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COMBINED ALGORITHM OF DOMAIN DECOMPOSITION AND h -ADAPTATION  
FOR THE SOLUTION OF CONTACT PROBLEMS OF ELASTICITY 

I. I. Dyyak, 1 I. I. Prokopyshyn, 2  and  Yu. O. Yashchuk1 UDC 519.6: 539.3: 517.958 

We propose a combined algorithm for the solution of the problems of contact of elastic bodies.  This al-
gorithm combines the iterative method of domain decomposition and the h -adaptive scheme based on 
the comparison of the results of the finite-element and boundary-element methods.  The numerical anal-
ysis of a test problem shows that the mesh refinement performed by using the proposed algorithm re-
veals singularities of the stress field near the contact area and the total number of unknowns significantly 
decreases, as compared with the case of uniform partition.  

Introduction 

The numerical algorithms used for the solution of contact problems for deformable bodies on the basis 
of the variational formulation and finite-element method (FEM) are successfully applied for several last dec-
ades [6, 7, 19, 21, 23, 27–29].  However, the question of their efficiency, especially for the problems of contact 
of several bodies, remains actual. 

As an efficient approach to the solution of contact problems, one can mention the application of the meth-
ods of domain decomposition [11, 15, 18, 22, 25].  The decomposition into subdomains significantly decreases 
the total dimension of the contact problem but requires the iterative solution of separate problems in subdo-
mains.  The efficiency of the numerical solution of these problems can be significantly improved by using adap-
tive modifications of the finite-element method and, in particular, h -adaptive schemes [12, 16, 17, 28, 30] in 
which the mesh is refined in the process of solution solely in the domains with large errors of the solution.  

Earlier, the authors proposed an adaptive algorithm for the solution of elasticity problems based on the 
comparison of the results of the finite-element method (FEM) and the boundary-element method (BEM). 
The authors also proposed the schemes of domain decomposition for the problems of contact of several elastic 
bodies [4, 15, 25].  The aim of the present work is the development and the practical approbation of a general 
algorithm for the numerical solution of contact problems for several elastic bodies, which combines the process-
es of decomposition and h -adaptation. 

Statement of the Contact Problem 

Consider the problem of unilateral contact under the conditions of plane deformation of two isotropic elastic 
bodies given by the bounded domains  Ω1 ,   Ω2 ⊂ R2   with the Lipschitz boundaries  Γ1   and  Γ2 ,  respective-
ly (Fig. 1). 
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Fig. 1.  Unilateral contact of two elastic bodies. 

In order to describe the stress-strain state of bodies, we use a model of the linear elasticity theory [8].  In the 
space   R2 ,  we introduce a Cartesian coordinate system with basis vectors  e1   and  e2 .  By   

 uα(x) = uαi (x)ei ,       
⌢
εεα(x) = εα ij (x)eie j ,      and      

 
⌢
σσα(x) = σα ij (x)eie j ,   

we denote, respectively, the vector of displacements, the strain tensor, and the stress tensor at a point  x   of the 
body  Ωα ,  α = 1, 2 .  On the boundary  Γα = ∂Ωα   of each body, we introduce a local orthonormal coordinate 
system with basis vectors  nα   and  ττα ,  where  nα   is the unit outer normal and  ττα   is the unit tangent vector.  
In this basis, we write the vectors of displacements and stresses on  Γα : 

 uα(x) = uατ (x)ττα + uαn (x)nα , 

 σσα(x) = σατ (x)ττα +σαn (x)nα , α = 1, 2 . 

The components of the strain tensor are determined in terms of displacements by the Cauchy formulas  

 εα ij (x) =
1
2

∂uαi (x)
∂x j

+
∂uαj (x)
∂xi

$

%
&

'

(
) , x ∈ Ωα , i, j = 1, 2, α = 1, 2 . (1) 

