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TAMASCHKE’S RESULTS ON SCHUR RINGS AND
A GENERALIZATION OF ASSOCIATION SCHEMES

A. Hanaki∗ UDC 512.542.7, 519.14

The concepts of an association scheme and a coherent configuration are generalized by analyz-
ing a relationship between S-rings (Schur rings) and association schemes. In this connection,
Tamaschke’s results on S-rings and other generalizations of association schemes are discussed.
Bibliography: 28 titles.

Dedicated to the memory of Sergei Evdokimov

1. Introduction

In Wielandt’s book [25], an S-ring (Schur ring) is defined as follows. Let G be a finite group
and G = T1 ∪ · · · ∪ T� a partition of G. Assume that T1 = {1G} and for every i ∈ {1, . . . , �},
there exists i∗ ∈ {1, . . . , �} such that Ti∗ = {g−1 | g ∈ Ti}. Put τi =

∑

g∈Ti

g ∈ ZG. If

T =
�⊕

i=1
Zτi is a subring of ZG, then T is called an S-ring. A typical example of an S-ring is

given by the orbits of an automorphism group of G. Theory of S-rings were studied by many
authors, for example, M. Klin and R. Pöschel in [18], K. Leung and S. Man in [19, 20], and
S. Evdokimov and I. Ponomarenko in [8]. A recent survey on S-rings was given by M. Muzychuk
and I. Ponomarenko in [21].

In [22, 23], Tamaschke used a weak definition for S-rings: he did not assume that T1 = {1G}.
To avoid confusion, we call Tamaschke’s S-rings quasi-S-rings (quasi-Schur rings). If the un-
derlying group G is Abelian, then the S-rings are quasi-S-rings under a suitable identification.
However they are different, in general. Tamaschke considered structure theory and represen-
tation theory of quasi-S-rings.

It is well known that an S-ring defines an association scheme in the sense of Zieschang [28],
a fusion of a thin association scheme. Motivated by Tamaschke’s S-rings, we generalize asso-
ciation schemes and coherent configurations (Definition 2.1). However, we show that they are
essentially association schemes or coherent configurations (Theorem 2.9). Thus we can get no
new object, but the author believe that the arguments are still valuable, because the defini-
tions are weaker than usual ones. As was mentioned, an S-ring is characterized as a fusion of
a thin association scheme. Similarly, one can characterize a quasi-S-ring as a correspondent
to a fusion of schurian association scheme (Theorem 3.4).

In Sec. 4, we summarize how Tamaschke’s results were generalized to association schemes.
We also give answers to two Tamaschke’s questions in Secs. 4.4 and 5.

2. Generalizations of coherent configurations and association schemes

Let X be a finite set. Denote by MX(R) the full matrix algebra over a commutative ring R
the rows and columns of whose matrices are indexed by the elements of the set X. For a
subset s of X ×X, we denote by σs the adjacency matrix of s, namely σs ∈ MX(Z) with the
(x, y)-entry is 1 if (x, y) ∈ s, and 0 otherwise. We set 1X = {(x, x) | x ∈ X}.
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Definition 2.1. Let X be a finite set, and let S be a collection of nonempty subsets of X×X.
The pair (X,S) is called a quasi-coherent configuration if the following conditions are satisfied:

(1) X ×X =
⋃

s∈S
s is a partition,

(2) for every s ∈ S, there exists s∗ ∈ S such that s∗ = {(y, x) | (x, y) ∈ s} ∈ S,
(3)

⊕

s∈S
Zσs is a subring of MX(Z) (possibly without unity).

The pair (X,S) is called a coherent configuration [17] if conditions (1), (2), (3), and

(4) there is a subset S0 of S such that
⋃

s∈S0

s = 1X

are satisfied. The pair (X,S) is called a quasi-association scheme if conditions (1), (2), (3),
and

(5) there is s ∈ S such that s ⊃ 1X

are satisfied. The pair (X,S) is called an association scheme [3, 28] if conditions (1), (2), (3),
and

(6) 1X ∈ S

are satisfied.

