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ASYMMETRY OF LOCALLY AVAILABLE
AND LOCALLY TRANSMITTED INFORMATION
IN THERMAL TWO-QUBIT STATES

E. O. Kiktenko UDC 530.145.1

Abstract. In the paper, we consider thermal states of two particles with spin 1/2 (qubits) located in
an inhomogeneous transverse magnetic field and interacting according to the Heisenberg XY -model.
We introduce the concepts of magnitude and direction of asymmetry of the entropy of a state and the
magnitude and asymmetry of a flow of locally transmitted information. We show that for the system
considered, the asymmetry of entropy is directed from the particle in a weaker magnetic field toward the
particle in a stronger magnetic field, and this direction coincides with the direction of the excess flow
of locally transmitted information. We also demonstrate that this asymmetry direction is consistent
with the direction of the excess flow of locally available information: measurements over the particle
in a weaker magnetic field provide a greater level of locally available information than measurements
over the particle in a stronger magnetic field.
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1. Introduction

One of the most important problems of quantum information theory is the quantitative description
of quantum correlations between subsystems of composite quantum systems, which are a resource for
the implementation of various problems of quantum information technologies (see [1, 2, 23]). A key role
in these applications is played by quantum entanglement, the property of composite quantum systems
that does not have a classical analog, in which their common wave function cannot be represented
in the factorized form (for pure states) or their density matrix cannot be represented as the sum
of factorized density matrices (for mixed states). Despite the simplicity of the formal definition, the
presence of entanglement in the general case of a mixed two-state state meets substantial computational
difficulties.

In order to characterize the total correlation value (including both quantum and classical compo-
nents), quantum mutual information is used, determining the capacity of quantum channels using
entanglement (see [9]). This value is a generalization of classical mutual information to the domain of
quantum states, performed by replacing classical Shannon entropies by the von Neumann entropy.
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The measures of quantum correlations considered above are symmetric in the sense that the equality
M(A,B) = M(B,A) holds for them, where A and B are subsystems of a bipartite system AB and
M is a measure of quantum correlations. However, in [10], a negative answer to this question is given:
it is shown that in the general case, two parties possessing fragments of a two-state quantum state
cannot perform exchange operations for subsystem states by using only local operations and classical
communication.

An important asymmetric measure of quantum correlations, not necessarily involving entanglement,
is the quantum discord independently proposed by H. Olliver and W. Zurek [21], and independently
by L. Henderson and V. Vedral [8]. This quantity is the difference between the quantum mutual
information of the initial bipartite state and the locally available information (see [5]) obtained on
one of the subsystems by an optimal measurement of the other subsystem and hence depends on
which of the two subsystems has been measured. Based on this, it is possible to introduce the value
of discord asymmetry, which in turn is determined by the difference between the values of locally
available information obtained by measurings the parts of a bipartite system.

An alternative approach to the quantitative description of the information asymmetry of quantum
states based on the quantum generalization of classical causal analysis (see [16]) is presented in [6, 15,
17, 18]. Within the framework of this approach, calculation of the asymmetry degree for a bipartite
quantum state is based on the von Neumann entropies for the total and reduced density matrices and,
in contrast to calculation of the discord, does not require any optimization procedures. It was proved
in [17, 19] that the entropy asymmetry introduced in this way helps to identify the most stable and
most defenceless quantum subsystems in terms of the decoherence effect. Another important aspect
that makes this approach relevant is the possibility of its generalization to the tomographic description
of quantum systems presented in [6, 15].

In this paper, we consider the problem of the correspondence between the entropy asymmetry
and the discord asymmetry for a thermal equilibrium state of two particles with spin 1/2 in an
inhomogeneous field interacting in the framework of the Heisenberg XY -model. The problem on the
asymmetry of quantum discord and the influence of physical parameters of the system was considered
earlier by E. B. Feldman and A. I. Zenchuk (see [7]). In this paper, they also considered the relationship
between quantities presented above and the asymmetry of flows of locally transmitted information
due to the interaction of qubits. Unlike the discord and quantum mutual information, the last value
describes correlations between states of qubits at different moments of time.

The paper is organized as follows. In Sec. 2, the concepts of entropy asymmetry, discord asymmetry,
and asymmetry of locally transmitted information are introduced. The basic properties of the XY
interaction and the corresponding thermal state are considered in Sec. 3. Asymmetric characteristics of
the ground state and thermal states are considered in Secs. 4 and 5, respectively. The main conclusions
are presented in Sec. 6.

2. Approaches to Description of Asymmetry of Two-Part Quantum States

2.1. Entropy asymmetry. We consider a bipartite system AB having (at some moment of time)
a density matrix ρAB satisfying the standard requirements:

Tr ρAB = 1, ρAB ≥ 0,

where Tr is the trace operator. The density matrix of an individual subsystem can be obtained from
the common matrix ρAB by taking a partial trace over the space of the other subsystem:

ρA = TrB ρAB , ρB = TrA ρAB.

