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Abstract

In this paper, we consider nonlinear optimization problems with nonlinear equality
constraints and bound constraints on the variables. For the solution of such problems,
many augmented Lagrangian methods have been defined in the literature. Here, we
propose to modify one of these algorithms, namely ALGENCAN by Andreani et al.,
in such a way to incorporate second-order information into the augmented Lagrangian
framework, using an active-set strategy. We show that the overall algorithm has the
same convergence properties as ALGENCAN and an asymptotic quadratic conver-
gence rate under suitable assumptions. The numerical results confirm that the proposed
algorithm is a viable alternative to ALGENCAN with greater robustness.
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1 Introduction

In this paper, we are interested in the solution of smooth constrained optimization
problems of the type:

min  f(x)
h(x) =0 (1
L <x<u,
where x, l,u € W', ¢; < uj, foralli =1,....n, f: R" > N, h: R" —> RP are

twice continuously differentiable functions. Note that the structure of Problem (1) is
sufficiently general to capture, through reformulation, also problems with nonlinear
inequality constraints. Problem (1) has been studied for decades, and many optimiza-
tion methods have been proposed for its solution. Solution algorithms for (1) belong
to different classes like, e.g., sequential penalty [18], augmented Lagrangian [4] and
sequential quadratic programming [21].

Among the algorithms based on augmented Lagrangian functions, the one imple-
mented in the ALGENCAN [2,3] software package is one of the latest and more
efficient. The computational heavy part of ALGENCAN consists in the solution (at
every outer iteration) of the subproblem, i.e., the minimization of the augmented
Lagrangian merit function for given values of the penalty parameter and of the esti-
mated Lagrange multipliers. Such minimization is carried out by the inner solver
GENCAN [5].

It is worth noticing that besides the above methods, efficient local algorithms have
been proposed in the literature that exploit second-order information to define superlin-
early convergent Newton-like methods [4,13,16]. The so-called acceleration strategy
of ALGENCAN is an attempt to exploit second-order information by means of such
locally convergent methods to improve the convergence rate of the overall algorithm.

The idea that we develop in this paper is twofold. On the one side, we propose an
alternative and possibly more extensive way to use second-order information within the
framework of an augmented Lagrangian algorithm. Basically, we propose a Newton-
type direction to use even when potentially far away from solution points. The use
of such a Newton direction is combined with an appropriate active-set strategy. In
particular, after estimating active and non-active variables with respect to the bound
constraints, we compute the Newton direction with respect to only the variables esti-
mated as non-active, while the ones estimated as active are set to the bounds.

On the other hand, when the Newton-type direction cannot be computed or does not
satisfy a proper condition, we propose to resort to the minimization of the augmented
Lagrangian function, but using an efficient active-set method for bound-constrained
problems [11].

The paper is organized as follows. In Sect. 2, we report some preliminary results that
will be useful in the paper. In Sect. 3, we describe the procedure to compute the Newton-
type direction and we study its theoretical properties. Section 4 is devoted to the
description of the proposed augmented Lagrangian algorithm and to its convergence
analysis. In Sect. 5, we are concerned with the analysis of the converge rate for the
proposed method. In Sect. 6, we report some numerical experiments and comparison
with existing software. Finally, in Sect. 7 we draw some conclusions.
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2 Notation and Preliminary Results

Given a vector x € R", we denote by x; its ith entry and, given an index set
T C {1,...,n}, we denote by x7 the subvector obtained from x by discarding the
components not belonging to 7. The gradient of a function f(x) is denoted by V f (x),
while the Hessian matrix is denoted by V2 f(x). We indicate by V, f(x) the ith entry
of V f(x). The Euclidean norm of a vector x is indicated by ||x||, while ||x ||.c denotes
the sup-norm of x. Given a matrix M, we indicate by || M| the matrix norm induced
by the Euclidean vector norm. The projection of a vector x onto a box [a, b] is denoted
by Pla,b)(x). The ith column of the identity matrix is indicated by e;.

With reference to Problem (1), we define the Lagrangian function L (x, i) with
respect to the equality constraints as follows:

Lx,p) = f() +plh(x),
where © € NP is the Lagrange multiplier.

