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Abstract
The publication “J. Optim. Theory Appl. 186, 86—101 (2020). https://doi.org/10.1007/
s10957-020-01691-0” requires minor modifications which are carried out.
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1 Introduction

In [1], some parts of the proofs of Theorems 3.1 and 3.2(ii) are needed to be revised.
The conclusion of [1, Theorem 3.1] holds under an additional assumption, thus it is
restated and proved. Also, the proof of [1, Theorem 3.2(ii)] is modified. With this
method of proof, the USRC of the function d (u) at u = 0 becomes a smaller set in
comparison with its counterpart in [ 1, Theorem 3.2(ii)]. Thus we can say, the statement
of [1, Theorem 3.2(ii)] is improved. Furthermore, [1, Lemmas 3.2 and 3.3] are not
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required and hence are omitted. Accordingly, the paragraph before these Lemmas is
also removed. Further, [1, Theorem 3.3] gives a better form of the optimality condition
and is updated. No other changes are required regarding the preliminaries, definitions,
main conclusions and examples.

2 Modified Results

First, we update [ 1, Theorem 3.1] by adding the following additional assumption from
[2]:

We say that the function F is calm at X with some modulus / > 0, if there exists a
positive scalar § satisfying || F(x) — F(xX)|| <I||x — x||, for each x € x + §B,,.

Theorem 2.1 ([1, Theorem 3.1] updated) Assume that the function F is calm at X with
some modulus | > 0 and d 4 is directionally differentiable at F (x). If EBCQ holds at
X with a constant o, then ACQ is satisfied at x with the same constant.

Proof (modified) Let u ¢ T (%; F~'(A)) (otherwise there is nothing to prove) and
EBCQ be satisfied at x with o = 1. Assume also that 0 < d(u) < oo (if d(u) = +o0,
the ACQ obviously holds). Thus, there is a sequence # |, 0 such that

F(G + tru) — F(i))

J(M) = lim dT(F()E);A) <
k—00 174

The closedness of T (F(x); A), gives us a sequence {wy} such that for each k,

F(X + tyu) —F()E)) . ” F(x + tru) — F(X)
Ik

dr(F(®); 4) < — wg H . (1)

Ik

We assert that the sequence {wy} is bounded. Fixing ¢ > 0 and observing (1), we
obtain the following inequalities for all k sufficiently large:

F(x + tu) — F(x) 3
173

wy <d(u)+e+1ul,

+”F()€+tku)—F(i)

lwell < ”
173

which shows the boundedness of {wy} and the assertion is proved. Thus by passing to
a subsequence, without relabelling, {wy} converges to some vector w € T (F(x); A).
Now, By EBCQ one has

del(A)()E + tkl/t) < dA(F()E + tku))

lk Ik @
ds(F(x) + tywy) F(x + tru) — F(x)
< " + o — Wk -
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Next, we claim that lim sup;_, M = 0. From [1, Lemma 3.1] and the fact

that d 4 is directionally differentiable atk F(x), we get

0 < limsup
k— 00 1 k—o00

= d\(F(®): w) =0,

da(F(x) + trwg) < lim {dA(F(f)-i-tkw) n

which proves the claim. Now, it follows from (2), (3) and (1) that

dp-1a) (X + tku da(F(x) +1
fim inf S0 SO {M
k— 00 1y k> 00 %
H F(X + tiu) — F(X) H }
+ — wy
Ik
. da(F(X) + trwg)
<limsuyp ———M—=
k— 00 173
FGo+ tu) — F(x
+ lim H & + f) = Fx)
k—00 t
=d(u).

Using again [1, Lemma 3.1], the above especially implies that
dr 1y ) = dpy ) (Fru) <d(w),

and completes the proof of the theorem.

0 ||wk—w||} 3)

O

In what follows, the Eroof of [1, Theorem 3.2(ii)] is modified. By this modification,
USRC of the function d(.) at u = 0 becomes a smaller set and gives a better result;

hence its statement is also improved.

Theorem 2.2 ([1, Theorem 3.2(ii)] updated) Assume that dF(x) is an u.s.c. PJ of
F :R" — R™ at x. Suppose also that F(x) € A C R™ and dd s (F (x)) is a bounded

USRC of d s at F(x). Then the closure of the set
ddA(F(x)) o {conv 9 F (x) U[(F (X))o \ {O}]}

is an USRC of the function datu=0.