A generalization of the unconditional Shannon entropy in quantum information theory is the
von Neumann entropy, which for an arbitrary density operator ρΞ is written as follows:

SΞ ≡ S[ρΞ] ≡ −Tr[ρΞ log ρΞ],
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where log is the binary logarithm.
Using the formula for the conditional entropy based on the unconditional Shannon entropies for

the joint probability distribution, we can introduce the following definitions of the von Neumann
conditional entropies:

SA|B ≡ SAB − SB , SB|A ≡ SAB − SA. (1)

The most important difference between the classical and quantum information theories is the fact
that in the quantum case, the quantities (1) can take negative values (see [3, 4]), namely, their ranges
are determined by the inequalities

|SA − SB | ≤ SAB ≤ SA + SB .

A possible interpretation of negative values can be considered within the framework of the state-
merging protocol (see [11, 12]).

Using the definition (1), we obtain the following formula for quantum mutual information:

I = SA + SB − SAB, (2)

which is a direct analog of classical mutual information. We introduce quantum independence functions
(see [16]) by replacing the Shannon entropies by the von Neumann entropies:

iA|B ≡ SB|A/SB , iA|B ≡ SA|B/SA. (3)

We note that these quantities can take values on the interval [−1, 1]; negative values of the indepen-
dence functions can be interpreted as the presence of quantum correlations deeper than classical: a
negative value of at least one of the independence functions is a sufficient condition for the presence of
entanglement between subsystems (see [13]). The limiting case of a pure entangled state corresponds
to iA|B = iB|A = −1.

Under the presence of entropy asymmetry directed from the subsystem A to the subsystem B in a
bipartite quantum state with the density matrix ρAB, we mean the fulfillment of the inequality

iA|B > iB|A. (4)

If the inverse inequality iA|B < iB|A holds, we say that in the system there is the entropy asymmetry
directed from B to A. Note that due to the Schmidt expansion for arbitrary pure states ρAB =
|ψ〉AB〈ψ|, the identity SA = SB holds, which implies the equality of the independence functions
iA|B = iB|A. Thus, a necessary condition for the presence of entropy asymmetry in a bipartite quantum
state is its mixed nature.

We consider the following quantity as a quantitative characteristic of the degree of entropy asym-
metry of quantum states:

d ≡ iA|B − iB|A, (5)

which can be represented as d = I(SA − SB)/(SASB) after the substitution of the definitions of
independence functions (3).

We list the basic properties of this quantity.

(1) The sign of d determines the direction of entropy asymmetry. According to the inequality (4), the
case where d > 0 corresponds to the entropy asymmetry directed from A to B and the case where
d < 0 corresponds to the opposite direction.

(2) The identity d = 0 holds in the following two cases:
(i) when there is no entropy asymmetry (SA = SB),
(ii) when there is no correlation between A and B (I = 0).

(3) The larger is the absolute value of d, the stronger is the entropy asymmetry. The absolute value
of d is bounded by the inequality |d| < 2.
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2.2. Discord asymmetry. The quantum discord (see [8, 21]) is the difference between the mutual
information in a bipartite state and the locally accessible information obtained by an optimal measure-
ment of one of the subsystems. In the case where the measurement is performed over the subsystem A
of a bipartite system with the density matrix ρAB and the reduced matrices ρA and ρB , the quantum
discord can be written as follows:

D(A) ≡ I − J (A), (6)

where I is the quantum mutual information and J (A) is the locally accessible information defined as

J (A) ≡ max
{ΠA

i }

(
S[ρB ]−

∑
i

piS[ρ
i
B ]

)
, (7)

where {ΠA
i } is the positive operator-valued measure (POVM) corresponding to the measurement of

the subsystem A, pi = Tr[ρAΠ
A
i ] are the probabilities of results of this measurement, and ρiB =

TrA[ρABΠ
A
i ]/pi are the density matrices obtained from the original matrix ρB after a measurement of

the subsystem A.
Similarly, we can introduce the value of the quantum discord D(B) for the measurement of the

subsystem B. It is important to note that in the general case, the discord is asymmetric: D(A) �= D(B).
It was shown in [7] that, in the case of a system of particles with spin 1/2 in an inhomogeneous
magnetic field, the presence of a field inhomogeneity leads to asymmetry of the quantum discord. For
quantitative description of the discord asymmetry, we use the dimensionless value

ΔD ≡ D(B) −D(A)

I
=

J (A) − J (B)

I
, (8)

which is reduced to the difference of the values of the locally available information obtained in mea-
surements of the subsystems B and A.

2.3. Asymmetry of locally transmitted information. Next, we discuss the local transmission
of information in stationary states of quantum systems. Consider a bipartite system whose evolution
is determined by a Hamiltonian H. In the case where H is independent of time, the evolution operator
of the system can be obtained as U(t) = e−iHt (here and below, we set � = 1). Consider a stationary
bipartite state ρAB (see Fig. 1) invariant under the action of the evolution operator U(t):

U(t)ρABU
†(t) = ρAB .

