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ON THE ULTRASOLVABILITY OF p-EXTENSIONS OF
AN ABELIAN GROUP BY A CYCLIC KERNEL

D. D. Kiselev∗ UDC 512.623.32

The paper contains a solution of A. V. Yakovlev’s problem in the embedding theory for p-extensions
of odd order with a cyclic normal subgroup and an Abelian quotient group: for such nonsplit
extensions there exists a realization for the quotient group as a Galois group over number fields
such that the corresponding embedding problem is ultrasolvable (i.e., this embedding problem is
solvable and has only fields as solutions). A solution for embedding problems of p-extensions of
odd order with kernel of order p and with a quotient group that is represented by a direct product
of its proper subgroups is also given – this is a generalization for p > 2 of an analogous result for
p = 2 due to A. Ledet. Bibliography: 9 titles.

1. Introduction

1.1. The embedding problem associated with an exact sequence of finite groups,

1 −−−−→ A −−−−→ G
ϕ−−−−→ F = Gal(K/k) −−−−→ 1,

consists in constructing a Galois k-algebra L with group G that contains the field K so that the
restriction epimorphism of automorphisms of L to K coincide with ϕ. The search for solutions
in the class of Galois algebras (not necessarily fields) is important for several reasons: in the
case of a nilpotent kernel and extensions of fields of algebraic numbers the problems of looking
for a solution of the embedding problem in the sense of Galois algebras and in the sense of
fields are equivalent (see [1]), and in the case of an Abelian kernel one can apply the techniques
of homological algebra (precisely in this way, A. V. Yakovlev in [2] has obtained solvability
conditions of the embedding problem for an Abelian kernel).

At the same time, of interest is the case where one can guarantee a priori that all solutions of
an embedding problem prove to be fields (following [3], in the sequel we shall call such problems
ultrasolvable). The simplest condition for this is as follows: the kernel of the embedding
problem lies in the Frattini group of the covering group (see [4, Chap. 1, Sec. 6, Corollary 5]).
The first nontrivial examples (when the condition on the Frattini group is not fulfilled) were
constructed in [3, 5]. In connection with papers [3, 5], Yakovlev posed following problem.

Problem 1 (A. V. Yakovlev). Let

1 −−−−→ A −−−−→ G
ϕ−−−−→ F −−−−→ 1 (1)

be an extension of finite groups with Abelian kernel A. Under what conditions does there exist a
Galois extension of number fields K/k with group F such that the embedding problem obtained
is ultrasolvable?

In the present paper we consider the case where in (1) F is Abelian, A is cyclic, and (1) is
a p-extension for p > 2. In this case, in Theorem 1 we give a complete solution of Problem 1.
The paper ends with some remarks.
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1.2. All groups considered below are finite, unless otherwise stated. For elements x, y of
a group, we denote [x, y] = x−1y−1xy. The symbol p denotes in the sequel1 an odd prime
number. By d(F ) we denote the minimal number of generators of a p-group F . In what
follows, the extension (1) will be called ultrasolvable if Problem 1 for it is answered in the
affirmative.

By a p-local field we mean a finite extension of the field Qp. By a number field we mean a
finite extension of the field Q. For a local field k, the symbol θk denotes the local Artin symbol.
The symbol k∗ stands for the multiplicative group of the field k. For a Galois extension K/k,
the symbol NK/k(K∗) denotes the set of elements of k∗ that can be represented as a norm
with respect to the extension K/k. We denote by νp(m) the value of the p-adic exponent of
an integer m: εm stands for a primitive mth root of unity. If m1 | m2, then the corresponding
roots of unity will be chosen with the condition: εm1 = ε

m2/m1
m2 . For a finite field extension

K/k, by (K : k) we denote the dimension of K as vector space over k. For fields k1 and k2 of
characteristic 0, the symbol k1 · k2 denotes their composite.

Let k be a number field such that εn ∈ k. By the symbol k[a, b] for some a, b ∈ k∗, we
denote the algebra of generalized quaternions of degree2 n, i.e., a k-algebra with generating ξ
and η satisfying the relations ξn = a, ηn = b, ab = εnba. Mat(n, k) is the matrix algebra of
order n over k. For a Galois extension K/k and a class h ∈ H2(Gal(K/k),K∗) by the symbol
[K,Gal(K/k), h] we denote the corresponding element of the Brauer group B(k), namely,
the class the representative of which is the crossed algebra. The symbol δij stands for the
Kronecker symbol.

We recall the notion of the Brauer embedding problem. Suppose (K/k,G,ϕ) is an embed-
ding problem with cyclic kernel A of order m and the characteristic of the field k does not
divide m. Next, let εm ∈ K. The group Hom(A, K∗) can be naturally converted into a
Gal(K/k)-module:

χf (a) = χ(af−1
)f for any χ ∈ Hom (A,K∗), f ∈ Gal(K/k), a ∈ A.

By definition, the problem (K/k, G, ϕ) is Brauer if χf = χ for any χ ∈ Hom(A, K∗) and any
f ∈ Gal(K/k).

For any embedding problem (K/k,G,ϕ) with an Abelian kernel A of period m coprime to
the characteristic of the field k and such that εm ∈ K, for χ ∈ Hom(A,K∗) one can define
an accompanying Brauer embedding problem as (K/Kχ, Gχ/ ker χ,ϕχ), where Gχ is the full
preimage with respect to ϕ of the subgroup Fχ = Gal(K/Kχ) of the group Gal(K/k) the
action of which on χ is trivial; here ϕχ is the induced epimorphism. For a problem (K/k,G,ϕ)
with Abelian kernel A of period m coprime to the characteristic of the field k and for any3

χ ∈ Hom(A,K∗) fixed by Gal(K/k), one can define an elementary accompanying Brauer
problem (K/k,G/ ker χ,ϕχ), where ϕχ is the epimorphism induced by ϕ. If k is a local field,
then a known Demushkin–Shafarevich theorem (see [4, Chap. 3, Sec. 14, Theorem 3.14.1])
asserts that for the solvability of a problem (K/k,G,ϕ) with Abelian kernel it is necessary
and sufficient that all elementary accompanying Brauer problems be solvable. We shall use
this fact several times.

With each embedding problem (K/k,G,ϕ) satisfying the condition ker ϕ � Φ(G), one can
associate a maximal adjoined problem: namely, we take a maximal subgroup H of the group G
that does not contain ker ϕ and consider the problem (K/k,H,ϕ). It is well known (see [3, The-
orem 1]) that for the ultrasolvability of the problem (K/k,G,ϕ) it is necessary and sufficient
that it be solvable and all maximal adjoined problems be unsolvable.

1Except for Sec. 3.4.
2It will always be clear from the context which degree is meant.
3Here it is not required that εm ∈ K∗.
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1.3. We begin with the following obvious result.

Lemma 1. Let i be a natural number. Let k be an arbitrary field of characteristic 0 such that
for an odd prime p, εpi ∈ k but εpi+1 /∈ k. Then for any n > i the degree of the extension
k(εpn)/k is equal to pn−i.

