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CLASSIFICATION OF GENERALIZED FORMAL
LUBIN–TATE GROUPS OVER MULTIDIMENSIONAL
LOCAL FIELDS

A. I. Madunts∗ UDC 512.625

Generalized formal Lubin–Tate groups over multidimensional local fields are studied and classified.
Bibliography: 9 titles

1. Generalized Lubin–Tate formal groups over multidimensional local fields

Formal Lubin–Tate groups, first introduced in [2], were extensively modified for different
situations later. In particular, the question of their isomorphisms over multidimensional local
fields was investigated in [5]. In [7] and [6], the properties of generalized and relative formal
Lubin–Tate groups over classical (number) local fields were studied in detail. Our goal is to
study the generalized Lubin–Tate formal groups over multidimensional local fields.

Recall (see [4, 8]) that the structure of an n-dimensional local field on K is a chain of

fields K(n) = K, K(n−1), . . . ,K(1), K(0), where K(i) is a complete discrete valuation field with
residue field K(i−1), i = 1, . . . , n, and K(0) is finite.

Let tn be a simple element with respect to the discrete valuation in the field K = K(n);
tn−1 is a unit in K(n) the residue class of which is a simple element in K(n−1); · · · ; t1 and
its residues are units in K(n), K(n−1), . . . , K(2), which become a prime element when passing
to the residue field K(1). The tuple (t1, . . . , tn) is called a system of local parameters of the
field K. This system defines a rank n valuation in K,

vK = v = (v(1), . . . , v(n)) : K −→ Z
n ∪ {∞},

where v(0) = ∞, and if a �= 0, then

v(i)(a) = vK(i)

(
at

−v(n)(a)
n . . . t

−v(i+1)(a)
i+1

)
, 1 ≤ i ≤ n− 1,

v(n)(a) = vK(n)(a).

Here the set Zn = {r = (r1, . . . , rn) : rs ∈ Z} is assumed to be ordered in the following sense:

r(1) = (r
(1)
1 , . . . , r(1)n ) < r(2) = (r

(2)
1 , . . . , r(2)n ),

i.e., r
(1)
m < r

(2)
m , r

(1)
m+1 = r

(2)
m+1, · · · , r(1)n = r

(2)
n , where m ≤ n.

The set of all a ∈ K satisfying the condition v(a) ≥ 0 forms a valuation ring OK = O,
which does not depend on the choice of local parameters, and the only maximal ideal of which
is

MK = M = { a ∈ OK : v(a) > 0 }.
Note that O/M ∼= K0.

Thus, K is a multidimensional local field with the last residue field of q = pf0 elements and
local parameters (t1, . . . , tn). The local parameter t1 is denoted by t and is called the lowest
local parameter.

For any natural number m, we introduce the set

Ft = {f(X) ∈ OK [[X]] : f(X) ≡ Xqm mod MK , f(X) ≡ tX mod deg 2}.
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Analogously to the case of generalized Lubin–Tate groups over a classical (number) local
field (see [7]), one can prove that for any f(X) ∈ Ft there exists a unique formal group Ff (X,Y )
over OK , for which f(X) is an endomorphism. The formal group Ff obtained in this way is
called the generalized formal Lubin–Tate group, and f(X) is called its isogeny. The following
assertion is also true.

Proposition 1.1. Let f(X), g(X) ∈ Ft. Then for any α ∈ OK , there exists a unique series
[α]f,g(X) ∈ OK [[X]] such that

[α]f,g(X) ≡ αX mod deg 2

and

[α]f,g ∈ EndOK
(Fg, Ff ).

Moreover, for any [α]f,g , [β]g,h we have [α]f,g ◦ [β]g,h = [αβ]f,h, and for any [α]f,g, [β]f,g, we
have [α]f,g +F [β]f,g = [α+ β]f,g, where ([α]f,g +F [β]f,g)(X) means Ff ([α]f,g(X), [β]f,g(X)).

Remark 1.1.1. Obviously, the series f(x) coincides with the endomorphism [t](X)∈EndOK
Ff .

It is called the isogeny of the generalized formal Lubin–Tate group. Since the height of a for-
mal group is by definition the height of its isogeny and [t](X) ≡ Xqm mod MK , the height of
the generalized Lubin–Tate formal group is equal to m.

Remark 1.1.2. For the correct construction of endomorphisms of the relative Lubin–Tate
formal group, the following condition is required: for any a belonging to the ring of integers,
aq

m ≡ a mod t. We introduce the following operations on the set of endomorphisms Ff :

[α] ·F [β] = [α] ◦ [β], [α] +F [β] = Ff ([α], [β]).

Let Kur
m be an unramified extension of the field K of degree m. The condition is satisfied

for its ring of integers. Let K̃ be the completion of the maximal unramified extension of K.
Then

EndOK
Ff

∼= OK , EndO
˜K
Ff

∼= OKur
m
.

