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Abstract

We consider a quadratic programming problem with quadratic cone constraints and an
additional geometric constraint. Under suitable assumptions, we establish necessary
and sufficient conditions for optimality of a KKT point and, in particular, we char-
acterize optimality by using strong duality as a regularity condition. We consider in
details the case where the feasible set is defined by two quadratic equality constraints
and, finally, we analyse simultaneous diagonalizable quadratic problems, where the
Hessian matrices of the involved quadratic functions are all diagonalizable by means
of the same orthonormal matrix.
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1 Introduction

We analyse a quadratic programming problem with general quadratic cone constraints
and an additional geometric constraint. This problem has received attention in the lit-
erature in the last decades (see, e.g. [5, 7, 18, 20]) since it contains as a particular case
several classic optimization problems as trust region problems, the standard quadratic
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problem and the max cut problem; moreover, it has many applications in robust opti-
mization under matrix norm data uncertainty and in the field of biology and economics
[12].

In this paper, we are interested in establishing necessary or sufficient global optimal-
ity conditions for a point that fulfils the Karush—Kuhn—Tucker (KKT) conditions or
under the assumption of strong duality on the given problem. The general formulation
of the considered quadratic programming problem allows us to treat simultaneously
quadratic problems with one or more quadratic equality or inequality constraints and
possibly additional constraints that can be included in the geometric one, which makes
the analysis of the given problem very general, particularly as regards the possibility of
providing equivalent formulations and associating a dual problem with the given one.
Our approach allows to recover or generalize several known results in the literature
[13, 14, 20].

The paper is organized as follows. In Sect. 2 we recall the main definitions and pre-
liminary results that will be used throughout the paper. In Sect. 3, we characterize
global optimality for a KKT point or in the presence of the property of strong duality
on the given problem and in Sect. 4, we consider in details the case where the feasible
set is defined by two quadratic equality constraints. In Sect. 5 we analyse a simulta-
neous diagonalizable quadratic problem (S D Q P), where the Hessian matrices of the
involved quadratic functions are all diagonalizable by means of the same orthonormal
matrix S. The analysis previously developed allows us to provide suitable conditions
that guarantee the existence of a convex reformulation of SD QP improving some
results stated in [15] in the presence of two quadratic inequality constraints.

2 Preliminary Results

Let us recall the basic notations and preliminary results that will be used throughout the
paper. Given C € R",co C,int C,1i C, ¢l C, span C, denote the convex hull of C, the
topological interior of C, the relative interior, the closure of C and the smallest vector
linear subspace containing C, respectively. C is said to be a cone if tC € C,Vt > 0.
A convex cone C is called pointed if C N (—C) = {0}. We define cone C := | J,. tC.
We set R’} := {x € R" : x > 0}. If C is a convex set and x € C, the normal cone to
Catx € Cisdefinedby Nec(x) :={eR": (§,x —x) <0, YxeC}.

The positive polar of aset C C R" isdefined by C* := {y* € R" : (y*,x) >0, Vx €
C}. It is well known that

C* = (c1 C)* = (co C)* = (cone C)*, clco(cone C)
= cl cone(co C) = C** := (C*)*. )

Cl:={veR": v'x =0, Vx e C}is the orthogonal subspace to the set C.

The contingent cone T (C; x) of C at x € C is the set of all v € R” such that there
exist sequences (xg, tx) € C x Ry with xy — X and #;(xy — x) — v.
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Let P € R be a convex cone and C € R” a convex set. A function f : R” — R"
is said P-convex on C if for every x1, xo € C and for every A € [0, 1],

Af) + A =2)f(x2) = fOx1 + (1 —2)x2) € P.
For m = 1 and P = R, we recover the classic definition of a convex function. It is
known that if f is P-convex on C, then the set f(C) + P is convex.
In the paper we will use the following preliminary results.
Let C :={x € R" : g(x) =0}, where g : R” — R. Then, we get [6]
T(C:%)={veR": Vgx)v=0}= Vg if Vg(x) #0, )

1
and so [T (C; x)]* = R Vg(x); whereas if g(x) = ExTBx +b"x + B is a quadratic

function, with B being a real symmetric matrix of order n, b € R” and 8 € R, then
T(C:%) ={veR": v'Bv=0} if Vg(X) = 0. 3)
A symmetric matrix B is positive semidefinite on C, if x'Bx>0,VxeC.

Lemma 2.1 ([18,Lemma 3.10]) Assume that B is an indefinite real symmetric matrix
and set Z :={v € R" : v Bv = 0}. Then

coZ =R" =span Z.

