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We study invariant solutions to the Karman–Guderley equation governing a three-

dimensional gas flow with shock waves on nonplanar surfaces. We investigate the

global behavior of integral curves and use the obtained result for constructing a solu-

tion. Bibliography: 7 titles. Illustrations: 5 figures.

One of the simplest transonic gas flow models includes the nonlinear Karman–Guderley equation

for perturbations of a uniform flow moving with the sound speed [1, 2]. In the case of planar

gas flows, exact solutions to the Karman–Guderley equation were considered in [1]–[3], where

the equation was linearized by the hodograph transformation. In the case of general spatial gas

flows, it is known that there exist solutions described by algebraic functions [4]. A systematic

classification and analysis of invariant-group solutions to the Karman–Guderley equation can

be found in [5].

In this paper, we study invariant solutions to the Karman–Guderley equation governing

three-dimensional gas flows with shock waves on nonplane surfaces. Such solutions exist for two

submodels that are reduced to ordinary differential equations of the second order. We make

a qualitative analysis of integral curves on the phase plane for each of the equations. In both

cases, we show that a unique integral curve corresponding to the solution with shock wave is the

separatrix of a saddle singular point. To construct the solution, we study the global behavior

of separatrices. We find parameters for which there are conjugate points on the separatrix that

satisfy the Rankine–Hugoniot conditions on a shock wave. The study of periods of the obtained

solutions shows that several nested shock waves can occur on helical surfaces.

1 The Karman–Guderley Equation

We consider the nonlinear Karman–Guderley equation [1, 2, 6]:

−ϕxϕxx + ϕyy + ϕzz = 0. (1)
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We briefly discuss the derivation of this equation. Following [1], for a small parameter we take

the deviation of the gas velocity from the sound speed. As is shown in [1, P. 23–29] on the basis

of the Rankine–Hugoniot formulas for the compression wave, the entropy change on the shock

wave has the third order of smallness. Therefore, we ignore the entropy changes in the first

approximation under the assumption that the flow is isentropic. Moreover, the entropy increase

condition on the compression jump is replaced by the condition [ϕx] < 0. It was also shown that

the flow is irrotational.

Such flows are governed by the following equation for the velocity potential:

(u2 − c2)Φxx + (v2 − c2)Φyy + (w2 − c2)Φzz + 2uvΦxy + 2uwΦxz + 2vwΦyz = 0 (2)

and the Bernoulli integral

1

2
(u2 + v2 + w2) +

c2

γ − 1
=

1

2
c2∗ +

c2∗
γ − 1

, (3)

where u = Φx, v = Φy, and w = Φz are components of the velocity vector, c is the sound speed,

and c∗ is the critical sound speed. For the sake of simplicity we consider a polytropic gas and

denote by γ the adiabatic exponent.

We study small perturbations of the flow moving with the sound speed along the Ox-axis:

u = c∗, v = 0, w = 0, c = c∗. The model is constructed in accordance with the formulas [6]:

x = ε1+kx′, y = εky′, z = εkz′,

Φ = c∗(x+ ε3+kϕ′(x′, y′, z′)), c = c∗(1 + ε2c′),
(4)

where k is an arbitrary real parameter. By (4), the components of u = ∇Φ are expressed by

u = c∗(1 + ε2ϕ′
x′) = c∗(1 + ε2u′(x′, y′, z′)),

v = c∗ε3ϕ′
y′ = c∗ε3v′(x′, y′, z′),

w = c∗ε3ϕ′
z′ = c∗ε3w′(x′, y′, z′).

(5)

We make the standard assumption that the functions u′, v′, w′, c′, as well as their derivatives for
fixed x′, y′, z′, have finite limits as ε → 0. Substituting (4) and (5) into (2) and (3) and making

certain transformation with fixing only terms of lower order with respect to ε (cf. details in [6]),

we obtain the equation

−(γ + 1)ϕ′
x′ϕ′

x′x′ + ϕ′
y′y′ + ϕ′

z′z′ = 0.

Equation (1) is obtained by introducing the new function ϕ = (γ+1)ϕ′ and omitting the primes

at the variables x′, y′, z′.
The parameter k can be taken arbitrary because Equations (2), (3) admit the stretch group

x → αx, Φ → αΦ. However, to solve problems in practice, one sets k = −1 or k = 0. In the case

k = −1, for modeling (5) the coordinate x “along” the flow remains unchanged. At the same

time, y′ = εy, z′ = εz, i.e., the coordinate grid contracts in the transversal direction to the flow

approaching the Ox-axis. This allows us to describe correctly slight changes of the flow in the

“transversal” direction. The case k = −1 is usually used for studying flows around thin bodies

of finite length (the body size along the flow remains unchanged).

