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Abstract

In this paper, we study the non-asymptotic convergence rate of the DCA (difference-of-
convex algorithm), also known as the convex—concave procedure, with two different
termination criteria that are suitable for smooth and non-smooth decompositions,
respectively. The DCA is a popular algorithm for difference-of-convex (DC) problems
and known to converge to a stationary point of the objective under some assump-
tions. We derive a worst-case convergence rate of O (1/ V/N) after N iterations of the
objective gradient norm for certain classes of DC problems, without assuming strong
convexity in the DC decomposition and give an example which shows the convergence
rate is exact. We also provide a new convergence rate of O(1/N) for the DCA with
the second termination criterion. Moreover, we derive a new linear convergence rate
result for the DCA under the assumption of the Polyak—Ft.ojasiewicz inequality. The
novel aspect of our analysis is that it employs semidefinite programming performance
estimation.

Keywords Convex—concave procedure - Difference-of-convex problems -
Performance estimation - Worst-case convergence - Semidefinite programming

1 Introduction

In this paper, we consider the general difference-of-convex (DC) optimization prob-
lem,
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inf f(x):= filx) — fo(x)
s.t. x € R, (D

where f1, f> are extended convex functions on R” and f is an extended lower-
semicontinuous function on R”. Throughout the paper, we assume that the infimum
in problem (1) is finite, and denote by f* a lower bound of f on R".

DC problems appear naturally in many applications, e.g., power allocation in digital
communication systems [4], production-transportation planning [22], location plan-
ning [13], image processing [31], sparse signal recovering [17], cluster analysis [7, 8],
and supervised data classification [6, 29], to name but a few.

This wide range of applications is to be expected, since some important classes
of non-convex functions may be represented as DC functions. For instance, twice
continuously differentiable functions on any convex subset of R” [20] and continuous
piece-wise linear functions [34] may be written as DC functions. Furthermore, every
continuous function on a compact and convex set can be approximated by a DC
function [23, 44]. We refer the interested reader to Hiriart—Urruty [21] and Tuy [44]
for more information on DC representable functions.

The celebrated difference-of-convex algorithm (DCA), also known as the convex—
concave procedure, has been applied extensively to problem (1); see [28, 30, 40] and
the references therein. Algorithm 1 presents the basic form of the DCA.

Algorithm 1 DCA
Pick x! € R”.
Fork =1, 2, ... perform the following steps:

1. Choose g € 3 f(x%).
2. Choose

k+1

K € argming cpa f1(x) — o (%) — (g5, x — xF). ()

3. If the termination criteria are satisfied, then stop.

In the description of the DCA in Algorithm 1, (sub)gradients of f; and f, are
assumed to be available at given points, the so-called black-box formulation. The
DCA is sometimes also presented as a primal-dual method, where a dual sub-problem
is solved to obtain the required (sub)gradients; see [28, 30] for further discussions of
this topic. In recent years, some scholars have also extended the DCA and proposed
some new variations; see [19, 32, 33, 36, 39].

The first convergence results for Algorithm 1 were given in [40, Theorem 3(iv)]. The
authors showed that, if the sequence of iterates {x*} is bounded, then each accumulation
point of this sequence is a critical point of f.

Le Thi et al. [27] established an asymptotic linear convergence rate of {x*} under
some conditions, in particular under the assumption that f satisfies the Lojasiewicz
gradient inequality at all stationary points. Recall that a differentiable function f is said
to satisfy this inequality at a stationary point a (V f(a) = 0), if there exist constants
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6 € (0,1),C > 0and e > 0 such that

1f0) = f@]” < CIVF )l if Iy —all <, 3

where the constant 6 is called the Lojasiewicz exponent. This inequality is known to
hold, for example, for real analytic functions, but has been extended to include classes
of non-smooth functions as well by considering general sub-differentials instead of
gradients; see [10, 11] and the references therein.

The convergence rates established by Le Thi et al. [27] depend on the value of the
Lojasiewicz exponent, as the following theorem shows. The theorem stated here is a
special case of Theorems 3.4 and 3.5 in [27], to give a flavor of the convergence results
in [27].

Theorem 1.1 (Theorems 3.4 and 3.5 in Le Thi et al. [27]) Let fi and f> be proper
convex functions and let the domain of f be closed. Also assume that at least one
of f1 and f» is strongly convex, and f| or f> is differentiable with locally Lipschitz
gradient in every critical point of the DC problem. Finally, assume the sequence {x*}
is bounded, and let x> be a limit point of {x*}. Then x> is also a stationary point.
Moreover, if f satisfies the Lojasiewicz gradient inequality (3) at all stationary points,
then

1-6
1. if6 € (1/2, 1), then ||x* — x*®|| < ckT=20 for some ¢ > 0.
2. if0 € (0, 1/2], then ||x* — x| < cq* for some ¢ > 0 and q € (0, 1).

