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ON THE ULTRASOLVABILITY OF SOME CLASSES OF
MINIMAL NONSPLIT p-EXTENSIONS WITH CYCLIC
KERNEL FOR p > 2

D. D. Kiselev∗ and I. A. Chubarov† UDC 512.623.32

For any nonsplit p > 2-extension of finite groups with a cyclic kernel and a quotient group with two
generators all the accompanying extensions of which split, there exists a realization of the quotient
group as a Galois group of number fields such that the corresponding embedding problem is ultra-
solvable (i.e., this embedding problem is solvable and has only fields as solutions). Bibliography:
7 titles.

1. Introduction

1.1. The embedding problem associated with an exact sequence of finite groups

1 −−−−→ A −−−−→ G
ϕ−−−−→ F = Gal(K/k) −−−−→ 1

consists of constructing a Galois k-algebra L with group G containing the field K in such
a way that the restriction epimorphism of automorphisms of L to K coincides with ϕ. In
papers [1, 2] the notion of ultrasolvable embedding problem was introduced. Namely, the
embedding problem (K/k, G, ϕ) is ultrasolvable if it is solvable and all of its solutions are fields.
The simplest sufficient condition of ultrasolvability implying that the kernel of the solvable
embedding problem lies in the Frattini group of the covering group is well known (see [3,
Chap. 1, Sec. 6, Corollary 5]). In [1, 2] there are infinite series of examples of ultrasolvable
embedding problems, free of the condition on the Frattini group. In connection with [1, 2],
A. V. Yakovlev posed the problem of group-theoretic ultrasolvability (see [4, Problem 1]): find
necessary and sufficient conditions under which, for a given group extension with Abelian
kernel, there exists a realization of the quotient group as a Galois group of number fields such
that the corresponding embedding problem is ultrasolvable.

In the present paper, we continue studying the Yakovlev problem on the ultrasolvability
of group extensions. Recall that in [4, Theorem 1], this problem was solved for the case of
arbitrary p-extensions odd order with cyclic kernels and Abelian quotient groups. Theorem 1
of the present paper supplements the result of [4, Theorem 1]: namely, we establish that any
minimal nonsplit p-extension (see Sec. 1.2) with cyclic kernel is ultrasolvable for p > 2 if the
quotient group has two generators.

1.2. All the groups considered are assumed to be finite unless otherwise stated. In the paper
the symbol p denotes an odd prime number. The symbol d(F ) stands for the minimal number
of generators of a p-group F . If x and y are elements of a group, then [x, y] = x−1y−1xy; the
symbol xy denotes y−1xy. Let A be a cyclic p-group of order pn and F be a p-group. The
group A can be endowed with the structure of an F -module if we specify a homomorphism
γ : F → AutA. Let the group Im γ be nontrivial; in this case, it is cyclic with a generating
element γ(f), which without loss of generality acts on a generating element a of the group A in
the following way: aγ(f) = a1+pi . In this case, any element of the group H2(F, A) determines
a group extension, which we shall call an extension of the type i.
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Consider a group extension

1 −−−−→ A −−−−→ G
ϕ−−−−→ F −−−−→ 1. (1)

Let a proper subgroup F1 < F be fixed in (1), and let G1 be its full preimage in G with respect
to the epimorphism ϕ. The extension of F1 to G1 with the help of A = ker ϕ obtained in this
way is said to be an accompanying extension of the second kind. Now let a proper subgroup A1

of the kernel A normal in G be fixed in the extension (1). In this case, the epimorphism ϕ
induces an epimorphism ϕ̂ : G/A1 → F with kernel A/A1. The extension obtained is called
an accompanying extension of the first kind. In the sequel by an accompanying extension we
shall mean accompanying extensions of the first and second kind, as well as extensions that
are obtained as a composition: first we pass to an accompanying extension of the second kind
and then we pass from the obtained extension to an accompanying extension of the first kind.

The extension (1) will be called minimal if (1) does not split, but all the accompanying
extensions split.

2. The case d(F ) = 2

2.1. Consider a central minimal p-extension (1) with a cyclic kernel A and a quotient group F
such that d(F ) = 2. By [5, Lemma], the extension (1) is obtained by lifting from the extension
of an elementary Abelian group F0 = 〈b0, c0〉 of rank 2 to G0 with the help of A = 〈a〉, where
the group G0 can be given by the presentation

G0 =
〈

a, b, c | apn = 1, bp = cp = 1, ab = ac = a, [b, c] = apn−1〉

. (2)

We define the epimorphism ϕ0 : G0 → F0 in the following way: ϕ0(a) = 1, ϕ0(b) = b0, and
ϕ0(c) = c0.

Lemma 1. There exists a Galois extension of local fields K0/k with group F0 such that the
problem (K0/k, G0, ϕ0) is ultrasolvable.

Proof. Let k be a local field containing εpn−1 but not containing εpn . We may assume
that n ≥ 2, for otherwise A lies in Φ(G) and then the result stems from [3, Chap. 1,
Sec. 6, Corollary 5]. We define a Galois extension K0/k with group F0 in the following way:
K0 = k( p

√
m1) ⊗k k( p

√
m2), where the elements m1, m2 ∈ k∗ \ k∗p are chosen so that K0 be a

field. We set
p
√

m1
b0 = εp

p
√

m1, p
√

m2
b0 = p

√
m2; p

√
m1

c0 = p
√

m1, p
√

m2
c0 = εp

p
√

m2.

We require that εpn /∈ K0 and find additional conditions on the parameters m1, m2 that ensure
the ultrasolvability of the problem (K0/k,G0, ϕ0). This problem is not Brauer, because εpn /∈ k
and all elementary accompanying Brauer problems are split and thus solvable. Therefore, by [3,
Chap. 3, Sec. 14, Theorem 3.14.1], the problem (K0/k, G0, ϕ0) is solvable. By [2, Theorem 1],
it is sufficient to show the nonsolvability of all maximal adjoined problems.

An arbitrary maximal subgroup of the group G that does not contain A has the form
Hm, s = 〈d, bam, cas〉, where d = ap, the numbers m and s are nonnegative integers and we
have (m, p) = 1 for m > 0 and (s, p) = 1 for s > 0. Note that the problem (K0/k, Hm, s, ϕ0) is
Brauer, and thus its solvability condition consists in the splitting of the algebra (Hm, s×K0)eχ,
where eχ is the idempotent of the group algebra K0〈d〉 corresponding to the generating el-
ement χ of the character group Hom(〈d〉, K∗

0 ). The algebra (Hm, s × K0)eχ contains the
commuting subalgebras Λ1 = 〈bameχ, p

√
m1eχ〉k and Λ2 = 〈cas p

√
m1eχ, p

√
m2eχ〉k generat-

ing (Hm, s × K0)eχ. Moreover, Λ1
∼= k[εm

pn−1 , m1] and Λ2
∼= k[εs

pn−1m1, m2]. Thus, the
algebra (Hm, s × K0)eχ is equivalent in the Brauer group B(k) to the algebra k[m1, m2] ⊗k
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k[εm
pn−1 , m1] ⊗k k[εs

pn−1 , m2]. Suppose that the parameters m1 and m2 satisfy the following
conditions:

k[m1, m2] � Mat(p, k), k[εpn−1 , m1] ∼= k[εpn−1 , m2] ∼= Mat(p, k), εpn /∈ K0, (3)

ensuring the nonsolvability of all adjoined problems considered.
It is easy to show that the elements m1 and m2 with conditions (3) exist. To this end,

we use a well-known fact that the Hilbert symbol of degree p determines in the vector space
k∗/k∗p over the field Fp of dimension r = (k : Qp) + 2 a nondegenerate skew-symmetric form
that admits the reduction to the canonical form in the S. P. Demushkin basis (see [3, Chap. 4,
Sec. 1, 4◦]). Indeed, the vector space has a basis {aj}r

j=1, where a1 = εpn−1 , and

(a1, a2) = (a3, a4) = . . . = (ar−1, ar) = εp;