An association scheme is also called a homogeneous coherent configuration [17]. We note
that some authors use other definitions of association schemes. For example, it is assumed in
[1, 4, 5, 10] that s∗ = s for all s ∈ S (a symmetric association scheme), and it is assumed that
the ring

⊕
s∈S Zσs is commutative (a commutative association scheme) in [7]. It is easy to see

that symmetric association schemes are commutative. By definition, we have

• an association scheme is a coherent configuration,
• an association scheme is a quasi-association scheme,
• a coherent configuration is a quasi-coherent configuration,
• a quasi-association scheme is a quasi-coherent configuration.

We will see that any quasi-coherent configuration defines a coherent configuration and any
quasi-association scheme defines an association scheme in a natural way (Theorem 2.9). Thus
the generalizations yield no new objects, but the author believes that they are still useful. For
example, according to Tamaschke’s definition [22, 23] (we call them quasi-S-rings) the S-rings
are quasi-association schemes but not association schemes.

Let (X,S) be a quasi-coherent configuration. Set S0 = {s ∈ S | s∩1X �= ∅}. We use letters
s, t, u, . . . for elements of S, and a, b, c, . . . for elements of S0. Note that a

∗ = a for a ∈ S0, since
(x, x) ∈ a for some x ∈ X. A quasi-coherent configuration (X,S) is a quasi-association scheme
if and only if |S0| = 1. By condition (3) in Definition 2.1, there are nonnegative integers pust
(s, t, u ∈ S) such that σsσt =

∑

u∈S
pustσu. In other words, �{z ∈ X | (x, z) ∈ s, (z, y) ∈ t} = pust

for all (x, y) ∈ u. We call pust the intersection numbers. Clearly paaa �= 0 for a ∈ S0. For a

commutative ring R with unity, one can define an R-algebra RS = R⊗Z

(
⊕

s∈S
Zσs

)

. We call

RS the adjacency algebra of (X,S) over R. We define the complex product by st = {u ∈ S |
pust �= 0} for s, t ∈ S. For T,U ⊂ S, we also define the complex product by TU =

⋃

t∈T

⋃

u∈U
tu.

It is easy to see that the complex product is associative.

Lemma 2.2. For s, t, u ∈ S, the following conditions are equivalent:

(1) pu
∗

st �= 0,
(2) ps

∗
tu �= 0,

(3) pt
∗
us �= 0,
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(4) there exists x, y, z ∈ X such that (x, y) ∈ s, (y, z) ∈ t, and (z, x) ∈ u.

Proof. This is clear by definition. �

Lemma 2.3. For s, t ∈ S, s �= t, and a ∈ S0, we have past∗ = 0.

Proof. By definition, all the diagonal entries of the matrix σsσt∗ are 0 if s �= t. �

For a ∈ S0, we set Xa = {x ∈ X | (x, x) ∈ a}. Then X =
⋃

a∈S0

Xa is a partition of X.

Lemma 2.4. For a ∈ S0, we have a ⊂ Xa × Xa and σa
2 = paaaσa. Moreover, σaσb = 0 for

a, b ∈ S0, a �= b.

Proof. Assume that s ∈ S and s �= a. Then paas∗ = 0 by Lemma 2.3, and a∗ = a. By
Lemma 2.2, we have psaa = 0. Thus, σa

2 = paaaσa. Assume that (x, y) ∈ a. Since σa
2 = paaaσa,

we have (x, x) ∈ a. Similarly, (y, y) ∈ a. Thus, a ⊂ Xa ×Xa.
Now it is clear that σaσb = 0 for a, b ∈ S0, a �= b. �

Proposition 2.5. For every s ∈ S, there exists a unique pair (a, b) ∈ S0 × S0 such that
σaσsσb �= 0. Moreover in this case, s ⊂ Xa×Xb, σaσsσb = paaap

b
bbσs, and asb = as = sb = {s}.

Proof. Since s �= ∅, we can choose (x, y) ∈ s. Let a, b ∈ S0 be such that (x, x) ∈ a and
(y, y) ∈ b. Then σaσsσb �= 0.