In particular, item 2 shows a linear convergence rate when 6 € (0, 1/2]. Yen et al. [45]
had already shown linear convergence earlier for a much smaller class of DC functions.
We will present a complementary result to this theorem (see Theorem 5.1), for the
case @ = 1/2, where we show linear convergence of the objective function values and
give explicit expressions for the constants that determine the linear convergence rate.
Moreover, we will relax the assumption of a bounded sequence of iterates, and the
assumption of strong convexity.

In the absence of conditions like the Lojasiewicz gradient inequality (3), only

weaker convergence rates are known for the DCA. In particular, Tao and An [40,

Proposition 2] and Le Thi et al. [26, Corollary 1] have shown an O (L> convergence

N

rate after N iterations under suitable assumptions, as given in the next theorem.

Theorem 1.2 (Corollary 1 in [26], Proposition 2 in [40]) If x°° is a limit point of the
iteration sequence generated by the DCA, and at least one of f1 and f> is strongly
convex, i.e. for some (L1, 2 > 0 such that 1 + pup > 0,

X fi(x) — %HXHZ is convex fori € {1, 2},

k+1

then the series || x — x*|| converges, and, after N + 1 iterations,

N

k1 ky2 _ 2(f&chH=faNth)
P e e
k=1

@ Springer



Journal of Optimization Theory and Applications

and, consequently,

. k+1 Kk 2(f(x1)—f*) _ (L)
lgllclan”x = V' (w1 +wp2)N ¢ NIDA

We will derive some variants on this O (\/l—ﬁ> convergence result in Corollary 3.1 and

in Sect. 3.2, where we improve the constants in the O (\%V) bounds. We also show

that we obtain the best possible constants, by demonstrating an example where our
bound in Corollary 3.1 is tight.

Outline and Further Contributions of this Paper

The novel aspect of the analysis in this paper is that we will apply performance
estimation to derive convergence rates. Drori and Teboulle, in the seminal paper [16],
introduced performance estimation as a strong tool for the worst-case analysis of first-
order methods. The underlying idea of performance estimation is that the worst-case
complexity may be cast as an optimization problem. Furthermore, this optimization
problem can often be reformulated as a semidefinite programming problem. It is worth
noting that performance estimation has been employed extensively for the analysis of
worst-case convergence rates of first-order methods, see, e.g. [1, 1416, 41, 42], and
the references therein.

This paper is organized as follows: In Sect. 2, we review some definitions and
notions from convex analysis, which will be used in the following sections. We study
the DCA for sufficiently smooth DC decompositions in Sect. 3. By using performance
estimation, we give a convergence rate of O(1/+/N) in Corollary 3.1, without any
strong convexity assumption, thus extending and complementing Le Thi et al. [26,
Corollary 1]. We construct an example that shows this O(1/+/N) bound is tight.
Since the first termination criterion is not suitable for the analysis of non-smooth DC
compositions, we investigate the DCA with another stopping criterion in Sect. 4, and
we show a convergence rate of O(1/N). This result is completely new to the best of
our knowledge.

In Sect. 5, we study the DCA when the objective function satisfies the Polyak—
Lojasiewicz inequality, and we derive a linear convergence rate in Theorem 5.1, thereby
refining some linear convergence results in Le Thi et al. [27] as described above.

2 Basic Definitions and Preliminaries

In this section, we recall some notions and definitions from convex analysis. Through-
out the paper, ||-|| and (-, -) denote the Euclidean norm and the dot product, respectively.
Ig_ stands for the indicator function on R U {o0}, i.e.,

1 x>0U{o0o}

Ir, ) = {o X < 0U {—oo).
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Let f : R* — [—o00, 00] be an extended convex function. The domain of f is
denoted and defined as dom(f) := {x : f(x) < oo}. The function f is called proper
if it does not attain the value —oo, and its domain is non-empty. We call f closed
if its epi-graph is closed, that is {(x,r) : f(x) < r}is a closed subset of R"*!. We
denote the convex hull of X € R” by co(X). We adopt the conventions that, for
a,b,c,d e Rwithc # d anda # 0, & =0,0 x o0 =0and% = -4 For
the function f : R" — [—o0, oo], the conjugate function f* : R” — R is defined as
f*(g) = max,ern (g, x) — f(x). Moreover, we denote the set of subgradients of f at

x € dom(f) by 9 f(x),
of(x)=1{g: f(y) = fx)+(g.y—x), Yy e R"}.

Let L € (0, 00] and u € (0, 0o). We call an extended convex function f : R" —
[—o0, o0] L-smooth if for any xp, x; € R",

llgr — g2ll < Lllx1 — x2|l Yg1 € 9f(x1), g2 € 0 f(x2).

Note that if L < oo, then f must be differentiable on R”. In addition, any extended
convex function is co-smooth. Also recall that the function f : R* — [—00, 00]
is called p-strongly convex function if the function x — f(x) — %||)c||2 is convex.
Clearly, any convex function is O-strongly convex. We denote the set of closed proper
convex functions which are L-smooth and p-strongly convex by F, 1 (R").

Let 7 be a finite index set and let {x; g’; filicr € R"® x R" x R. A set
(x'; g% fiYier is called Fu,L-interpolable if there exists f € F, 1 (R") with

fay=f ¢ edf) iel
The next theorem gives necessary and sufficient conditions for F, ; -interpolablity.