In the case k = 0, only the coordinate x changes in (5). This means that the geometric

parameters of the flow in the “transversal” direction remain unchanged. At the same time,
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x = εx′, i.e., in the coordinates (x′, y, z), the flow dilates along the Ox-axis. This allows us to

describe in detail singularities of the flow near the central part. Such an approach is used for

describing transonic gas flows in nozzles and jets (the transverse size of flow is fixed).

For physical interpretation of the flow characteristic are the following objects: the surface

of strong discontinuity (of the shock wave), the sound and characteristic surfaces. We write the

Rankine–Hugoniot conditions on the shock wave, given by the equation h(x, y, z) = 0 [1]:

[
−1

2
ϕ2
xhx + ϕyhy + ϕzhz

]
= 0, [ϕ] = 0, [ϕx] < 0. (6)

Hereinafter, we use the square brackets to denote the jump of a function through the surface of

strong discontinuity: [f ] = f2 − f1, the state before the wave is marked by the subscript 1. In

the submodels under consideration the solution is invariant from both sides of the shock wave.

Consequently, the shock wave λ = const is invariant under the same transformation [7].

The sound surface is defined by ϕx = 0, subsonic flows are characterized by ϕx < 0 and

supersonic flows correspond to ϕx > 0. Finally, characteristics of the form h(x, y, z) = const of

Equation (1) are determined on the solution ϕ = ϕ(x, y, z) to the equation −ϕxh
2
x+h2y+h2z = 0.

In the cylindrical coordinates (x, r, θ), the equation for characteristic surfaces has the form

−ϕxh
2
x + h2r +

h2θ
r2

= 0. (7)

Now ,we proceed with invariant submodels of Equation (1).

2 Invariant Submodel of Rank 1

For classifications of invariant submodels of Equation (1) we refer to [5]. We consider sub-

models of rank 1 (i.e., submodels reducible to an ordinary differential equation), where the

invariant variable λ linearly depends on the polar angle θ in the cylindrical coordinates (x, r, θ).

These submodels are described in the table below. The submodel numbers in the first column

correspond to the classification in [5]. According to the second column, the invariant variable

linearly depends on the polar angle. This means that for the continuity of the solution in the

entire space the function B(λ) must be 2πα-periodic.

Table. Invariant submodels of Equation (1) of rank 1

Representation of

solutions

Equations of submodel

2.1. ϕ = x3r−2B(λ),

λ = αθ + β ln r − ln |x|
(α2 + β2 − 3B +B′)B′′ − 5(B′)2

+ (−4β + 21B)B′ + 4B − 18B2 = 0

2.3. ϕ = r−2B(λ),

λ = x− αθ − ln r

(1 + α2 −B′)B′′ + 4B′ + 4B = 0.

2.4. ϕ = r−2B(λ),

λ = x− θ

(1−B′)B′′ + 4B = 0.
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2.5. ϕ = x3r−2B(λ),

λ = αθ − ln r

(1 + α2)B′′ + 4B′ + 4B − 18B2 = 0

2.6. ϕ = x3r−2B(λ),

λ = θ

B′′ + 4B − 18B2 = 0.

In Submodel 2.5, the invariant surface λ = const is located along the Ox-axis and does

not intersect the flow domain. It can be a compact discontinuity or a wall, which provides us

with important physical examples of flows, but cannot be regarded as a shock wave surface.

Therefore, Submodel 2.5 is not of interest for our purpose. As was shown in [5], the phase

portrait of the equations of Submodels 2.4 and 2.6 contains closed integral curves, which allows

us to find a periodic solution for the function B(λ).

An analysis of integral curves of the equation for B(λ) shows that for Submodels 2.1 and

2.3 there are no continuous periodic solutions in the entire domain. This means that either the

flow domain is bounded by special walls or, which is more natural, there is a shock wave in the

flow domain. Since the solution is invariant from both sides of the shock wave, the shock wave

surface is given by the invariant equation λ = const [7].

The goal of this paper is to construct solutions with shock waves on nonplanary surfaces

λ = const . An example of a shock wave surface is presented in Figure 1.

Figure 1. The surface λ = const in Submodel 2.1 for α = 0, 2 and β = 1.

3 Submodel 2.1

The solution is represented as ϕ = x3r−2B(λ), λ = αθ + β ln r − ln |x|, where B(λ) satisfies

the equation

(α2 + β2 − 3B +B′)B′′ − 5(B′)2 + (−4β + 21B)B′ + 4B − 18B2 = 0. (8)

We derive the equation for characteristic surfaces. The sound surface is given by the equation
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ϕx = 0. We have

ϕx =
3x2B(λ)

r2
− x2B′(λ)

r2
= 0.

