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K-CLOSEDNESS FOR WEIGHTED HARDY SPACES ON
THE TORUS T

2

V. A. Borovitskiy∗ UDC 517.5

We obtain certain sufficient conditions under which the couple of weighted Hardy spaces

(Hr(w1( · , · )), Hs(w2( · , · )))
on the two-dimensional torus T

2 is K-closed in the couple (Lr(w1( · , · )), Ls(w2( · , · ))). For 0 <
r < s < 1, the condition w1, w2 ∈ A∞ suffices (A∞ is the Muckenhoupt condition over rectangles).
For 0 < r < 1 < s < ∞, it suffices that w1 ∈ A∞ and w2 ∈ As. For 1 < r < s = ∞, we
assume that the weights are of the form wi(z1, z2) = ai(z1)ui(z1, z2)bi(z2), and then the following
conditions suffice: u1 ∈ Ap, u2 ∈ A1, u

p
2u1 ∈ A∞, and log ai, log bi ∈ BMO. The last statement

generalizes the previously known result for the case of ui ≡ 1, i = 1, 2. Finally, for r = 1, s = ∞,
the conditions w1, w2 ∈ A1 and w1w2 ∈ A∞ suffice. Bibliography: 12 titles.

1. Introduction

Let (X1,X2) be a compatible couple of Banach or quasi-Banach spaces (i.e., X1 and X2

are both continuously embedded in the same Hausdorff topological vector space), and let Y1

and Y2 be their closed subspaces. We introduce the following definition.

Definition 1. The couple (Y1, Y2) is said to be K-closed in the couple (X1,X2) if there are
absolute constants C1 and C2 such that for every f ∈ Y1 + Y2, g ∈ X1, and h ∈ X2 for which
f = g + h, we can find g′ ∈ Y1 and h′ ∈ Y2 such that f = g′ + h′, ‖g′‖X1 ≤ C1‖g‖X1 , and
‖h′‖X2 ≤ C2‖h‖X2 .

K-closedness theorems are interesting because, for example, a couple (Y1, Y2) that is K-
closed in a couple (X1,X2) inherits many interpolational properties of the latter, in particular,
the formula (Y1, Y2)θ,q = (X1,X2)θ,q ∩ (Y1 + Y2) holds for the interpolation of spaces by the
real method (see [9] for details).

We recall that the classical Hardy spaces on the n-dimensional torus are defined as follows:

Hp(T
n) = Clos Lin

{
zj11 zj22 . . . zjnn |j1, j2, . . . , jn ∈ N ∪ {0}

}
,

where 0 < p ≤ ∞ and the closure is taken under the Lp(T
n)-norm if p < ∞ or under the

*-weak topology if p = ∞. The spaces we have defined are usually derived from the spaces
Hp(D

n) of holomorphic functions in the polydisk with the norm

‖f‖Hp(Dn) = sup
0<r<1

⎛
⎝
∫

Tn

|f(rz)|pdz
⎞
⎠

1
p

.

The space Hp(T
n) consists precisely of the radial limits a.e. of functions from Hp(D

n). These
spaces are isometric.

Now we discuss the definition of weighted Hardy spaces. Fix a function w : Tn → (0,∞)
(a weight). It would be natural to define the Hp(w) spaces via radial limits of functions from
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Hp(w,D
n), the space of holomorphic functions in the polydisk with the norm

‖f‖Hp(w,Dn) = sup
0<r<1

⎛
⎝
∫

Tn

|f(rz)|pw(z)dz
⎞
⎠

1
p

.

Unfortunately, the natural isometry between Hp(D
n) and Hp(T

n) that maps a function to its
radial limit remains at least an isomorphism only if one imposes some kind of Muckenhoupt
conditions (see the book [8] about them) on the weight w, which are too restrictive in our
case. The need for such restrictions arises because the boundedness of the inverse map which
sends a radial limit back to a function in the polydisk D

n is in fact a boundedness property of
the Poisson integral in a weighted space. Note also that the definition based on the closure of
analytic polynomials under a suitable topology which we used in the classical case is suitable
in the weighted case only if w ∈ L1(T

n) (otherwise, polynomials themselves do not belong
to the weighted space), which is also too restrictive. Thus, we see that various definitions of
weighted Hardy spaces on a multidimensional torus can be introduced with some nontrivial
interconnections.

From now on we restrict ourselves to the cases of T and T
2 and always assume that

logw ∈ L1. Now we introduce particular definitions of weighted Hardy spaces which we use
further. In the one-dimensional case, there is a quite natural definition of Hp(w) for weights
w such that logw ∈ L1.