Theorem 2.1 [41, Thgorf;m 4] Let L € (0,00] and n € [0, 00) and let T be a finite
index set. The set {(x'; g'; f')}iex € R" x R" x Ris F,, -interpolable if and only
if foranyi, j € I, we have

1 1. j2+ xi_x,i2_2_u J_ gl i
a-H\T)8 ~8 a L\ 8

<f —fj—<gj,xi—xj>-

In the next lemma, we extend the descent lemma for DCA when L or L is finite.

Lemma2.1 Let fi € Fu 0, (R") and fr € Fu, 1,(R") and let f = fi — fo. If
g1 € 0 f1(x) and g» € 3 f2(x), then

[P F0) = s la — g2l
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Proof If L = oo, the proof is immediate. Let L| < co. By L-smoothness and strong
convexity, we have

A < A+ (g1, y —x)+ 5y —x|?,

LO) = H&x) + (g2, y — x) + Ly — x|,

for y € R". By the above inequalities, we get

FO) < FO)+ (g1 — g2,y —x) + B2y —x|%.

Hence, by taking minimum on both sides of the last inequality with respect to y for
fixed x, we get

P F0) = sy lar — el

Since the DC optimization problem (1) may have a non-convex and non-smooth
objective function f, we will also need a more general notion of subgradients than in
the convex case.

Definition 2.1 Let f : R” — R be lower semi-continuous and let f(x) be finite.

— The vector g is called regular subgradient of f at x, written g € 3 f(x), if for all
x in some neighborhood of x

J ) = f(X) +(g. x —x) +o(llx — xI]).

— The vector g is called general subgradient of f at X, written g € 9; f(x), if there
exist sequences {x'} and {g'} with g’ € 9; f (x") such that

s E fD = fE), & g

It is worth mentioning that 31 f(x) is a closed convex set. In addition, 9; f (x) is also
closed but not necessarily convex. Note that when f is closed proper convex, then
af(x) = 51 f(x) = 9 f(x) for x € dom(f). We refer the interested reader to Rock-
afellar and Wets [38] for more discussions on regular and general subdifferentials.

Definition 2.2 Let f, f> be closed proper convex functions, and let f be lower semi-
continuous.

— The point x € dom( ) is called a critical point of problem (1) if

9f1(X) N3 f2(x) # D. )

— The point x € dom( f) is called a stationary point of problem (1) if

0edf). )
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Obviously, the stationarity condition is stronger than criticality. We recall that a convex
function will be locally Lipschitz around x providing it takes finite values in a neigh-
borhood of x; see Theorem 35.1 in [37]. Consequently, if fi or f> takes finite values
around a neighborhood of a stationary point x, then x is a critical point; see Corollary
10.9 in [38]. However, its converse does not hold in general. For instance, consider
f:R — Rgivenas f(x) = x. The function f may be written as f = f] — f> where
fi(x) = max(x, 0) and f>(x) = max(—x, 0). Suppose that x = 0. It is readily seen
that @ f1(x) N 3 fo(x) # &, but x = 0 is not a stationary point of f. It is worth noting
that, if f> is strictly differentiable at x, these definitions are equivalent; see Example
10.10 in [38]. Recall that function f is strictly differentiable at x, if

i fO) = f&) = (Vf(E), x —x)
1m =
(r.x") = (%,%) [lx — x|

x#x'

0.

We refer the interested reader to An and Tao [5], Joki et al. [24] and Pang et al. [36] and
references therein for more discussions on optimality conditions for DC problem:s.

2.1 The DC Problem

In this section, we consider

min f(x) = fi(x) — f>(x)
s.t.x e R, (6)

where f1 € Fy, L, (R")and f> € F, 1,(R"). Here, we assume that Ly, Ly € (0, oo]

and u1, 2 € [0, 00), and consequently, f may be non-differentiable. We may assume
without loss of generality that f| and f satisfy the following assumptions:

Ly >, Ly>p. (7
Indeed, if L1 < uy, then for x, y € R" and A € [0, 1], we have

A+ A=) < fikx + (1= 2)y) + A1 — 05 x -y
— o) = (1 =2 fo(y) < = Hx + 1 =1)y) — A1 =D |x — y)|%;

see Theorem 2.15 and Theorem 2.19 in [35]. By summing the above inequalities, we
obtain

Af)+ (1= fG) < fOx+ 1=y + a0 — B2 |x — y||?,
which implies concavity of f on R”. In this case, problem (6) will be unbounded from
below. This follows from the fact that a concave function on R” is unbounded from
below unless it is constant. Likewise, one can show that problem (6) will be convex

providing Ly < ui.
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The Toland dual [43] of problem (6) may be written as

min f5'(x) — fi'(x) (8)
s.t.x e R".

It is known that problems (6) and (8) share the same optimal value [43].