Denoting the gradient of L(x, u) with respect to x as V,L(x,u) = Vf(x) +
Vh(x)u, we say that (x, i, o, p) € R3"+P is a KKT tuple for Problem (1) if

ViL(x,p) =0 —p, (2a)
h(x) =0, (2b)
ol —x)=0, (2¢)
p’(x —u) =0, (2d)
L—x<0, o=>0, (2e)
x—u<0, p=>0. (2f)

If x* is local minimum of Problem (1) that satisfies some constraint qualification,
then there exist KKT multipliers u*, o*, p* such that (x*, u*, o*, p*) is a KKT tuple.
Note that the KKT conditions 2 can be rewritten as follows:

=0, ifﬂi < X; < U,

Vi L(x, ) {=>0, ifx; =4¢;, (3a)
<0, ifx; =u;,
h(x) =0. (3b)

For a KKT tuple (x*, u*, o*, p*), we say that the strict complementarity holds if
xf =4 =0 >0and x’ =u; = p’ > 0, thatis, x} = £; = V;L(x*, u*) >0
and x* = u; = V;L(x*, u*) < 0.

Now, let us define the multiplier functions o (x, n) and p(x, u), which give us
some estimates of the KKT multipliers o and p, respectively, associated with the box
constraints of Problem (1). Following the same approach used in [11,12] for bound-
constrained problems, we can first express o (x, ) = V,L(x, u)+ p(x, n) from (2a),
and then, we can compute p(x, ) by minimizing the error over (2¢)—(2d) (see [12]
for more details), obtaining
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(i —x;)? .
o (x, = VoL, n), i=1,...,n, 4
i (x, ) G —x 2+ (i — 2 " (x, u) 4
. (€ —x)? :
pi(x, u) == — ViL(x,w), i=1,...,n ©)

(i = xi)? + (u; — x;)?

These multiplier functions will be employed later for defining an active-set strategy
to be used in the proposed algorithm.

Moreover, now we can say that (x*, u*) € W"*? is a KKT pair for Problem (1)
when (x*, u*, o (x*, u*), p(x*, u*)) is a KKT tuple.

2.1 The Augmented Lagrangian Method

The algorithm we propose here builds upon the augmented Lagrangian method
described in [3], where an augmented Lagrangian function is defined with respect
to a subset of constraints and iteratively minimized over x subject to the remaining
constraints. In our case, we define the augmented Lagrangian function for Problem (1)
with respect to the equality constraints as

1
La(x, 5 €) i= L(x, ) + gnh(x)nz,

where € > ( is a parameter that penalizes violation of the equality constraints. Given
an estimate (xx, i) of a KKT pair and a value ¢, for the penalty parameter, the new
iterate xx41 can thus be computed by approximately solving the following bound-
constrained subproblem:
min L, (x, fig; €k)
L <x<u.

(6)

Then, according to [3], we can set

_ 2
Mi+1 = fg + ah(xk+l) @)

and update the Lagrange multiplier fiz4 by projecting (i4x+1); in a suitable interval
[llmina llmax], I = 1, sy Py that iS,

(fr41)i = max{fimin, min{(r1)i, Amax}}, 1 =1,...,p. ()

Finally, we decrease the penalty parameter €, if the constraint violation is not
sufficiently reduced and start a new iteration. We can summarize the method proposed
in [3] as in the following scheme.

In the next section, we will describe how to incorporate the use of a proper second-
order direction into this augmented Lagrangian framework.
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Algorithm 1 *

Augmented Lagrangian Method
Given finite scalars fiyin < ftmax, 8 € (0,1),n € (0,1),0 € (0, 1), g > 0, a sequence {r} \ 0, a
starting point xo € [€, u] and estimates of multipliers (t0); = (10); € [Amins fmax], i =1,..., p
Fork=0,1,...
Compute x| as an approximate solution of (6) with tolerance tj
Set g1 by (7) and fig11 by (8)
If 5 (s Dlloo < 118G lloo, then set €41 = e, else set €1 = Oeg
End for

3 Direction Computation

In this section, we introduce and analyze the procedure for computing a second-order
direction, employing a proper active-set estimate.

3.1 Active-Set Estimate

Taking inspiration from the strategy proposed in [16], for any x € [£, u] and any
1 € RP, we can estimate the active constraints in a KKT point by the following sets:

Lx,pw) :={i: V L(x, 1) >0, £; <x; <€ +voi(x, )} ©)

Ux, p) == 1{i: Vi Lx, n) <0, uj —vpi(x, ) < x; < uil, (10)
where v > 0 is a given parameter and the multiplier functions o (x, u), p(x, n) are
defined in (4) and (5), respectively.