3 The General Case with Cone Quadratic Constraints

Let us consider the problem
pi=1inf{f(x): gx) € =P, x € C}, “)

where P is a convex cone in R”, g(x) := (g1(x),...,gn(x)) and f, g : R" —
R, i =1, ..., m are quadratic functions, C € R”,

1 1
f(x):= ExTAx +a'x+a, gi(x) = ExTBix + b,Tx +Bi,i=1,...,m, (5)
with A, B; being real symmetric matrices; a, b; being vectors in R” and «, 8; € R

fori =1,...,m. K :={x € C: g(x) € —P}is the feasible set of (4). We associate
m

with (4) the Lagrangian function L(%, x) = f(x) + Z A gi(x) and its dual problem

i=1

v:= sup inf L(X,x). (6)
)\,GP*XGC
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We say that strong duality holds for (4), if there exists A* € P* such that
inf = inf L(A", x).
S0 = L0

In case (4) admits an optimal solution x € K, then the previous condition is equivalent
to

LA, x) < L(A*, x), Vx € C, (A", g(x)) =0, g(x) e =P, xeC.(7)

Under suitable assumptions on the cone 7 (C; x), we first establish three general
results: the first and the second consider the case where x is a KKT point and provide
a sufficient optimality condition and a characterization of its optimality in the case
where P = {0}, respectively, while the third one characterizes optimality under the
assumption of strong duality.

Proposition 3.1 Let f, g1, ..., gm be quadratic functions as above. Assume that X €
K is a KKT point for (4), i.e. there exists \* € P* such that

VL, X) € [T(C; )], (A% g(x) =0, )
and, additionally, (K — x) C cl co T (C; x). Then the following assertion holds.

If V%L()»*, X) is positive semidefinite on K — X, then X is a (global) optimal solution
for problem (4).

Proof By (8), V,L(A*,x) v > 0, for every v € T(C; X), and by (1) we obtain
VL, %) v >0,V e cleo T(C; X).
The assumptions imply that
VL %)Tv >0, Yve(K-—X). ©

We note that, since the involved functions are quadratic, then, the following equality
holds:

* * = * =N\T = 1 =\ T2 * = =
L\, x) — LA™, x) =V,L(A", x) (x—x)—i—z(x—x) ViL(A™, X)(x — X),
Vx € R". (10)

Exploiting (10) and (9), for every x € K, we get

fx)—fx) = fx)+ Zk?gi(X) — f(X) =LO", x) = L(A*, %)
i=1
> %(x —OTVILOF, D) (x — %).

By the previous inequalities, the assertion follows. O

@ Springer



122 Journal of Optimization Theory and Applications (2022) 193:118-138

Remark 3.2 Proposition 3.1 is related to Theorem 2.1 in [4] when applied to a quadratic
problem. Indeed, Theorem 2.1 in [4] requires that K is a convex set and C := R",
which guarantees that the condition (K — x) C cl co T(C; x) is fulfilled.

Proposition 3.3 Ler f, g1, ..., gm be quadratic functions as above, let P .= {0}"
and x € K. Assume that

(K—=x)CclcoT(C;x) € —clco T(C; x), an
and that x is a KKT point for (4), i.e. there exists \* € R™ such that
V. L\, %) € [T(C; )] (12)

Then the following conditions are equivalent:

(a) x is an optimal solution for the problem (4);
(b) V)%L()»*, X) is positive semidefinite on K — x and so on cl cone(K — Xx).

Proof By (12), V,L(»*, %) v > 0, for every v € T(C; x) and by (1) we get,
VoL, %) v > 0,VYv e clco T(C; X).
The second inclusion in (11) implies that
V,LGF %) Tv=0, YveclcoT(C;X), (13)

and, by the first inclusion in (11), V,L(A*, X) Tv = 0, for every v € (K — X).
By (10) and (13), for every x € K, we get

J&) = f&x)=fx)+ Zk?gi(X) — f&) =LA* x) — LA™, %)

i=1

= %(x —OTVILOF, D) (x — ). (14)

By the previous equalities, the equivalence between (a) and (b) follows. O

Remark 3.4 Note that the second inclusion in assumption (11) is not needed for proving
that (b) implies (a), as shown by Proposition 3.1.

In the following proposition we characterize optimality under the strong duality prop-
erty that can be considered as a regularity condition in view of the fulfilment of the
KKT conditions.

Proposition 3.5 Let f, g1, ..., gm be quadratic functions as above, let x € K, and
assume that

(C—x)CclcoT(C;x) € —clcoT(C; x). (15)
Then the following assertions are equivalent:
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(a) x is an optimal solution for the problem (4) and strong duality holds;
(b) thereexists \* € P* suchthat(8)is fulfilled and V%L()\.*, X) is positive semidefinite
onC —Xx.

Proof Assume that (@) holds, or equivalently there exists A* € P* such that (7) is
fulfilled. Then,

L(\*, X) < L(A*, x), for every x € C, implies that V,L(A*, ¥) "v > 0, for every
v € T(C; x) and, consequently,

V.LO*, %) v >0,Vu eclco T(C: %). (16)

The assumption (15) yields VL(1*, O Tv =0, for every v € cl co T(C; x) and, in
turn,

V.LO*, %) Tv=0, VYve(C-—x). (17)

From (10) we have
1
0<L(O*x)— LM %)= S0 = DTVILOF, B)(x — %), VxeC,

and (b) follows.
Conversely if (b) holds then (8) implies (16) and, consequently, (17).
From (10) we have

1
L(*, x) — LV, ) = SO —OTVILO*, D(x —%) =0, VxeC,

and, taking into account that (A*, g(x)) = 0, (a) follows. O

Remark 3.6 We note that, for the implication (b) = (a) in Proposition 3.5, the second
inclusion in (15) is not needed: indeed, by (8) we have V. L(A*, )T (x —%) > 0, Vx €
C and (A*, g(x)) = 0, so that (10) allows us to prove (a).

