + R,(t) +
S,(t) + I(t) + P() be the total population. Then differentiating it both sides with respect to time ¢ and adding the equa-
tions from the system (1), we get

N' =@ +x—wS, — uply — mRy — .S, — u 1, — OP, 2
< @+ 7 — oN,
where @ = min { Hps My 0}. By integrating the last inequality of Eq. (2), we obtain
Ny < 25E 4 e,
o]
where c is constant. As t — oo, we obtain 0 < N(¢) < "’(—J’)”. Thus, the invariant region for the model (1) is given by
+
Q= {(Sh,lh,Sv,Iv,Rh,P) ERC 0SS, +1,+S,+1,+R,+P< 2 ”} 3)
®

Therefore, the solution set is bounded and the model (1) is epidemiologically meaningful inside Q.

3.2 Positivity of the solutions
The system (1) under study has non-negative solutions is of vital role. This will be stated as follows.

Theorem 1 Assume that the initial conditions in the model (1) holds. Then the solutions: S,(f) >0, [,(r) >0, R,(¢) >0,
S, >0, 1(t) >0 and P(t) >0 for all # >0.

Proof From the first equation of model (1), we obtain the expression
S), = =Bl (1) + 1) S, (0,
which gives
$4(1) 2 ,(0)e™/ Pt Orm,

By similar procedure, we show that the positivity of I, R, S, I,, and P so that

ys Lys
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I,@) > [h(o)e—(a+y+ﬂh)r’

R, (1) > R, (0)e=CHm)t,

S, (1) > Sv(())e—/(ﬂlP(t)+ﬂth(f)+u.,)dt’
1,(t) > 1,(0)e™,

P(t) > P(0)e™?".

Therefore, all the solutions are non-negative for all # >0 and so the model (1) is epidemiologically meaningful and
well posed in Q.

3.3 Pathogen-free equilibrium point (PFEP)

The pathogen-free equilibrium of the model is the steady-state solution of system (1) in the absence of the patho-
gens. To find PFEP, E, = (Sg,lg,Rg,Sg,Ig,PO), we equated the left hand side of model (1) to zero, evaluating at
12 = O,IS =0, P’ =0 and solving for the non-infected state variables, we get Sg = ¢/ u;, and S(V) = n/u,. Hence, PFEP

is Ey = (¢/u;, 0, 0, w/p,, 0, 0).

3.4 Basic reproduction number

The basic reproduction number R is the average number of secondary infections caused by primary infections when
all individuals are susceptible [16, 17]. To obtain the basic reproduction number, we used the next-generation matrix
[18, 19]. In epidemiology, the next-generation matrix is a technique used to derive R, for a compartmental model with
multiple infectious classes discussed in [20]. The model equations are rewritten beginning with newly infective groups:

I/{l = ﬂhIVSh - (0{ + Y + Mh)lh’
I =GP+ B1)S, — ul, @
P =al,—0P.

The right-hand side of Eq. (4) is decomposed as u — v with

Bul,Sy (a+y+u)l,
u=|P+HL)S, | v= ul,
0 —al, + 0P

Next, by linearization approach, the associated matrices of # and v at E are given by

b
050 a+y+mu 00
U = ﬁz_ﬂ' 0 ﬂ]_”, V= 0 MVO.
000 -« 096

Then Vis an invertible and its inverse is given by

1

aty+u,

V—l — 0 —
a

(@tr+1,)0

[ )

=

The product of U and V~! can be computed as follows.
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@b
HpHy
Uv—l — ﬂﬁ2 mxﬁ] Il'_ﬂl
uy(a+y+u,) Op, (a+y+u,) Ou,
0 O

Since the basic reproduction number R, is the dominant eigenvalue of the matrix UV~ !, then we obtain

R = rop(af) + 0p,)
0 Oupp(@+y + pp)

3.5 Sensitivity of the basic reproduction number

In this section, we investigate sensitivity analysis of basic reproduction number R, with respect to the main param-
eters. This help us to check and classify parameters which extremely affect R, and thus determine an appropriate
parameter values to minimize disease from human population. To do this, we follow similar method presented in
[21-23].

Definition 1 The definition of normalized forward sensitivity indices of R, with respect to g is given by
Ry, _ OR g
A = S X & (5)

where R is a given variable, g is differentiable parameter.

By applying the definition from Eq. (5), normalized forward sensitivity index of R is computed as follows.

