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ON THE THEORY OF NEAR-VECTOR SPACES

K.-T. Howell and D. S. Chistyakov UDC 512.541

Abstract. We give a brief introduction to near-vector spaces.

1. Introduction

As is known, the theory of vector spaces over skew fields plays an important in linear algebra. This
theory can be generalized by replacing skew fields by near-fields, for which the left distributivity law is
weakened and replaced by 0 · α = 0 and having right distributivity. In [2], the concept of a vector space,
i.e., linear space, is generalized to a structure comprising a bit more nonlinearity, the so-called near-vector
space. In [10] van der Walt showed how to construct an arbitrary finite-dimensional near-vector space,
using a finite number of near-fields, all having isomorphic multiplicative semigroups. In [6], this construc-
tion is used to characterize all finite-dimensional near-vector spaces over Zp, where p is a prime. In [7],
these results were extended to all finite-dimensional near-vector spaces over arbitrary finite fields. In this
paper, we give a brief introduction to the material, as well as some results and interesting examples.

2. Main Results and Some Examples

An algebraic structure (N, +, ·) is called a right near-ring if
• (N, +) is a (not necessarily Abelian) group;
• (N, ·) is a semigroup;
• (x + y)z = xz + yz for all x, y, z ∈ N .

See [9] for further details.

Definition 2.1 ([2]). A pair (V, A) is called a near-vector space if
(1) (V, +) is a group and A is a set of endomorphisms of V ;
(2) A contains the endomorphisms 0, id, and −id;
(3) A∗ = A \ {0} is a subgroup of the group Aut(V );
(4) A acts fixed point free (fpf) on V , i.e., for x ∈ V , α, β ∈ A, xα = xβ implies that x = 0 or α = β;
(5) the quasi-kernel Q(V ) of V generates V as a group. Here

Q(V ) = {x ∈ V | (∀α, β ∈ A) (∃γ ∈ A) xα + xβ = xγ}.
We sometimes refer to V as a near-vector space over A. The elements of V are called vectors and the

members of A are called scalars. The action of A on V is called scalar multiplication. Note that −id ∈ A
implies that (V, +) is an Abelian group. Also, the dimension of the near-vector space, dim(V ), is uniquely
determined by the cardinality of an independent generating set for Q(V ).

In the case where the quasi-kernel does not consist of only 0, one can introduce an addition on Q(V )
in the following way. Associate with each u ∈ Q(V ) an operation +u, defined on A by u(α+uβ):=uα+uβ
with α, β ∈ A. The set A together with this addition and its multiplication, will be a near-field. See [2]
for further details.

Next we give some examples of near-vector spaces.
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Of course, every vector space is a near vector space. But, for example, a near-field F over itself is
a near vector space, but, in general, not a vector space of dimension 1.

Put V := Z
4
5 and F := Z5. Let α ∈ F act as an endomorphism on V by defining (x1, x2, x3, x4)α =

(x1α, x2α
3, x3α

3, x4α). It is not difficult to check that all the axioms for a near-vector space are satisfied
and

Q(V ) = {(a, 0, 0, d) | a, d ∈ F} ∪ {(0, b, c, 0) | b, c ∈ F}.
Consider the Galois field (GF(32), +, ·). Define a new multiplication ◦ on the additive group

(GF(32), +) by the rule x ◦ y = xy if y is a square in (GF(32), +, ·) and x ◦ y = x3y otherwise. The
triple (GF(32), +, ◦) is a near-field. We define the multiplicative automorphism ψ : GF(32) → GF(32)
such that

ψ(γ) = 2γ, ψ(2γ) = γ, ψ(2 + γ) = 1 + 2γ, ψ(1 + 2γ) = 2 + γ, ψ(x) = x otherwise.

Let F denote the near-field (GF(32), +, ◦) and put V :=F 2. Let α ∈ F act as an endomorphism of V
by defining (a, b)α =

(
aα, bψ(α)

)
. Then again we have the structure of a near-vector space.

As with vector spaces, we have the concept of a subspace.

Definition 2.2 ([5, Definition 2.2, p. 1]). If (V, A) is a near-vector space and ∅ 	= V ′ ⊆ V is such that V ′
is the subgroup of (V, +) generated additively by XA = {xa | x ∈ X, a ∈ A}, where X is an independent
subset of Q(V ), then we say that (V ′, A) is a subspace of (V, A), or simply V ′ is a subspace of V if A is
clear from the context.