Remark 3.7 Condition (15) is fulfilled under the following circumstances:
(i) x €eintC;
(ii) C is defined by linear equalities, i.e. C := {x € R" : Hx = d}, H € RP*",
d € R”?;
(iii) C :={x € R" : h(x) = 0}, where / is a quadratic function with Vi(x) = 0 and
H := V2h(%) is indefinite. In this case T (C; X)) = C—% = {v e R" : v Hv =
0}, this is a consequence of Lemma 3.1 proved in what follows. By Lemma 2.1,
clcoT(C; x) =R".

Lemma 3.1 Let g; be defined as in (5), fori =1, ..., m. Assume thatx € A := {x €

1
R":gi(x)=0,i=1,...,m}andset Z;(x) = {v e R": Vg;(x) v+ EUTBI'U —
0}, fori =1, ..., m. Then,
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Z(x) :=()zE=A4-x (18)

i=1

Proof Leti € [1,..,m]. Let v € Z;(X), then g;(v + %) = g(X) + Vgi(¥) v +
1
EUTB,'U = 0, proving that v + X € {x € R" : g;(x) = 0}. Therefore, (/" Z;(x) C
A—X.

For the other inclusion, take any x € A. Then

- -\T - 1 -\T = .
0=1gi(x) —gi(x) =Vgi(x) (x—x)+§(x—x) Bi(x —Xx),i=1,...,m,

(19)
which implies x — X € (/L Z;(X) . O
Remark 3.6 leads to the following result.
Corollary 3.8 Let f, g1, ..., 8gm be quadratic functions as above, let x € K, and
assume that C == {x € R" : gi(x) < 0,i = m+1,..., pl,where g; are convex

functions, fori =m+1, ..., p.
If there exists \* € P* such that (8) is fulfilled and V%L(A*, X) is positive semidefinite
on C — X, then X is an optimal solution for the problem (4) and strong duality holds.

Proof By Proposition 3.5 and taking into account Remark 3.6, it is enough to prove

that (C — x) C cl co T(C; x). The convexity of the functions g;,i =m +1,..., p,
yields that C is convex.

Since C is convex then T(C;x) = cl cone(C — x) which implies (C — x) C
clco T(C; x) (see, e.g. [2]). O

All the results so far obtained generalize optimality conditions for classical
quadratic programming to a quadratic problem with cone constraints and a geometric
constraint set. We now present suitable particular cases where our results allow to
recover and generalize known optimality conditions.

We first consider the quadratic programming problem with bivalent constraints (QP1)
defined by

inf f(x):=x'Ax+2a'x+a,
xekK

where K :={x € C: g;(x) := xTB,-x—i—2biTx+,3i =0,i=1,....,m, gny;(x) =
xTE,,H_jx —-1=0, j=1,...,n}, E,4; = diag(e;) and ¢; is a vector in R" whose
Jjth element is equal to 1 and all the other entries are equal to O.

Let LA, y,x) == f(x) + Y rigi(x) + 27:1 Yj&m+j(x), be the Lagrangian
function associated with (QP1).

By Proposition 3.3 and Lemma 3.1 we recover Lemma 3.1 of [14] which can be stated
as follows.
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Proposition 3.9 Let C := R" and x € K. Assume that there exist » € R™ andy € R"
such that VyL(A, y,x) = 0. Then x is an optimal solution for (QP1) if and only if
VfL()», y, X) is positive semidefinite on Z(x) defined by (18).

Proof It is enough to notice that since C = R”, then, by Lemma 3.1, Z(x) = K — x
and, moreover, (11) is fulfilled. Proposition 3.3 allows us to complete the proof. O

By Proposition 3.5 we obtain the following result.
Next result is inspired by Theorem 3.1 of [14] and provides a characterization and
a sufficient condition for strong duality for (QP1).

Proposition 3.10 Let x € K with C := R". Consider the following assertions:

(a) x is an optimal solution for (QP1) and strong duality holds;

(b) there exist . € R™ and y € R" such that V,L(A, y,x) = 0 and V)%L(k, Y, X)is
positive semidefinite;

(c) A— diag()_(A)E + Xa) is positive semidefinite, where X := diag(xy, ..., X,).

Then (¢) = (b) < (a).

Proof (b) < (a); it follows from Proposition 3.5 with C := R", K := {x € R" :
gi(x)=0,i=1,..,m+n}, P :={0)"",

(c) = (b); in the proof of Theorem 3.1 of [14] it is shown that, for any feasible
point x, the condition Vi L(A, y, x) = 0 is fulfilled with A := (0, ..., 0)" and y =
(X AX + Xa) and, moreover, for such A and y, V)%L()\, v, %) = A—diag(XAx + Xa).
Therefore, if (c) holds, then (b) is fulfilled and so is (a), by the previous part of the
proof. O

Conditions (11) and (15) in general are not fulfilled for a problem with bivalent con-
straints.