Assume that t ∈ S and t �= s. Then past∗ = 0 by Lemma 2.3. Thus, ptas = 0. This means
that σaσs = psasσs for psas > 0. If σa′σs �= 0 for a′ ∈ S0, a

′ �= a, then 0 �= psasσa′σs = σa′σaσs,
which is impossible by Lemma 2.4. Therefore, a ∈ S0 is unique. Similarly, b ∈ S0 is unique.

The above arguments imply that σaσsσb = βσs for some positive integer β. On the other
hand,

σa
2σsσb

2 = (paaaσa)σs(p
b
bbσb) = βpaaap

b
bbσs,

σa
2σsσb

2 = σa(σaσsσb)σb = βσaσsσb = β2σs.

Thus, β = paaap
b
bb. �

Proposition 2.6. The relation Δ =
⋃

a∈S0

a is an equivalence relation on X.

Proof. We claim that a ∈ S0 is an equivalence relation on Xa. By definition, a is reflexive.
Since a∗ = a, a is also a symmetric relation. Finally, (x, y) ∈ a and (y, z) ∈ a imply (x, z) ∈ a
by Lemma 2.4, and hence a is an transitive relation. Therefore, a is an equivalence relation
on Xa.

Now, since X =
⋃

a∈S0

Xa is a partition of X, the assertion holds. �

Let us consider the set X/Δ of equivalence classes. The equivalence class containing x ∈ X
is denoted by xΔ.

Lemma 2.7. For x ∈ Xa, we have xΔ = {y ∈ X | (x, y) ∈ a} and |xΔ| = paaa.

Proof. Since σaσb = 0 for b ∈ S0, b �= a, the assertions are clear. �

Lemma 2.8. Let x′ ∈ xΔ, y′ ∈ yΔ, and (x, y) ∈ s. Then (x′, y′) ∈ s.

Proof. Assume that (x′, y′) ∈ t. By Proposition 2.5, there is a unique pair (a, b) ∈ S0 × S0

such that asb = as = sb = {s}. Thus, x ∈ Xa, (x, x
′) ∈ a, y ∈ Xb, and (y, y′) ∈ b. Therefore,

t ∈ asb = {s} and t = s. �
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By Lemma 2.8, the set sΔ = {(xΔ, yΔ) | (x, y) ∈ s} is contained in X/Δ × X/Δ for all
s ∈ S, and X/Δ × X/Δ =

⋃

s∈S
sΔ is a partition. Note that sΔ �= ∅ for every s ∈ S, and

sΔ ∩ tΔ = ∅ for s �= t. We put SΔ = {sΔ | s ∈ S}.
Theorem 2.9. For a quasi-coherent configuration (X,S), the pair (X/Δ, SΔ) is a coher-
ent configuration. If (X,S) is a quasi-association scheme, then (X/Δ, SΔ) is an association
scheme.

Proof. Conditions (1) and (2) in Definition 2.1 are clearly satisfied. Let us verify condition (3)
in Definition 2.1. Let s, t, u ∈ S and (xΔ, yΔ) ∈ uΔ. Put I = {z ∈ X | (x, z) ∈ s, (z, y) ∈ t}
and I ′ = {zΔ ∈ X/Δ | (xΔ, zΔ) ∈ sΔ, (zΔ, yΔ) ∈ tΔ}. By Proposition 2.5, there are a, b ∈ S0

such that sa = {s} and bt = {t}. If a �= b, then I ′ = ∅ and hence |I ′| = 0 does not depend on
(xΔ, yΔ) ∈ uΔ. Assume that a = b. In this case, I ⊂ Xa and |zΔ| = paaa for every zΔ ∈ I ′ by
Lemma 2.7. Now |I ′| = |I|/paaa = pust/p

a
aa does not depend on (xΔ, yΔ) ∈ uΔ.

The last statement is clearly holds. �

Remark 2.10. (1) The above argument is similar to that in the definition of factor
schemes of association schemes [28, Sec. 1.5].