As with vector spaces, we have the following result.

Lemma 2.3 ([5, Lemma 2.3, p. 2]). Let (V, A) be a near-vector space. ∅ 	= V ′ ⊆ V will be a subspace
of V if and only if V ′ is closed under addition and scalar multiplication.

From [4, Lemma 2.5-16, p. 42] we have the following lemma.

Lemma 2.4. If W is a subspace of V , then Q(W ) = W ∩ Q(V ).

Finally we have the following lemma.

Lemma 2.5 ([5, Lemma 2.5, p. 2]). If (V, A) is a near-vector space and (V1, A) and (V2, A) are subspaces
of V , then (V1 ∩ V2, A) is a subspace of V .

Recall that if V is a group and A is group of automorphisms of V , then the centralizer near-ring
MA(V ) [4, Example 1.2-3, p. 11] is defined by

MA(V ) := {f ∈ M(V ) | f(vα) = f(v)α for all α ∈ A, v ∈ V }.
In [10, Theorem 3.4, p. 301], van der Walt derives a characterization of finite-dimensional near-vector
spaces.

Theorem 2.6. Let V be a group and let A :=D∪{0}, where D is a fix-point-free group of automorphisms
of V . Then (V, A) is a finite-dimensional near-vector space if and only if there exist a finite number
of near-fields F1, F2, . . . , Fn, semigroup isomorphisms ψi : A → Fi, and a group isomorphism Φ: V →
F1 ⊕ F2 ⊕ · · · ⊕ Fn such that if

Φ(v) = (x1, x2, . . . , xn) (xi ∈ Fi),

then
Φ(vα) =

(
x1ψ1(α), x2ψ2(α), . . . , xnψn(α)

)
,

for all v ∈ V and α ∈ A.

According to this theorem, we can specify a finite-dimensional near-vector space by taking n near-fields
F1, F2, . . . , Fn for which there are semigroup isomorphisms

ϑij : (Fj , ·) → (Fi, ·) with ϑijϑjk = ϑik for 1 ≤ i, j, k ≤ n.
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We can then take V := F1 ⊕ F2 ⊕ · · · ⊕ Fn as the additive group of the near-vector space and any one of
the semigroups (Fio , ·) as the semigroup of endomorphisms by defining

(x1, x2, . . . , xn)α :=
(
x1ϑ1io(α), x2ϑ2io(α), . . . , xnϑnio(α)

)

for all xj ∈ Fj and all α ∈ Fio .
In [10], van der Walt studies the near-ring N := MFio

(V ). More specifically (following the theory
of primitive rings of linear transformations in ring theory), he determines the smallest subnear-ring S
of N that contains a complete set of distributive idempotents {e1, e2, . . . , en}, where ej is defined by
ej(x1, x2, . . . , xn) :=xj , and which is 2-primitive on V (see [9] for full details on primitivity in near-rings).
He shows that every square matrix C := (cij), where cij ∈ Fi, represents an element of S, with the action
on V defined by ⎛

⎜
⎝

c11 . . . c1n
...

. . .
...

cn1 . . . cnn

⎞

⎟
⎠

⎛

⎜
⎝

x1
...

xn

⎞

⎟
⎠ :=

⎛

⎜
⎝

c11ϑ11(x1) + · · · + c1nϑ1n(xn)
...

cn1ϑn1(x1) + · · · + cnnϑnn(xn)

⎞

⎟
⎠ .

Definition 2.7. The subnear-ring S of MFio
(V ) generated by the set of all square matrices with their

action on V as defined above is called the near-ring of matrices determined by the near-fields F1, F2, . . . , Fn

and the matrix of isomorphisms (ϑij) and is denoted by Mn

({Fi}, (ϑij)
)
.

Note that the choice of io does not figure in the definition of this near-ring. Also, if V happens to be
a vector space, then Mn

({Fi}, (ϑij)
)

is the usual n by n matrix ring of linear transformations of V .

Theorem 2.8 ([10, Theorem 3.5, p. 302]). Suppose that (V, A) is an n-dimensional near-vector space.
Then the near-ring MA(V ) contains a subnear-ring S isomorphic to a near-ring of matrices determined
by n near-fields with isomorphic multiplicative semigroups. If S is not a ring, then S is dense in MA(V ).