(a2, a1) = (a4, a3) = . . . = (ar, ar−1) = ε−1
p ,

and on the other pairs of basis elements the Hilbert symbol of degree p is trivial. Then we
may take a3 for m1 and a4 for m2 (more precisely, some preimages of the elements a3 and a4

in k∗). Under this choice of m1 and m2, we have εpn /∈ K0, since the elements a1, a3, and a4

generate in k∗/k∗p a subspace of dimension 3. �
As we noted above, the central extension (1) determined by a class h ∈ H2(F, A) can be ob-

tained by the lifting of the class h0 ∈ H2(F0, A) that determines the group G0 in (2). We show
that the constructed extension K0/k is embedded in a field K with group F , and the problem
(K/k, G, ϕ) is ultrasolvable. First we establish that the extension K0/k can be embedded
in the field K with group F . Since d(F ) = d(F0) = 2, it follows from B. B. Lurie’s result
(see [3, Chap. 4, Sec. 1, Theorem 4.1.2]) and in view of [3, Chap. 3, Sec. 14, Theorem 3.14.1]
that it suffices to show the solvability of all elementary accompanying Brauer problems that
correspond to F -operator characters of the group A. Any such problem is a problem of the
form (K0/k, ˜F, Ψ) for which

˜F =〈ã, ˜b, c̃ | ãpj = 1, ˜bp = ãu, c̃p = ãv, [˜b, c̃]= ãwpj−1
, ã

˜b = ãc̃ = ã〉, (4)

where j < n, because by construction εpn /∈ K0; the parameters u, v, and w are nonnegative
integers which are coprime to p when they are positive; the epimorphism Ψ takes ã to the
unit, ˜b to b0, and c̃ to c0. The relation for the commutator [˜b, c̃] is obtained from the fact that
1 = [˜b, c̃p] = [˜b, c̃]p (we used the conditions ã

˜b = ãc̃ = ã and (w, p) = 1 for w > 0). We show
that w in (4) must necessarily be equal to zero. Indeed, we replace in the presentation (2) a

by â = aw, b by ̂b = bâupn−j−1
, c by câvpn−j−1

(such replacements are well defined, because we
have j < n). Thus in terms of the new generators the group G0 is given by the presentation

G0 = 〈â, ̂b, ĉ | âpn = 1, ̂bp = âupn−j
, ĉp = âvpn−j

, [̂b, ĉ] = âwpn−1
, â

̂b = âĉ = â〉. (5)

There exists a homomorphism μ : ˜F → G0 such that the following diagram commutes:
˜F ˜F

μ

⏐

⏐

� Ψ

⏐

⏐

�

G0
ϕ0−−−−→ F0.

(6)

Indeed, we set μ(ã) = âpn−j
, μ(˜b) = ̂b, μ(c̃) = ĉ. Then the class h0 ∈ H2(F0, A) that deter-

mines (2) becomes trivial under lifting up to the group H2( ˜F , A). Since ˜F is a homomorphic
image of F , the class h0 becomes trivial after lifting to the group H2(F, A). But under such
lifting the class h0 passes to the class h that determines the nonsplit extension (1), a con-
tradiction. Thus, w = 0 in (4). Further we note that all the problems (K0/k, ˜F, Ψ) under
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consideration are solvable if the problems for u = 1, v = 0 and for u = 0, v = 1 are solvable.
For u = 1, v = 0 the problem (K0/k, ˜F, Ψ) admits descent by the subgroup 〈c̃〉 to the embed-
ding problem of the extension k( p

√
m1)/k in a field with group 〈˜b〉. The solvability conditions

of such a problem consist of the triviality of the Hilbert symbol (εpj , m1) of degree p. Since
j < n, with regard to (3) we have (εpj , m1) = 1 for all j < n. For u = 0, v = 1, the problem
(K0/k, ˜F, Ψ) admits descent by the subgroup 〈˜b〉 to the embedding problem of the extension
k( p

√
m2)/k in a field with group 〈c̃〉. The solvability conditions of such a problem consist in

the triviality of the Hilbert symbol (εpj , m2) of degree pj. Since j < n, with regard to (3) we
have (εpj , m2) = 1 for all j < n.

Thus, we have proved that the extension K0/k constructed is embedded in the field K with
group F . Moreover, the problem (K/k, G, ϕ) is solvable since it is obtained by lifting from
the solvable problem (K0/k, G0, ϕ0). We show that the problem (K/k, G, ϕ) is ultrasolvable.

Consider the commutative diagram1

H1( ̂F , A/Φ(A)) κ−−−−→ H2( ̂F, Φ(A)) δ−−−−→ H2( ̂F , A)

β

�

⏐

⏐ λ

�

⏐

⏐
μ

�

⏐

⏐

H1(F, A/Φ(A)) α−−−−→ H2(F, Φ(A))
γ−−−−→ H2(F, A)

β0

�

⏐

⏐
λ0

�

⏐

⏐
μ0

�

⏐

⏐

H1(F0, A/Φ(A)) α0−−−−→ H2(F0, Φ(A))
γ0−−−−→ H2(F0, A),

(7)

where the rows are fragments of the long exact cohomology group sequence and the vertical
arrows are lifting homomorphisms induced by the embedding of the extension K0/k with
group F0 in the extension K/k with group F and in the algebraic closure of the field k with
group ̂F . The extension K0/k was chosen so that the lifting of kernel ker γ0 to the group
H2( ̂F , Φ(A)) by λλ0 be trivial. The homomorphism β0 is a monomorphism, because

H1(F, A/Φ(A)) = Hom(F, A/Φ(A)),

H1(F0, A/Φ(A)) = Hom(F0, A/Φ(A)),
and thus any ν ∈ Hom(F0, A/Φ(A)) such that β0(ν) = 1 is trivial. Therefore, β0 is isomor-
phism, because d(F ) = d(F0).

We show that ker γ becomes trivial under lifting to the group H2( ̂F, Φ(A)). Let x ∈
ker γ. The exactness of the rows of the diagram (7) implies that there exists an element
y ∈ H1(F, A/Φ(A)) such that α(y) = x. Since β0 is an isomorphism, we have y = β0(y0).
The commutativity of (7) implies x = λ0(α0(y0)). Thus any element of ker γ is obtained by
lifting of some element of ker γ0. From the ultrasolvability (see Lemma 1) of the problem
(K0/k, G0, ϕ0) it follows that the lifting of ker γ0 to the group H2( ̂F, Φ(A)) is trivial, and
thus λ(x) = 1.

Note that all the maximal adjoined problems to the problem (K/k, G, ϕ) are in one-to-
one correspondence with elements of ker γ of the diagram (7). Since ker γ becomes trivial
under lifting to the group H2( ̂F , Φ(A)) and the lifting of the class corresponding to the maxi-
mal adjoined problem (K0/k, H0, 0, ϕ0) from Lemma 1 to the group H2(F, Φ(A)) determines
an unsolvable problem, it follows that all the maximal adjoined problems to (K/k, G, ϕ)
are unsolvable, which, in view of [2, Theorem 1], implies the ultrasolvability of the problem
(K/k, G, ϕ).

1It is important to be noted that in the sequel we use only the relation d(F0) = d(F ). The triviality of the
F -module A is not used, as well as the fact that d(F ) = 2.

