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ON THE CONGRUENCE OF PRIME INTEGERS

B. B. Lur’e∗ UDC 511.5

An elementary necessary condition is established for a prime integer of the form 8k + 1 to be
congruent. Bibliography: 3 titles.

A rational number is said to be congruent if it is equal to the area of a right triangle with
sides of rational lengths [1, 2]. It is clear that all the numbers obtained by multiplying a
congruent number by the square of a rational number are also congruent. Therefore, we may
assume that the area of such a triangle is a natural square-free number.

The minimal natural congruent number equals 5, which is the area of the triangle with sides
of lengths 3

2 ,
20
3 , and

41
6 . The next number equals 6, which is the area of the Egyptian triangle.

It is not hard to prove that for a congruent number there are infinitely many desired triangles
of given area.

The question of whether a given number S is congruent has an almost complete solution
(the word “almost” will be explained below). Namely, the “Tunnel test” suggests looking for
the number of representations of an odd S in the form S = x2+2y2+8z2, and of 2S in the form
S = x2 +4y2 +8z2, where x, y, and z are (not necessarily positive) integers. If the number of
the representations of S with even z does not coincide with the number of the representations
with odd z, then the number S (or, respectively, 2S) is not congruent. In case of coincidence,
S (respectively, 2S) is congruent modulo the Birch–Swinnerton–Dyer conjecture. Moreover,
it suffices to confine ourselves to the weakened hypothesis of these authors (for the exact
statement, we refer to [1, p. 113].

The odd natural numbers of the form 8k + 5 or 8k + 7 are congruent modulo the Birch–
Swinnerton–Dyer conjecture, since the number of the above representations equals zero. The
prime numbers of the form 8k + 3, as will be shown below, are not congruent. The prime
numbers of the form 8k + 1 can be either congruent (for example, 41) or incongruent (for
example, 17).

In the present paper, we establish a simple necessary condition for a prime of the form 8k+1
to be congruent. It should be mentioned that all our arguments are quite elementary.

1◦. We rewrite the congruence condition for a given square-free number S in the form of the
solvability of a certain Diophantine equation.

Theorem 1. A square-free natural number S is congruent if and only if there exist natural
numbers a, b, and c satisfying the equality

ab(a+ b)(a− b) = Sc2. (1)

Moreover, the numbers a and b can be assumed to be relatively prime and of different parity.

Proof. Let the desired triangle has legs of lengths l and m, and the hypotenuse of length n.
Multiplying by the common denominator, we arrive at the integer Pythagorean triangle with
sides of lengths L, M , and N , where these numbers are relatively prime. The area of such
a triangle is equal to 1/2LM and differs from S by the square of an integer c. Using the
parametrization of Pythagorean triangles, L = a2 − b2, M = 2ab, N = a2 + b2, where a and b
are relatively prime numbers of different parity, we obtain equality (1).
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Conversely, if equality (1) holds, then it suffices to set

l = (a2 − b2)/c, m = (2ab)/c, n = (a2 + b2)/c. �
We note that the three factors on the left-hand side of equality (1) are odd.
After substitution X = a/b, Y = c/b2, equation (1) is reduced to the equation of an elliptic

curve

SY 2 = X(X + 1)(X − 1) (2)

and the congruence of the number S is equivalent to the existence of nontrivial rational points
on this curve.

2◦. Now we take as S an odd prime p. Since the factors are relatively prime, equality (1)
means in this case that the three factors on the left-hand side are complete squares, and the
fourth is a square multiplied by p. Thus the prime p is congruent if at least one of the following
four systems of Diophantine equations is solvable (in a nontrivial sense):

(s1) px2 + y2 = z2, px2 − y2 = t2,
(s2) x2 + py2 = z2, x2 − py2 = t2,
(s3) x2 + y2 = pz2, x2 − y2 = t2,
(s4) x2 + y2 = z2, x2 − y2 = pt2.

Theorem 2. The solvability of system (s2) gives a solution of equation (1) with smaller values
of the factors (in other words, a descent is possible).

Proof. Let the numbers x, y, z, and t be solutions of system (s2). Adding both equalities, we
obtain 2x2 = z2 + t2, whence (z + t)/2, (z − t)/2, and x forms a Pythagorean triple (recall
that z and t are odd numbers). Hence, there exist a and b such that (z + t)/2 = a2 − b2,
(z− t)/2 = 2ab, and x = a2 + b2 (if necessary, one can change the sign of t). Correspondingly,
z = a2 + 2ab− b2 and t = a2 − 2ab− b2. Therefore,

py2 = z2 − x2 = (2ab− 2b2)(2a2 + 2ab) = 4ab(a+ b)(a− b).

