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ON THE NORMALIZER OF A UNIPOTENT ROOT
SUBGROUP IN A CHEVALLEY GROUP

V. V. Nesterov∗ UDC 512.542.6

In the present paper, the normalizer of a unipotent short and long root subgroup in a Chevalley
group over an arbitrary field is calculated in detail. Surely this result is known to specialists.
However the author could not find a reference to it. Bibliography: 7 titles.

The present paper is devoted to the calculation of the normalizer of a unipotent root sub-
group in a Chevalley group over an arbitrary field.

The idea of this paper came to mind in reading A. Stepanov‘s paper [5]. The author of [5]
says that the assertion that the normalizer of a unipotent root subgroup lies in a parabolic
subgroup (Lemma 4.1) “is well known to specialists.” We are sure that this is true. But we
could not find an exact assertion and the proof of such a fact in numerous papers devoted to
Chevalley groups.

On the other hand, the author of the present paper has actually calculated the normalizer
of a short root subgroup in [3] and [4], where the orbits of a Chevalley group acting by
simultaneous conjugation on pairs of unipotent short root subgroups have been described.
But, first, this result was not stated exactly. Second, the description of the normalizer was
carried out in terms of the Bruhat decomposition.

In the present paper we reproduce the calculation of the normalizer of a unipotent short root
subgroup in all details. Separately we also consider the case of the exceptional characteristic.
An analogous description for a unipotent long root subgroup follows immediately.

Now we fix the notation and recall some notions. All details and references can be found in
book [7] and survey [2].

Let Φ be a reduced irreducible root system, and let G = G(Φ,K) be a Chevalley group of
type B�, C�, F4, or G2 over a field K.

Fix an ordering on Φ. Denote by Φ+ and Φ− the corresponding sets of positive and negative
roots. Let Π = {α1, . . . , α�} stand for fundamental roots. Let ρ be the maximal short root.
Note that ρ and the maximal root δ (long root) are dominant roots.

Now Xα = {xα(t) | t ∈ K} is the elementary unipotent root subgroup corresponding to α.
A subgroup X is called a unipotent long root subgroup if it is conjugate to Xδ, and a unipotent
short root subgroup if it is conjugate to Xρ.

The set of all roots strictly larger than ρ is denoted by ρ1, . . . , ρm, where m = �− 1, 1, 3, 2
for Φ = B�, C�, F4, and G2 respectively. Note that all the roots ρi are long roots.

In the usual realization of root systems (see [1]), we have

B� : α1 = e1 − e2, . . . , α�−1 = e�−1 − e�, α� = e�, ρ = e1,

C� : α1 = e1 − e2, . . . , α�−1 = e�−1 − e�, α� = 2e�, ρ = e1 + e2,

F4 : α1 = e2 − e3, α2 = e3 − e4, α3 = e4, α4 =
1
2
(e1 − e2 − e3 − e4), ρ = e1,

G2 : α1 = e1 − e2, α2 = −2e1 + e2 + e3, ρ = −e2 + e3.

Further, ρi = e1 + ei+1, 1 ≤ i ≤ m, for Φ = B� and F4, ρ1 = 2e1 for Φ = C�, and
ρ1 = e1 − 2e2 + e3, ρ2 = −e1 − e2 + 2e3 for Φ = G2.
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Let T = T (Φ,K) be a split maximal torus of G, B = B(Φ,K) be the standard Borel
subgroup corresponding to the given choice of T and Φ+. Now U = U(Φ,K) denotes the
unipotent radical of the Borel subgroup B, V = V (Φ,K) denotes the unipotent radical of
a Borel subgroup opposite to B. By N = N(Φ,K) we denote the subgroup generated by
the torus T and the elements wα(1) (see [7]). Then the quotient group N/T is canonically
isomorphic to the Weyl group W = W (Φ) of the root system Φ. The preimage of each element
w ∈ W in N/T is denoted by nw.

Suppose the element u lies in a unipotent radical U or V . Then u can be written in the
form u =

∏
xα(cα), where the product can be taken in any fixed order. Denote by S(u) the

support of the element u, i.e., the set of roots corresponding to the nonzero coefficients cα of
the decomposition of u.

Recall that the reduced Bruhat decomposition asserts that any element g ∈ G can be
uniquely written in the form g = dunwv, where u, v ∈ U(Φ,K), d ∈ T , and w(α) ∈ Φ− for any
α ∈ S(v).