680



Lemma 2. Let (1) be a minimal central p-extension such that d(F ) = 2. Then (1) is ultra-
solvable.

Proof. For n ≥ 2 the result stems from Lemma 1, the considerations presented above, and [6,
Theorem 1]. For n = 1, the result is trivial by [3, Chap. 1, Sec. 6, Corollary 5]. �

2.2. Consider a p-extension (1) of the type n − 1.

Lemma 3. Let (1) be a minimal p-extension of the type n − 1 such that d(F ) = 2. Then (1)
is ultrasolvable.

Proof. By the result from [5, Lemma], the extension (1) is the lifting from the extension of the
elementary Abelian group F0 = 〈b0, c0〉 of rank 2 to G0 with the help of A = 〈a〉, where the
group G0 can be given by the presentation

G0 =
〈

a, b, c | apn = 1, bp = aupn−1
, cp = avpn−1

, [b, c] = awpn−1
ab = a1+pn−1

, ac = a
〉

, (8)

where u, v, w are nonnegative integers, coprime to p if they are positive. We define the
epimorphism ϕ0 : G0 → F0 in the following way: ϕ0(a) = 1, ϕ0(b) = b0, and ϕ0(c) = c0. We
may assume that n ≥ 2, for otherwise A ≤ Φ(G) and then the required result is obtained
from [3, Chap. 1, Sec. 6, Corollary 5].

First we simplify the presentation (8). Namely, let ̂b = ba−upn−2
. Then straightforward

computation shows that ̂bp = 1. Further,

[̂b, c] = aupn−2
b−1c−1ba−upn−2

c = [b, c],

because ac = a. Therefore, we may assume in (8) that u = 0. Now let ĉ = ca−vpn−2
, then

ĉp = 1. On the other hand, for n > 2

[b, ĉ] = b−1avpn−2
c−1bca−vpn−2

= [b, c]avpn−2+n−1
= [b, c],

and for n = 2 we have [b, ĉ] = a(v+w)pn−1
. In any case, in (8) one may assume that u = v = 0,

and w is coprime to p. Finally, replacing a by â = aw, we can set w = 1.
Let k be a local field containing εpn−1 but not containing εpn . Define a Galois extension

K0/k with group F0: K0 = k( p
√

m1) ⊗k k( p
√

m2), where the elements m1, m2 ∈ k∗ \ k∗p are
chosen in such a way that K0 is a field. We set

p
√

m1
b0 = εp

p
√

m1, p
√

m2
b0 = p

√
m2; p

√
m1

c0 = p
√

m1, p
√

m2
c0 = εp

p
√

m2.

We require that εpn /∈ K0. In this case, the problem (K0/k, G0, ϕ0) is not Brauer, and thus,
by [3, Chap. 3, Sec. 14, Theorem 3.14.1], for solvability of the indicated problem it is necessary
and sufficient that all the elementary accompanying Brauer problems be solvable. But all these
problems are split and thus solvable. Note that any maximal adjoined problem (K0/k, H0, ϕ0)
is Brauer, and H0 is a central extension of F0 with the help of Φ(A). For this reason, for H0 =
〈ap, b, c〉 we can apply arguments of Lemma 1, by which the unsolvability condition for the
problem (K0/k, H0, ϕ0) is (m1, m2) �= 1, where ( · , · ) is the Hilbert symbol of degree p. Now
we study the behavior of ker γ0 of the homomorphism γ0 : H2(F0, Φ(A)) → H2(F0, A) from
the diagram (7). It is clear that ker γ0 is an elementary Abelian group, because ker γ0 = Im α0

and
H1(F0, A/Φ(A)) = Hom(F0/Φ(F0), A/Φ(A)).

We find conditions under which ker γ0 becomes trivial under lifting to the group H2( ̂F, Φ(A))
in the diagram (7). With regard to the presentation (8) it is sufficient to consider two extensions

G1 = 〈d, κ, c | dpn−1
= 1, κ

p = d, cp = 1, [κ, c] = 1, dκ = d, dc = d〉, (9)
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where d = ap and κ = ba, and

G2 = 〈d, b, κ | dpn−1
= 1, bp = 1, κ

p = d, [b, κ] = d−pn−2
, db = d, dκ = d〉, (10)

where d = ap and κ = ca.
We study the solvability conditions of the problem (K0/k, G1, ϕ0). Such a problem admits

descent by the subgroup 〈c〉 to the equivalent embedding problem of the extension k( p
√

m1)/k
in a field with cyclic group 〈κ〉. The solvability conditions of such a problem lie in the triviality
of the Hilbert symbol (εpn−1 , m1) of degree p.

Now we study the solvability conditions of the problem (K0/k, G2, ϕ0). It is easy to see2

(in view of the obstruction already computed for the solvability of the problem (K0/k, H0, ϕ0))
that required obstruction has the form (ε−1

pn−1 ,m2)(m1,m2), which is equivalent to
(m2, εpn−1)(m1,m2).

Thus, the ultrasolvability conditions for the problem (K0/k, G0, ϕ0) are

(m1, m2) �=1, (εpn−1 , m1)=1, (m2, εpn−1)(m1, m2)=1; εpn /∈K0. (11)

Show that one can choose the values of the parameters m1, m2 ∈ k∗, satisfying conditions (11).
Consider the vector space k∗/k∗p of dimension r = (k : Qp) + 2 over the field Fp once again
and choose a Demushkin basis {aj}r

j=1 (see [3, Chap. 4, Sec. 1, 4◦]) with the properties

(a1, a2) = (a3, a4) = . . . = (ar−1, ar) = εp;

(a2, a1) = (a4, a3) = . . . = (ar, ar−1) = ε−1
p ,

and on the other pairs of basis elements the Hilbert symbol of degree p is trivial. Moreover,
a1 = εpn−1. In an arbitrary way we take preimages {âj}r

j=1 ⊂ k∗ of the elements {aj}r
j=1, but

we choose â1 = εpn−1 . We set m1 = â3 and m2 = â2â4. Then (εpn−1 , m1) = 1, (m1, m2) = εp,
and (m2, εpn−1) = ε−1

p ; here it is easy to see that εpn /∈ K0 under such a choice of the
parameters m1, m2: otherwise the elements a1, a3, a2a4 would generate in k∗/k∗p a subspace of
dimension 2, which contradicts the choice of the elements {aj}r

j=1. Thus, all the conditions (11)
are fulfilled.

We show that the extension K0/k is embedded in the field K with group F . Since3, by the
result of Lur’e [3, Chap. 4, Sec. 1, Theorem 4.1.2], and by [3, Chap. 3, Sec. 14, Theorem 3.14.1],
the solvability conditions of such a problem are solvability conditions of all elementary accom-
panying Brauer problem corresponding to F -operator characters of the group A, it follows
that, in view of εpn /∈ K0, it is sufficient to consider the problems of the form (K0/k, ˜F, Ψ),
where ˜F is given by the presentation (4). Recall that

˜F =
〈

ã,˜b, c̃ | ãpj = 1, ˜bp = ãu, c̃p = ãv, [˜b, c̃] = ãwpj−1
, ã

˜b = ãc̃ = ã
〉

, (12)

the parameters u, v, w are nonnegative integers coprime to p if they are positive; the epimor-
phism Ψ: ˜F → F0 acts on the generators in the following form: Ψ(ã) = 1, Ψ(˜b) = b0, Ψ(c̃) = c0.
Note that j < n by the choice of the extension K0/k and ˜F is a homomorphic image of F .
Moreover, the parameters m1 and m2 of the extension K0/k satisfy conditions (11).