Proof. It is clear that the extension Q(εpn)/Q(εpi) has degree pn−i. Note that k ∩ Q(εpn) =
Q(εpi). Indeed, since Gal(Q(εpn)/Q(εpi)) is a cyclic p-group, it follows that if k ∩ Q(εpn) �=
Q(εpi), it is necessary that Q(εpi+1) ⊆ k, which contradicts the assumption of the lemma. Thus,
the fields k and Q(εpn) are linear disjoined over Q(εpi). Therefore, the algebra k⊗Q(εpi)

Q(εpn)
is a field and the extension k(εpn)/k has (up to isomorphism) the same Galois group as the
extension Q(εpn)/Q(εpi). �

Lemma 2. Let (K/k,G,ϕ) be a Brauer embedding problem with cyclic kernel A, and let G be
a p-group. The problem (K/k,G,ϕ) is ultrasolvable if and only if A ≤ Φ(G).

Proof. If A ≤ Φ(G), then we apply [4, Chap. 1, Sec. 6, Corollary 5]. Now we assume that the
problem (K/k,G,ϕ) is ultrasolvable and nevertheless A � Φ(G). In this case, the class4

h ∈ H2(F, A) of the problem (K/k,G,ϕ) is obtained (by means of the cohomology ho-
momorphism γ : H2(F,Φ(A)) → H2(F,A) induced by the embedding Φ(A) ↪→ A) from a
class h0 ∈ H2(F,Φ(A)) determining some maximal adjoined problem. Since the problem
(K/k,G,ϕ) is Brauer, it follows that A as an F -module can be identified with the group
of roots of unity of order |A| that are contained in K∗. The solvability condition of the
problem with class h is κ(h) = 1, where κ : H2(F,A) → H2(F,K∗) is the homomorphism
induced by the embedding A ↪→ K∗. The solvability condition of the problem with class h0

is κ(γ(h0)) = 1. Since h = γ(h0), the maximal adjoined problem with class h0 is solvable
contrary to the assumption. �

Also, we shall need the following lemma.

Lemma 3. Let F be a noncyclic p-group. Let A be a cyclic p-group with generator a, converted
to an F -module with the help of a homomorphism γ : F → AutA. Then there exists a system
of generators {fr}d(F )

r=1 of the group F such that γ(f1) generates im γ and the elements {fr}d(F )
r=2

belong to ker γ.

Proof. For any f ∈ F we denote by f the image of f in the group F/Φ(F ) under the natural
epimorphism.

There exists an element f1 ∈ F the image of which under the homomorphism γ gener-
ates im γ. We complement the element f1 to some system of generators {f ′

r}d(F )
r=1 , where

f ′
1 = f1. In this case, for any r we have f ′

r = fmr
1 f0r for some integer mr and f0r ∈ ker γ. Set

fr = f0r. We show that {fr}d(F )
r=1 is the required system. Indeed, by the Burnside theorem on

a basis (see [6, Chap. 12, Theorem 12.2.1]), it suffices to show that the elements f1, . . . , fd(F )

of the group F/Φ(F ) are linearly independent over the field Fp. But, by construction, the
elements f

′
1, . . . , f

′
d(F ) in F/Φ(F ) form a basis over Fp, and since fr = f−mr

1 f ′
r for all r > 1, it

follows that the transition matrix from the system {f r}d(F )
r=1 to the system {f ′

r}d(F )
r=1 is triangular

with nonzero entries on the diagonal, i.e., is nondegenerate. �
Now assume that A is a cyclic p-group with a generating element a of order pn for some n ≥ 2.

Let F be a p-group. We convert A into an F -module with the help of a homomorphism γ : F →
AutA. The embedding of the F -modules Φ(A) ↪→ A induces a cohomology homomorphism

4Here F = Gal(K/k).
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α : H2(F, Φ(A)) → H2(F, A). Our purpose is to describe ker α in terms convenient to us.
To this end, by the group F we construct an Abelian p-group F0 with the same number of
generators as F . Moreover, the action of the group F0 on A will be the “same” as the action
of F . More precisely, this is expressed in the following conditions.

Conditions 1. Let F = ker γ. In this case, as F0 we consider an elementary Abelian group
of rank d(F ); moreover, the natural epimorphism θ : F → F0 is well defined. The group A can
be regarded as a trivial F0-module.

Let F act on A nontrivially. Then there exists an element f1 ∈ F such that γ(f1) generates
im γ. Without loss of generality, we may assume that af1 = a1+pi for some i ∈ [1, n − 1] ∩ N.
For the group F0 we take the Abelian group with generators f0

1 , . . . , f0
d(F ), where f0

1 has the
same order as γ(f1) and the generators5 f0

2 , . . . , f0
d(F ) are elements of order p. On A one

can define the structure of an F0-module by setting af0
1 = af1 and af0

r = a for all r > 1.
By Lemma 3, the element f1 can be complemented (if d(F ) > 1) to a system of generators
{fr}d(F )

r=1 of the group F in such a way that afr = a for all r > 1. Clearly, the correspondence
fr 
→ f0

r is correctly continued to the epimorphism θ : F → F0.

The epimorphism θ in Conditions 1 enables us to define correctly the homomorphisms
of cohomology lifting6 λ1 : H2(F0, Φ(A)) → H2(F, Φ(A)) and λ2 : H2(F0, A) → H2(F, A).
Moreover, the following diagram commutes:

H2(F, Φ(A)) α−−−−→ H2(F, A)

λ1

�
⏐
⏐ λ2

�
⏐
⏐

H2(F0, Φ(A))
β−−−−→ H2(F0, A);

(2)

here the horizontal arrows are the homomorphisms induced by the embedding Φ(A) ↪→ A.

Lemma 4. The homomorphism λ1 of the diagram (2) induces an epimorphism λ1 : ker β →
ker α.

Proof. The commutativity of the diagram (2) implies that λ1(x) ∈ ker α for all x ∈ ker β. The
exact sequence

1 −−−−→ Φ(A) −−−−→ A −−−−→ A/Φ(A) −−−−→ 1,
together with the epimorphism θ in Conditions 1, induces a commutative diagram

H1(F, A/Φ(A))
μ−−−−→ H2(F, Φ(A)) α−−−−→ H2(F, A)

κ

�
⏐
⏐ λ1

�
⏐
⏐ λ2

�
⏐
⏐

H1(F0, A/Φ(A)) ν−−−−→ H2(F0, Φ(A))
β−−−−→ H2(F0, A)

with exact rows. Note that A/Φ(A) is a group of order p and therefore

H1(F, A/Φ(A)) = Hom(F, A/Φ(A))

and
H1(F0, A/Φ(A)) = Hom(F0, A/Φ(A)).

Since d(F0) = d(F ), we have the relation

|Hom(F0, A/Φ(A))| = |Hom(F, A/Φ(A))|.
5Of course, if d(F ) > 1.
6Clearly, Φ(A) is both an F - and an F0-submodule of the module A, because A is a cyclic p-group.
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Next, κ is a monomorphism. Indeed, for any y ∈ Hom(F0, A/Φ(A)) such that (κ(y))(x) = 1
for all x ∈ F , we have

(κ(y))(x) = y(θ(x)) = 1 for any x ∈ F.