2. Isomorphisms of generalized Lubin–Tate formal groups

Recall that for any formal group F (X,Y ) ∈ OK [[X,Y ]], there exists a unique series λ(X) ∈
K[[X,Y ]] (called the logarithm) such that

F (X,Y ) = λ−1(λ(X) + λ(Y )).

The endomorphisms of the group have the form [α](X) = λ−1(αλ(X)).

Theorem 2.1. Let F (X,Y ) be a formal group over OK with logarithm λ(X). Then F (X,Y )
is a generalized formal Lubin–Tate group if and only if λ(X) − 1

tλ(X
qm) ∈ OK [[X]].

Proof. First of all, we formulate a functional lemma from Hazewinkel’s paper [1] in the form
suitable for our purposes.

Lemma 2.2. (1) For any series g(X) ∈ XOK [[X]], there exists a unique series λg(X) ∈
K[[X]] such that λg(X) = g(X) + 1

tλg(X
qm) and

F (X,Y ) = λ−1
g (λg(X) + λg(Y )) ∈ OK [[X,Y ]].

If g(X) ≡ X mod deg 2, then the series F (X,Y ) is a formal group with logarithm λ(X).
(2) For any λg1(X), λg2(X) such that

λg1(X) = g1(X) +
1

t
λg1(X

qm), λg2(X) = g2(X) +
1

t
λg2(X

qm)
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and also the first term of the series g1(X) is invertible, we have

λ−1
g1 (λg2(X)) ∈ OK [[X]].

(3) For any g1(X), h(X) ∈ XOK [[X]], there exists a unique series g2(X) ∈ XOK [[X]] such
that λg1(h(X)) = λg2(X).

(4) For any α(X), β(X) ∈ OK [[X]],

α(X) ≡ β(X) mod ts ⇔ λ(α(X)) ≡ λ(β(X)) mod ts.

(5) Let G(X,Y ) be an arbitrary formal group and F (X,Y ) a formal group with logarithm
satisfying the functional equation λg(X) = g(X) + 1

tλg(X
qm). Then F and G are isomorphic

if and only if the logarithm of G satisfies a functional equation of the same type, and in this
case the isomorphism is strict. �

Let us return to the proof of the theorem.
Now let F (X,Y ) be a formal group over OK with logarithm λ(X) satisfying the equation

λ(X)− 1

t
λ(Xqm) = g(X) ∈ OK [[X]].

Then by the uniqueness of λ = λg, for f(X) = λ−1(tλ(X)) we have

f ◦ F = F ◦ f.
Set g1(X) = tg(X), λ1(X) = tλ(X). Obviously,

λ1(X) = g1(X) +
1

t
λ1(X

qm).

By statement (2) of Lemma 2.2, this implies that

f(X) = λ−1(λ1(X)) ∈ OK [[X]].

Since λ(X) ≡ X mod deg 2 and λ−1(X) ≡ X mod deg 2, we have

f(X) ≡ tX mod deg 2.

Furthermore by statement (4) of Lemma 2.2, the condition

f(X) ≡ Xqm mod MK

is equivalent to the condition

λ(f(X)) = tλ(X) ≡ λ(Xqm) mod MK ,

which is satisfied by the properties of logarithm.
Thus, f(X) ∈ EndOK

F and f(X) ∈ Ft. Moreover, the uniqueness implies that the for-
mal group F (X,Y ) coincides with the corresponding generalized formal Lubin–Tate group
Ff (X,Y ).

Now we verify that any generalized formal Lubin–Tate group Ff (X,Y ) can be obtained
by the functional lemma. Applying the lemma to g(X) = X, we get the formal group Fa,
which is already known to be a generalized formal Lubin–Tate group. Therefore, there exists
a strict isomorphism [1]fa,f between F and Fa. Hence by the last statement of Lemma 2.2,

the logarithm of F satisfies a condition of the form λ(X) − 1
tλ(X

qm) ∈ OK [[X]]. �

Corollary 2.2.1. The generalized Lubin–Tate formal groups are in one-to-one correspondence
with the formal groups obtained by applying Lemma 2.2.
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Thus, generalized formal Lubin–Tate groups with isogeny from Ft are exactly those whose
logarithm satisfies the condition

λ(X) − 1

t
λ(Xqm) ∈ OK [[X]].

In the one-dimensional case, the local parameter t is uniquely determined by this condition,
whereas if the dimension is greater then one, this is no longer the case.

For n ≥ 2, set

℘K = ℘ = {a ∈ OK : (v(2), v(3), . . . , v(n)) ≥ (1, 0, . . . , 0)}.
It is an ideal in OK .

Denote by a℘ the residue class of the element a ∈ O in the factor ring O/℘.
The following statement holds.