This gives equation (1) with c = y/2. �
Note that the proof does not use the primality of p.
Thus in the sequel, it is not necessary to consider system (s2).

3◦. Theorem 3. The primes of the form 8k + 3 are not congruent.

Proof. It suffices to show the unsolvability of systems (s1), (s3), and (s4). In fact, they are
unsolvable as congruences modulo 8. The numbers z and t are odd in all cases, whereas x and y
are of different parity. But then z2 ≡ 3 (mod 4) in the first system and pz2 ≡ 1 (mod 4) in the
third system, which is impossible. In the fourth system, x must be even and y must be odd.
The square of an odd number equals 1 modulo 8, and hence x2 ≡ 0 (mod 8) according to the
first equation, and x2 ≡ 4 (mod 8) according to the second one. The theorem is proved. �

Note that here the primality of the number p is essentially used. For example, the number
291 = 3 · 97 is congruent, which follows from the equalities 72 +3 · 42 = 97 and 72 − 3 · 42 = 1.

It is not difficult to prove Theorem 3 by using the “Tunnel test”. For a fixed z, the number
of integer solutions of the equation

x2 + 2y2 + 8z2 = p

is a multiple of 4, and equals 4 if z = 0. Thus, the number of integer solutions is a multiple
of 8 for odd z and equals 4 modulo 8 for even z.

A simple but cumbersome search shows that the product of any two primes of the form 8k+3
is not congruent. On the other hand, the product of three such numbers may be congruent,
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as can be seen from the example of the Pythagorean triangle with sides of lengths 473, 864,
and 985, and the area 122 · 3 · 11 · 43.
4◦. Let us turn to the primes p of the form 8k + 1. Recall that in this case, −1, 2, and −2
are quadratic residues modulo p. We consider consecutively the systems (s1), (s4), and (s3)
(in this order).

Assume that system (s1) is solvable and the numbers x, y, z, and t form a solution of it.
Subtracting the second equation from the first one, we have 2y2 = z2− t2. The numbers z and
t are odd and GCD(z + t, z − t) = 2. Therefore, z + t = 2u2, z − t = 4v2 (up to change the
sign of t), and y = 2uv for some relatively primes u and v of different parity. It follows that

z2 − y2 = (u2 + 2v2 + 2uv)(u2 + 2v2 − 2uv) = px2.

It is easily seen that the factors are positive and relatively prime. Therefore one of them is a
square, and the second one is a square multiplied by p. In other words, there exist integers w
and r such that (up to change the sign of v):

u2 + 2v2 + 2uv = pw2, u2 + 2v2 − 2uv = r2, x = wr.

The second equation defines the Pythagorean triple again, namely, (u− v), v, and r. Clearly,
r and u are odd and relatively prime. Therefore there exist l and m such that u− v = l2−m2,
v = 2lm, and r = l2 +m2. Now we obtain (l2 + 4lm−m2)2 + 4l2m2 = pw2, and then

l4 + 8l3m+ 18l2m2− 8lm3 +m4 = pw2. (3)

This equation defines the elliptic curve pY 2 = X4 + 8X3 + 18X2 − 8X + 1; any nontrivial
rational point on it determines a solution of system (s1).

We pass to the residue field of p elements. Since (ū+ v̄)2+ v̄2 = 0̄ (here the bar denotes the
image in the residue field), we have ū+v̄ = iv̄, where i is the imaginary unit in the residue field.
This means that ū = (i−1)v̄ ū−v̄ = (i−2)v̄. Therefore, l̄2−m̄2 = (i−2)·2l̄m̄. The discriminant
of this quadratic equation (with respect to l̄/m̄) must be a square, so (i − 2)2 + 1 = 4(1 − i)
is a square in the residue field. Note that the numbers 1− i and 1 + i are either both squares
or both nonsquares, because their product, the number 2, is a square in the residue field.

We have found a necessary condition for the solvability of system (s1).

Theorem 4. Let p be a prime natural number of the form 8k + 1, and let α be a root of the
congruence α2 ≡ −1 (mod p). Then the system of Diophantine equations (s1) is solvable only
if α± 1 is a quadratic residue modulo p.

5◦. We consider system (s4), and assume that it is solvable. The second equation shows that
x is odd and y is even. The first equation defines a Pythagorean triple; therefore, there exist
u and v, for which x = u2 − v2 and y = 2uv. Substitution in the second equation gives

pt2 = (u2 − v2 + 2uv)(u2 − v2 − 2uv).

Both factors are relatively prime and positive (since u2 > v2). Hence, one of them is an exact
square, and the second is a square multiplied by p.