In what follows, we investigate the convergence rate of Algorithm 1 with the
termination criterion || g’f - g/2‘|| < €. As a motivation of this criterion, recall that
||g’1C — g’2‘ || = 0 implies that x* is a critical point of (1) in the non-smooth case, and
a stationary point of f if f> is strictly differentiable; see our discussion following
Definition 2.2. In Sect. 3, we will derive results for the case that at least one of f; or
J> is differentiable, and we will consider the more general situation in Sect. 4.

For well-definedness of the DCA (Algorithm 1), throughout the paper, we assume
that

xF e dom(@dfi)Ndom@fr) k=1,2,...,

where dom(d f1) = {x : 9 fi(x) # @}. It is worth noting that similar algorithm has
been developed for the dual problem in [28] and (2) is equivalent to x**! € 3 fl*(gé‘ ).

3 Performance Analysis of the DCA for Smooth f; or f;

In this subsection, we apply performance estimation for the analysis of Algorithm 1
for the case that at least one of fj or f, is L-smooth for some finite L > 0. The
worst-case convergence rate of Algorithm 1 can be obtained by solving the following
abstract optimization problem:

2
: k _ ok
max min H — H
<1§k§N+l 81— &

g{VH, géVH, xN“, el x2 are generated by Algorithm 1 w.r.t. f1, f>, x!

fx) = f* VxeR"

fre Fu o, RY), fo € Fuy 1, (R?)

AGhH = AEH - fr=A

x!' eR", ©)

where A > 0 denote the difference between the optimal value and the value of f at
the starting point. Here, fi, f» and x¥, gll‘ and glz‘ (k € {1, ..., N + 1}) are decision
variables, and A, w1, L1, u2, L> and N are fixed parameters.

Problem (9) is an intractable infinite-dimensional optimization problem with an
infinite number of constraints. In what follows, we provide a semidefinite programming
relaxation of the problem.
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By Theorem 2.1, problem (9) can be written as,

. k k 2
max min —
<1<k<N+1 ”gl &2 H >
2
1 1 i j 2
S.t. 2(17—%) (L_l x' —x/ H Ml <g1 —gl,x] — X >>
1
<fi-f = (elxi=xd) ijett N+
1 1 i j 2 2#2 J
m L_z X —X gz—gz,x —x
Ly

gfg—fzf—<g§,xi—xf) ije(l,... . N+1)

.12
i)

. .2
%—%H+M

gl =gk keqn,....N)

1
== sy lei =l = " kel N+ 1)
== =aA (10)

In problem (10), f* and x*, gk, g, £, ¥,k € {1,..., N + 1}, are decision
variables. By virtue of Lemma 2.1, constraints f(x) > f*foreachx € R" are replaced
by flk - fzk - mng{‘ —g’2‘||2 > f*, ke{l,..., N+ 1}. Due to the necessary
and sufficient optimality conditions for convex problems K+l e argmin, cgn f1(x) —
fz(xk) - (glz‘, x—xkyke{l,...,N} 1mphes gk"’1 = g2 for some gk"’1 € 8f(xk+1);
see Theorem 3.63 in [9]. By substltutmg g2 = ng k € {1,..., N}, the above
formulation may be written as:

max £

i 2
st. | g g’+‘H >¢ iefl,....N}

2
ngv+1 gN—HH >0

. L2
1 1 21
s === 4. 4)
1
sfliffljf<g{,xiij> ijell,.. . N+1)

1 jt|? i F 2 i+l il
it el A (e e )

i il?
gl—gIH + 11

1
2(1— MZ) (L2 2
=A-f gt ) et N

2112 ; .
1 N+1 j+1 N+1 2 Jj+1 N+1 N+1
R I M

H“2
2(1-13)
j j+1 i\
sfzjv“*fzj*(g{ ,xN“fo) jefli....,N}
2 . .
1 i+1 N+1 i N+1 2up [ N+1 i+1 _N+1 i
W( &1 & X=X H_TQ<82 -8 X —x>)
(-23) \*
fi fN+l (éVJrl’xi_xNJrl) ie{l,....N)
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1

Kk gk PSS I N
-5 2L, 7}}42)”81 g Ir=r efl,..., }

N+l _ N+l _ N+L _ N+L 2 o g

i 2 2Lt — 12) gy g8 =7
f=5H-r=a (11)

By using this formulation, the next result (Theorem 3.1) provides a convergence
rate for Algorithm 1. Since the proof is quite technical, a few remarks are in order.
The proof uses the performance estimation technique of Drori and Teboulle [16] that
consists of the following steps:

1. Observe that problem (11) may be rewritten as a semidefinite programming (SDP)
problem (for sufficiently large V) by replacing all inner products by the entries of
an unknown Gram matrix.

2. Use weak duality of SDP to bound the optimal value of (11) by constructing a
dual feasible solution.

3. The dual feasible solution is constructed empirically, by first doing numerical
experiments with fixed values of the parameters A, N, u1, L1, 42, L, and noting
the dual multipliers.

4. Subsequently, the analytical expressions of the dual multipliers are guessed, based
on the numerical values, and the guess is verified analytically.

5. In the proof of Theorem 3.1, the conjectured dual multipliers are simply stated and
then shown to provide the required bound on the optimal value of (11) through
the corresponding aggregation of the constraints of (11).