Proposition 2.3. Let t and T be the lower local parameters of an n-dimensional local field,
and let Ff (X,Y ) be a generalized Lubin–Tate formal group with isogeny f(X) ∈ Ft. Then for
n = 1, the condition that Ff (X,Y ) is also a generalized formal Lubin–Tate group with isogeny

h(X) ∈ FT , implies that t = T . For n ≥ 2, this condition is satisfied if and only if t℘ = T℘.

Proof. Let t− T = a, and let λ be the logarithm of Ff . By Theorem 2.1, we have

λ(X)− 1

t
λ(Xqm) = g(X) ∈ O[[X]].

A direct calculation shows that if

g(X) = X +
∑
i>1

biX
i, λ(X) = X +

∑
i>1

ciX
i,

then ci = bi whenever q
m

� i,

cqmk = bqmk +
1

t
bqm(k−1) + · · · + 1

tk−1
bqm +

1

tk
,

and

cqmks = bqmks +
1

t
bqm(k−1)s + · · ·+ 1

tk
bs, 2 ≤ s ≤ qm − 1.

Obviously,

λ(X)− 1

T
λ(Xqm) ∈ OK [[X]] ⇔ a

tT
λ(Xqm) ∈ O[[X]].

Thus, it is necessary and sufficient that the conditions

v(a) ≥ (k, 0, . . . , 0)

are satisfied for all positive integers k, which is exactly the statement of the proposition. �

Corollary 2.3.1. Over the ring of integers OK of a local field of dimension at least two, the
generalized formal Lubin–Tate groups F (X,Y ) and H(X,Y ) with isogenies f(X) ∈ Ft and
h(X) ∈ FT , respectively, are isomorphic if and only if t℘ = T℘, and the isomorphism is strict.
In the case of a one-dimensional local field, those and only those generalized formal Lubin–Tate
groups are isomorphic that are obtained from isogenies from the same set Ft.

Proof. The condition T ≡ tmod℘ is equivalent to the fact that F (X,Y ) has an isogeny from
FT , which by Theorem 2.1 and statement (5) of Lemma 2.2 is equivalent to the fact that
F (X,Y ) is strictly isomorphic to H(X,Y ). �
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It is easily seen that the canonical homomorphism that associates each element of OK with
its residue in K1 has kernel ℘ and image OK1. Therefore, OK/℘ ∼= OK1. The lower local
parameters of the multidimensional field K correspond under this mapping to simple elements
of K1, which is a classical one-dimensional local field (number or functional).

As a result, we have the following theorem.

Theorem 2.4. Let π be an arbitrary simple element of K1 and

Fπ = {f(X) ∈ OK [[X]] : f(X) ≡ Xqm mod MK , f℘(X) ≡ πX mod deg 2}.
For any f(X) ∈ Fπ, there exists a unique formal group for which f(X) is an endomorphism
(isogeny). It is a generalized formal Lubin–Tate group. They are isomorphic if and only if
their isogenies f(X) are taken from the same set; in the latter case, the isomorphism is strict.

Translated by I. Ponomarenko.

REFERENCES

1. M. Hazewinkel, Formal Groups and Applications, Academic Press, New York (1978).
2. J. Lubin and J. Tate, “Formal complex multiplication in local fields,” Ann. Math., 81,

No. 2, 380–387 (1985).
3. A. I. Madunts, “On the convergence of series over local fields,” Trudy St. Peterburg. Mat.

Ob., 3, 283–320 (1994).
4. A. I. Madunts, “On convergence of sequences and series in multidimensional complete

fields,” Ph.D. Thesis, St.Petersburg, 1–14 (1995).
5. A. I. Madunts, “Formal Lubin–Tate groups over the ring of integers of a higher-dimensional

local field,” Zap. Nauchn. Semin. POMI, 281, 221–226 (2001).
6. A. I. Madunts, “Formal modules for relative Lubin–Tate formal groups,” Zap. Nauchn.

Semin. POMI, 452, 177–194 (2016).
7. A. I. Madunts and R. P. Vostokova, “Formal modules for generalized Lubin–Tate groups,”

Zap. Nauchn. Semin. POMI, 435, 95–112 (2015).
8. I. B. Zhukov and A. I. Madunts, “Multidimensional complete fields: topology and other

basic constructions,” Trudy St. Peterburg. Mat. Ob., 3, 186–196 (1994).
9. I. B. Zhukov and A. I. Madunts, “Additive and multiplicative expansions in higher-

dimensional local fields,” Zap. Nauchn. Semin. POMI, 272, 186–196 (2000).

179


	Abstract
	1. Generalized Lubin–Tate formal groups over multidimensional local fields
	2. Isomorphisms of generalized Lubin–Tate formal groups
	REFERENCES