The components of the stress tensor are connected with strains by Hooke’s law 

 σα ij (x) = δijλα(x)Θα(x)+ 2µα(x)εα ij (x), x ∈ Ωα , i, j = 1, 2, α = 1, 2 , (2) 

where  δij =
1, i = j,
0, i ≠ j,

⎧
⎨
⎩

  is the Kronecker symbol,  Θα = εα11 + εα 22   is the volume strain, and   

 λα  = Eανα
(1+ να )(1− 2να )

      and      µα =
Eα

2(1+ να )
   

are the Lamé parameters for the body  Ωα   represented via Young’s modulus  Eα   and Poisson’s ratio  να . 
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For each body, we can write the following equilibrium equations:  

 
∂σα ik (x)
∂xkk=1

2

∑ = 0, x ∈ Ωα , i = 1, 2, α = 1, 2 . (3) 

The substitution of (2) in (3) with the use of (1) gives the Navier equilibrium equations for displace-
ments [8]: 

 (λα +µα )
∂2uαk (x)
∂xk ∂xik=1

2

∑ +µα
∂2uαi (x)
∂xk2k=1

2

∑ = 0, x ∈ Ωα , i = 1, 2, α = 1, 2 . (4) 

Assume that the boundary  Γα   is formed by three disjoint parts:   Γα = Γα
u  Γα

p  Sα .  Here,  Γα
u   is 

a part of the boundary  Γα   with given displacements (Dirichlet conditions).  To simplify the variational formu-
lations, we set the displacements equal to zero: 

 uα(x) = 0, x ∈ Γα
u . (5) 

In the part  Γα
p   of the boundary  Γα ,  we assume that the static boundary conditions (Neumann conditions) 

are satisfied 

 σσα(x) = pα(x), x ∈ Γα
p , (6) 

where  pα   are given boundary loads.  The boundary  Sα   corresponds to the zone of a possible unilateral con-
tact of the body  Ωα   with another body.  We assume that the curves  S1 ⊂ Γ1   and  S2 ⊂ Γ2   are sufficiently 
close (S1 ≈ S2 )  and, hence, their outer normals differ from each other only by their signs [6]:  n1(x) ≈ − n2( ′x ) ,  
where  ′x = P(x) ∈S2   is the orthogonal projection of the point  x ∈S1   onto the curve  S2 .  The distance along 
the normal between the bodies  Ω1   and  Ω2   prior to deformation is denoted by   

 fn (x)  = x − "x = (xk − "xk )2k=1
2

∑ . 

In the zones of a possible contact between the bodies, the following conditions are satisfied: 

 – inextensibility 

 σ1n (x) = σ2n ( "x ) ≤ 0 ; (7) 

 – absence of friction 

 σ1τ (x) = σ2τ ( #x ) = 0 ; (8) 

 – mutual impenetrability of the bodies 

 u1n (x) + u2n ( ′x ) ≤ fn (x) ; (9) 
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 – contact alternative 

 (u1n (x) + u2n ( ′x ) − fn (x))σ1n (x) = 0 . (10) 

Here,  x ∈S1 ,  ′x = P(x) ∈S2 . 
Equations (1), (2), and (4) equipped with the boundary conditions (5)–(10) describe the unilateral contact of 

two elastic bodies without friction. 

Variational Formulations 

We now give a variational formulation of the contact problem (1), (2), (4)–(10) in the form of a variational 
inequality on a convex closed set of kinematically admissible displacements.  In what follows, we reduce this 
problem by the penalty method to the solution of a nonlinear variational equation in the Hilbert space. 

Consider the Sobolev spaces   Vα = [H 1(Ωα )]2   for each  body.  We introduce closed subspaces   

  Vα
0 = {uα ∈ Vα : uα = 0 on Γα

u }   

and define the scalar product   

 (uα , vα )Vα0 = uα ivα i +
∂uαi
∂x j

∂vαi
∂x jj=1

3

∑
⎛

⎝
⎜

⎞

⎠
⎟

Ωα

∫
i=1

2

∑ dΩ  

and  the norm  u Vα0
= (u, u)Vα0   in these subspaces. 