But since θ is an epimorphism, we have y = 1. Thus, κ is necessarily an isomorphism. Now
we fix any z ∈ ker α. Then z = μ(y) for some y ∈ H1(F, A/Φ(A)). Since κ is an isomorphism,
there exists x ∈ H1(F0, A/Φ(A)) such that κ(x) = y. Since the diagram is commutative, we
get λ1(ν(x)) = z. �

Now we describe ker β from the diagram (2). From the proof of Lemma 4 it follows that
ker β is either an elementary Abelian p-group or the trivial group.

Lemma 5. Ker β from the diagram (2) is generated for i < n by the following extensions

X1 =
〈

d, c1, . . . , cd(F ) | dpn−1
= 1, cpn−i

1 = dpn−i−1
, cp

r = 1∀ r > 1,

[cs, ct] = 1∀ s < t, dc1 = d1+pi , dcr = d∀ r > 1
〉

,

Xr =
〈

d, c1, . . . , cd(F ) | dpn−1
= 1, cpn−i

1 = 1, cp
s = 1∀ 1 < s �= r, cp

r = d,

[c1, cr] = d−pi−1
, [cs, ct] = 1∀ s < t : (s, t) �= (1, r),

dc1 = d1+pi , dcs = d∀ s > 1
〉

for any r > 1.

(3)

Proof. Since F0 is an Abelian group, any class h0 ∈ H2(F0, Φ(A)) determines a group G0 in
which the relations for preimages {cs}d(F )

s=1 of the elements {f0
s }d(F )

s=1 are reduced to relations
for commutators and powers. We may assume that d = ap, where A = 〈a〉. We calculate the
element (c1a)p

n−i
. We have

(c1a)p
n−i

= c21a
1+(1+pi)(c1a)p

n−i−2 = . . . = cpn−i

1 a1+(1+pi)+...+(1+pi)p
n−i−1

= cpn−i

1 a((1+pi)p
n−i−1)/pi = cpn−i

1 apn−i
= cpn−i

1 dpn−i−1
.

Next, [c1a, cr] = a−1c−1
1 c−1

r c1acr = a−1[c1, cr]a = [c1, cr]. Calculate the commutator [c1, cra].
We have

[c1, cra] = c−1
1 a−1c−1

r c1cra = a−c1[c1, cr]a = [c1, cr]d−pi−1
.

Now it is clear that the generators of ker β have the required form (3). �

Similar arguments prove the following lemma.

Lemma 6. Ker β from the diagram (2) is generated for i = n by the following extensions:

X1 =
〈

d, c1, . . . , cd(F ) | dpn−1
= 1, cp

1 = d, cp
r = 1∀ r > 1,

[cs, ct] = 1∀ s < t, dcr = d∀ r > 1
〉

,

Xr =
〈

d, c1, . . . , cd(F ) | dpn−1
= 1, cp

1 = 1, cp
s = 1∀ 1 < s �= r, cp

r = d,

[cs, ct] = 1∀ s < t, dcs = d∀ s > 1
〉

for any r > 1.

(4)

2. On a class of embedding problems

2.1. In this section, k is an arbitrary field of characteristic different from p that contains εp.
We shall use the symbol resB→C and infD→E to denote the restriction homomorphism from
a group B to a subgroup C and the inflation homomorphism from a quotient group D to a
covering group E.
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Lemma 7. Let X, Y be p-groups with generators {xr}d(X)
r=1 and {yr}d(Y )

r=1 . Take parameters
s ∈ [1, d(X)] ∩ N and t ∈ [1, d(Y )] ∩ N. Then there exists an extension

1 −−−−→ 〈εp〉 −−−−→ Est
π−−−−→ X × Y −−−−→ 1 (5)

with properties: the restriction of the extension (5) to X and to Y splits; if {xr}d(X)
r=1 and

{yr}d(Y )
r=1 are preimages with respect to π of the elements {xr}d(X)

r=1 and {yr}d(Y )
r=1 , then

[xi, yj ] = 1 for any (i, j) �= (s, t), [xs, yt] = εp.

Proof. Consider the extension7

1 −−−−→ 〈εp〉 α−−−−→ Gp3
ξ−−−−→ Z/pZ × Z/pZ −−−−→ 1, (6)

where
Gp3 = 〈d, c1, c2 | dp = cp

1 = cp
2 = 1, [c1, c2] = d, dc1 = dc2 = d〉,

α : εp 
→ d, and ξ(c1) = (1, 0), ξ(c2) = (0, 1). Define epimorphisms ϕ : X → Z/pZ and
ψ : Y → Z/pZ in the following way: ϕ(xi) = δis, ψ(yj) = δjt. The epimorphisms ϕ and ψ
induce the epimorphism ϕ×ψ : X×Y → Z/pZ×Z/pZ. Carry out the lifting of the extension (6)
with the help of the epimorphism ϕ × ψ. We get the extension

1 −−−−→ 〈εp〉 α : εp �→(d, 1, 1)−−−−−−−−−→ Est
π : (x, y, z)�→(y, z)−−−−−−−−−−−→ X × Y −−−−→ 1,

where
Est = {(x, y, z) ∈ Gp3 × X × Y | ξ(x) = (ϕ(y), ψ(z))}.

We set xi = (1, xi, 1) for i �= s, xs = (c1, xs, 1). Similarly, we set yj = (1, 1, yj) for j �= t,
yt = (c2, 1, yt). Clearly, all the conditions on the extension (5) are fulfilled. �

Lemma 8. Let X and Y be p-groups with generators {xr}d(X)
r=1 and {yr}d(Y )

r=1 . Consider the
extension

1 −−−−→ 〈εp〉 −−−−→ E
π−−−−→ X × Y −−−−→ 1

with class h ∈ H2(X × Y, 〈εp〉). Let xr and yl be preimages of the elements xr and yl with
respect to π for all r and l. In this case, [xr, yl] = εdrl

p for some drl ∈ Z/pZ. Then the
following relation is valid:

h = (infX→X×Y resX×Y →X h)(infY →X×Y resX×Y →Y h)
∏

i,j

h
dij
ij , (7)

where hij ∈ H2(X × Y, 〈εp〉) is the class of the extension (5) with (s, t) = (i, j).

Proof. We set

ĥ = h−1(infX→X×Y resX×Y →X h)(infY →X×Y resX×Y →Y h)
∏

i, j

h
dij
ij

and consider the corresponding extension

1 −−−−→ 〈εp〉 −−−−→ Ĥ
π−−−−→ X × Y −−−−→ 1. (8)

Since resX×Y →X infX→X×Y and resX×Y →Y infY →X×Y are identical on the groups H2(X, 〈εp〉)
and H2(Y, 〈εp〉), respectively, by Lemma 7 we have resX×Y →X ĥ = 1 and resX×Y →Y ĥ = 1.