R
A, = % >0
Ry _ 1
Azﬁe” = % >0
AEU = 3 >0
Ry _ af,
Agl - Zaﬁle-iﬁ—Zeﬂz
0 — 2
Aﬂz T 2ap,+20p, >0
Ry _ 1 b _ 1
Aa - 20( af,+0p, a+}’+ﬂh> > 0
Ry _ ___of
AH T 2ap,+20p, <0
Ry _ aty
o N 2a+y+u;)
A”f =-1<0
Afo — _ Y
2(a+y+uy,)

The sensitivity indices of R at parameter values are given in Table 1.

The implication of the main parameters with positive sensitivity index is that R is an increasing (or decreasing)
function with respect to an increase (or decrease) in these parameter values. The parameters with negative sensitiv-
ity indices, on the other hand, lead to an increase (or decrease) in R, value when they are decreased (or increased).
From Table 1, those parameters that have positive indices (¢, B, 7, B,, ,, @) show that they have great impact on
expanding the disease in the community if their values are increasing. However, those parameters in which their
sensitivity indices are negative (6, .1, y) have an effect of reducing pathogens from human population with values
increase. Hence, we can eliminate the decrease from human population by decreasing the values of ¢, 3, 7, f;, and
p,, the same time, by increasing the values of a, 6, u,.u,, and y. The bar diagram of the sensitivity indices in Table 1
is depicted in Fig. 1.
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Table 1 Sensitivity indices

Model parameters Sensitivity
and parameters indices of
Ro
@ 0.5
B 0.5
Fi2 0.5
B 0.4911
B 0.0089
a 0.0160
0 —0.4911
My —0.5226
Hy -1
y —0.0023
Fig. 1 Normalized sensitivity
indices of R, with respect to L i
parameters of the model (1). '
Parameter values are taken v )l
from Table 2 o ny b l i
o
c
< ot ,
5 Bt i
o P
3 o 1
o
= Ll
Byt
or
-1 -0.5 0 0.5

3.6 Local stability of pathogen-free equilibrium

Normalized Sensitivity Indices

In this section, we investigate the local stability of pathogen free equilibrium E,, based on the basic reproduction

number R,

Theorem 2 If R, <1, then pathogen-free equilibrium E, = (¢/u,, 0, 0, a/u,, 0, 0) of the model (1) is locally asymptoti-

cally stable, and otherwise it is unstable in Q.

Proof By linearizion approach, Jacobian matrix of model (1) at equilibria is given by

—(B,I, + uy) 0 5 0
Bul, —(@+y+u) O 0
J= 0 Y —(6 + ) 0
0 _ﬂQSV 0 —(ﬁ1P + ﬁzlh + Mv)
0 B,S, 0 BiP + Byl
i 0 a 0 0

The Jacobian matrix J at pathogen-free equilibrium E;, becomes

—BS,
BiS)
0
0
_m
0

0

0

0
_ﬂlSv
B,
-0

(6)
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—u, 0 s 0 —(’;—ﬂ 0
0 —(a+y+u) O 0 “L—” 0
h
0 y ~G+p) 0 0 0
J(E0)= 0 _xpy 0 h —u 0 _xp | (7

5 ' 5
2y _y,
0 Hy 0 0 Hy Hy

K P 0 0 0 -6 |

It is clear by considering the first and fourth column eigenvalues are always negative (i.e., — y;, <0, — u, <0), and so
stability is controlled by the Jacobian corresponding to the /,,R,,I, and P components:

~@+r+m) 0 2o

Hp
\ y ~G+mp) 0 0
J* = by 0 h At ®)
Hy Vou,
a 0 0 -6

The characteristic polynomial of Eq. (8) is given by

0+ u)a+y+u) —x Oupp(a +y + uy) — 7 p
o+ 22+ Mt (0 + p)a +y + ) — @B, 4k h "\ _o ©
Mk (@ + Y + py) Mk (@ + ¥ + py)
Next, we obtain 1 = —(1 + 8) <0, and the other characteristic equation becomes:
P +ad+a,=0, (10)

where

b, (0+p, ) a4y +p,)—m P, B,

R My (at+y+py)
Ouyp, (aty+u,) P,

My (aty+py)

a, =

)

a():

The characteristic polynomial in Eq. (10) is degree n =2, then we can find matrices:

n—1 %n— 0
Mi=lan] =[] we= [ o] o]@ 0]

Applying Routh-Hurwitz criterion [24] on Eq. (10) shows that the two eigenvalues have negative real part, and so E,,
is local asymptotically stable if a, > 0,a; and a,a, >0 for R, < 1.

3.7 Global stability of pathogen-free equilibrium

Theorem 3 If R, < 1, then the pathogen-free equilibrium E, = (¢/u,,,0,0,7/p,,0,0) of the model (1) is globally asymptoti-
cally stable in Q.