Theorem 3.1 Let fi € Fy,,1,(R") and f> € Fu, 1, R") and let fixh — = A,
Suppose that L1 or L» is finite. Then after N iterations of Algorithm 1, one has:

AA
, k_ okl </ 12
<N 41 ”gl 82 H “VBN+C’ (12)

A=2(L\Ly — p1Lalg, (L1 — Ly) — poL1Ig, (L — L1)),
B=Li+ L+ u (%—3>IR+(L1 —L2)+M2(%—3)1R+(L2—L1),

where

and

_ LiLy —piLalg, (L1 — Lo) — poLyIr, (Lo — Ly)
Ly — 2 '

C

Proof We investigate two cases Ly > Lp and L; < Lj. Suppose that U denote the
square of the right side of inequality (12) and let B = %. To prove this bound, we
show that U is an upper bound for problem (11). First, we consider L1 > Lj. Let

2(L1Ly — u1(2Ly — Ly))

N <L1 + Lo+ (ﬁ—; - 3)) + L)

r=
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iy = Ly —
(L] + Ly + M](i—; — 3)) N + —LZIEII‘I_LIZH)

Ly
=4+ (L1 + Lo —3ur)

_ I>

= , kef{2,....N
Tk L L Ly _ 3N Lo(Li—p1) { }
1+ 2+/-’L1(L2 ) + L1—/io

Llul + L —2u + Lo(Ly—p1)

n — 1 —7 — s Li—p2
N+ =1—11 Z”lk = ) L)
(Ll +L2+“1(L_2_3)>N+Tuz

By direct calculation, one can verify that

N
_ 2 Z 2
e_U+nl ("g} —E%H _e>+ (Hg] +IH _e>+7]N+I (HgN+1 N+1H _e)

=
1
" B(f*_fll_HleJrA +B< N N+ Thases N+1”2_f*)
2(Ly — w2)
2
+BZ <f1< sl ( 4L ok _xk+l>_ m_lﬂ) (ﬁ H""l _g1+1H g HX _ ke "

2uq | k+1 ko ket k+1 k+1 _k+1 k
_Tl<g1 —8 X ) +)‘Z <31 o X _">

2
- 1u2) (Lz Hngrl k+2H o ka _ ke " uz< 42kl kel _xk>)>

2
LGB Z <fk fh <g1|<+2’xk _Xk+1> - Mz <L2 ||gk+1 k+2”
k=1 2

2, -
o ||xk Lkt H uzz (gh+2 — ghtl (k! _Xk)) - B)(sz g —<g9’“,x” _xN+l>
2
N+l N+ N+ 1
. GVH GNPy [N N 20 ( N+ N+ N4y
M 23 1
21 Lz)

2 2
N+1 N+1 1 N+T_ N+ N+
+)”(f B f2N_<g‘Jr T _XN>_2<1 1"2)(L2 Hg B ’ H +”2HXN_X i H
Ly

2up , N4 _ N+l N41_ N
= TR T =g TV )

R e B
=3 \l!&zx” eV - et 4 ol | <0
where
a) = L B, = L
2(Ly = 1) 2Lo(Ly — 1)

. (=mw1L3 = 2p1paLly + i Ly Ly + pipo Ly + oLy Lo)B
B 2(Ly — p1)(La — p2)

5, = (LiLapa = 2uamaly d pipaly — s + mLiLo)B
B 2Lo(Ly — p1) (Lo — p2) '

’
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It is readily seen that A, 7j; (k € {1,..., N +1}), A — B, B1, @ > 0. Thus, we have
£ < U for any feasible point of problem (11). Now, we consider L1 < L». In this
case, because bound (12) does not depend on w1, we may assume 1 = 0 in problem
(11). Let

2(L1Ly — u2(2Ly — Lp))

h=
(Li+ Lot ua (2 =3)) v+ byl
R Lz(LLll-‘rm) —2us
ny =
(L1 + L2+ a2 = 3)) v + Biflaed
L2(L|+/L2) +(L; —312)
Nk = IR kel{2,...,N}
(L1 + Lo+ pa(B2 = ) N + Bl
N Li(Ly—p2)
P Lfbasid) 4 1) — i
iNe =1—fH—) k= i S
= (Lt Lt m -y N+ b
With some calculation, one can establish that
N 2 2
v+ (e =2 =¢ - o)+ LS Y oY
(Jst -l -¢)+ U (et =51 =) i (| [-o)
(f g +A ( FN+HL fN+1 m”gwrl N+l“2 f*)

2
k+1 (k k+1 k> ‘k+l k”
B - -
LGom 3 (0 gt - ot - o
N
FEHL (1 ke 1 +1
Z( e =) = o e - ||>
N-—1
+BX:(H] 7 <g/l<+|’xk+1ka>
2 2
k2 2y | kt2 ket
72(17]&)( Hg+ + H +M2”xkka+1” 72722<g1+ 7gl+‘xk+17xk>>)
Ly
1 1
+B(fN+ f21V_<g{\1+’xN+1_XN>