In particular, in a given pair (x, ), the sets L(x, n) and U (x, 1) contain the indices
of the variables that are estimated to be active at the lower bound ¢; and at the upper
bound u;, respectively, in a KKT point. As to be shown later, at each iteration of the
proposed algorithm, these sets are used to compute a Newton direction with respect
to only the variables that are estimated as non-active, while the variables estimated as
active are set to bound.

Using results from [16], the following identification property of the active-set esti-
mate (9)—(10) holds.

Proposition 3.1 If (x*, u*, o*, p*) satisfies the KKT conditions 2, then there exists a
neighborhood of (x*, u*) such that, for each (x, ) in this neighborhood, we have

{i:xf =10, 0F>0) S LOx, ) C i x} =),
{i:x=uj, pf >0y CUM, w) S{i:x;j =u;}.

In particular, if the strict complementarity holds at (x*, u*, a*, p*), foreach (x, )
in this neighborhood we have

L, ) ={i:xf =1L} and U, p) ={i: x] = u;}.
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The result stated in the above proposition holds for an unknown neighborhood of the
optimal solution. It would be of great interest and importance to give a characterization
of that neighborhood, in order to bound the maximum number of iterations required
by the algorithm to identify the active set. Currently, this is an open problem and
we think it may represent a possible line of future research, for example by adapting
the complexity results given for ALGENCAN in [7], or extending some results on
finite active-set identification given in the literature for specific classes of algorithms
[8,10,22].

3.2 Step Computation
In the proposed algorithm, at the beginning of every iteration k, we have a point

Xxi € [£, u] and Lagrange multiplier estimates (itx); € [Amin> Bmaxl, I = 1, ..., p.
Using (9)—(10), we estimate the active and non-active set in (xi, fix). Denoting

Ly := L(xg, fix), U :=Uk, i), Br:= Ly U, N :=A{1,....n}\ Bk,
(11)

we can thus partition the vector xi as xx = (xp,, XA, ), reordering its entries if neces-
sary. Let us also denote

Ly = L(xk, iir), VN Lk :=[ViLilng,  hei=h(x), Vahe = [Vhgag,
while V2, L denotes the Hessian matrix of L deriving with respect to x two times and
ij\/k Ly denotes the submatrix obtained from V2 Ly by discarding rows and columns

not belonging to N.
Now, consider the following system of equation with unknowns x;, and j:

VA LGens, xB,, 1) =0, (12a)
h(xn;. xB,) = 0. (12b)

The nonlinear system (12a)—(12b) can be solved iteratively by the Newton method,
where the Newton direction is computed by solving the following linear system:

Ve Le VAR (du N _  (VniLk
T =— . (13)
Vaih 0 dy hi
Hence, if a solution (d, Nt d,) of (13) exists, we can set
dp = (dek , d;l,)

and move from ((xx) Ay, k) along dy, then projecting (xx) A, + dy A, Onto the box
[¢n;, up; ] In particular, we define

KON = Pleng un 10N + iy )- (14)
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and

Mik+1 = [k + dy-

For what concerns the variables (x)p,, since they are estimated as active, we set
them to the bounds. Namely, we define (Xx)p, as follows:

5 L, ifi e Ly,
X)) = 15
() wi, ifi el (1%

The following results holds.

Proposition 3.2 [f the solution dy. of system (13) exists, then (xi, [ir, Ok, px) is a KKT
tuple with oy = o (xg, jix) and px = p(xk, fx) if and only if dy = 0 and (X)B, =
(xk)Bk-

Proof First, assume that dy = 0 and (X)), = (xx)B,. From (13), we have
VXNkL(xk, ) =0 and h(xg) =0.

Using the expression of L£(x, ftx) and U (xx, ix) given in (9)—(10), and recalling
the definition of p(x, u) and o (x, 1) given in (4)—(5), we also have

(or)i = (pr)i = Vy, L(xk, i) =0, Vi e Ny,
()i = (K)i =&, (or)i = Vi L(xg, i) > 0, (or)i =0, Vi € Ly,
(xp)i = X)i =ui, (01)i =0, (o)i ==V L(xg, ix) >0, Vi €lUy.

It follows that KKT conditions 2 are satisfied.

