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THE NORMALIZER OF THE ELEMENTARY LINEAR
GROUP OF A MODULE ARISING WHEN THE BASE
RING IS EXTENDED

N. H. T. Nhat∗ and T. N. Hoi∗ UDC 512.743

Let S be a commutative ring with 1 and R a unital subring. Let M be a free S-module of rank
n ≥ 3. In 1994, V. A. Koibaev described the normalizer of AutS(M) in the group AutR(M). In the
present paper, it is proved that the normalizer of the elementary linear group EB(M) in AutR(M)
coincides with that of AutS(M), namely, NAutR(M)(EB(M)) = Aut(S/R)�AutS(M). If S is free
of rank m as an R-module, then NGL(mn,R)(E(n, S)) = Aut(S/R)�GL(n, S). Moreover, for any
proper ideal A of R,

NGL(mn,R)(E(n, S)E(mn,R,A)) = ρ−1
A (NGL(mn,R/A)(E(n, S/SA))).

Bibliography: 10 titles.

1. Basic notation

Let G be a group. By the commutator of two elements x, y ∈ G, we always mean the
left-normed commutator [x, y] = xyx−1y−1. By yx = yxy−1 and xy = y−1xy, we denote the
left and right conjugates of x by y, respectively. We write H ≤ G if H is a subgroup of G.
For a subset X ⊆ G, we denote by 〈X〉 the subgroup of G generated by X, and by 〈X〉H
the smallest subgroup of G which contains X and is normalized by H. For two subgroups
F,H ≤ G we denote by [F,H] the corresponding relative commutator subgroup generated by
all commutators [f, h] with f ∈ F, h ∈ H.

Let M be an R-module. An element τv,ρ in AutR(M), where v ∈ M and ρ ∈ M∗ with
ρ(v) = 0, is called a transvection if τv,ρ(x) = x+ρ(x)v for all x ∈ M . Let M be free with finite
basis B = {e1, . . . , en}, and let {ρ1, . . . , ρn} ⊆ M∗ be the dual basis of B. A transvection
of the form τrei,ρj with i �= j and r ∈ R, is an elementary transvection with respect to the
basis B. The elementary linear group EB(M) is defined to be the subgroup of AutR(M)
generated by all the τrei,ρj .

As usual, e is the identity matrix of degree n and eij is a standard matrix unit, that is the
matrix that has 1 in the position (i, j) and zeros elsewhere. For ξ ∈ R and 1 ≤ i �= j ≤ n, the
matrix tij(ξ) = e+ξeij denotes the elementary transvection. In the sequel, without any special
reference we use standard relations for elementary transvections such as the additivity formula
tij(ξ)tij(ζ) = tij(ξ + ζ) and the Chevalley commutator formula [tij(ξ), tjh(ζ)] = tih(ξζ).

Now, let A � R be an ideal in R. Denote by E(n,A) the subgroup of GL(n,R) generated
by all elementary transvections of the level A,

E(n,A) = 〈tij(ξ), ξ ∈ A, 1 ≤ i �= j ≤ n〉.
In the most important case A = R, the group E(n,R) generated by all elementary transvections
is called the elementary group. In the sequel, the main role is played by the relative elementary
group E(n,R,A). Recall that E(n,R,A) is the normal closure of E(n,A) in E(n,R),

E(n,R,A) = 〈tij(ξ), ξ ∈ A, 1 ≤ i �= j ≤ n〉E(n,R).
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The canonical projection ρA : R −→ R/A sending an element λ ∈ R to the element λ = λ+A,
defines the corresponding reduction homomorphism

ρA : GL(n,R) −→ GL(n,R/A).

The kernel of ρA is denoted by GL(n,R,A) and is called the principal congruence subgroup
in GL(n,R) of the level A.

Note that if M is free as above, then

MatB : EndR(M) −→ M(n,R)

restricts to a group isomorphism

MatB : AutR(M) −→ GL(n,R)

and therefore restricts to the isomorphism

MatB : EB(M) −→ E(n,R)

taking τrei,ρj to tij(r).
A key point in reduction modulo an ideal is the following statement, which is trivial conse-

quence of the Chevalley commutator formula (see, e.g., [2, Lemma 1]).

Lemma 1. Let n ≥ 3. Then for any ideal A�R,

[E(n,R), E(n,R,A)] = E(n,R,A).

In particular, the elementary subgroup E(n,R) is perfect, i.e.,

[E(n,R), E(n,R)] = E(n,R).