A set of roots S ⊂ Φ is called closed if α + β ∈ S for all α, β ∈ S such that α + β ∈ Φ.
For a closed set of roots S, we define E(S) = E(S,K) as a subgroup generated by all Xα,
α ∈ S. Each closed set S is a disjoint union of its reductive part Sr and its unipotent part Su,
where Sr = {α ∈ S | − α ∈ S} and Su = {α ∈ S | − α /∈ S}. Then the subgroup E(S) is the
semidirect product of a reductive subgroup E(Sr) and a unipotent subgroup E(Su). Also we
put W (S) = 〈wα | α ∈ S〉.

Let a closed set S contain Π (parabolic set) and the set −Π \ {−αi}. Then Pi = TE(S)
denotes a maximal standard parabolic subgroup.

Theorem 1. Let G = G(Φ,K) be a Chevalley group over the field K. Suppose char K �= 2 in
the case where the root system is of type B�, C�, F4 and char K �= 3 in the case of Φ = G2.
Then the normalizer N(Xρ) = NG(Xρ) is generated by the following subgroups:

(1) T (Φ,K),
(2) Vρ = 〈Xα | α ∈ Φ, (α, ρ) = 0, α + ρ /∈ Φ〉,
(3) Uρ = 〈Xα | α ∈ Φ+, (α, ρ) > 0, α + ρ /∈ Φ〉,
(4) Wρ = 〈wα | α ∈ Φ, (α, ρ) = 0, α + ρ ∈ Φ〉.

Proof. It follows from the Chevalley commutator formula that all the subgroups in the theorem
are contained in N(Xρ). We check that any element g ∈ N(Xρ) is a product of elements that
lie in the listed subgroups.

The short roots of the form ρi − ρ are the only positive roots α such that α+ ρ ∈ Φ. In this
case, the Chevalley commutator formula has the form

[xρ(t), xα(s)] = xρi(nραts), (1)

where nρα = ±2 in the case of Φ = B�, C�, or F4, and nρα = ±3 in the case of Φ = G2.
For the element g ∈ N(Xρ) we write the reduced Bruhat decomposition g = dunwv. Then

the following relation is true:

nwvxρ(t)v−1nw
−1 = u−1xρ(t′)u,

whence
nwxρ(t)

∏

i

xρi(ci)nw
−1 = xρ(t′)

∏

i

xρi(di) (2)

for some ci, di ∈ K. Since ρ is the only short root in the above formula, one has w(ρ) = ρ.
Moreover w(ρi) = ρj . Then w(ρi −ρ) ∈ Φ+. Hence the roots ρi −ρ /∈ S(v). It follows from (2)
that S(u) does not contain the roots of the form ρi − ρ. Now we conclude that S(u) and
S(v) consist of roots α such that α + ρ /∈ Φ. Since w(ρ) = ρ, we have w ∈ W ({ρ}⊥) (see [6,
Lemma 1.18]).
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Divide the set S(u) ∪ S(v) into two subsets: S0 = {α ∈ Φ+ | (α, ρ) = 0} and S1 =
{α ∈ Φ+ | (α, ρ) > 0}. Show that S(v) ⊂ S0. Suppose that α ∈ S(v). Then we have
nwxα(t)n−1

w = xwα(t′), where wα ∈ Φ−. Since ρ is a dominant root, one has (α, ρ) ≥ 0 for any
positive root α. On the other hand, (α, ρ) = (wα,wρ) = (wα, ρ) ≤ 0. Hence (α, ρ) = 0.

Now represent u = u1u2, where u1 ∈ Uρ, u2 ∈ Vρ. Keeping W ({ρ}⊥)S0 = −S0 in mind, we
have wv = v′w, v′ ∈ Vρ and S(v′) ⊂ Φ−.

The group W ({ρ}⊥) is generated by elements of the form wβ , where (β, ρ) = 0 and β+ρ /∈ Φ,
and elements of the form wα, where (α, ρ) = 0 and α + ρ ∈ Φ. The subgroup generated by the
elements of the first type is contained in Vρ. The subgroup generated by the elements of the
second type is an Abelian subgroup Wρ, which normalizes the groups Uρ and Vρ. This implies
the decomposition w = w1w2, where w1 ∈ Vρ, w2 ∈ Wρ, and completes the proof. �

Note that the subgroup Wρ is generated by k elements, where k = � − 1, 1, 3, 0 for Φ = B�,
C�, F4, and G2, respectively. In the case of the root systems B�, C�, and F4, the condition
α + ρ /∈ Φ follows from (α, ρ) > 0. Hence this condition is excessive in the definition of the
group Uρ.