(2) Let R be a commutative ring with unity. In general, the adjacency algebras of (X,S)
and (X/Δ, SΔ) over R are nonisomorphic. However, if all paaa (a ∈ S0) are invertible
in R, then RS has the identity element

∑

a∈S0

(paaa)
−1σa and the adjacency algebras of

(X,S) and (X/Δ, SΔ) over R are isomorphic via the map (paaa)
−1σs 	→ σsΔ , where

a ∈ S0 is determined by as = {s}.

3. Schur rings and quasi-Schur rings

Following Wielandt’s book [25], we define S-rings (Schur rings). However, Tamaschke used
a weaker definition, and Wielandt also used it in [24]. To avoid confusion, we call Tamaschke’s
S-rings quasi-S-rings (quasi-Schur rings).

Definition 3.1. Let G be a finite group. We say that a subring (not necessarily contains
units) T of the group ring ZG is a quasi-S-ring (quasi-Schur ring) on G if the following
conditions hold:

(1) there is a partition G = T1 ∪ · · · ∪ T�,
(2) for every i ∈ {1, . . . , �}, there exists i∗ ∈ {1, . . . , �} such that Ti∗ = {g−1 | g ∈ Ti}, and
(3) the set {τ1, . . . τ�} with τi =

∑

g∈Ti

g, is a Z-basis of T .

A quasi-S-ring is called an S-ring (Schur ring) if

(4) T1 = {1G}.
The set Ti and the quantity τi are called T -class and T -class sum, respectively. For a

quasi-S-ring, we assume T1 � 1G. The following example is [22, Example 1.2].

Example 3.2. (1) Let G = {g1, . . . , gn} be a finite group. The partition

G = {g1} ∪ · · · ∪ {gn}
defines an S-ring on G. In this case, T = ZG.

(2) Let G be a finite group with conjugacy classes C1, . . . , C�. The partition

G = C1 ∪ · · · ∪ C�

defines an S-ring on G. In this case, T = Z(ZG) is the center of the group ring.
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(3) Let G be a finite group and H a subgroup of G. The double coset partition

G = Hg1H ∪ · · · ∪Hg�H

defines a quasi-S-ring on G. We call this quasi-S-ring the double coset quasi-S-ring.

Let T be a quasi-S-ring on a finite group G with partition G = T1 ∪ · · · ∪ T�, 1G ∈ T1. Set
si = {(g, h) ∈ G×G | gh−1 ∈ Ti} and S = {si | i = 1, . . . , �}. Then it is easy to see that (G,S)
is a quasi-association scheme. If T is an S-ring then (G,S) is an association scheme. Let Φ
be the right regular permutation representation of G. Then the adjacency matrix of si equals∑

g∈Ti

Φ(g). By Theorem 2.9, every quasi-S-ring defines an association scheme. In Theorem 3.4,

we identify association schemes that can be obtained from quasi-S-rings.

Example 3.3. Let us consider the association schemes obtained from (quasi-) Schur-rings in
Example 3.2.

(1) An association scheme obtained from an S-ring in Example 3.2 (1) is called a thin
association scheme. The adjacency matrices are permutation matrices {Φ(g) | g ∈ G},
where Φ is the right regular permutation representation of G.

(2) An association scheme obtained from an S-ring in Example 3.2 (2) is called a group
association scheme.

(3) An association scheme obtained from a quasi-S-ring in Example 3.2 (3) is called a
schurian association scheme. Usually, a schurian association scheme is defined by
a transitive permutation group, but this is equivalent to our definition. A schurian
association scheme is defined by a finite group G and its subgroup H.

Let T and T ′ be quasi-S-rings on G with partitions G = T1∪· · ·∪T� and G = T ′
1∪· · ·∪T ′

m,
respectively. We say that T ′ is a fission of T if every T ′

i is contained in some Tj . Is this
case, we also say that T is a fusion of T ′. For (quasi-) coherent configurations and (quasi-)
association schemes, the fissions and fusions are defined similarly.