We understand the values of elements of the spaces  Vα   and  Vα0   on the parts of the boundary  Γα   in 
a sense of traces [24] and denote them, for simplicity, by the same symbols.  The trace of an element  uα ∈Vα   

on the boundary  Γα
u   belongs to the class   [H

1/2(Γα
u )]2   and the trace of an element  uα ∈Vα0   on the boundary  

Ξα = int (Γα \ Γα
u )  belongs to  [H00

1/2(Ξα )]2 .  In what follows, we consider that Γα
u = Γα

u .  Then Ξα = Γα \ Γα
u ,  

Γα
p ⊂ Ξα ,  and  Sα ⊂ Ξα ,  α = 1, 2 . 

We now introduce a space  

   V0 = V10 ×V20 = {u = (u1, u2 )⊤ : uα ∈Vα0, α = 1, 2}  

with the scalar product   

 (u, v)V0 = (uα , vα )Vα0
α=1

2

∑   

and the norm  u V0
= (u, u)V0 .  We also define a bilinear form  A(u, v) ,  u, v ∈V0 ,  such that  1

2
A(u, u)   

specifies the total energy of deformation of two bodies and a linear form  L(v) ,  v ∈V0 , equal to the work of 
external forces applied to the bodies: 
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 A(u, v) = aα(uα , vα )
α=1

2

∑ , 

 aα(uα , vα ) = λαΘα(uα )Θα(vα ) dΩ
Ωα

∫ + 2 µα εα ij (uα )εα ij (vα ) dΩ
i, j=1

2

∑
Ωα

∫ ,      uα , vα ∈ Vα0 , (11) 

 
 

L(v) = ℓα(vα )
α=1

2

∑ , ℓα(vα ) = pα ⋅ vα dS
Γα
p
∫ = pαivαi

i=1

2

∑ dS
Γα
p
∫ ,      vα ∈ Vα0 , (12) 

where   pα ∈[H00
−1/2(Ξα )]2 ,  α = 1, 2 . 

In the space  V0 ,  we define a convex set of kinematically admissible displacements on the basis of the con-
dition of mutual impenetrability (9) 

  K = {u ∈ V0 : u1n + u2n ≤ fn   on   S1} , 

where    uαn = nα ⋅ uα ∈ H00
1//2(Ξα ) ,  α = 1, 2 ,  and   fn ∈H00

1/2(Ξ1) . 
The results obtained in [6, 7, 24] enable us to formulate the following proposition: 

Theorem 1 [6, 7].  The original contact problem (1), (2), (4)–(10) is equivalent, in a weak sense, to the 
problem of minimization of a quadratic Lagrange functional in the convex closed set   K V0 : 

 F(u) =
1
2
A(u, u)− L(u) → min

u∈K
. (13) 

The results obtained in [6, 7, 13, 24] enable us to formulate and prove the following proposition: 

Theorem 2 [6, 7].  Let the boundaries of bodies Γα  be Lipschitz, Γα
u ≠ ∅ ,  pα ∈[H00

−1/2(Ξα )]2 , α = 1, 2 ,  

 fn ∈H00
1/2(Ξ1) ,  and let the Lamé parameters be bounded: 

  (∀x ∈ Ωα ) {0 < λα(x) <∞, 0 < µα(x) <∞}, α = 1, 2 . 

Then problem (13) has a unique solution.  Problem (13) is equivalent to the following variational inequality 
on the set  K : 

 !F (u, v − u) = A(u, v − u)− L(v − u) ≥ 0 ∀v ∈ K , u ∈ K . (14) 

To reduce the problem of minimization (13) on the convex set  K   to the problem of minimization in the 
original space  V0 ,  we use the penalty method [21, 24]. Thus, we introduce a penalty for the violation of the 
impenetrability condition (9) in the following form [21]: 
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Jθ(u) =
1
2θ

[[( fn − u1n − u2n )− ]]2 dS
S1
∫ , u ∈ V0 , 

where  θ > 0   is the penalty parameter and   z
− = min {0, z} . 

Consider the problem of minimization of a functional with penalty in the space  V0 : 

 Fθ(u) =
1
2
A(u, u)− L(u)+ Jθ(u) → min

u∈V0
. (15) 

The penalty term  Jθ(u)   is nonnegative and Gâteaux differentiable: 

 !Jθ(u, v) = −
1
θ

( fn − u1n − u2n )−(v1n + v2n ) dS
S1
∫ , u, v ∈ V0 . 