Let x̂r and ŷl be preimages of the generators xr and yl with respect to π in the group H. In
this case, for all i, j we have [x̂i, ŷj] = 1: indeed, if [xi, xj] = 1, then dij = 0; if [xi, yj ] = εm

p

for some integer m coprime to p, then dij = m. But then ĥ = 1, which yields (7). �
7Here we use the oddness of p essentially.
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Proposition 1. Let (8) be a nonsplit extension with class h ∈ H2(X × Y, 〈εp〉). Let KX/k

and KY /k be Galois extensions8 with groups X and Y , respectively. Let {xr}d(X)
r=1 and {yr}d(Y )

r=1
be generators of the groups X and Y , respectively. We choose a1, . . . , ad(X) and b1, . . . , bd(Y )

from k∗ \ k∗p in such a way that p
√

ai ∈ KX for all i, p
√

bj ∈ KY for all j, and

p
√

ai
xr = εδri

p
p
√

ai,
p
√

bj
yl = ε

δlj
p

p
√

bj .

Take preimages x1, . . . , xd(X), y1, . . . , yd(Y) of the elements x1, . . . , xd(X) and y1, . . . , yd(Y ) with

respect to the epimorphism π; moreover, for all i, j we have [xi, yj] = ε
dij
p . Then for K =

KX ⊗k KY the embedding problem (K/k, H, π) is solvable if and only if in B(k)

[KX , X, resX×Y →X h][KY , Y, resX×Y →Y h]
∏

i, j

k[ai, bj ]dij ∼ 1.

Proof. By Lemma 8, the class h satisfies relation (7). Thus, the obstruction for solvability of
the Brauer problem (K/k, H, π) is the element of the Brauer group B(k) of the form

[K, X ×Y, infX→X×Y resX×Y →X h][K, X ×Y, infY →X×Y resX×Y →Y h]×
∏

i, j

[K, X ×Y, hij ]dij .

The first two factors are equal to [KX , X, resX×Y →X h] and [KY , Y, resX×Y →Y h], respec-
tively, because the inflation homomorphisms of Galois cohomology H2(X, K∗

X) → H2(X ×
Y, K∗) and H2(Y, K∗

Y ) → H2(X ×Y, K∗) are monomorphisms. Thus, it suffices to show that
[K, X × Y, hij ] = [k[ai, bj]]. Recall that the class hij determines an extension of the form (5)
and, by Lemma 7, is obtained by the lifting of the class that determines the extension (6): the
lifting is carried out with the help of the epimorphism ϕ×ψ : X×Y → Z/pZ×Z/pZ defined in
Lemma 7. By the choice of the elements a1, . . . , ad(X) and b1, . . . , bd(Y ), the epimorphism ϕ×ψ

is at the same time an epimorphism of the Galois groups Gal(K/k) → Gal(k( p
√

ai, p
√

bj)/k).
Thus, it suffices to show that in the Brauer problem9 (k( p

√
ai, p

√

bj)/k, Gp3 , ξ), where ξ(c1) =
xi and ξ(c2) = yj, the obstruction has the form k[ai, bj ]. To this end we study the simple
component Λ = (Gp3 × k( p

√
ai, p

√

bj))eχ of the crossed product Gp3 × k( p
√

ai, p
√

bj), where eχ

is the idempotent of the group algebra k( p
√

ai, p
√

bj)〈d〉 corresponding to a character χ ∈
Hom(〈d〉, k( p

√
ai, p

√

bj)∗) such that χ(d) = εp. It is easy to see that the algebra Λ can be rep-
resented as the tensor product over k of the commuting subalgebras Λ1 = 〈c1eχ, p

√
aieχ〉k

and Λ2 = 〈c2 p
√

aieχ, p
√

bjeχ〉k. Moreover, Λ1
∼= k[1, ai] and Λ2

∼= k[ai, bj ]. Therefore,
Λ ∼= k[1, ai] ⊗k k[ai, bj ], i.e., Λ ∼ k[ai, bj] in the Brauer group B(k). �

In Proposition 1 we generalize the result [7, Theorem 2.4] to the case p > 2.

3. The main result

3.1. Let F be an Abelian p-group, and let A be a cyclic p-group of order pn with generating
element a. Clearly, a semidirect extension cannot be ultrasolvable by [4, Chap. 1, Sec. 9,
Theorem 1.9]. In this case, the extension (1) proves to be ultrasolvable if and only if it is not
semidirect. For n = 1 this is obvious (see [4, Chap. 1, Sec. 6, Corollary 5]); for this reason we
assume that n > 1 in what follows.

We choose generators of the group F in accordance with Lemma 3. In this case we may
suppose af1 = a1+pi for some i ∈ [1, n] ∩ N (for i = n we have the trivial action); the other

8Linear disjoined over k.
9The group Gp3 is defined in (6).
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generators of the group F (if d(F ) > 1) act trivially on a. Let k be a p-local field of a
sufficiently high degree over Qp with the conditions

{

εpi ∈ k, εpi+1 /∈ k, i < n,

εpi−1 ∈ k, εpi /∈ k, i = n.
(9)

First as the Galois group of the field extension K0/k we realize the group F0 defined as the
homomorphic image of the group F by means of the epimorphism θ in Conditions 1. Namely,
for d(F ) > 1 as K0 we take the tensor product over k of the field k1 = k(εpn−1)( p

√
εpn−1m1)

and the fields of the form kr = k( p
√

mr) for r ∈ [2, d(F )] ∩ N; for d(F ) = 1, we set K0 = k1.
The parameters mr are arbitrary at this moment; the only requirement is that K0 be a field
with condition εpn /∈ K0 (later we specify the choice of the parameters {mr}d(F )

r=1 ). We define
the action of the generators {f0

r }d(F )
r=1 of the group F0 on K0 in the following way: if i < n, we

set
p
√

εpn−1m1
f0
1 = εpi−1

pn−1
p
√

εpn−1m1, ε
f0
1

pn−1 = ε1+pi

pn−1 ,

p
√

εpn−1m1
f0
r = p

√
εpn−1m1 for any r > 1, p

√
mr

f0
s = εδrs

p
p
√

mr for any r, s.
(10)

Relations (10) correctly define on K0 the structure of a Galois k-algebra with group F0,
because10

θ(f
0
1 )

pn−i

= (εpi−1

pn−1θ)(f
0
1 )

pn−i−1
= (ε(1+pi)pi−1+pi−1

pn−1 θ)(f
0
1 )

pn−i−2 = . . .

= ε
pi−1(1+(1+pi)+...+(1+pi)p

n−i−1)
pn−1 θ = εpi−1pn−i

pn−1 θ = θ,

and θ(f
0
1 )

pn−i−1 �= θ in view of εpi−1pn−i−1

pn−1 �= 1; moreover, we have

(θp)f
0
1 = (εpn−1m1)f

0
1 = ε1+pi

pn−1m1 = (εpi−1

pn−1θ)p = (θf0
1 )p.