Proof To perform the global stability of E,, we consider Lyapunov function:
V=I,+R,+P. (11)

The Lyapunov function V needs to satisfy the conditions: V (S,,1,,,R;,,S,.,,P) >0 for all (S,.I,,R;.S,.1,.,P) / {EO} and V
(Ey) =0. By differentiating V with respect to ¢, we get
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Vi=DL+I +PF
(5 (2 (o)
L] [rool1, ‘ (12)
=k&-0l|1[-]ooo] 1|
P| [ooof P

where the matrices K and Q are given by

8,
14‘-00 ,uhOO
K:O"’ﬂ—ﬂho,on,lVo
0 o0 ™ 0086

M,

Since y >0, then the last inequality of Eq. (12) can be rewritten as

Ih
VI<EK-0)|1I | (13)
P

The eigenvalues of matrix (K — Q) all have negative real parts if #f,/u, < u;,, pB,/u, < p, and zf,/u,, < 6. Equation (13)
is stable only if Ry < 1. As aresult, (/,,1,, P) = (0, 0, 0) ast — oo. It follows by the comparison approach from [25] that
,,1,,P) = (0, 0, 0). Therefore, (S, 1, R;,,S,,1,, P) = (¢/1,,0,0, 7/ p,,0,0) as ¢ approaches infinity, and E,, is globally
asymptotically stable for R, <1 in Q.

3.8 Coexistence equilibrium point (CEP)

We consider a situation in which pathogen persist in the human populations. A coexistence equilibrium point

E* = (S}, 1, R}, Sy, I7, P*) can be computed as follow.

@+ Ry = Pl iS, — Sy, = 0,
Bl}S, —§a+r+uh)IZ =0,
vl — (6 +pR, =0,

7 — (B P* + BoI)ST — p,S* = 0, (14)
B P* + RIS — w17 = 0,
al? —P* = 0.

Solving Eq. (14), we obtain SZ, RZ, Sj, I:‘, and P” in terms of I;’l‘:

S = @ _ <5(a+ﬂh)+ﬂh(0(+}’+l4h)> *
= T TR T T

Mhy 1y, (6+u) h’
RZ = v, IZ ,9
Tou,
S;k = ;lv(aﬂ1+0ﬂl?)lz‘+€;4‘2, ’ as)
I = z(af+0p)I;
v w, (P +0B) L+ 2 ’
P=

where

e Ou (8 + ) O p(a + v + u)Ry — 7P (ap) + 65,))
" (@2 + ) apy + 0y) — Oy SR + f (8 + wy) By + 06))apy +08,)
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3.9 Local stability of coexistence equilibrium

Theorem 4 If R, > 1, then the coexistence equilibrium point E" of model (1) is locally asymptotically stable, and oth-
erwise it is unstable in Q.

Proof From Eq. (6) the Jacobian matrix J at E* = (S¥,I*, R* S;‘, I;‘, P*)is given by

h> "’
[ =Bl + ) 0 5 0 =BS; 0 ]
Bl —(a+y+u) 0 0 BS, 0
o 0 y —(6 + u) 0 0 0
HED=1 ~p,S" 0 —(BP +Pli+u) O —pS: | (16)
0 P.S; 0 PP+ Boly —H, BiS;
| 0 a 0 0 0 -0 |

The eigenvalues of matrix (16) are computed from the following equation.

by-4 0 by 0  bs 0
by byp—4 0 0 by O
0 by, byy— A 0 0 0
=0
0 b52 0 b54 bSS -4 b56
where . &1 = —Bul; + mp), bz =6, bis = —B,S;, by = Bl boy = —(a+ v + uy), bys = B,S;, bz =7,
by = =(8 + up)s by = =BS}, bay = —(B1P* + Boly + 1), bys
= =B}, bsy = BS}, bsy = B P* + Bol};, bss = —p,, bsg = 1S}, by =, bgg =0
Then the characteristic polynomial of Eq. (16) is given by
A8+ B A’ + ByA* + B3A® + ByA? + BsA+ Bg = 0, (18)

where

By = —(by; + by + b3 + byy + bss + bg).