The following fact, first proved in [5], is referred to as the Suslin theorem.

Lemma 2. Let R be a commutative ring and n ≥ 3. Then [E(n,R),GL(n,R,A)] = E(n,R,A)
for any ideal A�R. In particular, E(n,R,A) is normal in GL(n,R).

2. Regular representation

Let R be a commutative ring, and let S be a ring extension of R that is a free module of
rank m. Assume that 1 = w1, . . . , wm is a basis of S/R. For any α ∈ S and 1 ≤ j ≤ m, there
exist α1j , . . . , αmj ∈ R such that

αwj = α1jw1 + · · ·+ αmjwm.

Set [α] = (αij) ∈ M(m,R). Clearly, the map α 
→ [α] is a ring monomorphism from S to
M(m,R). Then S is considered as a subring of the matrix ring M(m,R). Thus, GL(n, S) is a
subgroup of the general linear group GL(mn,R), and E(n, S) is a subgroup of the elementary
subgroup E(mn,R).

Let A be a proper ideal of R. Put ϕ : R −→ S/SA,ϕ(r) = r. Clearly, A ⊆ kerϕ. Conversely,
for any r ∈ kerϕ, we have r ∈ R ∩ SA. Therefore, rw1 = r = a1w1 + . . . + anwn for some
a1, . . . an ∈ A. It follows that r = a1 ∈ A. This proves that kerϕ = A and hence R/A is
considered as a subring of S/SA. Moreover, S/SA is free of rank m as R/A-module. Now,
consider the reduction homomorphism ρA : GL(mn,R) −→ GL(mn,R/A). It is easily seen
that ρA(E(n, S)) = E(n, S/SA).
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3. Lemmas on the normalizer of the elementary linear group

Let S be a commutative ring with 1 and R a unital subring. Let M be a free S-module of
rank n ≥ 3 with finite basis B = {e1, ..., en}. Let {ρ1, . . . , ρn} ⊆ M∗ be the dual basis of B.
For every α ∈ S, we put

α̂ : M −→ M, α̂(x) = αx, x ∈ M.

Since S is commutative, the map

S −→ EndS(M), α 
−→ α̂

is a ring homomorphism. The image of this map is denoted by ̂S, i.e.,

̂S = {α̂ : α ∈ S}.
Lemma 3. Let g ∈ AutR(M). If g ̂S = ̂Sg, then g ∈ NAutR(M)(EB(M)).

Proof. Assume that g ̂S = ̂Sg. Note that AnnS(M) = 0, and for any λ ∈ S there exists a

unique λg ∈ S such that ĝλg−1 = ̂λg. Define σg : S −→ S by σg(λ) = λg. It is easily seen
that σg is a ring automorphism of S that is identical on R. First, we show that if τv,ρ is a
transvection, then so is gτv,ρg

−1. Put ρ′ = σgρg
−1. Then ρ′ ∈ M∗. Indeed, let x, y ∈ M and

β ∈ S. Then

ρ′(βx+ y) = σgρg
−1(βx+ y) = σgρg

−1(βx) + σgρg
−1(y)

= σgρ
̂σ−1
g (β)g−1(x) + σgρg

−1(y)

= σg(σ
−1
g (β)ρ)g−1(x) + σgρg

−1(y)

= βσgρg
−1(x) + σgρg

−1(y) = βρ′(x) + ρ′(y).

On the other hand, for any x ∈ M,

(gτv,ρg
−1)(x)=x+ g(ρg−1(x)v)=x+ (g ̂ρg−1(x)g−1)(g(v))=x + ρ′(x)g(v),

and ρ′g(v) = σgρ(v) = 0. It follows that gτv,ρg
−1 = τg(v),ρ′ is a transvection. Now, let τsei,ρj be

any generator of EB(M). Since g ̂S = ̂Sg, in order to prove gEB(M)g−1 ⊆ EB(M) it suffices
to show that gτsei,ρjg

−1 ∈ EB(M). Indeed, {g(e1), . . . , g(en)} is a basis of M . Therefore there
exists h ∈ AutS(M) such that h(ej) = g(ej) for all 1 ≤ j ≤ n. Then

gτsei,ρjg
−1 = τg(sei),ρ′ = τs′g(ei),ρ′ = τs′h(ei),ρ′ = τh(ei),s′ρ′ = hτei,s′ρ′hh

−1

is a transvection, where s′ ∈ S and ρ′ ∈ M∗. It suffices to prove that τei,s′ρ′h ∈ EB(M)
(Lemma 2). Since s′ρ′h(ei) = 0,

s′ρ′h =
n
∑

i �=k=1

skρk.