Now Lemma 1 implies that K0/k is a Galois extension with group F0.
If i = n, we set

p
√

εpn−1m1
f0
1 = εp p

√
εpn−1m1, p

√
εpn−1m1

f0
r = p

√
εpn−1m1 for any r > 1;

p
√

mr
f0
s = εδrs

p
p
√

mr for any r, s;
(11)

clearly, in this case K0/k is also a Galois extension with group F0.
Relations (10) and (11) imply that all the elements of ker β of the diagram (2) determine

(if we identify F0 = Gal(K0/k)) Brauer embedding problems. We clarify for what values of
the parameters {mr}d(F )

r=1 all of them are solvable.

Lemma 9. Let i < n. All the elements of ker β of the diagram (2) are solvable if and only if
the following condition on the Hilbert symbols of the pth degree is fulfilled:

(εpi , m1) = 1, (m1, mr) = 1 for any r > 1. (12)

Proof. By Lemma 5, it is sufficient to clarify the solvability conditions for the embedding
problems (K0/k, Xr, ϕ) for all r ∈ [1, d(F )] ∩ N, where the groups Xr are given by the
presentations (3), and ϕ(d) = 1, ϕ(cs) = f0

s for all s.
The problem (K0/k, X1, ϕ) admits descent11 by the subgroup 〈c2, . . . , cd(F )〉 to an equiv-

alent Brauer embedding problem of the extension k1/k in a field with group 〈c1〉. The solv-
ability conditions for such a problem are εpi ∈ Nk1/k(k∗

1), which by the local field class theory

10For brevity we denote θ = p
√

εpn−1m1.
11Which is superfluous for d(F ) = 1.
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is equivalent to the triviality of the action of the Artin symbol θk(εpi) on the field k1. But
the symbol θk(εpi) acts trivially on k(εpn−1), because the field k(εpn−1) is embedded12 in the
field k(εpn−1+i). For this reason the solvability conditions of the problem (K0/k, X1, ϕ) are
as follows: θk(εpi)( p

√
εpn−1m1) = p

√
εpn−1m1. Since the field k(εpn) is embedded in the field

k(εpn+i), it follows (again by Lemma 1) that the required solvability conditions are equivalent
to the triviality of action of the symbol θk(εpi) on p

√
m1, which is equivalent to the triviality of

the Hilbert symbol (εpi , m1) of degree p. If d(F ) = 1, this complete the proof of the lemma.
The problem (K0/k, X2, ϕ) admits descent13 by the subgroup 〈c3, . . . , cd(F )〉 to an equiva-

lent problem (k1 · k2/k, Y2, γ), where

Y2 =
〈

d, c1, c2 | dpn−1
= 1, cpn−i

1 = 1, cp
2 = d, [c1, c2] = d−pi−1

, dc1 = d1+pi , dc2 = d
〉

;

of course, γ(c1) = f0
1 , γ(c2) = f0

2 , and γ(d) = 1. We compute the obstruction for the Brauer
problem (k1 · k2/k, Y2, γ). To this end, it is sufficient to clarify the splitting conditions of the
central simple k-algebra Λ = (Y2 × k1 · k2)eχ, where eχ is the idempotent of the group algebra
k1 · k2〈d〉 that corresponds to an element χ of the character group Hom(〈d〉, (k1 · k2)∗) such
that χ(d) = εpn−1 . Clearly, eχ is a central idempotent of the crossed product Y2 × k1 · k2.
Moreover, Λ is a crossed algebra the class of which in H2(〈f0

1 , f0
2 〉, (k1 · k2)∗) is equal to χ(h),

where h ∈ H2(〈f0
1 , f0

2 〉, 〈d〉) is the class determining Y2. Let Ỹ2 = 〈d, c1〉, Then the semidirect
accompanying problem (k1 ·k2/k2, Ỹ2, γ) is well defined. But then the algebra k2⊗k Λ splits as
a k2-algebra. In this case, the class χ(h) is obtained by lifting of a certain fully determined14

class ĥ ∈ H2(〈f0
2 〉, k∗

2). Now we clarify what crossed algebra is determined by the class ĥ.
To this end, we consider the element ĉ2eχ = c2( p

√
εpn−1m1)−1eχ in the algebra Λ. It is clear

that (ĉ2eχ)p = m−1
1 eχ, because deχ = χ(d)eχ = εpn−1eχ. Next, we compute the commutator

[c1eχ, ĉ2eχ]. We have

[c1eχ, ĉ2eχ] = c−1
1 eχ p

√
εpn−1m1eχc1eχ[c1eχ, c2eχ]( p

√
εpn−1m1)−1eχ

= p
√

εpn−1m1ε
pi−1

pn−1ε
−pi−1

pn−1 ( p
√

εpn−1m1)−1eχ = eχ.

Thus, in the algebra Λ the relations (ĉ2eχ)p = m−1
1 eχ and [c1eχ, ĉ2eχ] = eχ are valid. This

means that the class ĥ determines in H2(〈f0
2 〉, k∗

2) the algebra of generalized quaternions
k[m−1

1 ,m2] of degree p. The splitting condition of such an algebra is the triviality of the
Hilbert symbol (m−1

1 ,m2) of degree p, which is equivalent to the triviality of the symbol
(m1,m2). The problems (K0/k,Xr, ϕ) for r > 2 are considered similarly. �
Lemma 10. Let i = n. All the elements of ker β in the diagram (2) are solvable if and only
if the following condition on the Hilbert symbols of degree p are fulfilled:

(εpn−1 , mr) = 1 for any r ≥ 1. (13)

Proof. By Lemma 6, it suffices to clarify the solvability conditions of the embedding problems
(K0/k, Xr, ϕ) for all r ∈ [1, d(F )]∩N, where the groups Xr are given by the presentations (4)
and ϕ(d) = 1, ϕ(cs) = f0

s for all s. The problem (K0/k, X1, ϕ) admits descent15 by the
subgroup 〈c2, . . . , cd(F )〉 to an equivalent Brauer embedding problem of the extension k1/k in
a field with cyclic group of order pn. The solvability condition of this problem is the triviality
of the Hilbert symbol (εpn−1m1, εpn−1) of degree p, which is equivalent to the triviality of the
symbol (εpn−1 , m1). The problems (K0/k, Xr, ϕ) for r > 1 are considered similarly. �

12We use Lemma 1.
13Which is superfluous for d(F ) = 2.
14By the Speiser theorem, the group H1(〈f0

1 〉, (k1 · k2)
∗) is trivial.

15Which is unnecessary for d(F ) = 1.
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3.2. Let F be an Abelian p-group with generators {fr}d(F )
r=1 , and let A be a cyclic p-group of

order pn for n ≥ 2 with generating element a. By Lemma 3, the generators f1, . . . , fd(F ) can
be chosen in such a way that, for d(F ) > 1, the elements f2, . . . , fd(F ) act on a trivially and f1
acts on a either trivially or as raising to the power 1 + pi for some i ∈ [1, n− 1]∩N; therefore
the structure of an F -module is introduced on A. Using conditions (1), define the group F0

with generators {f0
r }d(F )

r=1 and an epimorphism θ : F → F0 such that θ(fr) = f0
r for all r. The

epimorphism θ is well defined in view of the choice of F0 (see Conditions 1). Moreover, A is
also an F0-module, and F acts on A by step back along the epimorphism θ.