Repeating the arguments of the previous section, we come to the conclusion that the qua-
dratic residues modulo p are of the form γ ± 1, where γ2 ≡ 2 (mod p).

Note that (1 + i +
√
2)2 = 2(1 + i)(1 +

√
2), which implies that both (1 + α) and (1 + γ)

are quadratic residues, and we have obtained the necessary condition for the solvability of
system (s4), which coincides with the necessary condition for the solvability of system (s1).

6◦. Now let system (s3) be solvable. The equation x2 − y2 = t2 defines a Pythagorean triple
again, and therefore x = u2 + v2 and y = 2uv for some integers u and v. Substitution in the
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first equation gives a Diophantine equation of the fourth degree, namely,

u4 + 6u2v2 + v4 = (u2 + v2)2 + (2uv)2 = pz2. (4)

This equation corresponds to the curve pY 2 = X4 + 6X2 + 1. It does not have to be elliptic
over the field of rationals (the point at infinity is irrational).

We consider equation (4) over the Gauss ring Z(i). We represent p in the form p = a2+b2 =
(a+ bi)(a− bi). All the prime divisors of the number z2 (and hence of the number z) have the
form 4k + 1. Therefore, z is also represented as the sum of two squares of integers, or as the
norm of a Gaussian number, z = (q + ri)(q − ri). We have

(u2 + v2 + 2uvi)(u2 + v2 − 2uvi) = (a+ bi)(a− bi)(q + ri)2(q − ri)2.

The freedom in the choice of the sign and parity of the numbers a, b, q, and r, the fact that
the factors are relatively prime, and the one-classity of the Gauss ring, allows us to assume
that

u2 + v2 + 2uvi = (a+ bi)(q + ri)2,

i.e., u2 + v2 = a(q2 − r2)− 2bqr and 2uv = b(q2 − r2) + 2aqr. It follows that

(u+ v)2 = (a+ b)(q2 − r2) + 2(a− b)qr, (u− v)2 = (a− b)(q2 − r2)− 2(a+ b)qr.

At least one of the numbers u+ v, u− v is not divisible by p; assume that it is u+ v. Making
an easy calculation, we get

(a+ b)(u+ v)2 = ((a+ b)q + (a− b)r)2 − 2pr2. (5)

We see that the right-hand side of (5) is a quadratic residue modulo p. Consequently, the
left-hand side of the equality, and hence (a+ b), is a quadratic residue.

Let us prove the following statement.

Lemma. Assume that a prime p has the representation p = a2 + b2. Then any odd prime
divisor of the numbers a and b is a quadratic residue modulo p.

Proof. Let π be an odd prime divisor of a. By the reciprocity law, (πp ) = ( pπ ) = (a
2+b2

π ) =

( b
2

π ) = +1. The lemma is proved. (It turned out that it is much easier to prove this fact than
to find the corresponding reference. I am grateful to M. A. Vsemirnov who pointed out an
equivalent statement in the form of exercise in book [3]). �

In our situation, the number 2 is also a quadratic residue. Therefore in the decomposition
p = a2 + b2, the numbers a and b are quadratic residues modulo p.

Since a/b plays the role of a root of −1 modulo p, we see again that α± 1, where α2 ≡ −1
(mod p) is a quadratic residue.

We have considered all the possibilities for congruence of the primes of the form 8k + 1.
Now the main theorem of the paper is proved.

Main theorem. A prime number p ≡ 1 (mod 8) is congruent only if the number α± 1 with
α2 ≡ −1 (mod p), is a quadratic residue modulo p.

This condition is not sufficient, the minimal counterexample is 113 (the Tunnel test).

7◦. We return to the elliptic curve pY 2 = X(X + 1)(X − 1), where p is a prime of the form
8k + 1. If X is a nontrivial rational point of this curve, then either the denominator of X, or
exactly one numerator of the numbers X, X+1, X−1 is divisible by p. The latter corresponds
to the solvability of systems (s1), (s3), and (s4), respectively. It is easily seen that if the points
(X1, Y1) and (X2, Y2) correspond to solutions of two different systems, then the sum of these
points (X3, Y3) corresponds to a solution of the third of these systems. (The sum of two
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points corresponding to the solutions of any one of these systems corresponds to the solution
of system (s2), in which case the denominator is divided by p.)

Thus, the solvability of any two systems of Diophantine equations from (s1), (s3), and (s4)
implies the solvability of the others. Although it has not yet been possible to prove that the
solvability of one of these systems is sufficient for the solvability of the others, this seems
very plausible. In other words, the congruence of a prime p ≡ 1 (mod 8) is equivalent to the
solvability of all four systems.

Translated by I. Ponomarenko.
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