By = by (b33 + byy + bss + beg) = bes(bay + bss) — byzbes — by (byy + b3z + by
+bss + bee) + b33byy — bysbsy + bygbsy + byzbss + byybss,

By = by (bysbss — bygbsy + be(bay + bss)) + byybsz(byy + bss + beg) + be(Daybss
—bysbsy — baghsy) + b33bes(byy + bss) — by (byebsy + bysbs, — bssbeg
—=by4(bss + bge) — brybyy + byybss + byybes — b33(byy + byy + bss + bee))
—(D13b21b35 + b5y bsy — bysbyzbsy — bysbyybsy + bysbyybsy — byzbygbs,
+b33044Ds5 + bysbsebg, ),

By = —(bybg(bysbss — bysbsy) + bypbs3(bysbss — bygbsy + beg(byy + bss)))
—besb13D21 b3 + beo(D15by 1 bsy — buybysbsy + bysbyrbsy) + byzbes(baybss
—bysbsy = bysbsy) + b1 (Dy5b4rbs4 + bysbssbgy — bes(bysbsy + bygbsy)
+b44(bysbsy — bsybes) — brybysbsy + byybaybss + bee(brybay + byrbss)
—b33(byebss + bysbsy — bssbes — bys(bss + bee) — brybay + byybss + byybeg))
=b13091b3yb44 — by5by 1 b33bsy — byshy byybsy — bysbizbyybs, + bysby byybsy
=bysb33b4ybss — by3Dy1b3ybss + bysby bsebgy, — bysbizbsebey — bysbaybsebes,

Bs = —[by033b66(D44bss — Dygbsy) + besb301 D35 (Day + bss) + bee(Dy5by byybsy
—byub15D;1b53) — b33bee(D5Dy1bsy — byybrsbsy + bysbyybsy) — by (beebasbyrbs,
Fb44(bysbsebey — brsbsybeg) + be(brybay + byybss)) + bysby byzbyubs,
=by5by1b33b43bsy — by3by b3y byybss + by3by bysbss — bysby bysbyybe,
+b25033044b56D3 1

Bg = —[bssb13b21035(bysbss — bysbss) — b33bes(by5by by — baybysby bsy)
+b11033(bgbasbarbsy + Dys(bysbsebsy — bysbsrbeg)) — bysby by3byubsebe 1.
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Using the Routh-Hurwitz criterion [24], the coexistence equilibrium E” is locally asymptotically stable for Ry>1if
B;>0,i=1,2,.6,

B, >0, BB, —B;>0, B(By,B;—BB,)—B; +B;sB, >0,

B,B,(B;B, — B,Bs) — BX(B; — B,B) + B, (B,Bs — ByBg) — Bs + B,(B — B|Bs) > 0,

B\B¢B,(B3B, — B Bs) — B\ B4(B; — B, Bg) — B, BsB,(B;B, — B,Bs) + B3B5(B;—

B)Bg) — B, B5(B,Bs — B3B¢) — B¢B3(B;B, — B Bs) + BsB,B;Bs + BsB3(B; — B,Bs) — B3(B,B, — Bs5) > 0,
B,B2B,(B; — B, Bs) — B:BX(B3B, — B,Bs) + B3BsB(B> — B,B¢) — B BsB¢(B,Bs — B;By)—

BZB;(B3 — B)Bs) + BB, B3Bs + BsBsB;(B3B, — B,B3) — BsBsB,B,Bs + B:B > 0.

3.10 Global stability of coexistence equilibrium
Theorem 5 If R, > 1, then the coexistence equilibrium E" of the model (1) is globally asymptotically stable in Q.

Proof To establish the global stability of the coexistence equilibrium point E*=(S*, IZ s RZ, S;’j, I:, P*), we consider Lya-
punov function:

S-S, GoBP R-RPS,-S)E LY (o py
€

) +e€ ) + €3 ) + €4 ) + €5 ) 6 5 s (19)

V:€1

where €, €,, €3, €,, €5, € >0 are to be chosen appropriately such that

€ — Sh
1 (Bl +11)Sy—9—6R),’
€ = —
2 (a+7"kﬂlx)llx_ﬁhlvsh ’
h
€ = —L—
3 (6+”17)Rhs_ylh ’
€4 = —_—
8T BiP+B S, T
€5 = L
3 —(BiP+5:1,)S,”
_ P
€6 -_—

oP—al,

The Lyapunov function V needs to satisfy the conditions: V (S,,,1;,,R,S,.I,,,P) >0 for all (S,,1,,,R,S,.[,,P) / {E*}and V (E*)
=0. Applying derivative of V with respect to ¢, we find that

= (S, = SPS, + €, — I + (R, —RDR, + S, — SH)S, + I, = I)I + (P — P*)P' (20)
By substituting corresponding equations of the model (1) into Eq. (20), we obtain that
V' = €/(S), = SPlo + 6R;, — B,1,S), — 1Syl + el = IDIBLS), — (@ + v + ppI,]

+ &R, — Ryl — (6 + w)Ry 1 + €4, — I))[7 — (B P + B,1,)S, — 5,1
+ es(R, — RDI(B P + Bo1))S, — p1,] + (P — P*)[al), — OP].