Consider the cohomology homomorphism

κ : H2(F, 〈apn−1〉) → H2(F, A),

induced by the embedding.

Proposition 2. Let af1 = a1+pi for some i ∈ [1, n−1]∩N; then any nontrivial class h ∈ im κ

determines an ultrasolvable extension.

Proof. Consider an arbitrary element

h0 ∈ H2
(

F,
〈

apn−1〉)

such that κ(h0) = h. The class h0 determines a group H0 as an extension of F with the help
of 〈apn−1〉. Let zr ∈ H0 be a preimage of the element fr. Then between {zr}d(F )

r=1 there are
relations of the form

zplr
r = dwr for any r, [zs, zt] = dwst for any s < t, (14)

where d = apn−1
, the parameters wr, wst are either zeros or are coprime to p; finally16, l1 ≥ n−i

and lr ≥ 1 for all r > 1.
Step 1. First consider the case where there exists a pair (s, t) such that (wst, p) = 1 and

1 < s < t. Consider the realization of the group F0 as the Galois group of the extension K0/k
from Sec. 3.1: k is a p-local field with sufficiently high degree (k : Qp) satisfying Conditions (9)
and K0 = k1 ⊗k . . . ⊗k kd(F ); the automorphisms of the group F0 act on K0 in accordance

with (10). We choose the parameters {mr}d(F )
r=1 determining the field K0 in such a way that

for all r, the extension kr/k is embedded in a field with cyclic group of order plr . As was
mentioned in Sec. 1.2, for this it is necessary and sufficient that all elementary accompanying
Brauer problems corresponding to Gal(kr/k)-operator characters of the kernel be solvable.
Conditions (9) imply that for any r, it is sufficient to solve the problem of embedding of the
extension kr/k with kernel of order pi – all other elementary accompanying Brauer problems
accompany the problem under consideration. Since kr/k is a cyclic p-extension, it follows
that the required condition is the triviality of the action of the Artin symbol θk(εpi) on the
field kr. For r > 1, this is equivalent to the triviality of the Hilbert symbol (εpi , mr) of degree
p, because for r > 1 we have kr = k( p

√
mr). For r = 1, this is equivalent (see the proof

of Lemma 9 for the problem (K0/k, X1, ϕ)) to the triviality of the action of θk(εpi) on the
element p

√
m1, i.e., to the triviality of the Hilbert symbol (εpi , m1) of degree p.

Thus, in the case considered we choose the parameters {mr}(d(F ))
r=1 in the following way:

(εpi , mr) = 1 for any r, εpn /∈ K0;

(ms, mt) = εp, (mr, ml) = 1 for any r < l : (r, l) �= (s, t).
(15)

16Recall that the group F0 in Conditions 1 is a homomorphic image of the group F .
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We show that the choice (15) is possible. In the vector space k∗/k∗p of dimension

d(k) = (k : Qp) + 2,

we take a basis {âr}d(k)
r=1 such that â1 = εpi and

(â1, â2) = (â3, â4) = . . . = (âd(k)−1, âd(k)) = εp,

(â2, â1) = (â4, â3) = . . . = (âd(k), âd(k)−1) = ε−1
p ;

moreover, the values of the Hilbert symbol of degree p on the other pairs of basis elements
are trivial. Let ar ∈ k∗ be a preimage of the element âr and a1 = εp. We set ms = a3,
mt = a4, and for j /∈ {s, t} we set mj = a2j+3. Under such a choice, the conditions (15) are
fulfilled: indeed, it is sufficient to check the condition εpn /∈ K0. If εpn ∈ K0, then by the
choice of the field k1 we necessarily have p

√
m1 ∈ K0. But then the images of the elements

m1, . . . , md(F ), εpi in k∗/k∗p must be linearly dependent over Fp, which contradicts the choice
of the elements a1, . . . , ad(k).

The parameters {mr}d(F )
r=1 were taken in a such way that in the case considered the embedding

problem (K0/k, F, θ) has a proper solution K, and, by construction, εpn /∈ K because εpn /∈ K0.
Consider the Brauer embedding problem (K/k,H0, ϕ), where ϕ(d) = 1 and ϕ(zr) = fr for all r.
By the construction of the extension K/k, such a problem is unsolvable – we apply Propo-
sition 1, taking conditions (15) into account. Conditions (15) are such that all the elements
of ker α17 of the diagram (2) determine solvable Brauer problems by Lemma 9 and Lemma 4.
Finally, the image of the class h0 ∈ H2(F, 〈d〉) in the group H2(F, Φ(A)) with respect to the
cohomology homomorphism induced by the embedding, under which d 
→ apn−1

, determines,
by the construction of the extension K/k, a Brauer problem, which is unsolvable by Lemma 2.
Thus, all maximal adjoined problems to the problem with class κ(h0) ∈ H2(Gal(K/k), A)
are unsolvable; but the problem itself is solvable: it is not Brauer (because εpn /∈ K), but
all elementary accompanying Brauer problems are semidirect. Now we apply [3, Theorem 1],
in accordance with which the problem considered with class κ(h0) is ultrasolvable. Then [8,
Theorem 1] implies the ultrasolvability of the extension with class κ(h0).

Step 2. Consider the case where in (14) wst are zeros for all 1 < s < t, but for some t > 1
we have (w1t, p) = 1. In the case lt ≥ i + 1 and (wt, p) = 1 the arguments from Step 3 can
be applied (see below). In the case lt ≥ i + 1 and wt = 0, we proceed as follows. The class
κ(h0) determines a group G0 with generators a,Z1, . . . , Zd(F ) the relations on which are the
same as in (14) – all one need to do is to write apn−1

instead of d and to take into account the
fact that aZ1 = a1+pi and aZr = a for all r > 1. We make the change Ẑt = Zta

w1tpn−1−i
. Then

Ẑplt
t = 1, because lt − i > 0 in the case considered. It is easy to see that

[Z1, Ẑt] = Z−1
1 a−w1tpn−1−i

Z−1
t Z1Zta

w1tpn−1−i
= 1.

Under this change the class κ(h0) does not vary, and thus one can pass to Step 3, taking instead
of h0 the class ĥ0 ∈ H2(F, 〈apn−1〉) determining the group Ĥ0 with generators d = apn−1

, Ẑt,
and {Zr | r �= t}. In this case w1t = 0.

Now let lt ≤ i. We choose the parameters {mr}d(F )
r=1 in the following way:

(εpi , mr) = 1 for any r �= t, εpn /∈ K0;

(εpi , mt) = εp, (mr, ml) = 1 for any r < l.
(16)

We show that the choice (16) is possible. We set mt = a2, m1 = a3, mr = a2r+3 for all
1 < r �= t. As in Step 1, we check that εpn /∈ K0. The parameters {mr}d(F )

r=1 were chosen

17Upon identifying F with Gal(K/k).
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in such a way that in the case considered the embedding problem (K0/k, F, θ) has a proper
solution K and, by construction, εpn /∈ K, because εpn /∈ K0. Note that the extension kr/k

is embedded in a field Kr with cyclic over k Galois group of order plr for all r �= t, because
(εpi , mr) = 1 for all r �= t. The extension kt/k is also embedded in a field Kt with cyclic
over k Galois group of order plt , because the embedding conditions in the case considered have
the form (εplt−1 , mt) = 1, and this condition is fulfilled for any mt in view of lt ≤ i. As in
Step 1, we obtain (by Lemma 9 and Proposition 1) the ultrasolvability of the problem with
class κ(h0) ∈ H2(Gal(K/k), A), whence the ultrasolvability of the extension with class κ(h0)
follows in view of [8, Theorem 1].