Example3.11 Let C := {x e R> : x} = 1}, K := {x e R? : x} = 1,x] = 1},
x=(1,1) € K. Then, T(C,%x) = {x e R? : x; =0} = clco T(C; x),

K —x ={(0,0), (0, -2), (=2, =2), (0, =2)} £ clco T (C; X).
This also implies that C — X ¢ cl co T(C; X) so that Propositions 3.3 and 3.5 in
general cannot be applied to problem (QP1).

Let us make some further comparison with the literature; until the end of this section we
assume that f, g;, i = 1, ..., m, are quadratic functions defined as in (5). According
to Remark 3.7, the following results are all particular cases of Proposition 3.5.

Corollary 3.12 ([13] Theorem 2.1, [20] Theorem 1) Consider the problem
wi=inf{f(x): g1(x) <0,...,gn(x) <0, x € C}, (20)
where C := {x € R" : Hx = d}, H is a (p x n) matrix , and let X be feasible for

(20).
The following assertions are equivalent:
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(a) x is an optimal solution and strong duality holds for (20);

(D) there exists \* € R’ such that VyL(x,\*) € HT(RP), Agi(x) =0, i =
1,...,m, and V)%L()E, A*) is positive semidefinite on Ker H.
Consequently, when C := R", then (b) reduces to the following:

(b') there exists 1* € R’} such that ViL(X,A*) =0, Afgi(X) =0, i =1,...,m
and V2L(X, \*) is positive semidefinite.

4 The Case with Two Quadratic Equality Constraints

In this section we analyse in details a quadratic problem with two quadratic equality
constraints defined by

w=inf{f(x): g1(x) =0, g2(x) =0}, 2n

where f, gi, i = 1,2 are quadratic functions defined as in (5).
Let K :={x e R": g1(x) =0, g2(x) =0}.
The standard Lagrangian associated with (21) Lg : R? x R" — R is given by

Ls(Ar, A2, x) = f(x) +A1g1(x) + Arg2(x).

The following result is a consequence of Proposition 3.3.

Proposition 4.1 Let f, g1, g2 be defined as above, let x € K be a KKT point for (21),
i.e. there exists L1, A2 € R such that V f (x) + A1 Vgi(x) + 22Vga(x) = 0.
Then the following conditions are equivalent:

(a) x is an optimal solution for (21);
(b) A + A By + Mo By is positive semidefinite on K — X.

If, additionally, V g>(x) = 0 then () is equivalent to:

(b1) A + M1 By is positive semidefinite on K — X.

Proof The equivalence between (a) and (b) follows from Proposition 3.3 where we set
C := R". Assume now that Vgs(x) = 0. The equality g(x) — g2(x) = Vg2 (x)(x —

1

X+ E(x — %) TV2gy(¥)(x — &) yields (x — X)  Bo(x —X) = 0, Vx € K. Therefore,
V)%LS()L], A2, X) = A+ A1 By + A2 B is positive semidefinite on K — x if and only
if (b1) holds. O

In the following we set C := {x e R" : go(x) =0},sothat K ={x € C: g1(x) =
0}. The dual problem and the standard dual problem associated with (21) are, respec-
tively, defined by:

v := sup inf {L(A1, x)}; (22)
)\]GRxEC

vs:= sup inf {Lg(r1, A2, x)}. (23)
A1 A2€R X€R"
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We say that standard strong duality (SSD) holds for problem (21) if © = vg and
problem (23) admits solution. It easy to check that vg < v < .

Theorem 4.1 Let x € K be feasible for (21) and suppose that n € R.
(a) Assume that Vg(x) # 0. Then the following assertions are equivalent

(al) x is an optimal solution and strong duality holds for problem (21);
(a2) A1, Ay € Rsuchthat ViLs(,i, A2, X) = 0and A+ A1 B+ Ay By is positive
semidefinite on C — x (and so on cl cone(C — x)).

(b) Assume that Vgr(x) = 0, and B» positive (or negative) semidefinite. Then, (al)
is equivalent to

(1) I e RandIy e R 5.t. VF(x) + A Vg1 (X) + Boy =0and A + M By is
positive semidefinite on Ker By.

(c) Assume that Vgo(x) = 0, and B, indefinite. Then, (al) is equivalent to

(cl) Ir e Rs.t. V(X)) +11Vg1(x) = 0and A 4 A By is positive semidefinite
on C — x (and so on clcone(C — x)).

Proof (a): (al) = (a2). By assumption there exists A; € R such that
) +2ri1g1(x) = f(X) = f(X) +r1g1(x), Vx eC. (24)
Thus, Vf(x) + AVgi(x) € [T(C,x)]*. Since Vga(x) # 0, by (2) we get,

[T(C; x)]* = R Vg(x). Hence, there exists A, € R satisfying V, Lg(A1, A2, X) = 0.
Then, for every x € C,

0<fx)+2rg1(x)— f(x) =Ls(1,22,x) — Ls(A1, A2, X)

) 1 ) ) _
=V, Ls(hi, 22, %) (x — %) + 70— ©)TV2Lg(A1, A2, X)(x — X)