Theorem 3.4. The association scheme obtained from an S-ring is a fusion of a thin associ-
ation scheme. The association scheme obtained from a quasi-S-ring is a fusion of a schurian
association scheme.

Proof. The first statement is clear by definition. Let us verify the second statement. Let T
be a quasi-S-ring on G with partition G = T1 ∪ · · · ∪ T�. Assume that 1G ∈ T1. Put H = T1.
Then H is a subgroup of G by Proposition 2.6 or [22, Sec. 1]. By Proposition 2.5, every Ti is
the union of some (H,H)-double cosets. Thus, T is a fusion of the double coset quasi-S-ring,
and the corresponding association scheme is a fusion of a schurian association scheme. �

The statements inverse to those of Theorem 3.4 are also true. Namely, every fusion of a
schurian association scheme is realized by a quasi-S-ring.

If T1 is a normal subgroup of G, in particular if G is an Abelian group, then essentially
the quasi-S-ring T can be considered as an S-ring on G/T1 though their ring structures are
different, in general (see Remark 2.10 (2)).

4. Tamaschke’s results and generalizations

In this section, we summarize generalization of Tamaschke’s results on quasi-S-rings to
association schemes. In the sequel, T is a quasi-S-ring on a finite group G with partition
G = T1 ∪ · · · ∪ T�, H = T1 � 1G, and (X,S) is the association scheme obtained from T .

For a commutative ring R with unity, we define a quasi-S-algebra RT of T over R by
RT = R⊗Z T . For the complex number field C, CT is isomorphic to the adjacency algebra
CS of (X,S) as a C-algebra by Remark 2.10 (2), and hence is semisimple [28, Theorem 4.1.3].
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We can identify the sets of all irreducible characters of CT and CS. The resulting set is
denoted by Irr(T ) or Irr(S).

4.1. Ordinary representations. The ordinary representations, i.e., the representations over
the complex number field C, of quasi-S-rings were considered in [23, Sec. 1]. The orthogonality
relations and a formula for the central primitive idempotents were given in [23, Theorem 1.5]
and [23, Theorem 1.7], respectively. Later, Higman generalized them to coherent configurations
in [17]. In particular, for the double coset quasi-S-rings (Example 3.2 (3)), one can determine
all irreducible representations by [6, Theorem 11.25], and this fact was generalized to more
general cases in [16]. Since every quasi-S-ring is a fusion of a double coset quasi-S-ring, we
are interested in representations of a fusion. For commutative association schemes, the fusions
were considered by Bannai in [2] (a fusion association scheme is called there a subscheme).
Another result for representations of fusions was given in [15].

4.2. T -Subgroups and closed subsets. A subgroup K of G is called a T -subgroup if it is
a union of some T -classes [23, Sec. 2]. A T -subgroup corresponds to a closed subset of (X,S)
(see [28, Sec. 1.3]).

4.3. T -Conjugacy classes, CS-rings, and group-like association schemes. Two
T -classes Ti and Tj are said to be T -conjugate if |Ti|−1χ(τi) = |Tj |−1χ(τj) for all χ ∈ Irr(T ),
where τi =

∑

g∈Ti

g is the T -class sum, (this is different from, but essentially the same as Tam-

aschke’s definition [23, Definition 2.1]). This was generalized to association schemes in [11,
Sec. 4].

Note that the cardinality of a T -conjugacy class is greater than or equal to | Irr(T )|. We
say that T is a CS-ring if the equality holds [23, Definition 3.2]. In this case, the center of T is
also a quasi-S-ring with the partition given by the T -conjugacy classes. If T is commutative,
then clearly T is a CS-ring. The concept of CS-ring was generalized to association schemes
in [11, Sec. 4]. We call such an association scheme a group-like association scheme.

When the double coset S-ring T is a CS-ring, the subgroup H = T1 is called a CS-subgroup
[23, Sec. 5]. It seems that the CS-subgroups have not been studied well enough. It is natural
to define a CS-closed subset of an association scheme to be a closed subset with group-like
quotient.

