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RADICAL PROPERTIES OF LATTICE K-ORDERED ALGEBRAS

J. V. Kochetova UDC 512.552+512.545

Abstract. Kopytov’s K-order for any algebras over a field is considered. Some results concerning rela-
tionships between l-prime radicals and prime radicals in lattice K-ordered algebras over partially ordered
fields are obtained. Also, the notion of a saturated system in an l-algebra is introduced and some properties
of saturated systems of lattice K-ordered algebras are presented.

Suppose that F is a partially ordered field and A = 〈A; +; ·〉 is a linear algebra over a field F . An
algebra A over a partially ordered field F is called an algebra with the K-order ≤ (see, for example, [4])
if the following conditions hold:

(1) 〈A; +;≤〉 is a partially ordered group;
(2) if x ≤ y, then γx ≤ γy for all elements x, y ∈ A and γ > 0, γ ∈ F ;
(3) from x ≥ 0 it follows that x + xy ≥ 0 and x + yx ≥ 0 for all elements y ∈ A.
A partially ordered algebra A over a field F is called a lattice K-ordered algebra or an l-algebra if

〈A; +;≤〉 is an l-group.
The notion of this partial order was presented in 1972 by V. M. Kopytov in [7] for Lie algebras. In [7],

Kopytov pointed out that this definition of an order can be considered for arbitrary algebras over ordered
fields. This concept was introduced by the author and by E. E. Shirshova in [5]. Following [5], this paper
goes on to consider the notion and properties of an K-order for arbitrary linear algebras over partially
ordered fields.

For many algebraic systems and ordered algebraic systems prime radicals are studied (see [1, 3, 4,
6, 9–14]). In particular, relationships between the l-prime radical and the prime radical are considered
in different algebraic systems. The aim of this paper is to describe some radical properties of lattice
K-ordered algebras over partially ordered fields.

Throughout the paper, we use the standard notation of the theory of partially ordered algebraic
systems (see [2]).

Recall that the l-prime radical l -radK(A) of a lattice K-ordered algebra A over a partially ordered
field is the intersection of all l-prime ideals in A, i.e., the intersection of all l-ideals J of A such that

UV =
{

z =
n=n(z)∑
i=1

xiyi

∣∣∣ xi ∈ U, yi ∈ V

}
�= {J}

for any nonzero l-ideals U and V in the factor algebra A/J (see, for example, [4]).
For the l-prime radical of an arbitrary K-ordered algebra the following statement was obtained by

the author.

Theorem 1 ([6, Theorem 3.3.1]). Any finite-dimensional linearly K-ordered algebra A over a linearly
ordered field is equal to its l-prime radical.

It is known (see [1, Sec. 1.1]) that the prime radical rad(A) of an arbitrary associative algebra A
is equal to the set of all elements a ∈ A such that for each m-system σ with the condition a ∈ σ, we
obtain that σ contains zero. Let us recall that a nonempty subset σ of an associative algebra A is called
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an m-system if for any x, y ∈ σ there exists an element z ∈ A such that xzy ∈ σ (see [1, Sec. 1.1,
Definition 5]).

To study the properties of l-prime radicals, for many ordered algebraic systems the notion of an
l-m-system is introduced (see, for example, [10] for lattice ordered rings). It should be noted that the
definition of a saturated system for lattice K-ordered algebras was stated by the author as an analog
of the notion of an l-m-system for l-rings. Namely, we shall say that a nonempty subset σ ⊆ A of an
l-algebra A over a partially ordered field is a saturated system if for any x, y ∈ σ there exists an element
z ∈ IxIy such that z ∈ σ (by Ix and Iy we denote the least l-ideals of A such that x ∈ Ix and y ∈ Iy)
(see [6, Definition 3.2.2]).

The following statements are concerned with the relationships between the properties of saturated
systems in K-ordered l-algebras and the properties of l-prime ideals for these algebras.