2 2
1 N+1 _ N+1 N N+1 2pp [ N+1 N+1 _N+1 N
T oa- ’LZ) (L2 Hg ” T H2 ”x - H ) <g2 I U - )))

N-1

_ . ) 2 . ) 2

A1 o N 1 . N 1 ~—1 N ~ 1_ 3 2

=B E Hﬁlgll —pigitt —apx] + @'t ” —a 'y ”ale — ot = Bl 4 Bl ® “
i=1 i=1

-a! H&ZXN =V = BNl g V! H <0,
where

Ly
N mBU=7H L1 B A uzB(l—Lz)

2 — 3. — B
——, 07 —, 1= —S T /32 __H2b
K2 2(Lr— 2 2(L
2L,(1— 2) (La—p2) 2[1(1, (Lry—p2)”

R
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It is readily seen that A, e (kefl,...,N+1}), A — B, ,31, @, > 0. The rest of proof
is similar to that of the former case, and the proof is complete.

The theorem implies that Algorithm 1 is convergent when at least one of the Lips-
chitz constants is finite. In the following corollary, we simplify the inequality (12) for
some special cases of L1, Ly, (1, and u5.

Corollary 3.1 Suppose that fi € F,, ,(R") and fr € Fp, 1, (R"). Then, after N
iterations of Algorithm 1, one has:

() If Ly = oo, Ly < o0, then

min Hglf - 812{ H = \/ZL% (f(XI) _ f*).

1<k<N+1 N(Ly + 1)

(i) If Ly = oo, L1 < o0, then

. k k 2L% (Lq — U2) (f(xl)_f*)
| KN4 Hgl T & H = \/ (L2 )N+ L2 . (13)

(i) If Ly, Ly < oo, and 1 = o = 0 then

min Hgk_gk”< 2L1L2(f(xl)—f*).
1<k<N+1 191 21 =V (L + L)) N + L,

One can compare the results in Corollary 3.1 to that of Le Thi et al. [26] as reviewed
earlier in Theorem 1.2. First of all, Corollary 3.1 part iii) does not assume strict
convexity of f1 or f7, and in this sense it is more general than the result in Theorem
1.2. If we do assume @1 + @2 > 0, then, for example, if L < oo, Theorem 1.2
implies,

2(fGH = f*)

. k k
iy e =8 < ,
e (11 + p2) N

I<k<N+1

which is weaker than our bound (13) since | < L1, although the O(1/ V'N) depen-
dence on N is the same. We will do a further, more direct, comparison of Theorem 1.2

and Corollary 3.1 in Sect. 3.2, where we consider the convergence rate of the sequence
||xk+1 _ xk ”

3.1 An Example to Prove Tightness
In what follows, we give a class of functions for which the bound in Corollary 3.1,

part ii), is attained, implying that the O (1/+/N) convergence rate is tight. This result
is new to the best of our knowledge.
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Example 3.1 Let L1 € (0, 00). Suppose that N is selected such that U := /m <
1. Let f1 : R — R be given as follows,

B —i(1 = Uy + DAy e [, i)

. 2 (B —
fi) = Y LiUBi(x — pp) + PHE= 4+ AESDRE e [, i)

x € (—00,0),

where fori € {1,..., N+ 1}, =i — U, i =i — 1, and By = oo. Note that
f1 € Fo,r, (R). Suppose that f> : R — R is given by

S = max NL0G - D i)+ LR
I<i<N+1

An easy computation shows that

dfr()=[L1UG—-1),LUi] ief{l,...,N,}
dfa(N+1)=LUN.

Note that f> € Fp,00(R). One can check that, atx! = N+1,onehas fi (xl)—fz(xl) =

I, min,er f1(x) — f2(x) = 0 and argmin, . f1(x) — f2(x) = [0, 1 — U]. By taking

x! as a starting point, Algorithm 1 can generate the following iterates:

KF=N4+2—k ke{l,...,N+1}.

Here at iteration, k € {1,..., N + 1}, we set g’z‘ = LiU(N + 1 — k). It follows that

IV fi(x) — g5l = /25 k€ {1,.... N + 1}. Hence,

i k_ okl — /2L
1<V 41 Hgl & ” N+T
which shows bound (13) in Corollary 3.1 is exact for this example.

3.2 Convergence Rates for the Iterates

In this section, we investigate the implications of our results so far on convergence
rates of the iterates {xk 1.

Proposition 3.1 Let fi € F, 1, (R") and f> € Fy,.1,(R") and let f(x') — f* < A.
If 1 or o is strictly positive, then after N iterations of Algorithm 1, one has:

1
A 2
. k1 _ k| < A
min [+ =t < (e 0)
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where
A=2 (5t = Ly e e g =D = L g e G - g D))

B=uy tur oyt (i =3) e (g =) L (52 - 3) iy (7! - 0.

and

gty e ey (! ) - ey ey (e )

uy L :
Proof The proof is based on the computation of the worst-case convergence rate of
DCA for problem (8) by applying Theorem 3.1. By Toland duality, f* is also a

lower bound of problem (8). By virtue of conjugate function properties, it follows that
5(e)—fi(g)—f* < Aand f5f € F, S (R") and f}* € J-‘Ll_l o (R™). In addi-

tion, x¥*+1 ¢ afy (g’2‘) and x* € a1y (g2) for k e {1,..., N}. Hence, all assumptions
of Theorem 3.1 hold, and subsequently the bound follows from Theorem 3.1.