Corollary 1. Let G(Φ,K) be a Chevalley group over the field K. Under the assumptions of
the theorem, we have the following assertions.

(1) The normalizer N(Xρ) is contained in a maximal standard parabolic subgroup Pi, where
αi is a unique fundamental root that is not orthogonal to ρ.

(2) N(Xρ) is not contained in any other standard parabolic subgroup.

Proof. It is easily seen that there is a unique fundamental root αi that is not orthogonal to ρ,
where i =1, 2, 4, 1 for Φ = B�, C�, F4, and G2, respectively. Then the subgroup X−αi does not
lie in the normalizer N(Xρ). At the same time the subgroups Uρ, Wρ, and Vρ are subgroups
of Pi. Thus N(Xρ) ≤ Pi.

On the other hand, for each fundamental root αj �= αi we have one of the following two
cases. If αj + ρ /∈ Φ, then the subgroups Xαj and X−αj are contained in Vρ, and if αj + ρ ∈ Φ,
then wαj ∈ Wρ. This implies the second assertion. �

Decompose the set of roots {ρ}⊥ = {ρ}⊥0 ∪{ρ}⊥1 . The first set {ρ}⊥0 consists of roots α that
are strictly orthogonal to ρ, i.e., (α, ρ) = 0 and α + ρ /∈ Φ. The second set {ρ}⊥1 consists of
roots α that are orthogonal to ρ, but α + ρ ∈ Φ.

The next assertion immediately follows from the theorem and Corollary 1.

Corollary 2. Under the assumptions of Theorem 1, let Pi be a standard maximal parabolic
subgroup in G, where i =1, 2, 4, 1 for Φ = B�, C�, F4, and G2, respectively. Let Pi =
HE(Su)E(Sr). Then

(1) in the case of groups of type B�, C�, and F4, we have

N(Xρ) = HE(Su)E(Sr \ {ρ}⊥1 )W ({ρ}⊥1 );

(2) in the case of groups of type G2,

N(Xρ) = HE(Su \ {α|∠(α, ρ) = π/3})E(Sr \ {ρ}⊥1 )W ({ρ}⊥1 ).

Proof. First we note that the group W ({ρ}⊥) normalizes the groups Uρ and Vρ introduced in
Theorem 1.

Now the set {ρ}⊥ coincides with the set that is generated by the roots Π \ {αi}. In turn,
Π\{αi} = Sr. Therefore, Vρ = E(Sr \{ρ}⊥1 ) and Wρ = W ({ρ}⊥1 ). For root systems of type B�,
C�, and F4, the condition (α, ρ) > 0 means that α + ρ /∈ Φ. Thus in these cases the corollary
is proved.

719



In the case of a root system of type G2, there are two short positive roots α1 and α1 + α2

that are not orthogonal to ρ, and the sum of each of them and ρ is a root as well. Remove these
roots from the unipotent set Su, and we obtain a description of the normalizer for G2. �
Theorem 2. Let G = G(Φ,K) be a Chevalley group over the field K. Suppose char K = 2
in the case of the root system of type B�, C�, F4, and char K = 3 in the case of Φ = G2.
Then the normalizer N(Xρ) coincides with the standard maximal parabolic subgroup Pi, where
i = 1, 2, 4, 1 for Φ = B�, C�, F4, and G2, respectively.

Proof. For the characteristic 2, the right-hand side of relation (1) transforms to the unit
element; therefore all unipotent elements commute with Xρ. Thus, the subgroup U is contained
in N(Xρ) and, moreover, for each α ∈ {ρ}⊥1 the elementary subgroup Xα is contained in N(Xρ).
Now the theorem follows from Corollary 2. �

In conclusion, we state a theorem about the normalizer of a long root subgroup.

Theorem 3. Let G = G(Φ,K) be a Chevalley group over an arbitrary field K.
(1) Suppose Φ �= A�, then the normalizer N(Xδ) = Pi, where i = 2, 1, 2, 1, 2, 2, 1, 8 for

Φ = B�, C�, D�, F4, G2, E6, E7, E8, respectively.
(2) Suppose Φ = A�, then the normalizer N(Xδ) = P1�.

The proof immediately follows from the above proofs and the facts that (1) δ is a maximal
root, (2) the set {δ}⊥1 = ∅.

Translated by V. V. Nesterov.
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