If v = w = 0, then carrying out descent by the subgroup 〈c̃〉, we obtain the problem of
embedding of the extension k( p

√
m1)/k in a field with cyclic group of order pj+1. Its solvability

conditions consist of the triviality of the Hilbert symbol (εpj , m1) of degree p. But for j < n−1
this condition is fulfilled, because εpn−1 ∈ k. For j = n − 1, the triviality of the symbol
(εpn−1 , m1) is ensured by conditions (11). However, in the sequel in some “special” cases we
shall not be able to show the solvability of the problem (K0/k, ˜F, Ψ), but in these cases a

2For convenience, we replace in (10) the generator d by d−1.
3We have d(F0) = d(F ) = 2.
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contradiction will arise with nonsplitting of the initial extension (1) (and thus the “special”
cases will not occur): in these cases we construct a homomorphism μ : ˜F → G0 satisfying the
commutativity conditions of the diagram (6), and in all such cases we shall have μ(ã) = apn−j

,
μ(˜b) = b, μ(c̃) = c. If u �= 0, then, in view of n − 1 − j ≥ 0, in the presentation (8) we can
make first the change ̂b = ba−upn−2

(and we shall have ̂bp = 1 and [̂b, c] = [b, c]), and then

the change b = ̂baupn−1−j
(and we shall have b

pn−i

= aupn−j
and [b, c] = [̂b, c]) As we shall see

below, this implies that the homomorphism μ is well defined in all “special” cases.
In particular, this means that, without loss of generality, we may assume that u = 0: by

what we have proved, the class of the cocycle ˜h of the extension (12) for v = w = 0 splits under
lifting to the group H2( ̂F, 〈ã〉), and we multiply the class of the cocycle of the extension (12)
by ˜h−1 and shall consider the extension obtained.

Let u = v = 0 but w �= 0 in (12). But then we can define the homomorphism μ : ˜F → G0,
where G0 is given by the presentation (8) for u = v = 0 in the following way: μ(ã) = apn−j

,
μ(˜b) = b, and μ(c̃) = c. It is easy to see that μ is well defined and makes the diagram (6)
commutative. This means that the lifting of the class h0 ∈ H2(F0, A) that determines the
extension (8) to the group H2( ˜F , A) is trivial. But then the initial extension (1) splits,
because ˜F is a homomorphic image of F .

Now let u = 0 but v �= 0 in (12). But if u = w = 0 and v �= 0, then in the presentation (8)
for u = v = 0 we make the change ĉ = cav. Then ĉp = avp and [b, ĉ] = [b, c]a−vpn−1

= 1 if we
change the generator a beforehand. For j = n−1 this yields a contradiction: we can, as above,
to define the homomorphism μ : ˜F → G0 with the commutativity conditions of the diagram (6).
Now we assume that in (12) j = n − 1, u = 0, v �= 0, w �= 0. First let w + v �≡ 0(mod p). In
this case, consider the presentation (8) with bp = cp = 1, and [b, c] = a(w+v)pn−1

. We make
the change ĉ = cav. Then ĉp = avp, and [b, ĉ] = awpn−1

, because j = n − 1. As above, we can
define the homomorphism μ : ˜F → G0 with the commutativity condition for the diagram (6).
If w + v ≡ 0(mod p), then, since ãpj = 1 and [˜b, c̃] = ãwpj−1

, we may set w = −v. But then
the problem (K0/k, ˜F, Ψ) is solvable, because it is an accompanying problem to the solvable
problem (K0/k, G2, ϕ0) (the group G2 is given by the presentation (10)).

Let j < n − 1. First we consider the case u = w = 0 and v �= 0. In this case, we can
carry out descent in the problem (K0/k, ˜F, Ψ) by the subgroup 〈˜b〉, and we get an equivalent
problem of embedding of the extension k( p

√
m2)/k in a field with cyclic group of order pj+1.

The solvability conditions of such a problem consist in the triviality of the Hilbert symbol
(εpj , m2) of degree p. Since j < n− 1 and εpn−1 ∈ k, it is necessary that (εpj , m2) = 1. Thus,
for j < n − 1 we may assume that u = 0 and w �= 0. If in addition v = 0, then, as above,
there exists a well-defined homomorphism μ : ˜F → G0 with the commutativity condition of
the diagram (6): it suffices to give G0 by the presentation (8) for u = v = 0 and to set
μ(ã) = apn−j

, μ(˜b) = b, μ(c̃) = c. Finally, let we have v �= 0 and w �= 0 for j < n − 1. Then in
the presentation (8) for u = v = 0 we make the change ĉ = cavpn−j−1

. With regard to j < n−1,
we get ĉp = avpn−j

and [b, ĉ] = [b, c]. Thus, there exists a homomorphism μ : ˜F → G0, defined
above, such that the diagram (6) is commutative.

Thus, we have proved that the problem (K0/k, G0, ϕ0) is ultrasolvable, and K0/k is embed-
ded in the field K with group F . But since d(F ) = d(F0), we can apply the arguments based
on analysis of the diagram (7), and thus the problem (K/k, G, ϕ) is ultrasolvable. Finally,
by [6, Theorem 1], the extension (1) is ultrasolvable. �

2.3. Now we consider the case where the minimal p-extension (1) is of the type i < n − 1.
By [5, Lemma], the extension (1) is obtained by the lifting from the extension A = 〈a〉 up

683



to G0 with the help of an Abelian group F0 = 〈b0, c0〉, where

G0 =
〈

a, b, c | apn = 1, bpn−i
= aupn−1

, cp = avpn−1
, [b, c] = awpn−1

ab = a1+pi , ac = a
〉

, (13)

and |b0| = pn−i and |c0| = p. Consider the epimorphism ϕ0 : G0 → F0 with kernel A, and
ϕ0(b) = b0, ϕ0(c) = c0.

Lemma 4. There exists a Galois extension of local fields K0/k with group F0 such that the
problem (K0/k, G0, ϕ0) is ultrasolvable.

Proof. Let k be a local field containing εpi but not containing εpi+1. We realize the group F0

as the Galois group of the extension K0/k in such a way that εpn−1 ∈ K0 and the element b0

acts on εpn−1 as raising to the power 1 + pi, which agrees with (13), and εpn /∈ K0. Using [3,
Chap. 1, Sec. 6, Corollary 5] once again, we may assume that n ≥ 2.

The Galois group D of the maximal p-extension of the field k (the Demushkin group) as
a pro-p-group is generated by elements {xj}r

j=1, where r = (k : Qp) + 2, satisfying the only
relation (see [7, Theorem])

xpi

1 [x−1
1 , x−1

2 ][x−1
3 , x−1

4 ] . . . [x−1
r−1, x−1

r ] = 1. (14)

As a preliminary, we put the presentation (13) in a more convenient form. Namely, first we
consider the change ĉ = ca−vpn−2

. We have ĉp = 1 and [b, ĉ] = awpn−1
for i > 1; for i = 1 we

get [b, ĉ] = a(w+v)pn−1
.

Next we make the change ̂b = ba−upi−1
. It is immediately verified that ̂bpn−i

= 1 and
[̂b, c] = [b, c]. Thus, in (13) one may assume that u = v = 0, (w, p) = 1. Indeed, this is
obvious for i > 1. For i = 1 if w + v ≡ 0(mod p), then the extension (13) splits. We set w̃ = w

for i > 1 and w̃ = w+ v for i = 1. Finally, making the change c̃ = ĉaw̃pn−i−1
, we get (replacing

if necessary the generator a) the final presentation

G0 =
〈

a, b, c | apn = 1, bpn−i
= 1, cp = apn−i

, [b, c] = 1ab = a1+pi , ac = a
〉

, (15)

with which we shall work.
Define the epimorphism Ψ: D → G0 in the way

Ψ(x1) = c−1, Ψ(x2) = b−1, Ψ(x3) = a−1,

Ψ(x4) = b−pn−i−1
, Ψ(xj) = 1 for any j > 4.