Note that the differential  ′Jθ(u, v)   is linear in  v   and nonlinear in  u . 
By using the results from [13, 24], we can prove the following proposition: 

Theorem 3.  Let the conditions of Theorem 2 be satisfied.  Then problem (15) has a unique solution and is 
equivalent to the following variational equation nonlinear in  u   in the space  V0 : 

 !Fθ(u, v) = A(u, v)+ !Jθ(u, v)− L(v) = 0 ∀v ∈ V0, u ∈ V0 . (16) 

On the basis of results obtained in [20, 24], we prove the following proposition concerning the strong con-
vergence of the solution of the nonlinear variational equation (16) to a solution of the original variational ine-
quality (14) as  θ→ 0 . 

Theorem 4 [15].  Let the conditions of Theorem 2 be satisfied.  Moreover, let  uθ ∈V0   be a solution of 
problem (15) [variational equation (16)] for  θ > 0 ,  and let  u∗ ∈K   be a solution of problem (13) [variational 
inequality (14)].  Then  uθ → u∗   strongly in the space  V0   as  θ→ 0 ,  i.e.,  uθ − u∗ V0

→
θ→0

0 . 

Iterative Domain Decomposition Method 

To solve the nonlinear variational equation with penalty (16) corresponding to the original contact problem, 
we use the iterative method [4, 15] 

 
 
A(uk+1, v) = A(uk , v)− γ A(uk , v)+ #Jθ(uk , v)− L(v)%

&
'
( ∀v ∈ V0, k = 0,1,…,  (17) 

where   γ ∈R   is an iterative parameter,  uk ∈V0 ,   k = 1, 2,… ,  is the  k th approximation to the exact solution 

of Eq. (16), and  u0 ∈V0   is the initial approximation.  In each step of the iterative method (17), it is necessary 

to solve, for given  uk ,  a linear variational equation for  uk+1 . 
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We now show that this iterative method yields the decomposition into subdomains, i.e., reduces the solution 
of the original problem in the entire domain   Ω = Ω1 Ω2   to the solution of a sequence of separate problems 
for each body  Ωα ,  α = 1, 2 .  After necessary transformations, the iterative process (17) takes the form 

 
   
A 1

γ
[[uk+1 − (1− γ)uk ]], v

#

$
%

&

'
( = L(v)− )Jθ(uk , v) ∀v ∈ V0, k = 0,1,… . 

Introducing the notation  
   
!uk+1 =

1
γ
[[uk+1 − (1− γ)uk ]] ,  we conclude that the iterative method (17) can be rep-

resented in the form 

  A( !u
k+1, v) = L(v)− "Jθ(uk , v) ∀v ∈ V0 , (18) 

  u
k+1 = γ!uk+1 + (1− γ)uk , k = 0,1,… . (19) 

Since the parameters common for both bodies are known from the previous iteration, the variational equa-
tion (18) splits into two independent equations in different bodies.  Thus, method (18), (19) is equivalent to the 
following iterative process [4, 15]:  

 
  

aα( !uαk+1, vα ) = ℓα(vα )+
1
θ

( fn − u1nk − u2nk )−vαn dS
Sα
∫ ∀vα ∈ Vα0 ,      α = 1, 2 , (20) 

  uα
k+1 = γ!uαk+1 + (1− γ)uαk , α = 1, 2, k = 0,1,… . (21) 

In each iteration, method (20), (21) is based on the parallel solution of the variational problems (20).  They 
are independent for each body and correspond to the elasticity problems with given loads  

 σ1n
k = σ2n

k =
1
θ
( fn − u1nk − u2nk )−   

in the zones of possible contact (Neumann conditions).  Therefore, this iterative method is a parallel algorithm 
of domain decomposition of the Neumann type [3, 4, 15, 25]. 

We proved the following theorem on convergence of the parallel Neumann scheme of domain decomposi-
tion (20), (21). 