Step 3. Finally, consider the case where all the wst in (14) are zeros.
First let (wt, p) = 1 in (14) for some t > 1. We study the embedding problem of the

extension kt/k in Step 1 in a field with cyclic group of order plt .
In the case lt ≥ i + 1, we choose the parameters {mr}d(F )

r=1 determining the extension K0/k
in the following way:

(εpi , mr) = 1 for any r, εpn /∈ K0;

(mr, ml) = 1 for any r < l.
(17)

The choice (17) is possible if the degree (k : Qp) is sufficiently large – it is sufficient to set18

mr = a2r+1 for all r. As in Step 1, in this case for all r the extension kr/k is embedded in
a field Kr with cyclic group of order plr . We choose in Kt a subfield k̃t corresponding to the
subgroup of order pi; since lt ≥ i+1, we have kt ⊆ k̃t and Kt = k̃t( pi

√
y) for some y ∈ k̃∗

t . By [4,
Chap. 3, Sec. 1], for any x ∈ k∗ the extension k̃t( pi

√
yx)/k has cyclic Galois group of order plt .

Moreover, from the relation (εpi , mt) = 1 for the Hilbert symbol of degree p it follows that the
element y and the field k̃t can be chosen in such a way that the property θk(εp)( pi

√
y) = pi

√
y is

fulfilled – indeed, the condition (εpi , mt) = 1 ensures the solvability of the embedding problem
of the extension kt/k in a field with cyclic p-group of any order (see arguments in Step 1). We
choose x in such a way that θk(εp)( pi

√
yx) �= pi

√
yx – this is possible because, by conditions (9),

the Hilbert symbol (εp, x) of degree pi is nontrivial as a function of x. For such a choice of x,
we set K̃t = k̃t( pi

√
yx) and consider as K the tensor product over k of the field K̃t and the

fields Kr for all r �= t. The Galois algebra K is a field for chosen {mr}d(F )
r=1 that solves the

embedding problem (K0/k, F, θ) and εpn /∈ K, because εpn /∈ K0. In view of Proposition 1
and the special choice of the field K, the problem (K/k, H0, ϕ) in Step 1 is unsolvable. Now
we can apply the arguments of Step 1 for proving the ultrasolvability of the extension with
class κ(h0).

Now let lr < i + 1 for all r such that (wr, p) = 1. The class κ(h0) determines a group G0

with generators a, Z1, . . . , Zd(F ) the relations on which are the same as in (14) – it is only
necessary to write apn−1

instead of d and to take into account the fact that aZ1 = a1+pi and
aZr = a for all r > 1. We set Ẑt = Zta

−wtpn−1−lt . This change of generators is correct in view
of lt ≤ i ≤ n−1. We have Ẑplt

t = 1, [Zr, Ẑt] = [Zr, Zt] for all r > 1, and [Z1, Ẑt] = awtpn−1−lt+i
.

Indeed, this is obvious for r �= 1, and for r = 1 this follows from the relations19

[Z1, Ẑt] = Z−1
1 awtpn−1−lt

Z1[Z1, Zt]a−wtpn−1−lt = awtpn−1−lt+i
[Z1, Zt] = awtpn−1−lt+i

.

18The parameters {ar}d(k)r=1 are defined in Step 1.
19By assumption, all wrs are zeros.
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For lt = i we have [Z1, Ẑt] = awtpn−1
. For the change of generators mentioned above

the class κ(h0) does not vary, and thus we may pass to Step 2, taking instead of h0 the class
ĥ0 ∈ H2(F, 〈apn−1〉) determining the group Ĥ0 with generators d = apn−1

, Ẑt, and {Zr | r �= t}.
For lt < i, instead of h0 we again take the class ĥ0 ∈ H2(F, 〈apn−1〉) determining the

group Ĥ0 with generators d = apn−1
, Ẑt, and {Zr | r �= t} – in (14), except for wrs = 0 for

all r and s, we already have wt = 0.
Thus, it remains to consider the case where in (14) only (w1, p) = 1 and the other parameters

are zeros. Without loss of generality, we may set w1 = 1. Choose the parameters {mr}d(F )
r=1

in the following way: we set20 mr = a2r+1 for all r. In this case conditions (17) and (12)
are fulfilled. For all r > 1, the extension kr/k is embedded in a field Kr with cyclic group
of order plr , since (εpi ,mr) = 1. The extension k1/k is also embedded in a field K1 with
cyclic group of order pl1, since θk(εpi) trivially acts on the field k(εpn−1) and on the element
p
√

εpn−1m1 in view of the relation (εpi ,m1) = 1 (see the derivation of the solvability conditions
of the problem (K0/k,X1, ϕ) in Lemma 9). In relations (14), l1 ≥ n− i. We show that l1 ≥ n
in the case considered.

Indeed, in the mentioned assumptions21 the class κ(h0) is obtained by lifting of the class
h ∈ H2(Gal(K1/k), A) determining a group H with the presentation

H = 〈a, b | apn = 1, bpl1 = apn−1
, ab = a1+pi〉. (18)

If l1 < n, then we can make the change b̂ = ba−pn−1−l1 in the presentation (18). We have

(ba−pn−1−l1 )p
l1 = b2a−pn−1−l1 (1+(1+pi))(ba−pn−1−l1 )p

l1−2

= . . .

= bpl1a−pn−1−l1 (1+(1+pi)+···+(1+pi)p
l1−1)

= apn−1−pn−1−l1 (1+(1+pi)+···+(1+pi)p
l1−1).

It is clear that

1 + (1 + pi) + · · · + (1 + pi)p
l1−1 =

pl1
∑

l=1

C l
pl1p

i(l−1). (19)

We study p-adic exponents of the terms of expression (19). It is clear that νp(C l
pl1

) = l1−νp(l)

for l ∈ [1, pl1 ]∩N, and thus νp(C l
pl1

pi(l−1)) = l1+i(l−1)−νp(l). We show that i(l−1) ≥ νp(l)+i

for l > 1. Let l = wpr, where (w, p) = 1; then νp(l) = r and i(l − 1) ≥ i(pr − 1). We may
assume that r > 0, for otherwise the inequality to be verified is obvious. Thus, it is sufficient
to show the validity of the following inequality (i ≥ 1 and p > 2):

3r − 2 ≥ r. (20)

It is easy to see that inequality (20) is valid for all natural r ≥ 1, because x 
→ 3x − x − 2
is a monotone increasing function for x ≥ 1 and is equal to zero for x = 1. Thus, the values
of the p-adic exponents of the terms of sum (19) are no less than l1 + i for l > 1; for l = 1,
we obtain the value of the exponent equal to l1. Therefore b̂pl1 = 1, a contradiction with the
nonsplitting of the class κ(h0).