We introduce local bases {|i〉A} and {|j〉B} in the spaces of the subsystems in which the reduced
density matrices ρA and ρB have diagonal form:

ρA =
∑
i

piA|i〉A〈i|, ρB =
∑
j

pjB|j〉B〈j|. (9)

Without loss of generality, we consider the problem of local transmission of information in the direc-
tion from A to B. To do this, we also introduce the characteristic time tloc of local interaction between
subsystems. In order to obtain information on correlations between the state of the subsystem A at the
moment of time t = 0 and the state of the subsystem B at the moment of time t = tloc, we introduce an
additional subsystem A′, which has the same dimension and the set of basis states as A, and which was
prepared initially in the state |0〉A′ . Assume that at the time t = 0, a projecting measurement of the
subsystem A is performed and the measurement results are recorded on the subsystem A′ according
to the transformation

|0i〉A′A → |ii〉A′A. (10)

In the case of qubits, this transformation corresponds to the action of the CNOT gate (see Fig. 1), in
which A is a controlling qubit. In other words, at the time t = 0, we copy the state of A to A′. This
assertion does not contradict the well-known theorem on the prohibition of quantum cloning (see [26])
due to the original agreement on the diagonality of the matrix ρA in the basis {|i〉A}. From the point
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Fig. 1. (a) Schematic representation of local information flows in a stationary bipartite state. (b) Equiv-
alent representation of information flows in the quantum information notation for two-qubit states:
the vertical line denotes a CNOT gate, which connects the controlling (•) and controlled (⊕) qubits.

of view of the whole ensemble of possible measurement results, the transformation (10) leaves the
state of the subsystem A unchanged, while the common state of the whole system ρAB is deformed. In
a specific case of obtaining the ith measurement result implemented with probability pAi , the density
matrix ρAB is transformed as follows:

ρAB → 1

piA
|i〉A〈i| ⊗ 〈i|AρAB |i〉A.

Further, if we allow the system to evolve in accordance with its evolution operator U(t), the state
of the subsystem B as a function of time, provided that the ith measurement result was implemented,
has the following form:

ρ̃iB(t) =
1

piA
TrA

[
U(t) (|i〉A〈i| ⊗ 〈i|AρAB|i〉A)U †(t)

]
. (11)

The amount of mutual information between the subsystem A′ storing the memory about the sub-
system A at time t = 0, and the subsystem B at an arbitrary moment of time t can be calculated as
the difference between the unconditional and conditional entropies:

χA→B(t) = S

[∑
i

piAρ̃
i
B(t)

]
−
∑
i

piAS
[
ρ̃iB(t)

]
. (12)

In some sense, we can speak of the existence of a single-parameter family of classical-quantum
channels (see [9]), which receive a classical probability distribution {piA} at the input and give the

states {ρ̃iB(t)} at the output. In this interpretation, the value χA→B(t) is the Holevo boundary of
such a channel. The main difference of this situation from the genuine quantum channels is, of course,
the impossibility of varying the input signal, which leads to the possibility of raising the question on
channel capacities.

Obviously, all arguments presented above can be performed for the case of measurements over B;
then we obtain the value χB→A(t). We also note that, from general physical considerations, the quan-
tities χA→B(t) and χB→A(t) must reach local maximums at t = tloc.

In this paper, the major interests are the value of average locally transmitted information

χ ≡ 1

2

(
χA→B(tloc) + χB→A(tloc)

)
, (13)
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and also the relative asymmetry of locally transmitted information

Δχ ≡ χA→B(tloc)− χB→A(tloc)

χA→B(tloc) + χB→A(tloc)
. (14)

Note that in the expression (11), we neglected the possible action of the environment; thus, all the
above arguments are valid in the limit tloc � trel, where trel is the time of relaxation to the initial
state ρAB.

3. Asymmetric System of Two Qubits

We consider a system consisting of two particles with spin 1/2 in an inhomogeneous magnetic field
and interacting with each other according to the Heisenberg XY -model. The Hamiltonian of this
system has the form

H = B1Sz ⊗ I2 +B2I2 ⊗ Sz + g
(
Sx ⊗ Sx + Sy ⊗ Sy

)
, (15)

where Sα = σα/2 (α = x, y, z) are the operators of spin-1/2 projection and σα are the standard Pauli
matrices

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
,

In is the identity matrix of dimension n×n, g is the coupling constant, and B1 and B2 are the magnetic
fields expressed in energy units with account of the magnitudes of magnetic moments. As examples
of physical implementation of the systems described by this model, we can consider a pair of charged
qubits with phase coupling due to Josephson junctions (see [22]), electron spins in semiconductor
quantum dots (see [14, 27]), and nuclear magnetic resonance in liquid crystals (see [29]).

For states of particles with spins directed along or opposite to the axis z, we will use the quantum-
information notation | ↑z〉 ≡ |0〉 and | ↓z〉 ≡ |1〉.

As the main object of the study, we consider the thermal equilibrium state

ρAB =
1

Z
exp

(
− H
kBT

)
, Z = Tr

[
exp

(
− H
kBT

)]
, (16)

where T and kB are the temperature and the Boltzmann constant, respectively. The ground state of
the Hamiltonian (15) obtained from the state (16) in the limit T → 0 is of special interest.