Recall the known result from Theorem 1.2:
| 1
2 ) 2
min ka+1 H - < (f&x) = ) . (14)
1<k<N N (1 + p2)

By employing Theorem 3.1, we get

min
1<k<N

”xk+1_ka<( 2(/H =/ )%
TA\Nu ) )

which is tighter than the bound (14). Moreover, the bound given in Proposition 3.1
provides more information concerning the worst-case convergence rate of the DCA
when L < oo or Ly < 00.

4 Performance Estimation using a Convergence Criterion for Critical
Points in the Non-smooth Case

Theorem 3.1 addresses the case that f or f; is L-smooth with L < oo. In what follows,
we investigate the case that f; and f> are proper convex functions and where both
may be non-smooth. For this general case, we need to adopt a different termination
criterion to obtain results, since the termination criterion || g{‘ - g'z‘ || < € may be of no
use in this case. For example, suppose that a DC function f : R — R U {oo} is given
by

fx) =

x <0,

fix) = f2ax) x>0
o0
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where
fio) = max {—n(x—27")+2 - 211 — 2y,

for(x)= max {—(n+Dx—-2"")+2-327") —n27"}.
neNU{0}

With x! = 1 and the given DC decomposition, Algorithm 1 may generate
=27k b=k —1), g=—k ke(1,2,.}

As| gll‘ — glz‘ | = 1, Algorithm 1 never stops by employing the given termination criterion
while it is convergent to global minimum x = 0. We therefore will use the termination
criterion of the following value being sufficiently small:

T = £ = 60 = min (100 = £ - {ghx - )
= G5 = AGE = (gh 2F = 2401, (1s)

Note that 7' (x**1) > 0. It follows that if 7(x**!) = 0 then f(x¥) = f(x**!), and

xK € argmin, _pn f1(x) — fo(x¥) — (g%, x — x¥). Indeed, by the optimality conditions
gmin, cg 5] y Y y

for convex problems, we have 9 fi @5y NafHr(xk) £ 0. Consequently, T(xk1y =0
implies that x* is a critical point of problem (6). The aforementioned stopping criterion
has also been employed for the analysis of the Frank—Wolfe method for non-convex
problems; see Eq. (2.6) in [18].

In what follows, we investigate Algorithm 1 with the termination criterion
T (x**1) < € for the given accuracy ¢ > 0. The performance estimation problem
with termination criterion (15) may be written as follows,

max £

s.t.fl(x")—fl(xk“)—(g’f“,xk k“)>z iefl,....N}
2
5 (¢ o -l
2(17%)<L1 xr-x gl — g, x —x
Sff—flj—<g{,xi—xj) i,jefl,..., N+ 1}
2 . .
1 _ jH _@(Hl_ i+l i i>
z(l—ﬁ—j)( x = L, \81 —8& X X
< f-f (el A =xl) et N
2 .
+1 j 2 +1 i
m_'@( =l | [ -t )
S A AP ) IV (N

1 i N+1 2un N+1 i+1 _N+1 i
za—%( o H T\ TE et T
2
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<fi-fH - <g§V+1 xi—xj> ie{l,....N}
fEo s kel N+

Note that we do not employ Lemma 2.1 in this formulation because we consider a
general DC problem. Using the performance estimation procedure as described before
the proof of Theorem 3.1 once more, we obtain the following result.

Theorem 4.1 Let fi € Fy,,.,(R") and f> € Fy, 1,(R"). Then, after N iterations of
Algorithm 1, one has

. k k+1 k _k k+1
min — — , X0 —
15kiNfl(JC) S1G"T) = (g, x" —x")

smin{ v Lo }(f<x1>—f*). (17)
N(Li 4 p2) N(Lz+ 1) —

Li(f&H—r" Ly(f&H—f*
Proof We show separately that N L) and Nt 4re upper bounds for

problem (16). The proof is analogous to that of Theorem 3.1. First, consider the bound

Li(fahH—f")
N(Li+p2)

without loss of generality that L, = oo and p; = 0. Suppose that B| =

With some algebra, one can show that

. Since the given bound does not depend on w1 and L;, we may assume

Ly
N(Li+u2)"

N
¢~ BA 1 Z ( k+1 (g’f+1,xk k+1> 75) B (fN‘H sz+1 _ f')
k=1

Mz

+Bl(f'ff|l+f21+A)+(%f ) (fk+l 1k 7<g]f-xk“ka> le Hgk“fg]fH2>

k

N
2
By (fzkﬂ e _<g1|<+1,xk+1 _xk>_ ) ka+1 _ Lk H )

N
By 1 k+1 2
__ 122 Z||xk_xk+ _I}T(glf_gl+)|| <.