1 To2 - _
= E(x—x) ViLs(A1, A2, X)(x — X).

This proves our claim. The previous equalities also show (a2) = (al).
(b): (al) = (b1). By assumption there exists A; € R such that (24) holds. Thus,
Vf(x)+ 12 Vgi(x) € [T(C, x)]*. Since Vgp(x) = 0, then (3) yields T(C; x) =
{fv e R" : v Byv = 0} and, since B is positive or negative semidefinite, then
T(C;x) =ker B, = Z>(x) = C — x, where the last equality is due to Lemma 3.1.
Thus we can choose y € R” such that

Vi) + A Vgi(x)+ By =0.
Then, from (24) and for all x € C (which means g,(x) = 0), it follows that

0 <L, x)— LAy, x)
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=V, L, %) (x — %) + %(x — VIO, X (x — )

=—Boy) (x =B + 1 -0 TA(x —F)
=M =3 A(x — ). (25)

Notice that (B>y) T (x — %) = 0, since ker By = C — X. These chains of equalities also
show that (b1) = (al). (¢): (al) = (cl). By the above discussion, T (C; x) = Z>(X).
Lemma 2.1 yields [T (C; X)]* = (co Z»(x))* = {0}, which implies that V f(x) +
X1Vgi(x) = 0. By using the relation (25), one concludes that A + A1 Bj is positive
semidefinite on C — x. The same relation allows us to prove that (c1) = (al). O

Necessary or sufficient optimality conditions for a quadratic problem with two
quadratic inequality constraints have been obtained in [1, 18]. To the best of our
knowledge, Theorem 4.1 is a new characterization of strong duality for a quadratic
problem with two quadratic equality constraints.

5 Simultaneously Diagonalizable Quadratic Problems

In this section we characterize strong duality for a simultaneously diagonalizable
quadratic problem with quadratic cone constraints, providing conditions that guarantee
the existence of a convex reformulation. Our results generalize those obtained in [15]
where two quadratic inequality constraints are considered under the assumption that
the classic Slater condition is fulfilled.

Consider problem (4) and assume that the matrices A and B;, i = 1,..,m are
simultaneously diagonalizable, i.e. there exists an orthonormal matrix S order n, such
that STAS = Dy, ST B;S = D;, STS = I, where D; are diagonal; we set D; =
diag(y1), i == Vi1, .- vin) i =0,1,...,m.

We refer to [3] for an extensive description of the applications of this problem.
Setting y = ST x, then (4) can be written as follows:

ri=inf f(y) st. yeK:={yeC: g(y)e—P}, (26)

where P is a closed and convex cone in R”, 3(y) := (81(y), ..., &m(y)) and f, &; :
R" - R, i =1, ..., m are quadratic functions,

- 1 B 1 .
f) = EyTDoy+aTSy +a, gy = EyTDiy +b Sy + i, i=1,...,m.

1
We assume that « = 0 and C = R". Now, set Eylz = z;,i = 1,...,n, then
1
3 yTDiy = yiTz and (26) can be rewritten as follows:
. . 1 .
mf{yo—rz +aTSy : g(y,z7) € —P, Eylz =z,i=1,...,n, } 27
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where §;(y,2) :=y, 2+ b Sy +Bi, i=1,...,m.
Replacing the last n equality constraints with the corresponding inequalities, we obtain
the following relaxation of (27) (and therefore of (26)):

P T T .Aa 1 2 e
tr:=infyyyz+a Sy : g(y,2) € =P, zyi <zi,i=1,....,ny. (28

1
Let L : R™ x R” — R be defined by L(A, y) := EyTDoy +alSy+ 3" L&)

as the Lagrangian function associated with (26) and let sup; . p+ infyec L (X, y) be the
related dual problem. Similarly, let Lg : R” x R" x R"” x R" — R be defined by

m n
) 1
Lr(h, i, y,2) i= vy 2+a' Sy+ E Ai&i(y,z) + E Mi(zy?—z,')
i=1 i=1

as the Lagrangian function associated with (28) and let

sup inf Lg(k, 1, y,2),
rep* YERY
I‘LERfL zeR'

be the corresponding dual problem.

Proposition 5.1 The dual problems associated with (26) and (28) are equivalent, i.e.

sup inf L(A,y) = sup inf Lr(A,u,y,z). 29)
rep* yER" rep* YER”
neR’ zeR”

Moreover, if the supremum in the right-hand side of (29) is attained at (A*, u*), then
the supremum in the left-hand side is attained at \*.

Proof Let us compute ¥ (A, 1) := inlg Lr(X, 1, y, z). Note that
ye n

zeR"

m n
1
L.y, 2=y z+a Sy+ Y iy z+b]Sy+p)+) wiGy; =)
i—1 =1

n m n n
1
=Y wjzi+a Sy+ Y m) vz b Sy+B)+ ) Mj(iyjz-—Zj)
=1 =1 j=I =1

m n n m
1
=alSy+Y xb!Sy+p)+) E.ujyf+ > 1Y kivij + vj — 1jlzj
i=1 j=1 j=1i=1

Then, ¥ (h, p) = infyerrla’ Sy + Y7L A (b Sy + Bi) + Xy 317071,

m
if Zkiyij +y;—mj=0,j=1,...,n, YA, u) = —o0, otherwise.

i=1
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By eliminating the variables 1 ;, we obtain:
m n 1 m
YO, p) = yienlgn[aTSy + D kb Sy + B+ D0 S hivis +v0)yil,
i=1 j=1" i=1

m
if Z)»i%‘j +wj=un;=0,j=1,...,n, ¥, pu)=—o0, otherwise.