Next, rearranging this equation, we obtain

V= ¢S, —SZ){% + g, —ﬂh}{Sh —8t + e, —1;;){%& —a—y —yh}{lh -1
+ &R, = RO B = 8= o, [{Ry = Ry + €S, = SD{ £ = 1P = Bl =, } {5, = ;)

+ e, — ){ BPAAIS, }{1 I*} + eg(P - P*){ o 9}{P — P},

= —¢,(S, — SH*[~ ﬂ Zh ot Bl + ) — &1, - 1*)2[—M Fa+y+u,

— ey(R, — ROP[- m ro4 i) = €4S, = SOA-Z + fP + Bl + 1]

— eI, - I)1- —“’”’*ﬂm‘ + p,] = (P = P~ “”7 +0].

»
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Thus, V'(S,,1,, R, S,,I,, P) < 0 and a coexistence equilibrium point E” is globally asymptotically stable with possible
setting €, €,, €3, €, €5, €. Hence, the maximum compact invariant set in {(Sh,lh,R S.1,P)eQ:V = 0} is the sin-
gleton E". Therefore, by LaSalle’s invariant principle [26], as t — oo, all the solutions of the system (1) approaches E*
in Q for Ry > 1.

3.11 Backward bifurcation analysis

We investigated the existence of bifurcation analysis at R, =1 by the concept of center manifold theory [27]. Then the next
theorem can be obtained.

Theorem 6 If R, <1, then the model (1) shows that backward bifurcation at R, =1.
Proof Using center manifold theory [27], we perform back bifurcation analysis of system (1) at R, = 1. Let us consider

change of variables: S, = x|, I, = x,, R, = x3, S, = x4, I, = x5, P = x¢. Then the model (1) can be rewritten in the form

X' = (fy, o S5 fusfss J) as:

Xp = @+ 0x3 — Bxsxy — Xy,
x’2 = Bxsx; — (@ +y + pp)x,,
X =yxy — (6 + uy)xs,
J ? 2 X3 1)
Xy =7 — (Pixg + o)Xy — Xy,
x5 = (B1Xg + Brxo)xy — pXs,
xg = ax, — 0xg,
Let us use the contact rate 3, as bifurcation coefficient at Ry =1 if
. Oty +py)
Bp=18 = - (22)
np(af) +6p,)
By linearization method, Jacobian matrix of (21) at pathogen-free equilibrium E is obtained:
= 0 5 0 “;”5 0 |
}(L
0 —(a+y+m) O 0 “jfh 0
h
1 0 y —6+pu) 0 O 0
b ' b
np, _ zpy
0 Hy 0 0 Hy Hy
| O a 0 0 0 -0 |
The right eigenvector, u = (u, Uy, U3, Uy, Us, uﬁ)T are computed from Ju =0 as follows.
' of;
Zh
=3 _(5+”Z)”3_0 24)
U T My + —u6 =0,
”M—ﬁ'MZ HoUs + ﬁué =0,
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Next, from Eq. (24), we get

_ _0 Sy
u = rﬂh rﬂh—a—y—yh I/t6,
0
uz = _Mﬁ’
Uy = 7
37 a(6+uy,) 6>
= (g _ B0
Uy = m( L )u6’
z [ B0
us = M_\2<% +ﬂl)u6,
where ug = ug > 0. Also the left eigenvector, v = (v}, v, V3, V4, V5, V) are computed from vJ =0 as follows.
—Hpyy =0
—(a+y+ vy +yvs — ﬂv4+ ﬁ“vs +avg =0,
7 (5 + Hh)V3 =0,
W =1 ) ) —pyv, = 0,
@B, B,
—”—h]\/l + ”—h’vz H,V5 = 0,
zfy 7p
——y,+ v, -0y, =0
Hy u o 6
Solving (25) and then we obtain
V= vy = v, =0, v, = 2l Ll v
1=V3=V=U, V) 50 Ve 55
@B, Ou,

where v5 = v5 >0. Based on [27], the bifurcation coefficients a and b are given by
a 2 Vil ]0 0x; (EO)
ij.k=1
6

b= i’kz vkula oﬁ* L (Ep).