Therefore,

τei,s′ρ′h =

n
∏

i �=k=1

τskei,ρk ∈ EB(M),

and the result follows. �

Lemma 4. The additive group 〈EB(M)〉 coincides with EndS(M).
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Proof. It suffices to prove that 〈E(n, S)〉 = M(n, S). Let α ∈ S and 1 ≤ i �= j ≤ n. Then

αeij = tij(α) − e ∈ 〈E(n, S)〉
and

αeii = tij(α)tji(1) − e− eji − αeij ∈ 〈E(n, S)〉.
Thus for any g ∈ M(n, S),

g = (gij) =
∑

gijeij ∈ 〈E(n, S)〉. �

Now we state a result about the normalizer of EB(M) in AutR(M). The proof is based on
Koibaev’s ideas in [1].

Proposition 1. The normalizer of the subgroup EB(M) in the group AutR(M) coincides with

the set {g ∈ AutR(M) : g ̂S = ̂Sg}.
Proof. Let g ∈ NAutR(M)(EB(M)). Then gEB(M)g−1 ⊆ EB(M). Let ϕ be any element in

EB(M). Then gϕg−1 ∈ EB(M). Therefore, (gϕg−1)α̂ = α̂(gϕg−1) for all α ∈ S, and hence
(g−1α̂g)ϕ = ϕ(g−1α̂g). By Lemma 4, we have (g−1α̂g)ψ = ψ(g−1α̂g) for all ψ ∈ EndS(M). In

particular, (g−1α̂g)̂λ = ̂λ(g−1α̂g) for all λ ∈ S, i.e., g−1α̂g ∈ EndS(M.) It follows that g−1α̂g

belongs to the center of EndS(M). Thus, g−1α̂g ∈ ̂S and hence ̂Sg ⊆ g ̂S. Replacing g by g−1,

we get g ̂S ⊆ ̂Sg, whence ̂Sg = g ̂S. Now the proposition follows from Lemma 3. �

4. Main results

Let Aut(S/R) be the group of all ring automorphisms of the ring S that are identical on R.
As in [1], for any σ ∈ Aut(S/R), we define a map σ0 of the module M in the following way.

For x ∈ M,x =
n
∑

i=1
xiei, xi ∈ S, we put σ0(x) =

n
∑

i=1
σ(xi)ei. Then σ0 ∈ AutR(M) and the

map Aut(S/R) −→ AutR(M), σ 
→ σ0 is a group monomorphism. Put

G0 =
{

σ0 : σ ∈ Aut(S/R)
}

.

Then G0 is a subgroup of AutR(M) isomorphic to Aut(S/R), and G0 ∩AutS(M) = 1. More-

over, for any σ0 ∈ G0 and λ ∈ S, we have σ0
̂λ = ̂σ(λ)σ0. Thus, σ0

̂S = ̂Sσ0. We identify the
subgroup G0 with Aut(S/R). Our purpose is to prove the following statement.

Theorem 1. Let S be a commutative ring with 1, R its unital subring, and M a free S-module
of rank n ≥ 3. Then the normalizer of the subgroup EB(M) in the group AutR(M) coincides
with the semidirect product of the normal subgroup AutS(M) and Aut(S/R), i.e.,

NAutR(M)(EB(M)) = Aut(S/R)�AutS(M).

Proof. Since G0 and AutS(M) are contained in the set {g ∈ AutR(M) : g ̂S = ̂Sg}, by
Proposition 1 we have

Aut(S/R)�AutS(M) ⊆ NAutR(M)(EB(M)).

Now, let g ∈ NAutR(M)(EB(M)). Then g ̂Sg−1 = ̂S. As in the proof of Lemma 3, for any

λ ∈ S we have ĝλg−1 = ̂σg(λ), where σg ∈ Aut(S/R). Since σ0
g
̂λ(σ0

g)
−1 = ̂σg(λ), we also

have ĝλg−1 = σ0
g
̂λ(σ0

g)
−1. It follows that (σ0

g)
−1ĝλ=̂λ(σ0

g)
−1g. Hence, (σ0

g)
−1g∈AutS(M), i.e.,

g ∈ Aut(S/R)�AutS(M). �

When S is free of finite rank as R-module, we get the following statement after applying
Theorem 1 for M = Sn.
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Corollary 1. Let R be a unital subring of a commutative ring S which is a free R-module of
rank m. Then for n ≥ 3,

NGL(mn,R)(E(n, S)) = Aut(S/R)�GL(n, S).