Definition 2. Consider an outer function u with |u| = w (see [10] for information on outer
functions); then we can define

Hp(w) =
{
f/u

1
p
∣∣f ∈ Hp(T)

}
with the norm ‖g‖Hp(w) = ‖gu 1

p ‖Hp(T).

In the case of n = 2, we only consider weights w : T2 → (0,∞) of the form w(z1, z2) =
a(z1)u(z1, z2)b(z2), where u ∈ L1(T

2) and the functions a and b have integrable logarithms.
This choice of the definition is determined by the fact that it will suffice for the generality
we need to formulate and prove our theorems. For 0 < p < ∞, we consider the following
definition.

Definition 3. Let p < ∞ and let ã and b̃ be outer functions for a and b; then

Hp(w) =
{
f/(ãb̃)

1
p
∣∣f ∈ Hp(u( · , · ))

}
with the norm ‖g‖Hp(w) = ‖g(ãb̃) 1

p ‖Hp(u( · , · )),

where Hp(u( · , · )) is defined as the closure of analytic polynomials under the Lp(u( · , · ))-norm
regarded as a space with the same norm.

For the remaining case of p = ∞, we first fix the following definition of the Lebesgue space
L∞(w( · , · )).
Definition 4. For an arbitrary weight (with integrable logarithm) w : T2 → (0,∞), define

L∞(w( · , · )) :=
{
f : T2 → C

∣∣ess sup{f(z1, z2)/w(z1, z2)|(z1, z2) ∈ T
2
}
< ∞

}

with the norm ‖f‖L∞(w) = ess sup
{
f(z1, z2)/w(z1, z2)|(z1, z2) ∈ T

2
}
.

Finally, we are ready to introduce Hp(w( · , · )) with p = ∞.

Definition 5. We define H∞(w( · , · )) as the annihilator of the space LP
1 (w), which, in its

turn, is defined in the same way as the space H1(w) with analytic polynomials replaced by
polynomials having coefficients in the set (N × Z) ∪ (Z × N). Note that the trick with outer
functions also works here because the property of having coefficients in the set (N×Z)∪(Z×N)
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is invariant under multiplication by an “analytic” function (here and below, an “analytic”
function is understood as the radial limit of a holomorphic function on the disk/polydisk; it
can formally be understood in terms of belonging to some context-appropriate Hardy space).

Remark 1. The duality used here and in what follows is 〈f, g〉 = ∫
T2

f(z)g(z)dz. With such a

duality and the definition of the space L∞(w( · , · )) given above, L1(w( · , · ))∗ = L∞(w( · , · )).
In this paper, we are going to introduce some new sufficient conditions on a pair of weights

w1( · , · ) and w2( · , · ) under which the couple (Hr(w1( · , · )),Hs(w2( · , · ))) is K-closed in the
couple (Lr(w1( · , · )), Ls(w2( · , · ))).

At present, the unweighted case with n = 1, 2 is fully understood: the couple (Hr(T
n),

Hs(T
n)) is K-closed in the couple (Lr(T

n), Ls(T
n)) for any r, s ∈ (0,∞]. The case of n = 1

is treated, for example, in the survey [5]. The case of n = 2 for finite r and s was (though
somewhat implicitly) considered in [2]. For infinite s, the K-closedness was proved in [6]. In
the case of n ≥ 3, the K-closedness was established for r, s ∈ (0,∞) (in the same paper [2]),
and for s = ∞ it is unknown (generally, this is the most difficult case).

The one-dimensional weighted case is also fully understood, see, for example, the survey [5].
The following theorem sums up the results for this case.

Theorem 1. Let w1, w2 : T → (0,+∞) be weights for which logw1( · ) ∈ L1(T) and logw2( · ) ∈
L1(T). Let 0 < r < p ≤ ∞. Then the couple (Hr(w1( · )),Hp(w2( · ))) is K-closed in the couple

(Lr(w1( · )), Lp(w2( · ))) if and only if log
w

1/r
1 ( · )

w
1/p
2 ( · ) ∈ BMO(T) (when p = ∞, the condition is

logw
1/r
1 ( · )w2( · ) ∈ BMO(T)).

The best result in the two-dimensional weighted setting which we know is the following
theorem (it is proven in [4]).

Theorem 2. Let 1 < r < ∞ and let w1(z1, z2) = a1(z1)b1(z2) and w2(z1, z2) = a2(z1)b2(z2),
where the functions ai and bi satisfy the conditions log a1( · ), log b1( · ), log a2( · ), log b2( · ) ∈
BMO(T).