The nonzero second partial derivatives of f}, f,, f;, and f5 at E are given as follows:

Ph _ Of —p
5z)x5 - ijzdxl - h’
9h _ 9h _ *
yix; - 0x50x; - ﬁh ’
Sho_ Sho_ g
0x%dx4 dx%z)xz 2
oo ho_ g
0x,0x¢ ﬁx%z))% 1
Pfs _ s _ B
0,0, Bxéaxz 2
9 — 9fs — ﬁ
dx%z)x(, 0x40x, 1’
oh = ()zf] =X = - 2
oxsof  0p;oxs 1 '
ho_ Oh e
0x50f; 9P, 0xs L

All the others second partial derivatives of f;, i =1,...,6 are zero. By using Eq. (25), we get

(25)

(26)

@7
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2
a= 2"1“1”56 Th oy 2v2u1u5 o + 2v,1,1,0%f;0x,0x, + 2"4’42”63 g + 2v5u2u4a l’;x4
0f
+ 2vsuyue Fov (28)
= (_”hﬂv‘92((5+ﬂh)(a+uh>+wh> ”(azﬂf_92ﬁ§)> v
pa(atpu,)(E+my) nyo? 6"

and

Pf
oxsdp;

2
b= QVIMS% + 2v,us

0p
= ”’;h< i +ﬂl>u6v5

29)

The coefficients a and b are evaluated at the parameter values so that a = 0.1998u§v5 > 0and b =0.1677ugv5 >0 for
ug >0 and vs > 0. Therefore, the model (1) has a backward bifurcation with stable coexistence equilibrium when Ry < 1.

4 Extension of the model into optimal control

In this section, we extend the model (1) into optimal control problem by including control variables. This helped us to
choose appropriate control strategies that used to eliminate pathogens from human populations at the end of control strategy
implemented. The following three control strategies are introduced.

(i) Prevention: personal and environmental sanitation. By this case, we aimed to separate susceptible human popula-
tion from pathogens contact.
(ii)) Integrated vector management: using chemical, biological control, ...etc. to kill pathogens and their carriers.
(iii)) Diagnosis and treatment: supporting infected individuals in isolation center with medication.

Attime ¢, u, (1), u,(f), and us(¢) denote prevention, integrated vector management, and treatment control variables, respectively.
After incorporating those controls into the model (1), we obtain the corresponding state system:

S, =@+ R, — (1 —u)p,1,S), — S
L= —u)pl,S, — (a+y + upl
) R;: =yl, — (6 + p,)R,,

(30)
S’ =x— P P+A—-u)h1,)S, — u,S,,
(ﬁ1P+ (1 - MZ)ﬁZIh)S Mv I
P =al, — (1 +u;3)0P,
with initial condition: S,(0) >0,,(0) >0.R,(0) >0,5,(0) >0,/,(0) >0, P(0) >0.
The objective function J is given as similar form presented in [28] as follows.
. t 3
min f 1 2
T, (), uy(), u3() = uy, iy, s ayly+ayl, +a;P+ 5 Y bl )dr, 31)
0 i=1

where #;is the final time, while a;, b; >0. The term 0.5b,u7, 0.5b,u3, and 0.5b;u3 represent cost functions which are
corresponding to the control u;, u,, and u,, respectively. The objective of this study is to find the optimal control set
(u’lk, u;, u;‘) such that

J(uy, uy, u3) = min {J(ul, Uy, Uz) I U; € U}, 32)

where
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U = {u(®) = (), uy(t), uz(6)) 1 0<u() <1, 0<1 <1, i=1,2,3}.

4.1 Characterization of the optimal control function

Pontryagin’s minimum principle [29] helps to reduces problems (30)—(32) to a problem of minimizing the Hamiltonian
H given by

That is,

3
H®,u,A) = al, +a,l, + a;P + % D biuf + A (@p+0R, — (1 —u)p,1,S, — n,S;)
i=1

+ Ay((1 = u)BLS, — (@ +7 + ) + A5(rLy — (B + uyRy) (34)
+ Ay = (B P + (1 = up)Bo1)S, — w,S,) + As((By P + (1 = up) Bo1,)S, — w1,)
+ Ag(aly, — (1 +u3)0P),

where ® = (S,,,1,,R,,.S,.1,.P) which is state variables.
Based on [30], if the control " and corresponding state ®" are an optimal pair, there is a non-zero adjoint vector A =
(415 Ay, A3, Ay, A5, Ag) such that

(1)’ _ OH(®,u,A)

s

61—?(% A)
r_ My
jH(; ) o 35)
SU, —
ou =0.

From the boundedness of uj‘ on [0,1] and the third equation of Eq. (35) (i.e., minimality condition), we have

u* =0, M 50,
4 ou;
O<uf<l, o E
i ou;
w =1, L)
4 du

To obtain the adjoint variables 4,, i =1....,6, we follow the classical result of [29]. So the following theorem can be established.

Theorem 7 Let u” be the solution to the optimal control problem Egs. (30)~(32) and (S}, /;, R, S, I}, P*) be the cor-

responding optimal state variables. Then there exist adjoint variables 4;, i =1,...,6 that satisfy the adjoint system:

A= 4 = u)Byl, + my) = (1= up)pl,,

M= —a; + Ay(a+y + m) — Ay + (1 —u)ByS, — As(1 — 1))B,S,,

JA =28+ 456+ ), (36)
Ay = 4B P+ (1 = )byl + ) — As(B P + (1 — up)Bo1)),

Ay =—ay + (1 = u)BS, — (1 = u)f,Sy + Asp,,s

AL = —ay + 4,S, — AsPyS, + Ag(1 + u3)0.