Proof (revised) Put A := 9d(F (X)) o {convdF(x) U [(F (X))o \{0}]} and fix
u € R". First, let us show that sup,c4 (n,u) = 0. For given M € convdF(x) U

[(0F (X))o \{0}], we have

sup (&, Mu) > d} (F(X); Mu) > 0.
§€dd(F (X))
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Thus, using the definition of A, we get

sup (n, u) = sup (EM, u)
neA & €9d(F(X))
M € convdF (¥) U [(DF (¥))oo \ {0}]
= sup (&, Mu) > 0.

&€ ddp(F(X))
M € convd F(X) U[(BF (¥))oo \ {0}]

There are two possible cases: If c?*(O; u) = 0, then trivially we obtain

dt(0;u) < sug(n, u. 4)
ne

Hence, let d*(0; u) > 0. If the following inequality holds:

sup (&, Mu) > 0,

& € ddp(F (X))
M € convd F (%) U [(DF (X))o \ {0}]

due to the cone property of (3 F (X)) \{0}, we get

sup (&, Mu) = o0,

§ € 3d(F(X))
M € convdF (%) U[(BF (¥))oo \ {0}]

and the inequality in (4) holds trivially. Finally, the following case remains

sup (&, Mu) = 0. Q)
§ € 9dp(F(x))
M € convdF (%) U [ F (¥))oo \ (0}]

For each fixed M € convd F(x) U [(d F (X))o \{0}], one has

0<df(F&);Mu)< sup (&, Mu)
£Ecadp(F (X))

< sup (6, Mu) =0

§ € ddy(F(X)
M € convd F (¥) U [(9F (X))o \ {0}]

Utilizing [1, Lemma 3.1], we have
0 < dT(F(;);A)(MM) d (F(x) Mu) d+(F(x) Mu) = O

whichmeansthat Mu € T (F(x); A),forallM e ConvaF(x)U[(aF(x))oo\{O}] Now,
since d1(0; u) > 0, there exits some positive number ¢ such that ¢ < d*t(0; u) =
d(u). Thus for some sequence # | 0 and for all k sufficiently large, one has

(6)

FG + teu) — F(%)
15 ) '

¢ <drF);4) (
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Applying now the mean value Theorem in [1, Propostion 2.3], we have for each &,
F(x + tyu) — F(x) € clconv{d F[x + txu, X|txu}.

Using the upper semicontinuity of d F'(.) at x, for given sequence r, | 0, there exits
kg > ky_1 satisfying

F(X + tx,u) — F (%) € cleonv{d F[% + t,u, X)ix, u}

C cleonv{{3dF (%) + %Bmxn}thu}

C clffconvd F (%) + %Bmxn}thu}.

Thus, there exists My, € convd F(x) such that

< rllull.

H F(X + tu) — F(X)

— M, u
Tk,

Choosing now subsequences M, := M, and t; := t; , and using the inequality in (6),

we deduce that

F (X + tsu) — F(x)
Ig

¢ < dr(F):A) ( ) < drF &) 4)(Msu) + rllull.

Observing thatdr (r(x). o) (Msu) = 0 and taking limitas s — oo in the latter inequality,
we arrive at the contradiction ¢ < 0, which shows the case dt (0; u) > 0 and the
equality (5) do not occur together and the proof is completed. O

Since the USRC of the function d is changed, the optimality condition in [I,
Theorem 3.3] is improved and updated, accordingly.

Theorem 2.3 ([1, Theorem 3.3] updated) Suppose that ACQ is satisfied at the local
optimal point X of GOP. Let d f (x) and dF (x) are USRC and u.s.c. PJ of f and F at
x, respectively and dd 5 (F (x)) is a bounded USRC of d at F (x). Then

0 € clconv{d f(x) + lodd(F (X)) o {convd F (x) U [(DF (X))oo \ {O}1}},
where o is the positive constant of ACQ and [ is the Lipschitz constant of the function
f in a neighborhood of x.

3 Conclusion
The proofs of [1, Theorems 3.1 and 3.2(ii)] are rectified and their statements are

updated. Also, [1, Theorem 3.3] gives a better form of the optimality condition which
is improved.
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