Then the couple (Hr(w1( · , · )),H∞(w2( · , · ))) is K-closed in the couple(
Lr(w1( · , · )), L∞(w2( · , · ))

)
.

We could require here that the logarithms of the ratios of appropriate powers of the weights
a1 and a2 and of the weights b1 and b2 belong to BMO(T), precisely like in Theorem 1. Thus,
the natural generalization of the one-dimensional conditions suffices in the two-dimensional
case when the weight w( · , · ) can be represented as a product of some one-dimensional factors.

Finally, a technical note is in order. In what follows, we use (and actually have already used
before) the notation of the form XQ, where X is some quasi-Banach lattice of measurable
functions (see, for example, the survey [5] for information on quasi-Banach lattices of measur-
able functions) and Q is a projection. This Q may fail to act on X; if it does act on X, then,
naturally, we define

XQ =
{
f ∈ X|Qf = f

}
;

otherwise, we fix some linear subspace D ⊆ X for Q (in reality, D will usually be dense in X),
where Q is well defined and QD ⊆ X; then the space XQ is defined as Clos{f ∈ D|Qf = f}
(in this case, we call Q a projection if Q2 = Q where applicable). Let us immediately introduce
the projection P which is very important in Sec. 3. The projection P acts on trigonometric
polynomials of two variables by making zero all the coefficients of the powers in the set (Z\N)×
(Z \ N). Now, following the general construction described above, we can define LP

s (u( · , · )),
where u ∈ L1(T

2) and s < ∞ (here D is the set of trigonometric polynomials, as it will always
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be for the projection P ). But we still cannot define in this way the space LP
s (w( · , · )), where

w is of the form w(z1, z2) = a(z1)u(z1, z2)b(z2), s < ∞, u ∈ L1(T
2), and the functions a and b

have integrable logarithms (the case of s = ∞, which we have excluded, can be dealt with by
duality as we did before; we do not discuss it here). Thus, to deal with weights of the form
w(z1, z2) = a(z1)u(z1, z2)b(z2), we define the space LP

s (w( · , · )) as follows:
LP
s (w( · , · ))=

{
ã−1/sb̃−1/sf

∣∣f ∈ LP
s (u( · , · ))

}
with the norm ‖g‖LP

s (w)=‖gã1/sb̃1/s‖LP
s (u),

where, as before, ã and b̃ are outer functions with |ã| = a and |̃b| = b. In the lattice terminology,

we have done the following: we started with the lattice X = Ls, added the weight u−1/s to
it obtaining X(u−1/s), after that we took the subspace “cut” by the projection P , obtaining

(X(u−1/s))P , after which we added to the resulting lattice an additional weight (ãb̃)−1/s,

obtaining (X(u−1/s))P ((ãb̃)−1/s).

2. Generalization of Theorem 2 for weights of the form

w(z1, z2) = a(z1)u(z1, z2)b(z2)

Here we state the following theorem and present a sketch of its proof. We note at once that
the “two-dimensional As” are understood as the Muckenhoupt conditions over rectangles and
not squares.

Theorem 3. If the following conditions are satisfied:

(1) u1 satisfies the two-dimensional Ap;
(2) u2 satisfies the two-dimensional A1;
(3) log(ai), log(bi) ∈ BMO;
(4) up2u1 satisfies the two-dimensional A∞,

then the couple
(
Hp(a1(z1)u1(z1, z2)b1(z2)),H∞(a2(z1)u2(z1, z2)b2(z2))

)

is K-closed in the couple
(
Lp(a1(z1)u1(z1, z2)b1(z2)), L∞(a2(z1)u2(z1, z2)b2(z2))

)
.

Though condition (4) looks unnatural, our methods do not allow us to get rid of it. Such
an artifact has already appeared in the paper [1] which also involved the so-called “weighted
Calderon–Zygmund decomposition.”

Proof. Here we try to briefly explain the main ideas behind the proof, while all the computa-
tions (which are, in fact, quite essential) are omitted (a full proof is available in [11]).

First note that, without loss of generality, we may assume that a2 = 1, a1 = a
1

1−q , b2 = b,

and b1 = b
1

1−q , where a and b are some functions; reduction to this case is done by multiplying
weights by appropriate outer functions, see [4] for more comments on this trick.