For convenience in presenting the results, we pass to dimensionless variables by setting � = kB = g =
1. Thus, the system considered in the general case of a thermal state is determined by three independent
dimensionless parameters B1, B2, and T , which characterize the ratio of the corresponding types of
energy to the interaction energy of the particles.

Solving the eigenvalue problem for the Hamiltonian (15),

H|ψ(i)〉 = E(i)|ψ(i)〉, i = 1, . . . , 4,

we obtain

|ψ(1)〉 = |00〉, E(1) =
B1 +B2

2
,

|ψ(2)〉 = |11〉, E(2) = −B1 +B2

2
,

|ψ(3)〉 = |ψ+〉, E(3) =
K

2
,

|ψ(4)〉 = |ψ−〉, E(4) = −K

2
,

where

|ψ±〉 = 1

N± [|01〉+ (ΔB ±K)|10〉] ; (17)
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Fig. 2. The phase diagram of the ground state of the Hamiltonian (15).

we use the following notation:

ΔB = B2 −B1, K =
√

ΔB2 + 1, N± =

√
1 + (ΔB ±

√
K)2. (18)

Comparing the energies E(i) depending on the superimposed fields B1 and B2, we easily obtain the
phase diagram of the ground state shown in Fig. 2. The hyperbola

B2 =
1

4B1
(19)

divides the space into three domains: for B1B2 < 1/4, the pure entangled state |ψ−〉 corresponds to
the ground state, and for B1B2 > 1/4, the ground state is pure and separable (|00〉 for positive B1

and B2 and |11〉 for negative).
For convenience of further calculations, we represent the vectors |ψ±〉 in the following form:

|ψ+〉 = cos
θ

2
|01〉 + sin

θ

2
|10〉, |ψ−〉 = − sin

θ

2
|01〉 + cos

θ

2
|10〉,

where the parameter θ is defined by the formula

θ = 2arctan(ΔB +K) = 2 arctan(ΔB +
√

ΔB2 + 1). (20)

Then the matrix of the evolution operator of the system

U(t) = e−iHt =

4∑
j=1

e−iE(j)t|ψ(j)〉〈ψ(j)|

in the computational basis have the following form:

U(t) =

⎡
⎢⎢⎢⎢⎣
e−i(B1+B2)t/2 0 0 0

0 cos2 θ
2e

−iKt/2 + sin2 θ
2e

iKt/2 −i sin θ sin Kt
2 0

0 −i sin θ sin Kt
2 sin2 θ

2e
−iKt/2 + cos2 θ

2e
iKt/2 0

0 0 0 ei(B1+B2)t/2

⎤
⎥⎥⎥⎥⎦ .

(21)
Based on the form of the operator (21) for the system of local exchange of information, we can introduce
tloc as the minimal time that maximizes the amplitudes of off-diagonal elements |〈01|U(t)|10〉| =
|〈10|U(t)|01〉|:

tloc =
π

K
. (22)
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Substituting (22) in (21), we obtain

U(tloc) =

⎡
⎢⎢⎣
e−i(B1+B2)π/(2K) 0 0 0

0 −i cos θ −i sin θ 0
0 −i sin θ i cos θ 0

0 0 0 ei(B1+B2)π/(2K)

⎤
⎥⎥⎦ .

It is easy to see that the most effective local information exchange is realized in the resonance case
where B1 = B2 = B0, for which K = 1, θ = π/2, and

U(tloc) =

⎡
⎢⎢⎣
eiB0t 0 0 0
0 0 −i 0
0 −i 0 0
0 0 0 e−iB0t

⎤
⎥⎥⎦ ,

which corresponds to the action of the iSWAP exchange operator jontly with the action of local
phase operators on each of the particles. The inhomogeneity of the field ΔB leads to detuning of the
resonance, decreasing of sin θ, and worsening in the local exchange of information.

4. Asymmetry of the Ground State

As was shown earlier, the following types of ground states of the Hamiltonian considered can be
distinguished depending on the fields B1 and B2 (see Fig. 2): the pure separable states |00〉 and |11〉,
the pure entangled state |ψ−〉, the degenerate ground state

ρgrAB =
1

2
|11〉〈11| + 1

2
|ψ−〉〈ψ−| = 1

2

⎡
⎢⎢⎢⎢⎣
0 0 0 0

0 sin2 θ
2 − sin θ

2 0

0 − sin θ
2 cos2 θ

2 0

0 0 0 1

⎤
⎥⎥⎥⎥⎦ (23)

on the branch of the hyperbola (19) where B1, B2 > 0, and also

ρ̃grAB =
1

2
|00〉〈00| + 1

2
|ψ−〉〈ψ−| (24)

on the branch of the hyperbola (19) where B1, B2 < 0.
In the framework of the study of entropy asymmetry, the main interest is the degenerate case, in

which the degeneration becomes mixed. However, before proceeding to the mixed ground state, we
discuss the problem on local information flows in pure ground states.

Obviously, in the cases of the states |00〉 (or |11〉) the situation is trivial: a projective measurement
in the computational basis of any of the particles with probability 1 leaves the state unchanged, and
the subsequent evolution can provide only an additional phase factor. Thus, for the ground state
B1B2 > 1/4, we have χ = Δχ = 0.