Theorem 5 [4, 15].  Let the conditions of Theorem 2 be satisfied.  Then there exists  γ ∗ > 0   such that, for 

any parameter  γ ∈(0, γ ∗) ,  a sequence of approximations  
 
uk = (u1k , u2

k ){ }  obtained by the domain decom-

position method (20), (21) strongly converges in the space  V0   to the exact solution  u   of problem (16), i.e.,  

uk − u
V0

→
k→∞

0 .  In this case, the rate of convergence of method (20), (21) in the energy norm  

⋅ A = A( ⋅ , ⋅ )   is linear: 

 uk+1 − u
A
≤ q uk − u

A
, q ∈ (0,1) . 
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Hence, the domain decomposition method (20), (21) enables us to reduce the original nonlinear contact 
problem to the solution of a sequence of classical problems of linear elasticity in separate bodies.  This approach 
makes it possible to apply the most efficient numerical methods for the solution of separate problems and to or-
ganize parallel calculations. 

Combined Algorithm of Domain Decomposition and h -Adaptation 

In [2, 9, 15], the finite-element method was used for the numerical solution of problems (20) in each do-
main  Ω1   and  Ω2 .  Note that the entire process of solution is iterative.  In each step, it is necessary to solve 
two rigorous problems of elasticity.  Hence, the optimality of a finite-element mesh plays an important role. 

We now construct a combined algorithm for the solution of the original contact problem based on the Neu-
mann scheme of domain decomposition described above and an algorithm of h -adaptation of a finite-element 
mesh to the linear problems of elasticity.  This algorithm was earlier developed in [14].  It is based on the a pri-
ori difference between the errors of the finite-element and boundary-element methods obtained in the evaluation 
of stresses.  For the sake of simplicity, we perform adaptation solely in the domain  Ω2 .  In the domain  Ω1 ,  
we use the finite-element method with uniform mesh.  First, we describe the error estimation procedure as the 
main element of the adaptive process.  To this end, we introduce the definitions of terms encountered in what 
follows. 

Consider a finite-element partition of the domain  Ω2 .  Let  Ω2e   be a finite element of this partition.  
In what follows, the subscript specifying the body  Ω2  is omitted in the notation of some quantities for the sake 
of simplicity. 

Definition 1.   The quantities  De   and  de   are called the upper and lower diameters of a finite ele-
ment  Ω2e ,  respectively, if  

 (a)  De = De ,   de =
de ,  where   

De   and   
de   are, respectively, the diameters of the circles circumscribed 

over and inscribed in the element  Ω2e   in the case where  Ω2e   is a triangular element; 

 (b) 
 
De = max

i=1,…,4
Ti   and  

 
de = min

i=1,…,4
ti ,  where  Ti   and  ti ,   i = 1,…, 4 ,  are, respectively, the diameters 

of the circles circumscribed over and inscribed in all possible triangles formed on the vertices of the 
element  Ω2e   in the case where  Ω2e   is a quadrangular element. 

The quantity  hF = max
e

De  is called the diameter of a finite-element mesh of the domain  Ω2 . 

Definition 2.  The quantity   Ke = De/de   is called the regularity coefficient of a finite element  Ω2e .  The 
finite-element mesh of the domain  Ω2   is called regular if the following condition is satisfied: 

  (∃K
∗ <∞) (∀e) {Ke ≤ K ∗} . 

We now consider a boundary-element partition of the domain  Ω2 . 
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Definition 3.  A quantity Δe= sup
x, y∈Γ2e

(x1 − y1)2 + (x2 − y2 )2

 
 is called the diameter of a boundary ele-

ment Γ2e .  The quantity  hB = maxe Δe   is called the diameter of a boundary-element mesh of the domain Ω2 . 

For some iteration of the domain decomposition method (20), (21), we solve the problem in the do-
main  Ω2   with the use of the finite-element and boundary-element methods for the same order of approxima-
tion (e.g., in the first approximation).  We assume that the diameters of a finite-element mesh  hF   and a bound-
ary-element mesh  hB   satisfy the inequality  

 C1hF ≤ hB ≤ C2hF , (22) 

where  C1, C2 > 0   are constants. 
We now introduce the norm of an arbitrary tensor   

z   in the domain  W ⊂ Ω   as follows: 

 
 

⌢z W = zij2 dΩ
i, j=1

2

∑
W
∫ . 