Then, using duality considerations (see [9]), we replace the problem of the K-closedness for
the couple (

Hp(a
1

1−q (z1)w1(z1, z2)b
1

1−q (z2)),H∞(w2(z1, z2)b(z2))
)

in the couple (
Lp(a

1
1−q (z1)w1(z1, z2)b

1
1−q (z2)), L∞(w2(z1, z2)b(z2))

)

by an equivalent problem of the K-closedness for the corresponding couple of preannihilators
in the corresponding couple of the preduals. That is, we must study the K-closedness of the
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couple (
LP
1 (w2(z1, z2)b(z2)), L

P
q (a(z1)w

1−q
1 (z1, z2)b(z2))

)

in the couple (
L1(w2(z1, z2)b(z2)), Lq(a(z1)w

1−q
1 (z1, z2)b(z2))

)
,

where the spaces LP
s (w) were defined in the Introduction and 1

p +
1
q = 1.

Now we want to reduce the problem with two weights w1 and w2 to the problem with one
weight w. This can be done if we slightly deform the projection operator P .

Using the trick from [1, p. 787], we conclude that the problem of the K-closedness for the
couple (

LP
1 (w2(z1, z2)b(z2)), L

P
q (a(z1)w

1−q
1 (z1, z2)b(z2))

)

in the couple (
L1(w2(z1, z2)b(z2)), Lq(a(z1)w

1−q
1 (z1, z2)b(z2))

)

is equivalent to the problem of the K-closedness of the couple
(
LPu

1 (w(z1, z2)b(z2)), L
Pu

q (a(z1)w(z1, z2)b(z2))
)

in the couple

(L1(w(z1, z2)b(z2)), Lq(a(z1)w(z1, z2)b(z2))) ,

where w = w1w
p
2, u = w1w

p−1
2 , and P uf = u−1P (uf). Here we want to emphasize that the

spaces LPu(w) which we are using are defined in the “pure-lattice” way, so that we have no
need to put some additional restrictions on w and u for consistency. To clarify, in the “lattice
process” which we used to define the spaces LP

s (w) in the Introduction, the transition from
P to Pu was made at the second step, before adding the split-weight. Also we fix the set
u−1 · Pol as “D” for Pu, where Pol is the set of trigonometric polynomials.

This reformulation of the problem fits well to proceed in the spirit of [4] (with some addi-
tional technical tricks). In the end, we get the theorem below, from which we can easily get
the more convenient Theorem 3. See the full proof in [11]. �

Theorem 4. The couple
(
LPu

1 (w(z1, z2)b(z2)), L
Pu

q (a(z1)w(z1, z2)b(z2))
)
is K-closed if the

following conditions hold:

(0) w1( · , · ), w2( · , · ) ∈ L1(T
2) (a technical restriction of our definitions);

(1) w = w1w
p
2 satisfies the condition A∞ in the second variable uniformly (the uniformity

means here that there is a constant in the reverse Hölder inequality that is independent
of the first variable);

(2) w2 satisfies the condition A1 in the second variable uniformly;
(3) log(a), log(b) ∈ BMO;
(4) log(w( · , z2)) is in BMO in the first variable uniformly;
(5) w1 ∈ Ap in the second variable uniformly.

We add some final comments regarding the theorem stated above. First, conditions (1)
and (2) are needed to perform the “weighted Calderon–Zygmund decomposition” (see [1]).
Second, though it may seem that condition (4) enables one to regard the weight a as a part of
the weight w, this is not the case, because for our definition of the weighted Hardy spaces to
work we need w ∈ L1(T

2), and the weight w′(z1, z2) = a(z1)w(z1, z2) may fail to satisfy this
condition. We note also that the theorem works only for p > 1.

286



3. Weighted case with finite exponents

The following result can be obtained.

Theorem 5. Let 0 < r < 1 < p < ∞. If weights w1( · , · ) and w2( · , · ) satisfy the conditions

w1( · , · ) ∈ A∞ and w2( · , · ) ∈ Ap,

then the couple (Hr(w1( · , · )), Hp(w2( · , · ))) is K-closed in the couple
(
Lr(w1( · , · )), Lp(w2( · , · ))

)
.

Remark 2. For 0 < r < p < 1, appropriate conditions are w1( · , · ), w2( · , · ) ∈ A∞.

Proof. Take f = g + h, where f ∈ Hr(w1( · , · )) + Hp(w2( · , · )), g ∈ Lr(w1( · , · )), and h ∈
Lp(w2( · , · )). If we treat the spaces Lr(w1( · , · )) and Lp(w2( · , · )) as quasi-Banach lattices
of measurable functions, we can use the general theory from [5] to make functions g and h
“analytic” in one variable. That is, we can obtain the decomposition f = g′ + h′, where for
every value of z1, the functions g′(z1, · ) and h′(z1, · ) belong to the spaces Hr(w1(z1, · )) and
Hp(w2(z1, · )), respectively ({Hp(w2(z1, · ))}z1∈T is considered as a family of weighted Hardy
spaces on the one-dimensional torus T). Here we use the BMO-regularity of the lattices
Lr(w1(z1, · )) and Lp(w2(z1, · )) which follows from the Muckenhoupt conditions satisfied by
w1 and w2.