A more interesting situation occurs for the states |ψ−〉 (see (17)). A projective measurement of this
state leads to its collapse either to the vector |01〉 with probability sin2(θ/2) or to the vector |10〉 with
probability cos2(θ/2). The subsequent evolution of the complete ensemble of these states in accordance
with the operator (21) leads to a matrix with the following general form of nonzero elements:

ρ̃AB(t) =

⎡
⎢⎢⎣
0 0 0 0
0 • • 0
0 • • 0
0 0 0 0

⎤
⎥⎥⎦ ; (25)

the reduction of which gives this matrix the same density matrix of the subsystems. As a consequence,
we observe the absence of asymmetry of local information flows Δχ = 0.
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Now we turn to the study of the degenerate ground state lying on the hyperbola B1B2 = 1/4.
Let us consider states belonging to the branch located in the quadrant B1, B2 > 0 (for the quadrant
B1, B2 < 0 results are similar because of the general symmetry). In the given domain, the density
matrix of the ground state takes the form (23), and the reduced matrices of the subsystems have the
form

ρgrA =
1

2(N−)2

[
1 0
0 (K −ΔB)2 + (N−)2

]
=

1

2

[
sin2 θ

2 0

0 1 + cos2 θ
2

]
,

ρgrB =
1

2(N−)2

[
(K −ΔB)2 0

0 1 + (N−)2

]
=

1

2

[
cos2 θ

2 0

0 1 + sin2 θ
2

]
,

(26)

respectively. It is important to note that all elements of the matrices (23) and (26) are uniquely
determined by the inhomogeneity of the field ΔB (see (18)).

In order to calculate the entropy asymmetry d and the mutual information I, we use the explicit
form of the general (23) and reduced (26) density matrices. It is easy to see that

S[ρgrAB ] = 1, S[ρgrA ] = hb

(
1

2
sin2

θ

2

)
, S[ρgrB ] = hb

(
1

2
cos2

θ

2

)
,

where

hb(x) ≡ −x log x− (1− x) log(1− x) (27)

is the binary entropy function.
Due to the inhomogeneity of the field ΔB from 0 to +∞, we conclude that sin2(θ/2)/2 increases

from 1/4 to 1/2 and cos2(θ/2)/2 decreases from 1/4 to 0. Thus, for ΔB > 0, we have S[ρgrA ] > S[ρgrB ].
Therefore, for ΔB < 0, the situation changes to the opposite, and we obtain S[ρgrA ] < S[ρgrB ].

An important property of the matrix (23) is that it belongs to the family of matrices of the X type
(see [28]), which greatly simplifies the calculation of the quantum discord (see [20]). The maximums

of the locally accessible information J (A) and J (B) are achieved by measuring the projections of the
spin of the particles A and B to the x axis; they are equal to

J (A) = 1 + hb

(
1

2
cos2

θ

2

)
− hq

(
sin

θ

2

)
,

J (B) = 1 + hb

(
1

2
sin2

θ

2

)
− hq

(
cos

θ

2

)
,

(28)

where

hq = −1

2
(1− x) log

1− x

4
− 1

2
(1 + x) log

1 + x

4
. (29)

To calculate the local information flow χA→B(tloc), we need to obtain the form of the density
matrices ρ̃iB(tloc) and the corresponding probabilities piA. For the state examined, they are equal to

p0A =
1

2
sin2

θ

2
, ρ̃0B(tloc) = sin2 θ|0〉〈0|+ cos2(θ)|1〉〈1|,

p1A = 1− 1

2
sin2

θ

2
, ρ̃1B(tloc) = (1− Γ)|0〉〈0| + Γ|1〉〈1|,

(30)

where

Γ =
4 cos

(
θ
2

)4
sin2 θ

2 + 1

cos
(
θ
2

)2
+ 1

.

The opposite information flow is calculated by replacing θ → θ̄ = 2arctan(−ΔB +K), which in turn
implies the substitution sin(θ/2) ↔ cos(θ/2).
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Fig. 3. (a) The behavior of the entropy asymmetry d (solid line), the relative asymmetry of the
discord ΔD (dashed line), and the relative asymmetry of the locally transmitted information Δχ
(dash-dot line) as a function of the inhomogeneity of the magnetic field ΔB. (b) The behavior of the
mutual information I (solid line), the consistency C (dashed line), and the mean locally transmitted
information χ (dash-dot line) as functions of the inhomogeneity of the magnetic field ΔB

.

Also we consider the amount of consistency (the measure of entanglement of two-qubit states,
see [25]) in the state (23), which for the two-qubit state ρAB can be calculated by the formula

C[ρAB] = max
(
0, λ̃1 − λ̃2 − λ̃3 − λ̃4

)
, (31)

where the ordered set {λ̃i} consists of the eigenvalues of the matrix

ρ̃AB =
√√

ρAB(σy ⊗ σy)ρ
∗
AB(σy ⊗ σy)

√
ρAB (32)

listed in the decreasing (in absolute values) order (∗ denotes complex conjugation). For the state (23),
the consistency value is equal to C[ρgrAB] =

1
2 sin θ.