(16)

We show that Ψ is well defined. To this end, we verify relation (14). We have

c−pi [c, b][a, bpn−i−1
] = a−pn−1

[a, bpn−i−1
]

= a−pn−1
a−1a(1+pi)p

n−i−1

= a−pn−1
a−1a1+pn−1

= 1.

Thus, Ψ is a well-defined epimorphism of the group D onto G0. We set ψ = ϕ0Ψ. The epimor-
phism ψ : D → F0 determines a Galois extension K0/k with group F0, and by construction
the problem (K0/k, G0, ϕ0) is solvable. We show that (K0/k, G0, ϕ0) is ultrasolvable. As-
sume the contrary. We obtain the existence of a homomorphism ˜Ψ: D → G0, which is not an
epimorphism, such that ψ = ϕ0

˜Ψ. But then

˜Ψ(x1) = c−1au, ˜Ψ(x2) = b−1av, ˜Ψ(x3) = aw, ˜Ψ(x4) = b−pn−i−1
az, (17)

and the homomorphism ˜Ψ takes to 1 all the commutators [x−1
j , x−1

j+1] for j > 4. Moreover,
w ≡ 0(mod p) in (17), for otherwise ˜Ψ is an epimorphism. The homomorphism ˜Ψ must transfer
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relation (14) to 1. But we have

(c−1au)p
i
[a−uc, a−vb]

[

a−w, a−zbpn−i−1
]

= a−pn−1
aupi(c−1aub−1ca−ub)

(

awa−w(1+pi)p
n−i−1)

= a−pn−1
aupi [c, b]a−upi = a−pn−1 �= 1,

where we used the fact that a−wpn−1
= 1 and also [c, b] = 1, which follows from the presen-

tation (15). Thus, the homomorphism ˜Ψ does not exist and the problem (K0/k, G0, ϕ0) is
ultrasolvable. �
Remark 1. It is clear that the ultrasolvable problem (K0/k, G0, ϕ0) constructed in Lemma 4
must not be Brauer, but all maximal adjoined problems must be Brauer: if (K0/k, G0, ϕ0)
is Brauer, then it is equivalent to a certain maximal adjoined problem; if some maximal
adjoined problem is not Brauer, it is solvable (see [3, Chap. 3, Sec. 14, Theorem 3.14.1]).
Therefore εpn−1 ∈ K0, and the element b0 of the group F0 acts on εpn−1 as raising to the power
1 + pi. Thus, the field K0 has the form4 k(εpn−1)( p

√
εpn−1m1) ⊗k k( p

√
m2) for some elements

m1, m2 ∈ k∗, and

Gal(k(εpn−1)( p
√

εpn−1m1)) = 〈b0〉, Gal(k( p
√

m2)) = 〈c0〉.
In what follows we shall need the result given in the lemma below.

Lemma 5. The field K0 constructed in Lemma 4 satisfies the following condition: either
εpn /∈ K0, or m1 ∈ k∗p. In the latter case, b0 acts on εpn as raising to the power 1+pi + zpn−1

for some integer z �≡ 0(mod p).

Proof. Recall that the extension K0/k constructed in Lemma 4 is determined by the epimor-
phism ψ : D → F0, where D be the Demushkin group of the field k and ψ = ϕ0Ψ. Since
F0 is Abelian, it follows that ψ induces an epimorphism ̂ψ : D/D′ → F0; the group D/D′ is
the Galois group of the maximal Abelian p-extension of the field k with generators {xj}r

j=1

and the relation xpi

1 = 1. We also recall that K0 = k(εpn−1)( p
√

εpn−1m1) ⊗k k( p
√

m2) for some
m1, m2 ∈ k∗. Assume that εpn ∈ K0. In this case, there are integers u and v such that

εpn−1 = (εpn−1m1)umv
2x

p (18)

for an element x ∈ k(εpn−1)∗. We clarify how the element c0 acts on εpn . Since K0 is a field, the
element c0 leaves x from (18), as well as the element p

√
εpn−1m1, fixed. On the other hand, (16)

and the relation ψ = ϕ0Ψ imply that ψ(x1) = c−1
0 . Since the relation xpi

1 = 1 holds in D/D′,
it follows (since F0 is a p-group) that the action of ψ(x1) on εpn can be identified with the
local Artin symbol θk(εpi) (in view of the local theory of class fields). Thus, the element c0

acts on εpn as the symbol θk(ε−1
pi

). Note that

(θk(εpi))(εpn) = εpn . (19)

Indeed, consider the problem of embedding of the extension k(εpn)/k in a field with cyclic
group of order pn. Since εpi ∈ k, this problem is Brauer. Moreover, it is solvable: the field
k(εpn+i) is a solution. The solvability condition of such a problem is that the element εpi is a
norm with respect to the extension k(εpn)/k, but this condition is equivalent to (19).

Thus the element c0 leaves εpn fixed. In this case, (18) implies that v ≡ 0(mod p). In par-
ticular, without loss of generality we may assume that εpn ∈ k(εpn−1)( p

√
εpn−1m1). Therefore

we may suppose m1 = 1.
4We use the fact that the Brauer problem of the embedding of k(εpn−1)/k in a field with cyclic group

of order pn−i is solvable: for example, k(εpn) is a solution; all the solutions of the problem have the form
k(εpn−1)( p

√
εpn−1m1) by [3, Chap. 3, Sec. 1].
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Consequently, under the assumption that εpn ∈ K0 we have K0 = k(εpn) ⊗k k( p
√

m2). We
clarify how the element b0 acts on εpn . By Remark 1, we have εb0

pn−1 = ε1+pi

pn−1 . In addition,

εb0
pn �= ε1+pi

pn by Remark 1. Since εpn is a root of the polynomial xp−εpn−1 , we have εb0
pn = εw

p ε1+pi

pn

for some w �≡ 0(mod p), i.e., one may consider that

εb0
pn = ε1+pi+zpn−1

pn , z �≡ 0(mod p). (20)

�
Remark 2. Remark 1 implies that the extension (13) given by a class h0 ∈ H2(F0, A),
where F0 is realized as the Galois group of the extension K0/k constructed in Lemma 4,
uniquely determines a class ̂h0 ∈ H2(F0, Φ(A)) modulo ker γ0 of the diagram (7); by Lemma 4,
to the class ̂h0 corresponds an unsolvable maximal adjoined problem. Moreover, all the el-
ements of ker γ0 of the diagram (7) become trivial under lifting to the group H2( ̂F , Φ(A)):
for otherwise there is an element x ∈ ker γ0 such that λ(λ0(x)) �= 1. Since, by the con-
struction of the extension K0/k, the element x determines a Brauer embedding problem, it
follows that to the condition λ(λ0(x)) �= 1 there corresponds (since in the diagram (7) even in
the case where A is a nontrivial F0-module, we have ker γ0 = Im α0 and H1(F0, A/Φ(A)) =
Hom(F0/Φ(F0)), A/Φ(A)) an obstruction in the form of the Hilbert symbol of degree p – over
a local field, any central simple finite-dimensional algebra is cyclic. Since λ(λ0(x)) �= 1 by
assumption, the Hilbert symbol mentioned above is nontrivial, and thus its appropriate power
determines an inverse element to the obstruction to the solvability of the Brauer problem with
class ̂h0. Thus, if λ(λ0(x)) �= 1, then we can construct a solvable maximal adjoined problem
to (K0/k, G0, ϕ0), which contradicts Lemma 4.