Thus, in terms of the invariant function B(λ) the sound surface is written as 3B = B′.
By Equation (7), the invariant characteristic surface h = λ can be written as

B′ = 3B − α2 − β2. (9)

Finally, in the case h = λ, the Rankine–Hugoniot conditions (6) are written as

B′
1 +B′

2

2
= 3B − α2 − β2, [B] = 0, [B′] > 0, (10)

where the subscripts “1” and “2” denote states before and behind the shock wave. By (9), the

characteristic surface separates states before and behind the shock wave.

Since Equation (8) is of the second order, it is possible to compute its admissible symmetry

group which can be used for its integration. Using the standard algorithm, we arrive at the

following assertion.

Proposition 1. For arbitrary parameters α and β Equation (8) admits a one-parameter

symmetry group with the infinitesimal operator X = ∂λ. For α = 0 and β = 2/3 Equation (8)

admits an additional transformation with the operator Y = e3λ∂B.

The proof is too cumbersome and is omitted. In the case α = 0 and β = 2/3, we apply the

integration algorithm to find the solution

B(λ) = e3λ

(
C1 +

λ∫

0

e−3su(s)ds

)
, 3u(λ)3 − 2u(λ)2 = C2e

6λ. (11)

In the general case, replacing p(B) = B′(λ), we reduce Equation (8) to the first order ordinary

differential equation

dp

dB
=

−(
4B − 18B2 − 5p2 + p(21B − 4β)

)
p(−3B + p+ α2 + β2)

. (12)

3.1. Integral curves. Equation (12) has three stationary points on the plane (p,B). Two

stationary points are independent of parameters:

a) (p = 0, B = 0),

b) (p = 0, B = 2/9),

whereas the third parameter depends on α and β:

c)

(
B =

5α4 + 10α2β2 − 4α2β + 5β4 − 4β3

9α2 + 9β2 − 12β + 4
, p =

2
(
3α4 + 6α2β2 − 2α2 + 3β4 − 2β2

)
9α2 + 9β2 − 12β + 4

)
.

The corresponding eigenvalues have different values and, consequently, the points can change

their type:

• if α2 + β2 < 2/3, then a is a focus (or a center if β = 0), b is a node, and c is a saddle,

• if α2 + β2 > 2/3, then a is a focus, b is a saddle, and c is a saddle.
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(a) (b)

Figure 2. The integral curves for Equation (12) in cases (a) α = 1, β = 1 and

(b) α = 0, 5, β = 0, 5. Singular points are represented by bolddots, the dashed line

represents transition through the characteristic surface, and the dash-and-dot line rep-

resents transition through the sound speed.

In the obtained solution (11) with α = 0 and β = 2/3, the saddle point c tends to infinity.

Examples of phase portraits in the plane (p,B) depending on α and β are shown in Figure 2.

The arrows indicate the direction of growth of λ along integral curves defined by the sign of p:

the function B(λ) decreases for p < 0 and increases for p > 0. The dash-and-dot line represents

transition through the sound speed.

The fact that there are no closed trajectories on the phase plane means that there are no

continuous periodic solutions to Equation (8). For the existence of a periodic solution in the

entire space, one can extend the class of admissible solutions and consider solutions with shock

waves.

3.2. Conditions on shock wave. The Rankine–Hugoniot conditions (10) connect the values

of (p,B) before and behind jump.

Definition 1. Suppose that p1 = B′
1 and p2 = B′

2. Then the points (p1, B) and (p2, B)

connected by Rankine–Hugoniot conditions (10) are called conjugate.

Conjugate points have equal ordinates and are located at the same distance from the dashed

line in Figure 2, (a), (b). It is important that the shock wave does not divide the space (i.e.,

one can reach any side of the shock wave in a continuous way, by walking around the Ox-axis).

Hence the conjugate points lie on the same integral curve.

Thus, the problem for constructing solutions with shock waves is reduced to looking for an

integral curve containing two points satisfying (10), i.e., possessing the same ordinate B(p1) =

B(p2) and located at the same distance from the line:

B =
1

3
(p+ α2 + β2) (13)

on the phase plane.
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(a) (b)

Figure 3. Conjugate points: (a) intersection of the integral curve (the bold line) of

Equation (12) and its conjugate (14) (marked by the regular line); (b) the shock wave

transition corresponding (16) for the integral curve in (a) with α = 0, 515966 and

β = 0, 5.