Thus, all correlation measures are determined by the parameter θ, which in turn depends only on
the inhomogeneity of the field ΔB (see (20)).

The behavior of the values d, ΔD, and Δχ that characterize the asymmetry of a state as functions
of ΔB is presented in Fig. 3(a) and the corresponding behavior of C, I, and χ that characterize the
general level of correlations is shown in Fig. 3(b). In accordance with intuitive ideas, in the case of a
homogeneous field (i.e., ΔB = 0), the state examined is symmetric, and the equality of the entropies
of the subsystems holds for it: S[ρgrA ] = S[ρgrB ]. In addition, for ΔB = 0, the vector |ψ−〉, which is
responsible for the entanglement in the mixed state (23), turns into a maximally entangled Bell state,
which corresponds to the maximal consistency C and maximal mutual information I.

The inhomogeneity of the magnetic field implies the appearance of entropic asymmetry d, which
coincides with the sign of ΔB. This fact is explained by the stabilizing role of the magnetic field: the
greater is the field strength, the stronger it restricts the uncertainty in the direction of the correspond-
ing spin in the ground state. We also note that d monotonically increases (decreases) as ΔB increases
(decreases).

It follows from the behavior of ΔD that the maximal local access to mutual information is achieved
in the measurement of the spin, which is located in a weaker magnetic field and possesses a greater
entropy. Thus, the direction of asymmetry of discords coincides with the direction of entropy asym-
metry. In addition, for the presented range of parameters, with a high degree of accuracy, the equality
d ≈ 4.1ΔD holds; multiplying it by the amount of mutual information I, we obtain the following
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relation for the unconditional asymmetry of discords:

d · I ≈ 4.1
(
D(B) −D(A)

)
= 4.1

(
J (A) − J (B)

)
,

where J (A) and J (B) are the amounts of locally available information for measurements over A and
B, respectively.

Now let us consider the behavior of local information flows characterized by the values χ and Δχ.
As we see, in the case where ΔB > 0, which corresponds to B2 > B1, the local flow of information
χA→B(tloc) from the particle A to the particle B exceeds the opposite information flow χB→A(tloc).
This behavior completely agrees with the values of the other quantities characterizing the asymmetry
of correlations, i.e., d and ΔD.

5. Asymmetry of Thermal States

Now we consider thermal equilibrium states (16) at nonzero temperatures. The density matrix of
such a state can be written in explicit form as follows:

ρAB =
1

Z

⎡
⎢⎢⎢⎢⎢⎣

exp −B1−B2
2T 0 0 0

0 m− n −s 0

0 −s m+ n 0

0 0 0 exp B1+B2
2T

⎤
⎥⎥⎥⎥⎥⎦ , (33)

where the following notation is used:

m = cosh
K

2T
, n = − cos θ sinh

K

2T
, s = sin θ sinh

K

2T
, Z = 2m+ exp

B1 +B2

2T
+ exp

−B1 −B2

2T
.

The matrices of the subsystems have the following form:

ρA =
1

Z

[
exp −B1−B2

2T +m− n 0

0 exp B1+B2
2T +m+ n

]
,

ρB =
1

Z

[
exp −B1−B2

2T +m+ n 0

0 exp B1+B2
2T +m− n

]
.

(34)

The entropies of the whole system and of the subsystems can be obtained as follows:

S[ρAB] = logZ +
E

T
,

S[ρA] = hb

(
1

Z
exp

−B1 −B2

2T
+m− n

)
, S[ρB ] = hb

(
1

Z
exp

−B1 −B2

2T
+m+ n

)
.

In the case of a homogeneous magnetic field B1 = B2 = B0, we obviously obtain that the reduced
density matrices are equal:

ρA = ρB =
1

Z

[
exp −B0

T + cosh 1
2T 0

0 exp B0
T + cosh 1

2T

]
;

their von Neumann entropies are also equal.
On the other hand, in the case of antiparallel fields with equal magnitudes, B1 = −B2 = B0, the

density matrices of the subsystems take the form

ρA =

[
1 +m0 + n0 0

0 1 +m0 − n0

]
, ρB =

[
1 +m0 − n0 0

0 1 +m0 + n0

]
,
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where m0 and n0 are the values of m and n corresponding to these fields, and we again obtain that
their von Neumann entropies are equal. Thus, we can conclude that for |B1| = |B2|, the entropy
asymmetry in the state (33) is absent.

We consider the relations between the von Neumann entropies of the reduced density matrices in
the case |B1| �= |B2|. For this purpose, we consider the difference of the values 1−Tr ρ2A and 1−Tr ρ2B .
Substituting the explicit form of the matrices (34), we obtain

Tr ρ2B − Tr ρ2A =
4

Z2
n exp

(
−B1 +B2

T

)(
1− exp

(
B1 +B2

T

))
. (35)

The sign of the expression (35) is defined, on one hand, by the sign of the sum of the fields B1 +B2,
and on the other hand, by the sign of n, which depends, in turn, on the sign of ΔB (signn = ΔB).
As a result, we have Tr ρ2B > Tr ρ2A for |B1| < |B2| and Tr ρ2B < Tr ρ2A for |B1| > |B2|. However,
sign(Tr ρ2B−Tr ρ2A) obviously coincides with sign(S[ρA]−S[ρB]), so the entropy asymmetry is directed
from the particle in a weaker magnetic field to the particle in a stronger magnetic field.