4.4. T -Normal subgroups and normal closed subsets. We start with Tamaschke’s am-
biguous definitions [22, Sec. 4]. Let K be a T -subgroup of G.

(1) K is said to be T-normal if TiK = KTi for all i ∈ {1, . . . , �}.
(2) K is said to be T-normal if

∑

g∈K
g is in the center of T .

In [22, Sec. 4], Tamaschke wrote “This definition of T-normality is not sufficient for T -nor-
mality. At least we do not know yet whether it is sufficient or not”, see also [22, Problem
4.12]. However, we know that they are equivalent. A closed subset U of an association scheme
(X,S) is said to be normal if sU = Us for all s ∈ S, and thus this corresponds to the “T-
normality”. In [12, Proposition 3.3], it was shown that U is normal if and only if

∑

u∈U
σu is in

the center of the adjacency algebra CS. Thus, T-normality and T -normality are equivalent
for a T -subgroup.

It is known that the intersection of two T -normal subgroups is not necessarily T -normal [26].
Thus the intersection of two normal closed subset of an association scheme is not necessarily
normal [27]. If T is a CS-ring, then the intersection of two T -normal subgroups is T -normal
[23, Theorem 4.2]. Similarly, if (X,S) is a group-like association scheme, then the intersection
of two normal closed subsets is normal. We also remark that in general the “kernel” of a
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character of an association scheme is not necessarily normal [11, Example 3.3]. However the
“kernel” of a character of an association scheme is normal if the association scheme is group-like
[11, Theorem 4.3].

The factor ring of a CS-ring T by a T -normal subgroup is also a CS-ring [23, Theorem 4.3].
This fact was generalized to association schemes in [13, Proposition 4.2].

4.5. Tensor products of quasi-S-ring. Tensor products of quasi-S-rings were defined in
[23, Sec. 6] and were generalized to coherent configurations or association schemes in a natural
way.

4.6. Categories of S-rings and association schemes. In [22, Sec. 1], Tamaschke defined
some categories. His definition of a category of quasi-S-algebras was generalized to the category
of association schemes by French in [9]. Their morphisms induce algebra homomorphisms.
Another definition of a category of association schemes was considered in [14].

4.7. The homomorphism theorem, isomorphism theorems, and the Jordan–Hölder
theorem. In [22], the homomorphism theorem, isomorphism theorems, and the Jordan–
Hölder theorem for quasi-S-rings were given; for association schemes, see [28].

5. An answer to a Tamaschke question

When a partition of a finite group, closed with respect to taking inverse, defines a semigroup
via complex products ab = {gh | g ∈ a, h ∈ b}, the semigroup is called an S-semigroup [22,
Definition 1.9]. Let T be a quasi-S-ring with partition G = T1 ∪ · · · ∪T�. Then the semigroup
generated by {T1, . . . , T�} is an S-semigroup. Thus a quasi-S-ring defines an S-semigroup.

Tamaschke’s question [22, Question 1.19] is whether all S-semigroups are obtained from
S-rings or not. We will give an example of an S-semigroup which does not come from an
S-ring. Therefore S-semigroups are not necessarily obtained from S-rings.

Example 5.1. Let G be the symmetric group of degree 4. Put

T1 = {( )},
T2 = {(1, 2), (1, 3), (1, 4), (2, 3), (1, 2, 3), (1, 3, 2), (2, 3, 4), (2, 4, 3), (1, 2, 3, 4), (1, 4, 3, 2)},
T3 = G \ (T1 ∪ T2).

Then G = T1 ∪ T2 ∪ T3, T
−1
i = Ti (i = 1, 2, 3) and

T2T2 = T3T3 = G = T1 ∪ T2 ∪ T3, T2T3 = T3T2 = G \ {( )} = T2 ∪ T3.

Thus this partition defines an S-semigroup {T1, T2, T3, T2 ∪ T3, T1 ∪ T2 ∪ T3}, but one can
easily see that this partition does not define an S-ring.
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