Thus, the extension K0/k constructed in Lemma 4 is such that ker γ0 becomes trivial under
lifting to the group H2( ̂F , Φ(A)). Analyzing the diagram (7) with regard to d(F ) = d(F0),
we derive that ker γ becomes trivial under lifting to the group H2(̂F, Φ(A)): in the analysis of
the diagram (7) we did not use the triviality of A as an F -module, because in any case

H1(F0, A/Φ(A)) = Hom(F0/Φ(F0), A/Φ(A))

and
H1(F, A/Φ(A)) = Hom(F/Φ(F ), A/Φ(A)).

Remark 3. We clarify the question of what embedding problems correspond to the generating
elements of ker γ0 in the diagram (7) in the context of Lemma 4 and Remark 2. In view of the
presentation (13), the generating elements of ker γ0 are given by the following presentations:

G1 =
〈

d, κ, c | dpn−1
= 1, κ

pn−i
= dpn−i−1

, cp = 1, [κ, c] = 1, dκ = d1+pi , dc = d
〉

, (21)

where d = ap and κ = ba, and

G2 =
〈

d, b, κ | dpn−1
= 1, bpn−i

= 1, κp = d, [b, κ] = d−pi−1
, db = d1+pi , dκ = d

〉

, (22)

where d = ap and κ = ca.
Lemma 4 asserts (in view of Remark 2) that (K0/k, G1, ϕ0) and (K0/k, G2, ϕ0) are solv-

able. We shall need an explicit condition of solvability of the problem (K0/k, G1, ϕ0) in terms
of elements m1, m2 ∈ k∗ that determine the field K0 by Remark 1. Note that the prob-
lem (K0/k, G1, ϕ0) admits descent by the subgroup 〈c〉 to an equivalent embedding problem.
The presentation (21) implies that the solvability conditions of the problem obtained from
(K0/k, G1, ϕ0) by descent by the subgroup 〈c〉 is the representation of the element εpi as a
norm with respect to the extension k(εpn−1)( p

√
εpn−1m1)/k. It is clear that εpi is a norm with

respect of the extension k(εpn−1)/k, because the extension k(εpn−1)/k is embedded in the field
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k(εpn−1+i). For this reason, the solvability conditions of the problem (K0/k, G1, ϕ0) are equiv-
alent to the triviality of the action of the local Artin symbol θk(εpi) on p

√
εpn−1m1. It is obvious

that θk(εpi) leaves εpn fixed, and thus the required conditions imply that θk(εpi)( p
√

m1) = p
√

m1,
i.e., the Hilbert symbol (εpi , m1) of degree p must be trivial.

Thus, (εpi , m1) = 1 is a solvability condition for the problem (K0/k, G1, ϕ0).

Lemma 6. Let the minimal p-extension (1) be an extension of the type i < n−1 and d(F ) = 2.
Then (1) is ultrasolvable.

Proof. By Remark 2, Lemma 4, and [5, Lemma], it is sufficient to show that the extension
K0/k constructed in Lemma 4 is embedded in the field K with group F : indeed, in this case
the problem (K/k, G, ϕ) is ultrasolvable, and then, by [6, Theorem 1], the extension (1) is
also ultrasolvable.

Since d(F ) = d(F0), by [3, Chap. 4, Sec. 1, Theorem 4.1.2] it suffices to prove the solvability
of all elementary accompanying Brauer problems corresponding to F -operator characters of
the kernel. Any such problem is a problem (K0/k, ˜F, ˜Ψ), where the group ˜F for j < n is
given by the presentation5

˜F = 〈ã, ˜b, c̃ | ãpj = 1, ˜bpn−i
= ãupm , c̃p = ãvps , [˜b, c̃] = ãwpt, ã

˜b = ã1+pi , ãc̃ = ã〉, (23)

the parameters u, v, w are nonnegative integers that are coprime to p if they are positive; the
parameters m, S, t are nonnegative integers lesser than j; the epimorphism ˜Ψ: ˜F → F0 acts
on the generators in the following way: ˜Ψ(ã) = 1, ˜Ψ(˜b) = b0, ˜Ψ(c̃) = c0. Note that j < n + 1
by the choice of the extension K0/k. Moreover, the case j = n is possible, by Lemma 5, only
if K0 = k(εpn) ⊗ k( p

√
m2) and b0 acts on εpn precisely in the way indicated in (20). We also

note that ˜F is a homomorphic image of F . Moreover, the extension K0/k is such that the
problems (K0/k, G1, ϕ0) and (K0/k, G2, ϕ0) associated with the presentations (21) and (22)
from Remark 3 are solvable. We show that in the above assumptions on the extension K0/k,
all the problems of the form (K0/k, ˜F, ˜Ψ) are solvable.

Step 1. First let j ≤ i in (23). Then ˜F is a central extension of 〈˜b〉 with the help of 〈ã〉. First
suppose s > 0; then consider the change ĉ = c̃ã−vps−1

, whence ĉp = 1. Moreover, [˜b, ĉ] = [˜b, c̃].
Thus, for s > 0 we may assume that v = 0. Next, for s > 0 we have6

1 = [˜b, c̃p] = [˜b, c̃]p = ãwpt+1
,

whence either w = 0 or w �= 0 and t = j − 1. If v = w = 0, then it suffices to show the
solvability of the problem (K0/k, ˜F, ˜Ψ) for m = 0. But then, carring out descent by the
subgroup 〈c̃〉, we obtain the problem of embedding of the extension k(εpn−1)( p

√
εpn−1m1) in a

field with cyclic group of order pn−i+j. Its solvability conditions imply that the element εpj

must be represented as a norm with respect to the extension k(εpn−1)( p
√

εpn−1m1)/k. Arguing
as in Remark 3, we obtain an equivalent condition: the Hilbert (εpj , m1) symbol of degree p
must be trivial. But for j < i this condition is fulfilled, because εpi ∈ k. In the case j = i, by
Remark 3 we obtain a solvability condition for the problem (K0/k, G1, ϕ0), which is fulfilled
by the construction of the extension K0/k. Moreover, in the sequel in some “special” cases
we shall not be able to show the solvability of the problem (K0/k, ˜F, ˜Ψ), but in these cases
a contradiction will arise with the fact that the initial extension (1) does not split (therefore,
“special” cases will not arise): in these cases, we shall construct a homomorphism μ : ˜F → G0

satisfying the commutativity conditions of the diagram (6), and in all these cases we shall have
μ(ã) = apn−j

, μ(˜b) = b, μ(c̃) = c. If u �= 0, then, in view of i−j+m ≥ 0, in the presentation (13)
5For j = n the group ˜F is given by the presentation (29).
6We have already assumed that v = 0.
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we first can make the change ̂b = ba−upi−1
(we have ̂bpn−i

= 1 and [̂b, c] = [b, c]) and then

the change b = ̂baupm−j+i
(here we have b

pn−i

= aupn−j+m
and [b, c] = [̂b, c]). As we shall see

below, this ensures the correctness of the homomorphism μ in all “special” cases.
In particular, this means that we may suppose u = 0 without loss of generality.
In (23), let u = v = 0 and w �= 0; moreover, let t = j − 1. Then we can define the

homomorphism μ : ˜F → G0, where G0 is given by the presentation (13), for u = v = 0
in the following way: μ(ã) = apn−j

, μ(˜b) = b, and μ(c̃) = c. It is easy to see that the
homomorphism μ is well defined and the diagram (6) commutes. This means that the lifting
of the class h0 ∈ H2(F0, A) determining the extension (13) up to the group H2( ˜F , A) is trivial.
Then the initial extension (1) is semidirect, because ˜F is a homomorphic image of F .