Now, assume that (xx, iig, ok, px) is a KKT tuple. Since VxNk L(xg, itg) = 0 and
h(xx) = 0, from (13) we have dy = 0. Finally, using the KKT conditions written as
in 3, and recalling the definition of p(x, ) and o (x, ) given in (4)—(5), we also have
(xx)i = L; = (Xy); foralli € Ly and (x); = u; = (Xy); for all i € U. O

4 The Algorithm

In this section, we use the above described active-set estimate and Newton strategy to
design a primal-dual augmented Lagrangian method.

At the beginning of each iteration k, we have a pair (x, fix). We first estimate the
active set £; U Uy and the non-active set Ny as in (11). If possible, we calculate a
direction dy = (dx,,, d,.) by solving the Newton system (13) and we compute (X ) as
in (14)—(15). This point is accepted and set as x 1 only if ||(dk, (Gx — xp)B) | < A,
where Ay is iteratively decreased trough the iterations by a factor g € (0, 1).

If this is not the case, we compute x4 as an approximate minimizer of the bound-
constrained subproblem (6), such that

lxk+1 — Pre,uy k1 — VaLa (kg1 ks €6)) lloo < Tk, (16)
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with {trx} — 0. Then, we update the multiplier estimate (;4+1 by (7) and decrease the
penalty parameter €, if the constraint violation is not sufficiently reduced.

We finally terminate the iteration by setting jix41 as the projection of w41 on a
prefixed box, according to (8).

The proposed method, named Primal-Dual Augmented Lagrangian Method
(P-D ALM), is reported in the following algorithmic scheme. As specified later (see
Sect. 6), in practical implementation of the algorithm we use a stricter test to accept
the point X, also requiring a decrease of the feasibility violation in the new point X.
For the sake of generality, the theoretical analysis is carried out by considering only
the condition || (dk, (X — xx) )l < Ax.

Algorithm 2 *
Primal-Dual Augmented Lagrangian Method (P-D ALM)
Given finite scalars fipin < fAmax, B € (0,1), 7 € (0,1),6 € (0,1), Ag > 0, €9 > 0, a sequence
{tr} 4 0, a starting point xo € [£, u] and estimates of multipliers (ig); = (10)i € [AAmin, Amax]s
i=1,...,p
Fork=0,1,...
Compute the active and non-active set estimates Ly, Uy, Ny asin (11)
Compute d; = (dx s » dy) by solving (13), if possible, and set (X) as in (14)—(15)
If dj has been computed and ||(dg, (%k — x)B, )| = Ak, then set xgq| = Xg,
Hk+1 = ik +dp, Ajy1 = BAp and €41 = €
Else, compute xj | satisfying (16) and set pj41 by (7).
If 1 (ot Dlloo < 1A (o) lloo, then set €41 = e, else set e = Oeg
Set (x4 by (8).
End for

The next results shows that a KKT point is obtained, as a limit point, whenever we
accept the Newton direction for an infinite number of iterations.

Proposition 4.1 Let {x;} be a sequence generated by the Primal-Dual Augmented
Lagrangian Method and let {x}x be a subsequence such that Xy is accepted (i.e., dy.
is computed and ||(dy, (X — xi)p,) | < Ag) for infinitely many iterations k € K and

lim  xppp =x*.
k—00, keK *

Then, x* is a KKT point.

Proof Since {f1;} is a bounded sequence and Ly, Uy, N are subsets of a finite set
of indices, without loss of generality we can assume that limy_, 0o kex flk+1 = 15,
Ly = L, Uy = U and N, = N (passing into a further subsequence if necessary).
Moreover, since dj is accepted for infinitely many iterations k € K, without loss of
generality we can also assume that dj is accepted for all k € K (passing again into a
further subsequence if necessary).

Since the projection is non-expansive, for all k € K we have

k15 fkg1) — Coxs )T < A
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Moreover, since A1 = BAg, with 8 € (0, 1), forall k € K,

lim Ay =0. a7

k—o00

and

lim |[xg41 — x|l = 0.
k—o00
keK

Then,

11m Xp = 11m Xpp1 =xF (18)
k— 00
keK keK

Since ||di|| < Ay forall k € K, from (17) we also have that

lim ||di|| = 0. (19)
k—o00
keK

Using again the fact that the Newton direction is accepted at every iteration k € K,
we can write

5] - 5 "5 ) =L 8 ) o

Taking the limits for k — oo, k € K, and using (18), we have

khm VNLk_ hm VaLiy1 = VaLx™, n*) and
=

ke?{o keK

lim h; = hm iy = h(x™).

k— 00,

keK keK

Taking into account (19) and (20), we can write
VNL(x*, u*)=0 and h(x*)=0.

