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HOMOMORPHISMS OF RANK-1 QUOTIENT DIVISIBLE GROUPS

O. I. Davydova UDC 512.541

Abstract. Torsion-free quotient divisible groups were introduced by R. Beaumont and R. Pierce in 1961.
In 1998, A. A. Fomin and W. Wickless defined quotient divisible mixed groups and proved that categories of
mixed quotient divisible groups and finite-rank torsion-free groups with quasihomomorphisms as morphisms
are dual. In studying finite-rank torsion-free groups, rank-1 torsion-free groups play an important role, as
many problems that are being solved in this class arise from them. This paper is devoted to the study of the
homomorphism groups of rank-1 quotient divisible groups. The main achieved result is a full description
of the homomorphism group in the language of characteristics.

Throughout the paper “group” will mean an Abelian group defined additively. Z and Ẑp are the rings
(additive groups) of integers and p-adic integers, respectively. Hom(A, B) is the group of homomorphisms
from A to the group B. Other definitions and notations are standard and correspond to [4].

Definition 1 ([2]). For an element a of A and prime p, we will define mp as the least nonnegative integer
such that the element pmpa is divisible by any power of the prime p in A. If such an integer does not exist,
let mp = ∞. The characteristic (mp1 , mp2 , . . . , mpn , . . . ) is called the cocharacteristic of the element a
of A and it is denoted by cochar(a) = (mp). The type cotype(a) = [(mp)] is called the cotype of this
element.

Definition 2 ([3]). An Abelian group A is quotient divisible if it does not contain nonzero torsion divisible
subgroups but contains a free finite-rank subgroup F such that the quotient A/F is torsion divisible.

We will call a linearly independent set of elements X = {x1, . . . , xn} that generates the group F in
Definition 2 a basis of the quotient divisible group A. The rank of the group F is the rank of the quotient
divisible group A. The following theorem is auxiliary; it is used for obtaining the main results.

Theorem 1 ([2]). Let A be a rank-1 quotient divisible group with a basis {x}, B be an arbitrary quotient
divisible group, and y ∈ B. If cocharA(x) ≥ cocharB(y), then there exists a unique homomorphism
f : A → B such that f(x) = y.

The cocharacteristic of any element of a rank-1 quotient divisible group A does not exceed the
cocharacteristic of any basis of this group. In particular, the cocharacteristics of two bases of a rank-1
quotient divisible group A are equal.

Definition 3 ([2]). The cocharacteristic of any basis of a rank-1 quotient divisible group A is called the
cocharacteristic of the group A. It is denoted by cochar(A).

An arbitrary characteristic χ can be associated with the set of elements a ∈ A satisfying the inequality
cochar(a) ≤ χ. The set A(χ) is a subgroup of the group A. This subgroup is completely characteristic,
i.e., it maps to itself under any endomorphism. The following lemma is valid.

Lemma 1. Let A be a rank-1 quotient divisible group. If the characteristic cochar(A) and χ satisfy the
inequality [χ] ≥ [cochar(A)], then A(χ) is a rank-1 quotient divisible subgroup of the group A; in particular,

cochar
(
A(χ)

)
= cochar(A) ∧ χ.
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Proof. Let A be a rank-1 quotient divisible group with a basis {x}, cochar(A) = (mp), and χ = (kp).
Since the characteristic cochar(A) and χ satisfy the inequality [χ] ≥ [cochar(A)], we have that there exist
a finite number of indices for which there is no place kni ≥ mni . Let rni = mni − kni for indices n1, . . . , nt

and mni > kni . As any element a ∈ A satisfies the equation cochar(A) ≥ cochar(a), we show that the
equality

A(χ) = p
rn1
n1 . . . p

rnt
nt A

holds.
It is shown [2] that there is a decomposition of the group A

A = tp1(A)⊕ · · · ⊕ tpn(A)⊕ A′, (1)

where p1, p2, . . . , pn are prime numbers such that mpi < ∞ for the basis x and A′ is p-divisible with-
out p-torsion for each i = 1, 2, . . . , n. Consider the decomposition with regard to the prime numbers
p1, p2, . . . , pn for the element a ∈ A(χ) ⊂ A

a = α1xpn1
+ · · ·+ αtxpnt

+ a1,

where α1, α2, . . . , αn ∈ Z and a ∈ A′.
As χ = (kp), we see that

p
kn1
n1 . . . p

knt
nt a = p

kn1
n1 α1xpn1

+ · · ·+ p
knt
nt αtxpnt

+ p
kn1
n1 . . . p

knt
nt a1.

Therefore, the element p
kn1
n1 . . . p

knt
nt a is divisible by any power of the prime number p. Hence, p

rn1
n1 | α1, . . . ,

p
rnt
nt | αt and a ∈ p

rn1
n1 . . . p

rnt
nt A.