Together with transversality condition: 1,(z) =0, i =1,....6.
Also, we get optimal controls: u(?), u5(7), and u}(7) which are characterized by
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uwi(f) = min max{O, GamADBS, |

b, ’
eon (As= 2Bl S,
u;(f) = min { max { 0, ., 1, (37)
u;(f) = min { max 4 0, 8P4 }, 1 }
b3

Proof We find that the adjoint equations by taking the negative of 0H/d(S,.I,,,R;.S,.I,,P) as follows. That is,

)”,1 = _s_; = ﬂl((l - M1)ﬂhlv + ,Uh) - /12(1 - ul)ﬂhlw

By= = = a4yt y ) = oy + A= )8, = As(1 = 1),
< )’/3 — _% = —),15 + )13(5 + /'{h)’
By = =2 = G (BiP+ (1 = Byl + ) = As (P + (1 = w)Baly),

A, = 0_H = —a2 + i](l - ul)ﬂhsh - ).2(1 - ul)ﬁhsh + ASMV’

57T 7l
4 = =55 = —as + A4BiS, = AsBiS, + Ag(1 + u3)6.

We assume that S,(1), [,(1), R,(tp), S,(1)), 1,(t)), and P(t) are free, then we obtain the transversality condition: 4,(¢) =0.
We find that the optimal controls u(2), u5(), and u3(7) from the third equation of (27) as follows.

I~ byuy + (g = IBLS, = 0= ul(r) = LB

ouy )

o, (As=A4)Bo1,,S,
P byuy + (A4 — 45)Bo1, S, = 0 = w3 (1) = %’
ﬁ _ _ _ « _ 0P

I = byus — 0P =0 = 0=

Since ”,* is bounded on [0,1], then ul’.‘(t) can be written in compact form as (37).

The second partial derivative of Hamiltonian H with respect to (u,u,,u;) at (uT, uz, u§) is positive definite. This shows that

®

the optimal control (u’lk, us, u;‘) is a minimizer.

5 Numerical simulations

In this section, we provide numerical simulations obtained from the application of analytical results, as given in previ-
ous sections. The state system (30) with the impact of controls: preventive measure (u,), integrated vector management
(u,), and supporting infective by medication (#;) on human population is illustrated numerically. Since the optimal system
under investigation is a two point boundary value problem with separated boundary conditions at times =0 and 7 = 7,
we use the forward-backward iterative scheme [31].

In order to find numerical solutions of the optimality system, first the state system (30) is computed forward with the given
initial condition and controls’ initial guess in time by using a Runge-Kutta method of fourth order. Next, the adjoint system
(36) is computed backward with the transversality condition in time by using Runge-Kutta algorithm of fouth order. Each
control variable value is modified by averaging the new value and old value arising from the characteristic control (37).
This step continues many times upto successive iterations are close enough to each other [31].

To study the behavior of the model (1), we performed numerical simulations with the set of parameter values and initial
data, which are assumed for illustrative purposes. Accordingly, parameters values are given in Table 2, and with initial
data: S,(0) =6, 1,(0) =4, R,(0) =1, §,(0) =2, [,(0) =2, P(0) =1.

To achieve optimal control strategies, the weight constants of the objective function are assumed: a,
=600, a, =80, a3 =40, b, =6, b, =100, b3 =80 and the adjoint system with terminal condition: 1,(7y)
=0, i =1,...,6 for the final implementation time Iy = 50 months. So that those strategies are given below:
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Table2 Descrip tiqn of model Parameters Description Values
parameters and their values
7] Recruitment rate of human population 0.99
By Contact rate of susceptible with infected human 0.12
£ Primary contact rate of susceptible vector with infected human 0.21
P Secondary contact rate of susceptible vector with pathogen 0.02
Hy Natural death rate of human 0.01
y Induced mortality rate by infected human 0.001
o Recovered individuals rate 0.85
a Induced rate of pathogens by infected human 0.21
z Recruitment rate of vector population 0.3
(% Decay rate of pathogens 0.04
0.98

M, Natural death rate of vector

Strategy A: u;#0, u,#0 and u; =0.
Strategy B: u;#0, u;#0 and u, =0.
Strategy C: u,#0, u;#0 and u; =0.
Strategy D: u;#0, u,#0 and u;#0.

In the simulations, we present that the infected human and vector population with control and without control. The blue
curve represents the uncontrolled population case while the red curve shows the controlled population.