Corollary 2.9 ([10, Corollary 3.6, p. 303]). Suppose that (V, A) is a finite near-vector space that is not
a vector space. Then the near-ring MA(V ) is isomorphic to a near-ring of matrices determined by a finite
number of finite near-fields with isomorphic multiplicative semigroups.

Here is an example using the above results of van der Walt.

Example 2.10 ([10, Example 3.7, p. 303]). Let F1 = F2 be R, the field of real numbers, let ϑ11 be the
identity function, and let ϑ21 be defined by ϑ21(x) := x3. Then (F1 ⊕ F2 = R

2, R) is a near-vector space,
with the action of the semigroup of endomorphisms given by

(x1, x2)α := (x1α, x2α
3).

It is not difficult to verify that (x1, x2)(α + β) for α, β ∈ F is not generally equal to (x1, x2)α + (x1, x2)β,
so (R2, R) is not a vector space. Here the action of a matrix (cij) in Mn

({Fi}, (ϑij)
)

on F1 ⊕ F2 = R
2 is

given by (
c11 c12
c21 c22

)(
x1

x2

)
:=

(
c11x1 + c12x

1/3
2

c21x
3
1 + c22x2

)
.

The characterization of Theorem 2.6 was used in [6] to characterize all finite-dimensional near-vector
spaces over Zp, for p a prime, and in [7] to characterize all finite-dimensional near-vector spaces over
a finite field.

In [2], the concept of regularity is introduced as a central notion. A near-vector space is regular if
any two vectors of Q(V ) \ {0} are compatible, i.e., if for any two vectors u and v of Q(V ) there exists
a λ ∈ A \ {0} such that u + vλ ∈ Q(V ). Every near-vector space can be uniquely decomposed into
a direct sum of regular near-vector spaces Vj (j ∈ J) [4, Theorem 2.7-17, p. 43] and there is a unique
direct decomposition into maximal regular near-vector spaces, called the canonical decomposition of V .
Thus, the theory of near-vector spaces is largely reduced to the theory of regular near-vector spaces.

The following result is known and a proof can be found in [4, Theorem 2.4-15, p. 41].
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Theorem 2.11. A near-vector space V is regular if and only if there exists a basis which consists of
mutually pairwise compatible vectors.

In [5], regularity for specific constructions of near-vector spaces is investigated and it is shown that
linear mappings preserve the canonical decomposition.

There are still many interesting topics to investigate for near-vector spaces, including constructions
over near-fields that are not fields and applications in geometry.
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2. J. André, “Lineare Algebra über Fastkörpern,” Math. Z., 136, 295–313 (1974).
3. D. M. Burton, Elementary Number Theory, McGraw-Hill, New York (2007).
4. K.-T. Howell, Contributions to the Theory of Near-Vector Spaces, Ph.D. Thesis, University of the

Free State (2008).
5. K.-T. Howell, “On subspaces and mappings of near-vector spaces,” Commun. Algebra, 43, No. 6,

2524–2540 (2015).
6. K.-T. Howell and J. H. Meyer, “Finite-dimensional near-vector spaces over finite fields,” Commun.

Algebra, 38, 86–93 (2010).
7. K.-T. Howell and J. H. Meyer, “Near-vector spaces determined by finite fields,” J. Algebra, 398,

55–62 (2014).
8. J. D. P. Meldrum, Near-Rings and Their Links with Groups, Adv. Publ. Program, Vol. 134, Pitman,

New York (1985).
9. G. Pilz, Near-Rings: The Theory and Its Applications, Math. Stud., Vol. 23, North Holland, New

York (1983).
10. A. P. J. van der Walt, “Matrix near-rings contained in 2-primitive near-rings with minimal sub-

groups,” J. Algebra 148 (1992), 296–304.
11. A. P. J. van der Walt, “Near-linear transformations of near-vector spaces,” in: G. Betsch, G. Pilz,

H. Wefelscheid, eds., Proc. of a Conf. held at Oberwolfach, 5–11 Nov. 1989, Univ. of Duisburg (1995),
pp. 189–193.

Karin-Therese Howell
Department of Mathematical Sciences, University of Stellenbosch, Stellenbosch, 7600, South Africa
E-mail: kthowell@sun.ac.za

D. S. Chistyakov
Department of Algebra, Moscow State Pedagogical University, Moscow, 119991, Russia
E-mail: chistyakovds@yandex.ru

487


	Abstract
	1. Introduction
	2. Main Results and Some Examples
	References