Now let u = s = 0 and v �= 0 in (23). In any case [˜b, c̃p] = 1, because j ≤ i, i.e., either
w = 0 or w �= 0 and t = j − 1. If u = w = s = 0 and v �= 0, then we recall that the group G0

can be given by the presentation (15) (we replace in (15) the generator a by av). For j = i

this yields a contradiction: as above, one can define the homomorphism μ : ˜F → G0 in such a
way that the diagram (6) commutes. Now assume that in (23) j = i, u = s = 0, v �= 0, w �= 0,
and t = j − 1. First let w + v �≡ 0(mod p). In this case, we consider the presentation (13) with
bpn−i

= cp = 1 and [b, c] = a(w+v)pn−1
. We make the change ĉ = cavpn−j−1

. Then ĉp = avpn−j

and [b, ĉ] = awpn−1
, because j = i. As above, we can define the homomorphism μ : ˜F → G0

making the diagram (6) commutative. If w + v ≡ 0(mod p), then , in view of the relations
ãpj = 1 and [˜b, c̃] = ãwpj−1

, we may put w = −v. But then the problem (K0/k, ˜F, ˜Ψ)
is solvable, because it is an accompanying problem to the solvable (by Remark 3) problem
(K0/k, G2, ϕ0) (the group G2 given by the presentation (22)).

Let j < i. First consider the case where u = s = w = 0 and v �= 0. In this case, we can
perform descent by the subgroup 〈˜b〉 and obtain an equivalent problem of embedding of the
extension k( p

√
m2)/k in a field with cyclic group of order pj+1. The solvability conditions of

such a problem consist in the triviality of the Hilbert symbol (εpj , m2) of degree p. Since j < i
and εpi ∈ k, we have (εpj , m2) = 1. Thus, for j < i we may assume that u = s = 0, t = j − 1,
w �= 0. As above, for v = 0 there exists a well-defined homomorphism μ : ˜F → G0 for which the
diagram (6) is commutative: it suffices to determine G0 by the presentation (13) for u = v = 0
and to put μ(ã) = apn−j

, μ(˜b) = b, μ(c̃) = c. Finally, let u = s = 0, v �= 0, and w �= 0 for j < i.
Then in the presentation (13) for u = v = 0 we make the change ĉ = cavpn−j−1

. Since j < i,
we get ĉp = avpn−j

and [b, ĉ] = [b, c]. Thus, there exists a homomorphism μ : ˜F → G0 defined
above for which the diagram (6) is commutative.

Step 2. Now consider the case i < j < n in (23). Then it is easy to see that m ≥ j−i in (23),
because the condition ˜b−1ãupm

˜b = ãupm must be valid. Consider the class ˜h ∈ H2(F0, 〈ã〉)
determining the extension (23) for v = w = 0. This class is obtained by lifting the class that
determines the Brauer7 embedding problem of the extension

k(εpn−1)( p
√

εpn−1m1)/k

in a field with group N given by the presentation

N =
〈

ã, ˜b | ãpj = 1, ˜bpn−i
= ãupm, ã

˜b = ã1+pi
〉

. (24)

The solvability conditions of this problem are the representation of εpj−m as a norm with
respect to the extension k(εpn−1)( p

√
εpn−1m1)/k. Since εpj−m is a norm with respect to the

extension k(εpn−1)/k, the required conditions consist in the triviality of the action of the Artin
symbol θk(εpj−m) on p

√
εpn−1m1. But on the element εpn the symbol θk(εpj−m) acts trivially,

7Because m ≥ j − i and εpi ∈ k.
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and thus the required conditions consist in the triviality of the Hilbert symbol (εpj−m , m1) of
degree p. This condition is fulfilled for m > j − i in view of εpi ∈ k, and for m = j − i in
view of the solvability of the problem (K0/k, G1, ϕ0) from Remark 3, where G1 is given by
the presentation (21).

Thus, for i < j < n we can multiply the class of the cocycle of the extension (23) by the class
˜h−1 that determines a solvable problem. In what follows, in some “special” cases we cannot
show the solvability of the problem (K0/k, ˜F, ˜Ψ), but in these cases a contradiction arises with
the fact that the initial extension (1) does not split (and thus “special” cases will not occur):
in these cases we shall construct the homomorphism μ : ˜F → G0 such that the diagram (6)
commutes, and in all these cases μ(ã) = apn−j

, μ(˜b) = b, μ(c̃) = c. If u �= 0, then, in view
of m ≥ j − i, in the presentation (13) we can first make the change ̂b = ba−upi−1

(and thus
̂bpn−i

= 1 and [̂b, c] = [b, c]), and then the change b = ̂baupm−j+i
(and thus b

pn−i

= aupn−j+m

and [b, c] = [̂b, c]); as we shall see below, this will ensure the fact that μ is well defined in all
“special” cases.

Thus, without loss of generality, we may assume that u = 0 in (23). If v = 0 in (23), then
[˜b, c̃p] = 1. Since [˜b, c̃p] = [˜b, c̃]p = ãwpt+1

, we have t = j − 1 in this case, because one may
consider w �= 0 for u = v = 0. In this case, the homomorphism μ : ˜F → G0 defined above
is well defined: in the presentation (13) one may set u = v = 0 without loss of generality
and, moreover, the diagram (6) is commutative. Consequently, the class h0 ∈ H2(F0, A) of
the extension (13) becomes trivial under lifting to the group H2( ˜F, A), which is impossible,
because ˜F is a homomorphic image of F and the extension (1) is nonsplit.

Let v �= 0 in (23). Then, on the one hand, [˜b, c̃p] = [˜b, c̃]p = ãwpt+1
, and [˜b, c̃p] = [˜b, ãvps ] =

ã−vps+i
on the other. Thus, we obtain

ãwpt+1
= ã−vps+i

. (25)

Let s > 0. Make the change ĉ = c̃ãvps−1
in (23). Then we get ĉp = 1 and

[˜b, ĉ] = ãwpt+vps−1+i
. (26)

If in addition w = 0, then from (25) we get s+ i ≥ j, i.e., the extension (23) is either trivial or
s+ i−1 = j−1. Then we arrive at the situation considered above. If w �= 0, then (25) implies
that either t = j − 1 and s + i ≥ j, which, in view of (26), yields either the trivial extension
in (23) (for s + i − 1 = j − 1 and v + w ≡ 0(mod p)) or the considered situation (for s + i > j
or for s + i − 1 = j − 1 and w + v �≡ 0(mod p)). Thus, for w �= 0, v �= 0, and s > 0, in view
of (25) we have t + 1 = s + i < j, and additionally v + w ≡ 0(mod pj−t−1). Then from (26)
we obtain either the situation considered above (when u = v = 0 and w �= 0), or the trivial
extension in (23) (for v + w ≡ 0(mod pj−t)).