By   
σσF   and   

σσB ,  we denote the stress tensors in the body  Ω2   obtained by the methods of finite and 
boundary elements, respectively.  It is known [10] that   

σσB   are a priori determined with a higher order of accu-
racy than   

σσF .  Hence, we can assume that if restriction (22) is satisfied, then there exists a constant  C ∈(0,1)   
such that 

 
 

⌢
σσ∗ −

⌢
σσB

Ω2
≤ C ⌢

σσ∗ −
⌢
σσF

Ω2
, (23) 

where   
σσ∗   is the exact value of the stress tensor in the domain  Ω2 .  

We now use the following theorem: 

Theorem 6 [5].  Let conditions (22) and (23) be satisfied.  Then there exist constants  c   and  C   such that 

 
 
c ⌢σσB −

⌢
σσF Ω2

≤
⌢
σσ∗ −

⌢
σσF

Ω2
≤ C ⌢

σσB −
⌢
σσF Ω2

. (24) 

Relation (24) indicates that  
 
σσB − σσF Ω2

  is the estimator of the actual error  
 

σσ∗ − σσF Ω2
.  To satisfy 

relation (24), inequalities (22) must be true.  To this end, we make the meshes of finite and boundary elements 
consistent.  Denote the set of the sides of all finite elements by  Z   and the boundary-element mesh by 

  ΞB = Z ∩ ∂Ω2 . (25) 

Let  NF
i ,   i = 1,…,mF ,  be the basis functions of the finite-element method defined in the domain  Ω2 .  

We denote the boundary-element basis functions  NB
j ,   j = 1,…,mB ,  as follows: 
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{NB

j } j=1
mB = ℜ {NF

i }i=1
mF( ) . (26) 

Here,  ℜ( ⋅ )   is the operator of contraction of the functions given in the body  Ω2   to the boundary  Γ2 = ∂Ω2 . 
The following assertion is true:  

Lemma 1 [5].  Assume that a finite-element mesh be regular and that the set of its elements with the maxi-
mum upper diameter contain an element whose side is located on  ∂Ω2 .  Then this mesh and the boundary-
element mesh constructed by method (25), (26) satisfy the double inequality (22) for the equivalence of the di-
ameters. 

Thus, method (25), (26) for the construction of a boundary-element mesh guarantees the validity of the con-
dition of equivalence of the diameters required for the substantiation of estimator (24).  

Theorem 6 enables us to use the estimator  
 
σσB − σσF Ω2

  for the construction of the adaptive algorithm.  

For definiteness, we consider that all finite elements are quadrangular.  We now formulate a criterion of adapta-
tion for each finite element  Ω2e   in the form [5, 14] 

 
 
ηFB(Ω2e ) =

⌢
σσB −

⌢
σσF Ω2e

Ω2e

⌢
σσB Ω2

Ω2

%

&
''

(

)
**

−1

≤ δ , (27) 

where  Ω2e   and  Ω2   are the areas of  Ω2e   and  Ω2 ,  respectively,  and  δ > 0   is an adaptation limit.  
We split the elements for which  ηFB   exceeds a certain prescribed adaptation limit  δ .  If we do not use certain 
specific discretization algorithms, then, in the general case, the finite-element mesh will lose its conformity after 
the indicated procedure.  For the nonconforming finite-element mesh, we use the method of mortar functions.  
In [26], it is shown that the order of accuracy of the results obtained by the finite-element method is not wors-
ened in this case.  As a result, the theoretical assertions formulated above remain valid for the finite-element 
method with mortar functions.  

In the standard adaptive schemes, the process of modification of the mesh is iteratively repeated up to the 
attainment of the accuracy on all finite elements.  We now combine the iterative process of domain decomposi-
tion (20), (21) and the adaptive algorithm described above by simultaneous execution of one iteration of the de-
composition and one step of adaptation.  As a result, we obtain a combined algorithm whose block diagram is 
presented in Fig. 2. 