The consistency value for the state (33) has the following form:

C[ρAB] = max{0, 2(s− 1)/Z}.
Let us consider three configurations of magnetic fields:

(i) B1 = Bc
1, B2 = Bc

2;
(ii) B1 = Bc

1, B2 = Bc
2 + 0.4;

(iii) B1 = Bc
1, B2 = Bc

2 − 0.4;

in which the values Bc
1 ≈ 0.309 and Bc

2 ≈ 0.809 are determined by the relation Bc
1B

c
2 = 1/4 corre-

sponding to the hyperbola of degenerate ground states and to the inhomogeneity value of the field
Bc

2 − Bc
1 = 0.5. Figure 4 presents all basic characteristics describing the asymmetry and correlation

values in the states examined as functions of the temperature.
As was shown earlier, in the case of zero temperature, the asymmetry of correlations occurs only for

degenerate ground states. The dependencies presented in Fig. 4(a)-(c) imply that as the temperature
increases, the nondegenerate ground states also acquire asymmetry from the position of all three
investigated quantities: d, ΔD, and Δχ; moreover, the qualitative behaviors of all quantities are
similar. Note that for a pair of fields (Bc

1, B
c
2 + 0.4), which corresponds to the separable state |11〉,

there is a sharper occurrence of asymmetry in comparison with the configuration Bc
1, B

c
2 − 0.4, which

corresponds to the pure entangled ground state |ψ−〉. The asymmetry measures for the degenerate
ground state preserve their values for T � 0.2, and they decrease as the temperature increases. Thus,
as T → ∞, a thermal state loses asymmetry for fixed values of the magnetic fields.

Now we consider the behavior of the quantities that characterize the volume of correlations repre-
sented in Fig. 4(d)-(f). For the configuration of the fields (Bc

1, B
c
2 + 0.4), the appearance of the quan-

tities I and C and their increasing with increasing temperature for T � 0.2 occur; this is explained by
the appearance of the component |ψ−〉〈ψ−| responsible for correlations, in the total thermal mixture.
A further increasing of the temperature leads to increasing of the mixity of a state, and in the limit
as T → ∞, we get the maximally mixed two-qubit state

ρasympt
AB =

1

4
I4, (36)

in which instant correlations are absent.
The qualitative behavior of the value χ corresponding to the local information flows and responsible

for retarding of correlations between the subsystems is rather different. The dependencies shown in
Fig. 4(f) demonstrate the presence of horizontal asymptotes of χ as T → ∞. We obtain analytical
expressions for these asymptotes starting from the density matrix (36) and the evolution operator (21).

Measuring of the particle A leads to the collapse of the state (36) into the states |0〉〈0| ⊗ I2/2 or
|1〉〈1| ⊗ I2/2 with the same probabilities p1A = p2A = 1/2. Their subsequent evolution during the time
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Fig. 4. Dependency of (a) the entropy asymmetry d, (b) the relative asymmetry of the discord ΔD,
(c) the relative asymmetry of the locally transmitted information Δχ, (d) the mutual information I,
(e) the consistency C, and (f) the medium locally transmitted information χ of the temperature T
in the state (33) for the corresponding values of the magnetic fields Bc

1 and Bc
2 (solid line), Bc

1 and
Bc

2+0.4 (dashed line), and Bc
1 and Bc

2−0.4 (dot-dash line). Figure (f) also presents asymptotic values
calculated by the formula (41)

interval t = tloc leads to the corresponding states of the particle B:

ρ̃1B(tloc) =

[
1− cos2 θ

2 0

0 cos2 θ
2

]
, ρ̃2B(tloc) =

[
cos2 θ

2 0

0 1− cos2 θ
2

]
, (37)

satisfying the relation

1

2
ρ̃1B(tloc) +

1

2
ρ̃2B(tloc) =

1

2
I2. (38)

Substituting these results in (12), we obtain the local information flow from A to B expressed through
the binary entropy function (27):

χA→B(tloc) = 1− hb

(
1

2
cos2

θ

2

)
. (39)

To obtain the opposite information flow from B to A, we use the substitution θ → θ, in which the
new parameter

θ = 2arctan(−ΔB +K) (40)
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Fig. 5. Dependence (a) of the entropy asymmetry d, (b) of the relative asymmetry of the discord ΔD,
(c) of the relative asymmetry of the locally transmitted information Δχ, (d) of the mutual informa-
tion I, and (e) of the average locally transmitted information χ on the field B2 in the state (33) for a
fixed value of B1 = 1 and the temperature T = 0.75 (solid line), T = 1 (dashed line), and T = 1.25
(dot-dash line).

is obtained by changing the sign of the value ΔB. Using trigonometric transformations, it is easy to
show that cos2 θ = cos2 θ, which, after substituting in (39), automatically implies the identity

χasympt = χA→B(tloc) = χB→A(tloc) = 1− hb

(
1

2
cos2

θ

2

)
(41)

and the absence of asymmetry of local information flows Δχ = 0 in full accordance with results
presented in Fig. 4(e). The obtained values of χasympt for the field configurations examined are also
shown in Fig. 4(f).