i=1
1
Now, observe that L(A, y) = EyTDoy +alSy+ 3 A3y Diy +b] Sy + Bi

1 n m 1 n
=3 Z yojy; +a' Sy + Z)\i[z Z vijy; + b Sy + Bil
j=I i=l1 j=I

m n m
1
=a'Sy+ Y MBSy +BI+Y OO hivij+v0)y3
B j
i=1 j=1 i=1

Therefore,
VO ) = infyeRn L(A,y), .if 2?1:1 Aivij+v; =>0,j=1,....n, (30)
—00, otherwise
and
sup inf L(A,y)= sup inf Lgr(y,z, 1, 1)
reP* YER" rep* YER”
weR’ zeR”
provided that
m
Zkiyij+yoj20, j=1,...,n, for some A € P*. 31)

i=1
Notice that, if (31) does not hold, then sup; ¢ p« inf yegr L(A, y) = —00, which yields
(29).

The final assertion follows from (30). O

Consider problem (28) and let

~ ~ 1 1
fo.2) =v) z+a" Sy, h(y.z) = (Ey% — 20 Ey,% —z0),
G:= 3, h), F:=(f, 8 h.
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Assuming that g € R, following the image space approach introduced by Giannessi
[10, 11], we define the extended image associated with (28) by:

£:=F®R"xR") —1(1,0,0) + (Ry xP x R}).

It is possible to show that since f and g are linear and h is convex, then € is a convex
set, in fact F turns out to be a (R4 X P X R’i)—convex function. Many remarkable
properties of a constrained extremum problem can be characterized (see [11]) by
means of the set £, as in the next result.

Proposition 5.2 Assume that Tg € R and
(&) N—MR 1 x {0} x {0}) = 0. (32)

Then, T = tg if and only if T = sup ¢ p« inf ,ern L(X, y), i.e. the duality gap is zero
for (26).

Proof 1t is known that condition (32) is equivalent to the fact that the duality gap is
zero for (28) (see [17] Theorem 4.2, for a proof where it is assumed that the infimum
Tr of (28) is attained, we notice that it is still valid if merely Tz € R). Then, by
Proposition 5.1, the following relations hold:

v > sup inf L(A,y)= sup inf Lr(X, u,y,z) = tg. (33)
repx yeR” rep* YER”
weR’ zeR”
The proof is now straightforward. O

Condition (32) is not easy to check: next result, based on a well-known constraints
qualification, provides the connections with strong duality for (26).

Proposition 5.3 Assume that tg € R and that the following condition holds for (28):
0 eri(G(R" xR") 4+ (P x R})). (34)

Then, T = TR if and only if strong duality holds for (26).
Proof We first prove that (34) implies that strong duality holds for (28): to this aim

we will apply Theorem 3.6 of [8] where (34) is requested as one of the assumptions.
The other one is given by the following condition:

0 ¢ ri[co(E U{OD], (35)

where £ is the extended image associated with (28). We now prove that (35) is fulfilled.
We have already observed that £ is a convex set; we claim that

11 £ = ri[co(€ U{0})].

@ Springer



132 Journal of Optimization Theory and Applications (2022) 193:118-138

Let us prove our claim. Notice that, since F is a continuous function then 0 € cl £
and since £ is convex so is ¢l £, so that

clco(€U{0}) Cclé.

The reverse inclusion is obvious, so that cl co(€ U {0}) = cl &; by Theorem 6.3 of
[19] we prove our claim. Now, since Tz € R, by Proposition 3.1 of [8] we have

EN—(Ry xP xRY) =
which implies
n€éN—ri(Ry xP xR =0
or, equivalently,
0¢ ri[E+ Ry xP xR =r1i€.

This proves that (35) is fulfilled and that strong duality holds for (28).
Finally, Proposition 5.1 leads to the following relations:

T > sup inf L(A,y) = max mf Lr(h, p,y,2) =1R. (36)
repP* yeR” rEP*
neR’ zeR”

Assume that t = tp; then the first inequality in (36) is fulfilled as equality and
because of the second equality, the supremum is attained (see Proposition 5.1), i.e.
strong duality holds for (26).

Conversely, if strong duality holds for (26), then T = max; ¢ p+ infcr L(4, y) and
(36) yields T = tg. O

We note that, when int P # (J the (34) collapses to the classic Slater condition.

Corollary 5.4 Assume that tg € R, (34) holds and y is an optimal solution of (26).
Then t = tg if and only if there exist A} € Ry, i =1, .., m, such that:

m
(i) Doj + Sa+ Y _ AF(Shi + D;§) = 0;
i=1

m
(ii) Do+ Z A7 D; is positive semidefinite.
i=1

Proof 1t is a direct consequence of Proposition 5.3 and Proposition 3.5. O

Proposition 5.5 Assume that (7, 7) is a KKT point for (28) with (., ) the associated
multipliers. If i > 0, then y is an optimal solution and strong duality holds for (26).
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Proof We first note that, since (28) is a convex problem, then the KKT conditions
guarantee the optimality of (¥,Z) and (A, 1, y, Z) is a saddle point of the Lagrangian
function Lg. Moreover, if 1 > 0, then the constraints 5 y2 — z; < 0 are active for
j = 1, .., n, which yields that y is feasible for (27) and therefore for (26), which
proves that T = tg and y is a global optimal solution for (26).