Thus, we may assume u = s = 0 and v �= 0 in (23). Moreover, w �= 0, because otherwise

1 = [˜b, c̃]p = [˜b, c̃p] = ã−vpi ,

which is impossible, since i < j and (v, p) = 1. Consider (25) for s = 0. Since v �= 0 and
w �= 0, we have t = i − 1 because i < j and s = 0. Moreover, from (25) it follows that
v + w ≡ 0(mod pj−i). In particular,

w = −v + v̂pj−i (27)

for some integer v̂. Thus, the presentation (23) is rewritten in the form

˜F = 〈ã, ˜b, c̃ | ãpj = 1, ˜bpn−i
= 1, c̃p = ãv, [˜b, c̃] = ã−vpi−1+v̂pj−1

, ã
˜b = ã1+pi , ãc̃ = ã〉. (28)
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For v̂ ≡ 0(mod p) we derive that the problem (K0/k, ˜F, ˜Ψ) is an accompanying problem
to the problem (K0/k, G2, ϕ0) from Remark 3, where the group G2 is given by the pre-
sentation (22). Thus, in this case the problem (K0/k, ˜F , ˜Ψ) is solvable. For this reason
we shall suppose (v̂, p) = 1. In this case, consider the presentation (13) with u = v = 0,
w = v̂ (without loss of generality, this may be assumed, replacing the generators if neces-
sary). Then we make change ĉ = cavpn−j−1

in the presentation (13). We get ĉp = avpn−j
and

[b, ĉ] = a−vpn−j−1+i+v̂pn−1
. As above, we define again the homomorphism μ : ˜F → G0 on the

generators as follows: μ(ã) = apn−j
, μ(˜b) = b, μ(ĉ) = c. In this case, the homomorphism μ

turns out to be well defined and makes the diagram (6) commutative. As above, we obtain a
contradiction with the fact that the extension (1) is nonsplit.

Step 3. Now let j = n. By Lemma 5, in this case K0 = k(εpn) ⊗k k( p
√

m2), and b0 acts
on εpn in accordance with (20). Thus, we need to study the Brauer problems of the form
(K0/k, ˜F, ˜Ψ), where

˜F = 〈ã, ˜b, c̃ | ãpn = 1, ˜bpn−i
= ãupm, c̃p = ãvps , [˜b, c̃] = ãwpt, ã

˜b = ã1+pi+zpn−1
, ãc̃ = ã〉, (29)

the parameters u, v, w are nonnegative integers coprime to p when they are positive; the
parameters m, s, t are nonnegative integers lesser than n; the epimorphism ˜Ψ: ˜F → F0 acts
on the generators in the following way: ˜Ψ(ã) = 1, ˜Ψ(˜b) = b0, ˜Ψ(c̃) = c0.

First we study the presentation (29). Since ˜b−1
˜bpn−i

˜b = ˜bpn−i
, the relation

ãupm = ãupm(1+pi+zpn−1)

must hold. In other words,

upm+i + uzpm+n−1 ≡ 0(mod pn).

Since i < n − 1, we have m ≥ n − i. In this case in the presentation (29) we can make the
change ̂b = ˜bã−upm−n+i

. Direct calculation shows that ̂bpn−i
= 1 and [̂b, c̃] = [˜b, c̃]. Thus,

without loss of generality we may assume that u = 0 in the presentation (29).
First let v �= 0 and s > 0. Then, after the change ĉ = c̃ã−vps−1

, we get ĉp = 1 and

[˜b, ĉ] = ãwpt+vps+i−1+vzps+n−2
. (30)

Next we have
1 = [˜b, ĉp] = [˜b, ĉ]p = ãwpt+1+vps+i

. (31)

If t + 1 = s + i < n, then w = −v + v̂pn−s−i. In this case, we obtain

[˜b, ĉ] = ãv̂pn−1+vzps+n−2
.

In any case, we get either the semidirect problem (K0/k, ˜F, ˜Ψ) or the situation where in the
presentation (29) u = v = 0, w �= 0, and t = n − 1.

If t + 1 �= s + i, then (31) implies that one can set t = n − 1 in (29): indeed, otherwise we
have s + i < t + 1 and then s + i ≥ n. But we have i < n − 1, and thus s ≥ 2. From (30)
we get either the semidirect problem (K0/k, ˜F , ˜Ψ) or the situation where in (29) u = v = 0,
w �= 0, and t = n − 1.

Now consider the case u = s = 0. If in addition v = 0, then from 1 = [˜b, c̃p] = [˜b, c̃]p we
have ãwpt+1

= 1, whence either w = 0 (and then the problem (K0/k, ˜F , ˜Ψ) is semidirect) or
t = n − 1. If v �= 0 and w = 0, then, on the one hand, 1 = [˜b, c̃], and

1 = [˜b, c̃]p = [˜b, c̃p] = ã−v(pi+zpn−1)

on the other. Since i < n − 1 and (v, p) = 1, we have a contradiction.
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Thus we may suppose u = s = 0 and v, w �≡ 0(mod p). In this case, in view of the relation
[˜b, c̃p] = [˜b, c̃]p we get the condition

ãwpt+1+vpi+vzpn−1
= 1. (32)

If t < n − 1, then (since i < n − 1) from (32) we get i = t + 1 and additionally w + v ≡
−vz(mod pn−i−1), i.e., w = (−1 − z)v + v̂pn−i−1. Then [˜b, c̃] = ã(−1−z)vpi−1+v̂zpn−2

. Thus, we
get

ã−v(pi+zpn−1) = [˜b, c̃p] = [˜b, c̃]p = ã(−1−z)vpi+v̂pn−1
,

whence
−zvpi + v̂pn−1 + zvpn−1 ≡ 0(mod pn).

Then −zvpi ≡ 0(mod pi+1), because i < n− 1. However, since v, z �≡ 0(mod p), we arrive at a
contradiction. So, for u = s = 0 and v, w �≡ 0(mod p) we necessarily have t = n−1. Then (32)
implies that ãvpi+vzpn−1

= 1, which is impossible, because i < n − 1 and (v, p) = 1.
Thus, is suffices to consider the only meaningful case in (29) where u = v = 0, w �= 0, and

t = n−1. In addition, replacing ã by ãw, we may assume that w = 1 without loss of generality.
Thus, it is necessary to show the solvability of the problem (K0/k, ˜F, ˜Ψ) for u = v = 0, w = 1,
and t = n − 1. We recall that the extension K0/k was defined in Lemma 4 with the help of
the epimorphism ψ : D → F0. By (16), we have (with regard to ψ = ϕ0Ψ)

ψ(x1) = c−1
0 , ψ(x2) = b−1

0 , ψ(x3) = 1, ψ(x4) = b−pn−i−1

0 , ψ(xj) = 1 for any j > 4.

Define an epimorphism κ : D → ˜F in such a way that the following diagram commutes:
D D

κ

⏐

⏐

�
ψ

⏐

⏐

�

˜F
˜Ψ−−−−→ F0.

(33)

Namely, we set

κ(x1) = c̃−1, κ(x2) = ˜b−1, κ(x3) = ã−1, κ(x4) = ˜b−pn−i−1
, κ(xj) = 1 for any j > 4. (34)

We show that κ is a well-defined epimorphism of the Demushkin group D onto ˜F . To this
end, it suffices to verify relation (14). We have

c̃−pi [c̃,˜b][ã,˜bpn−i−1
]= ã−pn−1

[ã,˜bpn−i−1
]= ã−pn−1

ã−1ã(1+pi+zpn−1)p
n−i−1

= ã−pn−1
ã−1ã1+pn−1

= 1.

Thus, the epimorphism κ is well defined and makes the diagram (33) commutative, i.e., the
problem (K0/k, ˜F, ˜Ψ) is solvable.

Thus, we have shown that all the problems (K0/k, ˜F, ˜Ψ) considered for all j < n + 1 are
solvable. Then (see the beginning of the proof) the problem of embedding of the extension
K0/k in the field K with group F is solvable. Thus, the problem (K/k, G, ϕ) is ultrasolvable,
and therefore, by [6, Theorem 1], the extension (1) is ultrasolvable. �

Consequently, we have established the following result.

Theorem 1. Let (1) be a minimal p-extension such that

d(F ) = 2;

then (1) is ultrasolvable.

Translated by N. B. Lebedinskaya.
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