Proposition 1 ([6, Corollary 3.2.1]). An l-ideal I of a lattice K-ordered algebra A over a partially ordered
field is an l-prime ideal in A if and only if A \ I is a saturated system.

Proposition 2 ([6, Theorem 3.2.2]). Suppose that I is an l-ideal of a lattice K-ordered algebra A over
a partially ordered field, σ is a saturated system, and I ∩ σ = ∅. Then the set P of all l-ideals J in A
such that J ⊇ I and J ∩ σ = ∅ is an inductive set and the maximal elements of P are the l-prime ideals
in A containing I.

Using the properties of saturated systems, we have proved the following description of the l-prime
radical for lattice K-ordered algebras, which is based on the notion of a saturated system.

Theorem 2. The l-prime radical l -radK(A) of a lattice K-ordered algebra A over a partially ordered field
is equal to the set of all elements a ∈ A such that any saturated system σ with the condition a ∈ σ contains
zero.

Proof. Consider an arbitrary element a /∈ l -radK(A). Using the definition of the l-prime radical, we
conclude that there exists an l-prime ideal P such that a /∈ P . From Proposition 1 it follows that
σ = A \ P is a saturated system and 0 /∈ σ. Moreover, a ∈ σ.

Conversely, assume that for element a ∈ A there exists a saturated system σ such that a ∈ σ and
0 /∈ σ. The application of Proposition 2 to zero l-ideal of A yields that there exists an l-ideal P in the
l-algebra A such that P is an l-prime ideal of A and P satisfies the condition P ∩ σ = ∅. Taking into
account a /∈ P , we get a /∈ l -radK(A).

Theorem 3. Suppose A is a lattice K-ordered associative algebra (a Lie l-algebra) over a partially or-
dered field. Let l -radK(A) be the l-prime radical of A and let rad(A) be the prime radical in A. Then
l -radK(A) ⊆ rad(A).

Proof. The proof of this statement for lattice K-ordered Lie algebras is presented in [6, Corollary 3.3.1].
To prove this statement for an associative lattice K-ordered algebra A, we consider an arbitrary

element a ∈ l -radK(A). In addition, let σ be an m-system in A such that a ∈ σ. By definition of an
m-system it follows that for any elements x, y ∈ σ there exists an element z ∈ A such that z satisfies the
condition xzy ∈ σ. Since y ∈ Iy and for x ∈ Ix we have xz ∈ Ix, we see that xzy ∈ IxIy. Therefore,
σ is a saturated system. On the other hand, recall that a ∈ σ and a ∈ l -radK(A). Combining this with
Theorem 2, we obtain 0 ∈ σ. This means that a ∈ rad(A). This completes the proof of this theorem.

Theorem 4. The l-prime radical and the prime radical of a finite-dimensional linearly K-ordered associa-
tive algebra (a Lie l-algebra) over a linearly ordered field are equal to this algebra. Moreover, the l-prime
radical and the prime radical of a finite-dimensional linearly K-ordered associative algebra are equal to
the Jacobson radical of this algebra.

Proof. Let us recall that the Jacobson radical of an associative algebra contains the prime radical of this
algebra (see, for example, [1, Sec. 1.3, Corollary 5]). The application of Theorems 1 and 3 completes the
proof of this statement.
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In this paper, following [1], we say that an algebra is a B-radical algebra if this algebra and its prime
radical are equal. Using results of [6], we shall give the following definition. A K-ordered algebra is called
a Bl-radical algebra if its l-prime radical is equal to this algebra.

Corollary. Any finite-dimensional nilpotent associative algebra (a Lie algebra) over a linearly ordered
field is a B-radical algebra. Also, this algebra is a Bl-radical algebra. Moreover, any finite-dimensional
nilpotent associative algebra is radical by Jacobson.

Proof. In [5], it was proved that for a finite-dimensional associative algebra (a Lie algebra) there exists
a linear K-order if and only if this algebra is a nilpotent algebra (see [5, Corollary 1]). To conclude the
proof, we combine this with Theorem 4.
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