Thus, in (14) l1 ≥ n, w1 = 1, and all other parameters are zeros. As was mentioned above,
the cyclic extension k1/k of degree pn−i is embedded in a field K1 with cyclic group of order pl1.
Let k̃1 be a subfield in K1 corresponding to a subgroup of order pi. Since l1 ≥ n, we have

20The parameters a1, . . . , ad(k) have already been chosen in Step 1.
21In (14), only w1 is coprime to p and is equal to 1 without loss of generality.
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k1 ⊆ k̃1. Moreover, K1 = k̃1( pi
√

y) for some y ∈ k̃∗
1 . In accordance with [4, Chap. 3, Sec. 1],

for any x ∈ k∗ the field k̃1( pi
√

yx) also solves the embedding problem of the extension k̃1/k in
a field with cyclic group of order pl1 . We choose x in such a way that θk(εp)( pi

√
yx) �= pi

√
yx

– this is possible, because by (9) the Hilbert symbol (εp, x) of degree pi is nontrivial as a
function of x, and θk(εp) is trivial on k̃1, which yields θk(εp)( pi

√
y) = εm

p
pi
√

y for some m.
We set K̃1 = k̃1( pi

√
yx) for such x. The problem (K0/k, F, θ) is again solvable in the proper

sense: as a field-solution K we can take the tensor product over k of the field K̃1 and the
fields Kr for r > 1 – clearly, these fields are linear disjoined over k. In addition, εpn /∈ K.
By the construction of the extension K/k and by Proposition 1, the problem (K/k, H0, ϕ) is
unsolvable. Similarly to Step 1, the fulfillment of conditions (12) and Lemma 4 enable us to
prove the ultrasolvability of the extension with class κ(h0). �
Proposition 3. Let af1 = a. Then any nontrivial class h ∈ im κ determines an ultrasolvable
extension.

Proof. Arguments are similar to the proof of Proposition 2; the only difference is that instead
of conditions (12), it is necessary to use conditions (13) for constructing a Galois extension K/k
with group F is such a way that the embedding problem (K/k,H0, ϕ) is unsolvable, εpn /∈ K,
and all the elements of the kernel of the homomorphism α of the diagram (2) determine solvable
Brauer problems. �
3.3. Proof of the main result of the paper.

Theorem 1. Let (1) be a nonsplit p-extension with a cyclic kernel A and an Abelian quotient
group F . Then (1) is ultrasolvable.

Proof. Let |A| = pn. If n = 1, then from the assumptions of the theorem it follows that
A ≤ Φ(G), and thus the extension (1) is ultrasolvable by [4, Chap. 1, Sec. 6, Corollary 5]. Let
n > 1. In this case there exists an m ∈ [1, n − 1] ∩ N such that the class h ∈ H2(F, A) of the
extension (1) is the image of a certain class h0 ∈ H2(F, 〈apm〉) under the cohomology homo-
morphism induced by the embedding, but it is not the image of any class in H2(F, 〈apm+1〉).
Taking quotient groups in (1) with respect to the subgroup 〈apm+1〉, we obtain an exten-
sion with cyclic kernel of order pm+1. To such an extension we can apply the construction
of Propositions 2 and 3 in accordance with which there exists a Galois extension of p-local
fields K/k with group F such that the problem22 (K/k,G/〈apm+1 〉, ϕ1) is ultrasolvable but
εpm+1 /∈ K. The problem (K/k, G, ϕ) is solvable, because it is not Brauer and all elementary
accompanying Brauer problems corresponding to F -operator characters of the kernel accom-
pany the solvable problem (K/k,G/〈apm+1〉, ϕ1). Any solution L of the problem (K/k,G,ϕ)

is a solution of the problem (L〈apm+1 〉/k,G,ϕ0), where ϕ0 is the natural epimorphism with the

property ϕ = ϕ1ϕ0. Since the problem (K/k,G/〈apm+1 〉, ϕ1) is ultrasolvable and L〈apm+1 〉 is

its solution, we deduce that L〈apm+1 〉 is a field. Since ker ϕ0 ≤ Φ(G), it follows that L is also a
field. Thus, the problem (K/k,G,ϕ) is ultrasolvable. It remains to apply [8, Theorem 1]. �
3.4. From Theorem 1 we can derive a consequence. To state it, we need some additional
definitions.

Let p ≥ 2 be a prime divisor of the order of the group A. Then one can factorize the
extension (1) with respect to a p′-subgroup Ap′ of the group A, i.e., one can consider the
extension

1 −−−−→ A/Ap′ −−−−→ G/Ap′
ϕp′−−−−→ F −−−−→ 1, (21)

22ϕ1 is the epimorphism induced by ϕ.
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where ϕp′ is the epimorphism induced by ϕ. If p | |F | in (21), then we consider a Sylow
p-subgroup Fp of the group F and denote by Gp its full preimage in G/Ap′ with respect to ϕp′ .
If p � |F | in (21), then we set Fp = F , Gp = G/Ap′ . We shall call the extension obtained

1 −−−−→ A/Ap′ −−−−→ Gp

ϕp′−−−−→ Fp −−−−→ 1

a p-Sylow subextension to (1).

Corollary 1. Let the extension (1), where A is a cyclic group of odd order and F is an Abelian
group of odd order, be ultrasolvable. Then all Sylow subextension to (1) are ultrasolvable23.

Proof. Let extension (1) be ultrasolvable, i.e., there exists a Galois extension K/k of number
fields such that the embedding problem (K/k,G,ϕ) corresponding to the extension (1) is
ultrasolvable. It is well known that the problem (K/k,G,ϕ) can be represented as a direct
product of the problems (K/k,G(p), ϕp), where G(p) = G/Ap′ and ϕp : G(p) → Gal(K/k) is the
epimorphism induced by ϕ; the kernel of the epimorphism ϕp is a Sylow p-subgroup Ap of the
group A = ker ϕ. Any solution L of the problem (K/k,G,ϕ) is obtained as the tensor product
over K of solutions of the problem (K/k,G(p), ϕp). Since the solutions of any such problem
are linear disjoined with the composite of the other solutions, it follows that (K/k,G,ϕ) is
ultrasolvable if and only if (K/k,G(p), ϕp) is ultrasolvable for all p | |A|. In particular, if
(K/k,G,ϕ) is ultrasolvable, then for all p | |A| the problem (K/k,G(p), ϕp) is nonsplit. In
this case, all Sylow subextensions to (1) are also nonsplit, which follows from the Gaschütz–
Faddeev theorem (see [9, Chap. IV, Sec. 6, Corollary 4]). But then any Sylow subextension is
ultrasolvable by Theorem 1. �
Remark 1. In fact, the assertion of Corollary 1 is convertible, but the proof found by the
author is too bulky and for this reason is not given in the present paper.

Translated by N. B. Lebedinskaya.
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