Thus, we can conclude that the increasing of the temperature corresponding to the transition of a
quantum system to a classical system leads to the diminishing of the role of instant correlations, while
the role of correlations due to local information transmission increases. In addition, the increasing of
the temperature contributes to smoothing the asymmetry of all types of correlations.

Next, we consider the dependence of various characteristics of instantaneous and retarded corre-
lations on the strength of the magnetic field B2 for a fixed value of the field B1 = 1 and the set of
temperatures T = 0.75, 1, and 1.25. The results obtained are presented in Fig. 5. The graph for the
consistency of C is omitted since at the temperatures considered, there is no entanglement.
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First, we analyze the behavior of the entropy asymmetry d. As was shown earlier, when the magni-
tudes of the fields are equal, |B1| = |B2|, the von Neumann entropies of both particles coincide, and
we have d = 0. The results of calculations show that in the case of an inhomogeneous field, the sign
of d coincides with the sign of the difference |B2|− |B1|; thus, the entropy asymmetry is directed from
the particle in a weaker magnetic field to the particle in a stronger magnetic field. This result, in turn,
completely corresponds to conclusions obtained in the study of the degenerate ground state.

The other two measures of asymmetry of correlations, ΔD and Δχ, demonstrate a similar behavior:
in the case of an inhomogeneous field, their signs coincide with the sign of the difference |B2| − |B1|,
and in the case of fields of the same magnitude, |B1| = |B2|, both these measures of correlation
asymmetry vanish. Thus, a measurement of the state of a particle in a weaker magnetic field gives
more information about the particle in a stronger magnetic field than the opposite measurement.
At the same time, due to the local interaction, from the particle in a weaker magnetic field, more
information is transmitted to the particle in a stronger magnetic field than in the opposite direction.
However, note that Δχ in the case of parallel and antiparallel fields demonstrates a marked contrast
in behavior compared to the corresponding behavior of d and ΔD.

A striking difference between instantaneous and retarded correlations is also seen for the values of
I and χ represented in Fig. 5(d) and (e). The maximum of mutual information I is shifted towards
antiparallel fields, which corresponds to results of the paper [24] devoted to the preservation of entan-
glement by using antiparallel fields, while the maximum of the average locally transmitted information
falls to the resonance B1 = B2, which corresponds to the general regularity of classical interactions.

6. Conclusion

The problem of asymmetry of correlations in thermal states of two particles with spin 1/2 in an
inhomogeneous magnetic field and interacting according to the Heisenberg XY model was considered.
The entropy asymmetry d, the relative asymmetry of the discord ΔD, the quantum mutual informa-
tion I, and the consistency C were considered as basic characteristics describing instant correlations.
As the characteristics describing retarded correlations due to the local interaction between the parti-
cles, the relative asymmetry of the locally transmitted information Δχ was introduced, as well as the
value of the average locally transmitted information χ.

As a result of the studies, the following results were obtained.
1. It is found that in the ground state of the Hamiltonian, the asymmetry of correlations (from the

point of view of all asymmetry measures considered) can occur only in the case of its degeneracy.
2. We obtain that in the case of the same magnitudes of the magnetic fields acting on the particles,

the thermal state is symmetric from the points of view of all the considered asymmetry measures.
3. In the case of an inhomogeneous field, the entropy asymmetry is directed from the particle in a

weaker magnetic field towards the particle in a stronger magnetic field. This behavior is accompanied
by the fact that the measurement of a particle in a weaker magnetic field gives access to a larger value
of locally available information than the measurement of a particle in a stronger magnetic field. In
addition, the particle in a weaker magnetic field transmits more information to the particle through a
local interaction in a stronger local field than vice versa. These results correspond to the same signs
of the quantities d, ΔD, and Δχ.

4. The increasing of the temperature leads to the weakening of instantaneous correlations charac-
terized by the quantum mutual information I and the consistency C and to increasing of the average
locally transmitted information χ. In the limit of infinite temperatures, instant correlations between
the particles disappear, while the retarded correlations caused by the local interaction between the
particles reach a positive asymptotic level determined by the magnitude of the magnetic fields. The
possible initial asymmetry of the state from the point of view of all asymmetry measures disappears
as the temperature increases.
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5. The maximal intensity of flows of locally transmitted information takes place in the case of a
uniform magnetic field, while the conservation of instant correlations is facilitated by placing particles
in antiparallel fields.

We expect that the results obtained can contribute to a deeper understanding of the transition
between the classical and quantum description of systems and to more efficient control of asymmetric
two-qubit systems. One of the most promising directions for further development of these studies is
the consideration of the relationship between the behavior of entropy asymmetry and the asymmetry
of locally transmitted information in larger and more complicated physical systems.
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