The following result provides a sufficient condition for an element to lie in to the normalizer
of EB(M). The idea of the proof is borrowed from the proofs of [9, Lemma 3.6] and [10,
Lemma 4.6].

Theorem 2. Under the assumptions of Theorem 1, let g ∈ AutR(M). If EB(M)g ≤ AutS(M),
then g ∈ NAutR(M)(EB(M)). Moreover, if the group Aut(S/R) is solvable and EB(M)g ≤
NAutR(M) (EB(M)), then g ∈ NAutR(M)(EB(M)).

Proof. Since M is free, we may identify the groups AutS(M) and EB(M) with GL(n, S) and
E(n, S), respectively. Let α ∈ S. Denote by Z[α] the Z-subalgebra of S generated by the
element α. We have to prove that E(n,Z[α])g ≤ E(n, S). By the conditions of the theorem,
the matrices tij(1)

g and tij(s)
g belong to GL(n, S) for all 1 ≤ i �= j ≤ n. Denote by S′ the

Z-subalgebra of S generated by all entries of these matrices. Clearly, the group E(n,Z[α])
is generated by the elements tij(1) and tij(α), where i and j range from 1 to n. Therefore,
E(n,Z[α])g ∈ GL(n, S′). Since S′ is a finitely generated Z-algebra, it has finite Krull dimension
and hence finite Bass–Serre dimension. From the main theorem of [7] (for a more general result
see, e.g., [8, Corollary 12.8]), it follows that the group K1(n, S

′) = GL(n, S′)/E(n, S′) is solv-
able. In particular, E(n, S′) is the largest perfect subgroup of GL(n, S′). Since E(n,Z[α])g is
perfect, this group is contained in E(n, S′) ≤ E(n, S), as required. If Aut(S/R) is solvable, then
by Theorem 1 the mth commutator subgroup of NAutR(M)(EB(M)) is contained in AutS(M)
for some m ∈ N. Since EB(M) is perfect, the inclusion EB(M))g ≤ NAutR(M)(EB(M)))
implies that EB(M))g ≤ AutS(M) and hence g ∈ NAutR(M)(EB(M)). �

Corollary 2. Under the assumptions of Corollary 1, let g ∈ GL(mn,R). If E(n, S)
g ≤

GL(n, S), then g ∈ NGL(mn,R)(E(n, S)). Moreover, if Aut(S/R) is solvable and E(n, S)
g ≤

NGL(mn,R) (E(n, S)), then g ∈ NGL(mn,R)(E(n, S)).

The relation between the normalizer of E(n, S)E(mn,R,A) in GL(mn,R) and that of
E(n, S/SA) in GL(mn,R/A) is established in the following statement.

Theorem 3. For any proper ideal A of R,

NGL(mn,R)(E(n, S)E(mn,R,A)) = ρ−1
A (NGL(mn,R/A)(E(n, S/SA))).

Proof. Since ρA(E(n, S) = E(n, S/SA), it is easily seen that

NGL(mn,R)(E(n, S)E(mn,R,A)) ≤ H,

where H = ρ−1
A (NGL(mn,R/A)(E(n, S/SA))). By the normality of E(mn,R,A) in GL(mn,R),

to prove the inverse inclusion it suffices to show that

E(n, S)H ≤ E(n, S)E(mn,R,A).

Clearly,

E(n, S)H ≤ E(n, S)GL(mn,R,A).

By Lemma 2, we also have

[E(n, S)GL(mn,R,A), E(n, S)] ≤ E(n, S)E(mn,R,A).

Therefore,

[E(n, S)H , E(n, S)] ≤ E(n, S)E(mn,R,A).

201



On the other hand,
E(n, S)H ≤ E(mn,R).

Thus by Lemma 2,
[E(n, S)H ,GL(mn,R,A)] ≤ E(mn,R,A).

Now, since the group E(n, S) is perfect, we get

E(n, S)H = [E(n, S)H , E(n, S)H ][E(n, S)H , E(n, S)GL(mn,R,A)]

≤ [E(n, S)H , E(n, S)][E(n, S)H ,GL(mn,R,A)]E(n,S)

≤ E(n, S)E(mn,R,A)E(mn,R,A)E(n,S)=E(n, S)E(mn,R,A),

as desired. �
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