We would like to use the same trick for the decomposition f = g′ + h′ to obtain the
“analyticity” in the second variable also, but we cannot do this because the spaces we got,
namely, the subspaces of the spaces Lr(w1( · , · )) and Lp(w2( · , · )) consisting of functions
“analytic” in one variable are not quasi-Banach lattices of measurable functions any more.

To bypass this problem, we find an unconditional basis in the spaces Hr(w1(z1, · )) and
Hp(w2(z1, · )) that does not depend on z1 (it must be the same for Hr and Hp). The existence
of such a basis for the real Hardy spaces was proven in the paper [3] (the paper treats the case
of Hardy spaces on R

n while the same argument also works for the case of Hardy spaces on T
n

which we really need). Using some tricks and the theorem on the existence of an unconditional
basis in real Hardy spaces, we can establish its existence in classical Hardy spaces. We skip
details here, see them in [11].

With this common unconditional basis, our spaces of functions “analytic” in one variable,
viewed as spaces of sequences of the form {ak( · )}∞k=1 (such a sequence corresponds to a function

u(z1, z2) =
∞∑
k=1

ak(z1)χk(z2), where {χk( · )}∞k=1 is the unconditional basis) taken with a proper

norm, are finally quasi-Banach lattices of measurable functions.
After proving that the lattices obtained are BMO-regular, the general theory from [5] gives

us the “analyticity” in the second variable. See all the computations and details in [11]. �

4. Everything else

The only case which has not been considered in Secs. 2 and 3 is the case where one exponent
is infinite and the other exponent does not exceed one. Here we briefly discuss this case. First
of all, a rather convenient result for the case of r = 1 and s = ∞ can be formulated.

Theorem 6. If w1, w2 ∈ A1 and w1w2 ∈ A∞ (both Muckenhoupt conditions are two-dimen-
sional), then the couple

(H1(w1(z1, z2)),H∞(w2(z1, z2)))

is K-closed in the couple

(L1(w1(z1, z2)), L∞(w2(z1, z2))) .
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Proof. It suffices to find numbers 0 < θ1 < θ2 < θ3 < θ4 < 1 such that the K-closedness of the
corresponding couple of Hardy spaces occurs for the following couples of weighted Lebesgue
spaces (see [7] for information on interpolation of weighted Lebesgue spaces):

(
L1(w1), L 1

1−θ2

(w1w
θ2

θ2−1

2 )

)
,

(
L 1

1−θ1

(w1w
θ1

θ1−1

2 ), L 1
1−θ4

(w1w
θ4

θ4−1

2 )

)
,

and (
L 1

1−θ3

(w1w
θ3

θ3−1

2 ), L∞(w2)

)
.

After that, application of the Wolf-type theorem for K-closedness from [6] will give us the
result.

In fact, we can choose arbitrary 0 < θ1 < θ2 < θ3 < θ4 < 1. Indeed, from the Jones

factorization theorem (see [8]) it follows that w1w
θ

θ−1

2 ∈ A 1
1−θ

, which gives us the K-closedness

for the couple

(
L 1

1−θ1

(w1w
θ1

θ1−1

2 ), L 1
1−θ4

(w1w
θ4

θ4−1

2 )

)
, and, together with Theorem 5, gives us

the K-closedness for the couple

(
L1(w1), L 1

1−θ2

(w1w
θ2

θ2−1

2 )

)
as well. By our assumption,

w
1

1−θ3
2 w1w

θ3
θ3−1

2 = w1w2 ∈ A∞; moreover, from the Jones factorization theorem we deduce that

w1w
θ3

θ3−1

2 satisfies the condition A 1
1−θ3

, which means that Theorem 3 gives us the K-closedness

for the couple

(
L 1

1−θ3

(w1w
θ3

θ3−1

2 ), L∞(w2)

)
. The proof is completed. �

This method can give one some theorems for the general case where r < 1 and s = ∞
but they would impose some very unnatural restrictions on weights. One will need further
generalizations of theorems obtained in Secs. 2 and 3 to apply the method of “gluing” together
interpolation scales for proving nice results for r < 1.

Translated by V. A. Borovitskiy.
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