The rest of proof is similar to that of Theorem 3.1. Now, we consider the bound

1 *
%. Without loss generality, we may assume that L; = oo and p» = 0. By

doing some calculus, one can show that
e= B+ By (f) = 2= (ef xt =) =) + By (AN = V- )

B (A ) s S (A (k) )

=2
2
+a2<fk+l (81’ k+l_xk>_11271ka+l_ka)
2
e K+l k4l K k42 k4l
e (17 - - ) o - )
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2
N+1 N N+1 _N+1 N 1 N+1 N+1
-l-Bz(fz7L -/ —<81+,x % >—m”82+ —g1+H>

N

2 2

_ By N+1 N+1 By k k+1 aly  k k+1

= "12L, ng 8 H *2L22 818 —p x| =0,
k=2

_ Ly _1-By :
where By = N )= and o = -1 — B2 Since we assume Ly > (1, we have

By, a > 0. The rest of the proof runs as before. O

The important point is that the last result provides a rate of convergence even if
neither L nor L is finite, and we therefore state it as a corollary.

Corollary 4.1 Let f1 € Fy, ,00(R") and f> € Fj1, 00 (R"), i.e. consider any DC decom-
position in problem (1). Then, after N iterations of Algorithm 1, one has

1
lg}{ian fl(xk) _ fl(xk+l) _ <g§’xk _xk-‘rl) < N (f(xl) _ f*) )

This result is new to the best of our knowledge.

5 Linear Convergence of the DCA under the Polyak-tojasiewicz
Inequality

In the section, we provide some sufficient conditions under which the DCA is linearly
convergent. Similar to the former sections, we employ the performance estimation for
obtaining convergence rate.

In recent years, the linear convergence of some optimization methods for non-
convex problems has been investigated under the Polyak—t.ojasiewicz (PL) inequality;
see [2, 12, 25] and the reference therein. We say that f satisfies PL inequality on X if
there exists n > 0 such that

FO0) = f* < NP, Vx € X, VE € co(drf (x). (18)

Note that when f is differentiable inequality (18) is a special case of (3) with6 = % and
different ground set. If f] or f5 is strictly differentiable, we have co(9; f) = 9 f1 — 9 f2;
see Example 10.10 in [38]. Hence, the performance estimation problem with the PL
inequality may be formulated as follows:

fE=fhH-f*
max ———
(fl=rh—-r

2 .
1 1 i jH_2m</_i j_i>
S.t. —2(1_,2_;) (Ll‘ X X . \81 — 81X X
= fi—fl—(el.x' =) ijen)

. 12 ; , ) .
AR | /7% Y A0 A N B
ol - (e - )

, 2
YR

—

)
1 _H [
s 82 gz” +l/v2‘
2(1L—§)(L2
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<fi-f—(edx'=xT) ijery)
K-tz kel
& =8
(Fh= k)= 1= Lhgk = b2, keq1.2). (19)
By doing constraint aggregation in problem (19) as before (i.e. demonstrating a dual

feasible solution and using weak duality), we obtain the following linear convergence
rate for the DCA under the PL inequality.

Theorem 5.1 Let f1 € Fu,.1,(R") and f> € Fuy 1, (R™). If L1 or L» is finite and if
f satisfies PL inequality on X = {x : f(x) < f(x")}, then for x* from Algorithm 1,

we have

* _

f(xz)—f < 1 Ly ) (20)
fah =T \1+4

Proof Since the given bound is independent of 1+ and p,, without loss of generality,
we assume that ;1 = wp = 0. In addition, we assume that f* = 0. Direct calculation
shows that

(f2-£2)-r- (:ij) (A =n)-r)+ (1 +IL>
x ( ! —ff—<g%,xl —x2>—ﬁ ‘gf —ngZ)
() (8- el ) ()

n

1 1 2”2 1 1 L 1 H 2 2”2 2 2
— gl - - 2 [ —|le? = - =0.
X (277 Hgl 81 h+hL)+ 1+Li2 o 81— & i+ 5

As all the multipliers in the last expression are non-negative, for any feasible solution
of problem (11), we have

1
FG) = f* - (H—Li> (reh-r1) =0,

completing the proof.

Note that Theorem 1.1 by Le Thi et al. [27] does not imply Theorem 5.1 if inequality
(3)holdson {x : f(x) < f(x")} withe = %, since we assume neither strong convexity
of fi or f>, nor boundedness of the sequence of iterates. Moreover, we give explicit
expressions for the constants that determine the linear convergence rate of the sequence
of objective values.

@ Springer



Journal of Optimization Theory and Applications

6 Conclusion

We have shown that the performance estimation framework of Drori and Teboulle
[16] yields new insights into the convergence behavior of the difference-of-convex
algorithm (DCA). As future work, one may also consider the convergence of the
DCA on more restricted classes of DC problems, e.g. where fi and f> are convex
polynomials, as studied in [3]. For constrained problems, even the case where f; and
f> are quadratic polynomials is of interest, e.g. in the study of (extended) trust region
problems.
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