The inclusion p
rn1
n1 . . . p

rnt
nt A ⊂ A(χ) is obvious. Therefore, we obtain the equality

A(χ) = p
rn1
n1 〈xpn1

〉 ⊕ · · · ⊕ p
rnt
nt 〈xpnt

〉 ⊕ A′,

where A′ is a pni-divisible group without pni-torsion for each i = 1, 2, . . . , t.
Hence, the subgroup A(χ) is a quotient divisible subgroup of the group A and its cocharacteristic is

equal to cochar(A) ∧ χ.

In [2], it is shown that in a rank-1 quotient divisible group A the structure of an associative ring
appears with complex multiplication and there is found a way to build a rank-1 quotient divisible group
of any cocharacteristic. Let S be a subset of a group M and 〈S〉 be the subgroup generated by the set S.
The group 〈S〉∗ is the pure hull of S in M if it consists of all the elements x ∈ M such that nx ∈ 〈S〉 for
an integer 0 = n ∈ Z. In particular, 〈S〉∗ contains all torsion elements of M .

Let χ = (mp) be an arbitrary characteristic. For every prime number p we take the ring Kp, where
Kp = Z/pmpZ if 0 ≤ mp < ∞ or Kp = Ẑp if mp = ∞. Consider the ring Zχ =

∏

p∈P

Kp. If [χ] = 0, then we

define the ring Rχ = Q⊕ Zχ. If the type [χ] is a nonzero type, then we define the ring Rχ = 〈1〉∗ ⊂ Zχ.

Theorem 2. Let Rχ and Rκ be rank-1 quotient divisible groups, χ = (mp) and κ = (kp).
(1) If the inequality [χ] ≥ [κ] is not true, then the group Hom(Rχ, Rκ) is torsion, and the p-primary

components of the group are cyclic. If kp = 0 or kp = ∞ for some prime number p, then p-primary
components of the group Hom(Rχ, Rκ) are equal to 0. If 0 < kp < ∞ or kp = ∞ for some prime
number p, then the order p-primary component of the group Hom(Rχ, Rκ) is pmin(mp,kp).

(2) If the inequality [χ] ≥ [κ] is true, then Hom(Rχ, Rκ) ∼= Rχ∧κ. In particular, if the inequality
χ ≥ κ is true, then Hom(Rχ, Rκ) ∼= Rκ.

Proof. Let 1 be a basis of the group Rχ and let the inequality [χ] ≥ [κ] be false. Consider the homo-
morphism f ∈ Hom(Rχ, Rκ). We show that the element f(1) of the group Rκ is torsion. Suppose that
f(1) is not a torsion element of the group Rκ. Then

[
cochar

(
f(1)

)]
= [κ]. Since the cocharacteristic

of any element of a rank-1 quotient divisible group is less than or equal to the cocharacteristic of any
basis of this group, then cochar(1) ≥ cochar

(
f(1)

)
, i.e., [χ] ≥ [κ]. We come to a contradiction with the
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condition. Therefore, f(1) is a torsion element of the group Rκ. There exists a positive integer m such
that m

(
f(1)

)
= 0 or mf(1) = 0. By Theorem 1, the equality mf = 0 is true. It follows that Hom(Rχ, Rκ)

is a torsion group.
If kp = 0 or kp = ∞ for some prime number p, then Rκ is a group without p-torsion. Therefore,

p-primary components of the group Hom(Rχ, Rκ) are equal to 0. If 0 < kp < ∞ for some prime number p,
then Rκ = Rp ⊕ R′

p, where Rp is a cyclic group of order pkp and R′
p is a p-divisible group without

p-torsion. Since R′
p is a p-divisible group without p-torsion, we see that the p-primary components of

the group Hom(Rχ, Rκ) are the group Hom(Rχ, Rp). Since every homomorphism f ∈ Hom(Rχ, Rp) is
uniquely determined by f(1) ∈ Rp (by Theorem 1), we see that Hom(Rχ, Rp) ∼=?, where T is a cyclic
subgroup of the group Rp. Therefore, T = 〈t〉, where t ∈ T , o(t) ≤ pmp , and o(t) ≤ pkp . By Theorem 1,
there exists a homomorphism f ∈ Hom(Rχ, Rp) such that pmin(mp,kp)f = 0. Therefore, o(t) = pmin(mp,kp).
It follows that the p-primary component of the group Hom(Rχ, Rκ) is a cyclic group of order pmin(mp,kp).

Let the inequality [χ] ≥ [κ] be true. Since every homomorphism f ∈ Hom(Rχ, Rκ) is uniquely
determined by f(1) ∈ Rκ(χ) (by Theorem 1), we see that Hom(Rχ, Rκ) ∼= Rκ(χ). By Lemma 1, the
group Rκ(χ) is a rank-1 quotient divisible group of cocharacteristic χ ∧ κ. It follows that Hom(Rχ, Rκ) ∼=
Rχ∧κ.
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