5.1 Strategy A: Control strategy with preventive measures and integrated vector management

In Fig. 2, we present that the infected human and infected vector population with control (#,# 0, u,# 0, u; =0) and
without control (i.e., u; = u, = u; =0). The simulation results from Fig. 2a shows that infected human goes to zero
due to control «, is at a maximum level for 50 months (Fig. 3a). Therefore, applying this control strategy is effective

to eradicate disease from the population with minimum cost 1.5813 x 10* (Fig. 3).

u1=0,u2=0,u3=0

u1¢0, u2¢0, u3=0

u1=0,u2=0,u3=0

u1¢0, u2¢0, u3=0

Infected human
Infected vector

061

0.4r

02r

0 10 20 30 40 50 0 10 20 30
Time (Months) Time (Months)

(a) (b)

Fig.2 Impact of preventive measures and integrated vector management on human (a) and vector (b) population

50
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Fig.3 Profile of control func-
tions (u;, u,) when u; =0
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Fig.4 Impact of preventive measures and supporting infectives by medication human (a) and vector (b) population

Fig.5 Profile of control func-
tions (u;, u3) when u, =0
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45 T 2 T
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Fig.6 Impact of integrated vector management and supporting infectives by medication on human (a) and vector (b) population

Fig.7 Profile of control func-
tions (u,, u3) when u; =0
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5.2 Strategy B: Control strategy with preventive measures and supporting infectives by medication

Figure 4a and b show that infected human and infected vector decrease. To achieve this, the control profiles «, and
us are implemented at a maximum rate for the whole period. The control u, is at a maximum level for 50 months, but
u, declines after 10 months toward zero (Fig. 5).

5.3 Strategy C: Control strategy with integrated vector management and supporting infectives
by medication

We observe that from Fig. 6a and b, infected human and infected vector population do not approach to zero at end of
strategy. The control u; is at a maximum level for 40 months and declines afterwards to zero (Fig. 7). Hence, only the
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control strategy with integrated vector management and supporting infectives by medication are not enough for pathogen
control.

5.4 Strategy D: Control strategy with all controls

In this case, we discuss how all controls affect the pathogen spread in the human population. Figure 8a and b show that
infected human and infected vector approach to zero at the end the period. Furthermore, Fig. 8c shows that the number
of pathogen decreases at the end of the strategy. Hence, applying this control strategy is the best effective to eradicate
pathogen from the system at end of 50 months.

From Fig. 9, we observe that control «, is at a maximum level for 50 months, but u; declines after 10 months toward zero.

4.5 T 2 T
u1=0,u2=0,u3=0 '8 u1=0,u2=0,u3=07
4T Uy #0,u,#0,u, %0 : U, #0,u,#0,u,#0
35 16 1
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5 ° 5
£ ‘8‘ 1.2 1
325 )
3 3 |
5 2 3
Q2 L o8} 1
c £
— 15
0.6 9
! 04f :
0.5 0.2r
0 : : 0 I I | n
0 10 20 30 40 50 0 10 20 30 40 50
Time (Months) Time (Months)

(a) (b)

12 !
u1=0,u2=0,u3=0

u1¢0, u2¢0, u3¢0

Pathogen population

0 . . .
0 10 20 30 40 50

Time (Months)

()

Fig. 8 Impact of all controls on human (a), vector (b), and pathogen (c) population
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Fig.9 Profile of control func- 1
tions (uy, u,, uz) when u,;#0, ool Yl |
uy#0, u3#0 '

0.8} us | |

061

051

Controls

0.4

0.2

.

0 10 20 30 40 50
Time (Months)

6 Conclusion

In this paper, an optimal control theory was applied to the pathogens’ impact on human disease transmission model
governed by a system of nonlinear ordinary differential equations. Then it was analyzed for equilibrium points, which are
locally and globally proved by Routh-Hurwitz criterion and Lyapunov function, respectively. The results of the model
reveal that when the basic reproductive number, R, is greater than unity (for instance, R, =4.3415), more pathogens are
highly spread in the environment, as well as in human population. Thus, in order to reduce more pathogens from the
systems, the proposed model is extended into optimal control problems by incorporating three control variables such as
u,, Uy, and u;. The Hamiltonian function and adjoint variables are investigated. The necessary optimality condition is
formulated and analyzed by using Pontryagin’s minimum principle. The simulation results showed that the combined
effect of prevention via personal and environmental sanitation, integrated vector management, and continuous supervision
during the treatment period helps to reduce the pathogen in the community. Therefore, the results of this study show that
the optimal control is sufficient to decrease pathogen from the human population at the end of the fifth month.
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