Numerical Analysis  

We now study the numerical efficiency of the proposed combined algorithm.  Consider the problem of uni-
lateral contact of two isotropic elastic bodies  Ω1   and  Ω2   under the conditions of plane deformation.  
The schematic diagram of contact and boundary conditions for this problem are shown in Fig. 3.  The length  
and height of each body are  L = 4  cm and  H = 1  cm,  respectively.  The distance between the bodies prior 

to deformation  fn (x) = r0x12 ,  r0 = 10−3   cm, and the compression of the bodies Δ = 1.366 r0 .  Young’s moduli 

of the bodies are identical,  E1 = E2 = 2.1 ⋅105  MPa,  and the same is true for their Poisson’s ratios  
ν1 = ν2 = 0.3 . 
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Fig. 2.  Block diagram of the combined algorithm. 

We solved the problem by the proposed combined algorithm of domain decomposition and h -adaptation.  
We used the finite-element method with linear triangular elements in the domain  Ω1   and the finite-element 
method with linear quadrangular elements in the domain  Ω2 .  As already indicated, for the sake of simplicity, 
we restrict ourselves to adaptation solely in the domain  Ω2 . 

Begin 

 Set: finite-element mesh in  1Ω ;  

initial finite-element mesh in  Ω2 ; 
parameters  θ , γ , δ ,  and  εu ; 
index  k := 0 ; 
initial approximations  u1nk = u1n0 , u2nk = u2n0  

Calculate  

 
σ1n
k = 1

θ
( fn − u1nk − u2nk )

−  

Solve problem (20) by 
the FEM in the domain  Ωα ,  α = 1, 2 , 

with conditions  σ1n
k  

End 

+ 

– 

    uα
k+1 := γ uα

k+1 + (1 − γ )uα
k , α = 1,2 , 

+ 
– 

Calculate  
  ηFB(Ω2e )  

Solve problem (20) by the 
BEM in the domain  Ω2  

with conditions  σ1n
k  

 

Construct a BEM mesh 
 in  Ω2  

Adapt the finite-element 
mesh in  Ω2  

uαnk+1 − uαnk 2

uαnk+1 2

≤ εu , α = 1, 2  

∀Ω2e
ηFB(Ω2e ) ≤ δ  

k := k +1  
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Fig. 3.  Schematic diagram of the test problem. 

The initial approximations for the displacements  uαn0 ,  α = 1, 2 ,  were specified according to the model of 
elastic layer [15].  The penalty parameter was chosen in the form    θ = cH //E1 ,  where  c   is a dimensionless co-
efficient.  To terminate the iterative process, we used the criterion 

 
uαnk+1 − uαnk 2

uαnk+1 2

≤ εu , α = 1, 2 , 

where   

 uαn 2 = uαn x j( )"
#

$
%

j
∑

2'

(
)
)

*

+
,
,

1/2

   

is the discrete norm,  x j ∈S1   are the nodes of the finite-element partition of the possible contact zone, and  
εu > 0   is the relative accuracy of displacements.  The parameters  c ,  γ ,  and  εu   of the iterative algorithm 
were chosen as follows:  c = 0.05 ,  γ = 0.02 ,  and  εu = 0.0015 .  The numerical experiments were carried out 
for various values of adaptation limit  δ . 

In Fig. 4, we present the distribution of the equivalent Huber–Mises stresses  σeq   in the body  Ω2   given 
by the formula 

 
  
σ eq = (σ11 − σ22 )2 + (σ22 − σ 33)2 + (σ 33 − σ11)2#

$
%
&// 2 + 3σ12

2 , x ∈ Ω2 , 

where  σ33 = λΘ = ν(σ11 + σ22 ) . 
The problem of contact of elastic bodies is characterized by the effects appearing in the process of adapta-

tion.  In simpler problems they were not observed.  Thus, local refinements of the mesh may appear in certain 
zones inside the domain  Ω2   in the absence of high stress gradients (see Fig. 5).  This is caused by the local 
replacement of the continuity conditions in the mortar-functions method by weak continuity conditions, which 
negatively affects the accuracy of evaluation of stresses via the derivatives of displacements.   

Hence, the numerical error of the mortar-functions method in the zones of nonconforming finite-element 
mesh  may  lead  to  high  values  of  criterion  (27).  Note  that,  in  this  case,  the  quantity  ηFB   takes  high  values  on  
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Fig. 4.  Distribution of equivalent stresses in the body  Ω2 . 