By Proposition 5.1 the following relations hold:

v= sup inf L(h,y)= sup inf Lg(k, u,y,2)= Lr(h, i1, y,2) = g, (37)
repx yeR” reP* Y€
ueR’ ZER"

where the last two equalities follow from the fact that ()_L, I, ¥, z) is a saddle point of
Lr. Since T = 1 then

T=sup inf L(A,y) = mf L(x, y),
repx yeR”

where the last equality is due to Proposition 5.1, which proves that strong duality holds
for (26). O

We provide a sufficient condition for (34) to be fulfilled.

Proposition 5.6 Assume that

(i) clcone(g(R" x R") + P) = R"

(ii) There exists (y, z) such that g(y,z) € —P and %)7]2 —-2j<0,j=1,.,n
Then (34) is fulfilled.

Proof Assume that (34) does not hold, i.e. 0 ¢ ri(G(R" x R") 4+ (P x R'})).
Since G(R" x R") + (P x R}) is a convex set, by the separation theorem for convex
sets (see, e.g. [19]), there ex1sts *, 1w e (R™ x R™)\ {(0, 0)} such that

n
A 1
(0580 2) o)+ ) WG(5y] — 2+ w)) <0,
j=1
V(y,z) e R" xR", Vv € P,Vw > 0, (38)
where w := (wq, .., wy).
Note that, since (38) must be fulfilled for every v € P and w > 0, it follows that
A* € —P* and u* < 0. Moreover, by condition (i), we can easily prove that u* # 0.
Indeed, if u* = 0, then A* # 0 and (38) becomes
(A, 8(y,2)+v) <0, VY(y,2) e R"xR",Vv e P,
which implies

(A 18y, 2)+v) <0, Vi>0, V(y,z2) e R"xR", Vv € P,
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i.e.
(A*,v) <0, Vr=>0, Vv eclcone(g(R" x R") + P),

but the previous inequality cannot hold, since cl cone(g(R"” x R") 4+ P) = R"
Finally, because of condition (ii), setting y := y, z := z, v := 0, w := 0 in (38),
yields

n
L 1o .
0< (.83, )+ mj(53] —2) <0
Jj=1

a contradiction, which completes the proof. O

In the particular case where the feasible set of (28) is defined by explicit equality and
inequality constraints, i.e. P := {0} x R'J’z_s, for 0 < s < m, we obtain a refinement
of Proposition 5.3.

Proposition 5.7 Ler P := {0}; x R\, let (y,Z) be an optimal solution of (28),

13,9 ={i els+1,...ml: & (3.2 =0}, J(F,2) = {i € [1,..n]: hi(5,7) =0}
Assume that there exists d € R" x R" such that

(i) V&, D'd=0,i=1,.,5V8.2'd=<0,i€l(3.2);
(ii) Vh; (3,20)7d <0,i eJ(y 2).

Then, T = 1R if and only if strong duality holds for (26).

Proof We first prove that there exist (A*, u*) € P* x R’ such that

LR, 1", y,2) = LRV, 1", 3,2), VY(y,2) e R xR". (39)

Denote by Q the feasible set of (28) and set w := (y, z). Since w = (2 is an
optimal solution of (28), then (c,d) > 0, Vd € T(Q; w), where cl = VIfQ,z
(a's, yOT). Consider the set

={deR"xR":V3w) 'd=0,i=1,...,5,V3: W) 'd<0,ieclw),
Vhi(w)'d <0,i € J(w))}.

Note that, since I" £ J, then

ArM={deR"xR":Vgw)'d=0,i=1,...,5,V8;(w)'d <0,i € [(W),
Vhi(w)'d <0,i € J(w)).

We show that cl I" = T(Q; w). We first prove that I” € T(Q; w). Letd € I,
{ax} > 0, ax | 0, then

S+ akd) = g () + Vg () 'd=0,i=1,....s
8 (W + apd) = g (W) + Vg () 'd <0, i € I(w),
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hi 0 + agd) = h; (W) + axVh; () ' d + o(oxd), i € J(W).

The third relation may be written as

o(axd)

aik[ﬁ,-(w + apd)] = Vhi(w) ' d + i€ JW).