3.3. Equation for conjugate points. By (10), the conjugate point has coordinates

(q(t), B(t)), where q = 6B − 2(α2 + β2) − p. If a point moves along the integral curve de-

fined by Equation (12), the conjugate point defines the curve given by the equation

q′(t) = B(t)(−15q(t) + 6α2 + 6β2 − 24β + 4) + 36B(t)2 − 2q(t)

× (α2 + (β − 2)β) + q2(t)− 8(α4 + α2β(2β − 1) + (β − 1)β3),

B′(t) = (−6B(t) + q(t) + 2(α2 + β2))(−3B(t) + q(t) + α2 + β2).

(14)

The intersection of an integral curve and its conjugate means the existence of a pair of points

satisfying Rankine–Hugoniot conditions (10) on the shock wave. Figure 3, (a) yields an example

of conjugate integral curves; the bold line corresponds to the integral curve defined by (12) and

the regular line corresponds to the conjugate (14).

The parameter λ should monotonically vary along the required integral curve and the curve

should intersect the line (13). Therefore, we can assume that a suitable integral curve is a

separatrix of a saddle singular point, which is confirmed by numerical study of Equations (12),

(14). We find the values of α and β for which there are conjugate points on the separatrix.

The constructed solution satisfies the 2π-periodicity condition:

T =
2πα

k
, k ∈ N, (15)

where T is a period of the solution B(λ).

The period of the solution B(p) to Equation (12) is computed by

p = B′(λ), dλ =
B′(p)dp

p
, T =

p2∫

p1

B′(p)dp
p

.

We can reach the relation (15) by the choice of α and β. A numerical experiment shows that

k = 2πα
T = 2, 00003 for α = 0, 515966 and β = 0, 5. For

p1 = 0, 0085, p2 = −1, 0749, B1 = B2 = −0, 0056, T = 1, 6209 (16)
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we have the shock wave passage as in Figure 3, (b). The arrow indicates the direction of growth

of λ. For k = 2 there are two nested shock waves.

If a solution to Equation (12) is known, we can construct a periodic solution to Equation

(8) for the function B(λ) (cf. Figure 4). We see that the solution loses smoothness.

Figure 4. The periodic solution to Equation (8) with α = 0, 515966 and β = 0, 5. The

points (A), (B), and (C) represent transition through the sound speed, characteristic

surface, and shock wave.

4 Submodel 2.3

In this submodel, the solution is represented as ϕ = r−2B(λ), λ = x−αθ− ln r, where B(λ)

satisfies the equation

(1 + α2 −B′)B′′ + 4B′ + 4B = 0, (17)

and the shock wave surfaces look like in Figure 5.

Figure 5. The surface λ = const in Submodel 2.3 for α = 0, 5.

As above, setting p(B) = B′, we pass to the first order ordinary differential equation

dp

dB
=

−4(B + p(B))

p(B)(1− p(B) + α2)
. (18)

On the plane (p,B), Equation (18) has two singular points (0, 0) and (1 + α2,−1 − α2). The

first point is a focus if α �= 0 or a node if α = 0, whereas the second one is a saddle. A typical

picture of integral curves for α = 1 is shown in Figure 6.
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4.1. Computation of characteristic surfaces.

Figure 6. The integral curves corresponding to (19), the shock wave transition for

α = 1.

We find the equation for characteristic surfaces for submodel 2.3. We have

ϕx =
B′(λ)
r2

= 0.

Then the sound surface is given by the equation B′ = 0. In this case, the invariant characteristic

surface described by Equation (7) has the form B′ = 1 + α2.

The Rankine–Hugoniot conditions (6) are written as

p1 + p2
2

= 1 + α2, [B] = 0, [p] < 0.

By the same reasons, the conjugate points lie on the same integral curve and are symmetric

relative to the vertical line B = 1 + α2 on the phase plane. As in the case of submodel 2.1,

such points are located only on the separatrix of the saddle singular point. We find the values

of parameters for which conjugate points exist.

4.2. Study of the period of solutions. For solutions with shock wave in Submodel 2.3

the periodicity condition should be satisfied. The relation (15) is satisfied by the choice of α. In

the case as in Figure 6, the conjugate points are as follows:

p1 = −5, 5484, p2 = 9, 5484, B1 = B2 = 4, 513 with T = 3, 547. (19)

However, in this case, for (15) k = 1, 7709 is not integer. For k = 2πα
T = 2, 005 we should have

α = 1, 36. Thus, the existence of two nested shock waves is possible.

For the obtained solution to Equation (18) a periodic solution to Equation (17) for B(λ)

looks like in Figure 7.
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Figure 7. The periodic solution to Equation (17) for α = 1. The transition through

the sound speed (A), characteristics (B), and shock wave (C) are marked by the dots.
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