    

 (a) (b) (c) 

Fig. 5.  Examples of undesirable refinements in zones without singularities. 

    

 (a) (b) (c) 

Fig. 6.  Parts of meshes in successive iterations.  The undesirable adaptation increases the nonconformity of the mesh. 

smaller finite elements and the subsequent adaptation of the mesh can only worsen the situation  (Fig. 6).  The 
estimate can remain large for very small elements.  However, since the mortar finite-element method is, in gen-
eral, convergent [26], the condition of termination of the combined algorithm is attained for sufficiently small 
values of the adaptation limit  δ . 

In order to get correct results, we introduce the following modification in the combined algorithm (Fig. 2): 
In the stage of adaptation of the finite-element mesh in the domain  Ω2 ,  we also decompose the elements that 
have a side neighboring with more than two other finite elements. 

The application of this modification enables us to improve the results.  In Fig. 7, we show some meshes ob-
tained as a result of adaptation with the limit  δ = 0.1 .  In this case, the convergence of the combined algorithm 
was attained after six iterations.  It is easy to see that the adaptation of the mesh occurs in the contact zone corre-
sponding to the singularities of the stress field in the body. 
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(a) 

 

(b) 

 

(c) 

Fig. 7. Meshes of the finite-element method in the domain  Ω2 :   (a) original mesh;  (b) mesh of the third iteration,  (c) final mesh. 

  

 (a)  (b)  

Fig. 8. Convergence of the displacements at the point 
 x = 0.5, 0.75( )  as the adaptation limit decreases:  (a) displacements u1 ;  (b) 

displacements  u2 . 
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 (a)  (b)  

Fig. 9.  Convergence of iterations for the body  Ω2 :  (a)  contact displacement;  (b)  contact pressure. 

 

Fig. 10. Total number of the unknowns in the solution of the problem in the domain  Ω2   by the FEM with adaptive and uniform re-
finements of the mesh. 

We studied the accuracy of numerical results as a function of the adaptation limit  δ .  In Fig. 8, we show
the convergence of the displacements  u1   (Fig. 8a)  and  u2   (Fig. 8b)  at the point  x  =  (0.5, 0.75)

   as the 
adaptation limit  δ   decreases.  As  δ → 0 ,  the displacements approach their asymptotic values. 

In Fig. 9, we show the plots illustrating the process of convergence of the contact displacements  un   for the 

body  Ω2   (Fig. 9a)  and the contact pressure  σn
∗ = −σn   (Fig. 9b) depending on the number of iterations  k .  

The solid line in Fig. 9b shows the distribution of contact pressure obtained according to the results of the 
work [1] in the case where the body  Ω2   is infinitely long.  It is easy to see that the obtained numerical results 
are close to the alternative solution with corrections for the boundedness of the domain, which confirms their 
reliability.  

The application of the proposed combined algorithm significantly decreases the computational resources re-
quired for the solution of the contact problem of elastic bodies.  In Fig. 10, we present the plots of the total num-
ber of unknowns M  depending on the refinement parameter  1/δ   on the final mesh of the combined algorithm 
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(solid line) and on the uniform mesh with the same minimal diameter (dashed line).  In this case, to estimate the 
error, we consider all unknowns including the unknowns of the boundary-element method.  It is easy to see that  
the adaptive scheme is much more cost-effective than the scheme of the finite-element method with uniform 
mesh (more than by an order of magnitude). 

  CONCLUSIONS 

The combined algorithm for the solution of the contact problem for elastic bodies, including the domain de-
composition method and the adaptive scheme of the finite-element and boundary-element methods, proves to be 
an efficient scheme for the construction of solutions with sufficiently high accuracy.  The adapted mesh corre-
sponds to the singularities of the stress field in the area of the contact zone.  For the proper use of the adaptive 
scheme, it is necessary to avoid the formation of “strongly” nonconforming meshes by the additional partition of 
elements.  The comparison with the alternative solution confirms the reliability of the results.  The application of 
the proposed combined algorithm allows one to save substantial amounts of computational resources.  
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