Since Vﬁi(i))Td < 0,i € J(w), then fz,'(i) + axd) < 0, for k sufficiently large.
Therefore, wy := w + axd € Q, for k sufficiently large, wy — w and %[wk —w] =
d,Vk, which implies that d € T(Q; w). Since T(Q; w) is closed, then cl I' C
T(Q; w). We now prove that T(Q; w) C cl I'. Letd € T(Q; w), then Jo > 0,
Jwy € Q, wy — W, ag(wr — w) — d. Then, recalling that g is linear, we have

0=gi(wx)=VgW) [wy —w], i=1,...,s
0> gi(wy) = V&) [wy —wl, i € [(W),
0> hi(wy) = Vhi () [wy —wli € J (W),

where the last inequality is due to the convexity of h. Multiplying the previous relations
by oy and taking the limit for k — oo yields d € cl I, which proves that T (Q; w) €
cl I'. Since T(Q; w) = cl I" and w is an optimal solution of (28), then the following
system is impossible:

(c,d) <0

Vei(w)'d=0,i=1,...,s,

Vgiw)'d <0,i e l(w),

Vhi(w)'d <0,i € J(w). (40)

Applying the Motzkin’s alternative theorem (see, e.g. [16]), we obtain that there exists
a solution (A*, u*) € P* x R’ of the following system:

m n
cH ) AVE@) + ) wtVhi(@) =0
i=1 i=1

(A*, g()) =0, (u*, h(w)) = 0. (41)

Finally, note that L g (A*, u*, v, z) is a convex function such that VL g (A*, u*, y,7) =
0, because of (41), where, we recall w = (¥, z). This implies that (y, z) is a global
minimum point of Lz (A*, u*, y, z) on R” x R", which proves (39).

Since (39) and the complementarity conditions in (41) are fulfilled, then strong dual-
ity holds for (28). With the same arguments used in Proposition 5.5, we have that
Proposition 5.1 leads to the relations:

7> sup inf L(A,y)= sup inf Lg(A, u,y,z) = inf Lrg(\*, u*, y,2) = .
re P yER” rep* YER! yeR"
uneR’ zeR” zeR"

(42)
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Assume that T = tg; then, the first inequality in (42) is fulfilled as equality and
because of the second equality, the supremum is attained at A* (see Proposition 5.1),
i.e. strong duality holds for (26).

Conversely, if strong duality holds for (26), then

t=max inf L(A,y)= sup inf Lg(X, u,y,z) = tR-
rEP* yeR" rep* YER”
ueR” zeR”

The proof is complete.

Remark 5.8 Computing explicitly the gradients of ¢ and h, then (i) and (ii) of Propo-
sition 5.7 can be written as

@) S, y,Nd=0,i=1,....5, B S,y )d <0,i € 1(3,2);
@i1’) (y,-el.T, —eiT)d < 0,i € J(y, 2), where ¢; denotes the i-th unit vector in R”.

Nextresultrelates condition (ii) of Proposition 5.6 with the assumptions of the previous
proposition.

Proposition 5.9 Ler P := {0}, x R\ ™". If there exists (3,2) € R" x R" such that
(9.2 € =P and h(3,%) < 0, then the assumptions (i) and (ii) of Proposition 5.7
are fulfilled.

Proof Setd = (y,2z) — (¥, z). Since g is an affine function then
V(3. 0Td=§4(.2) - &G0, i=Ll...m,
which yields (i), because g(y, z) € —P. Moreover, since }Az,- is convex, then
0>hi(3,2) —hi(3,2) = V(3,0 'd, VielQ,2),

and (ii) follows. m]

Next example shows that the conditions of the previous proposition are weaker than
(34).

Example5.10 Setn =1, P :=R2, §1(y.2) i= —y—2,62(y, 2) i= y+z, h(y,2) :=
%yz — z. Then,
GRxR)+RY = {(u,v,w) e R®:u>—-y—z,v>y+z, w=>1y>—z,(y,2) €
R?%)
g{(u,v,w)€R3zu+vZO}.
This implies that (0, 0, 0) ¢ int[G(R x R) + Ri], i.e. (34) is not fulfilled.
Nevertheless, the assumptions of Proposition 5.9 are fulfilled. Indeed, (y*, z*) :=

(—1, 1) fulfils the inequalities:

8i(—1,1)<0,i=1,2, h(—1,1) <0.
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We note that in [15] the Slater-type condition (34) has been considered as a blanket
assumption. Finally, we provide a refinement of Corollary 5.4.

Corollary 5.1 Let P := {0}, x R'!™", let y be an optimal solution of (26), z :=
(% yf, ceey % )7,%) and assume that the assumptions (i) and (ii) of Proposition 5.7 hold.
Then t = tg if and only if there exist A} € Ry, i =1, ..., m, such that:

m
(i) Doy + Sa+ Y AF(Sbi + Diy) = 0;
i=l1

m
(ii) Do + Z A7 Dj is positive semidefinite.
i=1

Proof Assume that T = tg. Let us prove that (y, 7) is an optimal solution of (28).
Indeed, f()"z) = 1 = tg and (Y, z) is an optimal solution of (27). Since (¥, 7) is
feasible for (28) and yOTZ +a'Sy = v = 1g, then (¥, Z) is an optimal solution of
(28). By Proposition 5.7, strong duality holds for (26). Conversely, if strong duality
holds for (26), then T = tg, as proved in Proposition 5.3. Recalling that here C = R”,
applying Proposition 3.5 we complete the proof. O

6 Conclusions

We have considered a quadratic programming problem with general quadratic cone
constraints and an additional geometric constraint. We have established necessary
and sufficient conditions for global optimality for a KKT point or in the presence of
the property of strong duality, considering in details the case where the feasible set
is defined by two quadratic equality constraints. As a further application, we have
obtained conditions that guarantee the existence of a convex reformulation of a simul-
taneous diagonalizable quadratic problem.
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