To conclude the proof, we have to show that the KKT conditions are satisfied
with respect to V. L(x*, u*) and V, L(x*, u*) as well. From the instructions of
the algorithm, (xx+1)r = (%) = €, and (xg41)yy = (Xx)yy = uy forall k € K.
Consequently,

. |a. ifiec,
wi, ifiel.

So, using 3, KKT conditions with respect to V. L(x*, u*) and V,,, L(x*, u*) hold
if and only if
ifi € L,

0
21
0, ifiel. @1

>
Vi L(x*, ™) {_
<
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For any index i € L, from the active-set estimate (9) we have 0 > (di); =
L; — (xx)i = —voi(xk, fix) and, using the definition of o; (x, i) given in (4), we get

(6= i) A+ i = ()i)?

vy — (002 (@e):.

VX,‘ Lk 2

Similarly, for any index i € U we have 0 < (di); = u; — (xx);i < vp;(xk, ilx) and
then

i — (x))? + (i — (x)i)?

v,*LkS_
* v(l; — (xk)i)?

(dr)i-

Taking the limits for k — oo, k € K, and using (18)—(19), we obtain (21). O

In the following result, we show that any limit point of the sequence {x} is either
feasible for Problem (1) or stationary for the penalty term ||/ (x) |2 of the augmented
Lagrangian function, measuring the violation with respect to the equality constraints.

Proposition 4.2 Let {x;} be a sequence generated by the Primal-Dual Augmented
Lagrangian Method and let {x} be a subsequence such that

lim  xpyp = x™.
k—o00, keK

The following holds:

— iflimg— o €k > 0O, then x* is feasible;

— if X is accepted (i.e., dy is computed and || (di, (Xx — x1) )| < Ay) for infinitely
many iterations k € K, then x* is feasible (indeed, it is a KKT point);

— in all other cases, x* is a KKT point of the problem ming<y <, ||h(x) ||2.

Proof Let us analyze the three cases separately.

— If limy_  €x > 0O, from the instructions of the algorithm there exists an iteration
k such that €1 = € for all k > k. Therefore, || (xi+1)lloo < 117Gk |l00s With
n € (0, 1), for all k > k, and then {h(xr)} — 0, implying that x™* is feasible.

— If X is accepted for infinitely many iterations k € K, from Proposition 4.1 we
have that x* is a KKT point, and thus, it is feasible.

— In all the other cases, we want to show that

[VAGHR(N 4 =0, if xf € (¢, ui), (22)

<0, ifxl.*:ui.

>0, ifxf=4,

Since {ftx} is a bounded sequence, without loss of generality we can assume
that limg— oo, kex fk+1 = W, (passing into a further subsequence if necessary).
Moreover, note that there exists an iteration k € K such that, forallk > k, k € K,
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the Newton direction dy is not accepted, that is, we compute x;1 such that (16)
holds. Since {tx} — 0, it follows that

lim xg11 — Pre,uy (k1 — Ve Lg (X115 ik €6)) Moo = 0. (23)
k—00

Now, we distinguish three subcases.
(i) x/ € (£, u;). Since {xx4+1}x — x*, there exists an iteration k € K such that
(Xxk+1)i € (i, u;) forall k > k,k € K. In view of (23), it follows that
lim  (ViLa(xXgt1, ik €6))i =0

k—o00, keK

(otherwise, if it was not true, then lim supy_, o rex (k1 — Pre,u) (Xe+1 —
ViLa(Xk41, fi; €k)))il > 0, leading to a contradiction with (23)). So, there
exists an iteration, that we still denote by k € K without loss of generality,
such that (xg41 — ViLg(Xk+1, ks €k))i € [€i, u;] for all k > l%, k € K.
Hence, for all k£ > 12, k € K, we can write

T = 1%k+1 — Pre,u) Xk1 — Ve Lo (g1, ks €60)) oo
> | (kg1 — Preuy (ka1 — VaLa (g1, ks €0))i

= |(VxLa(tks1, fiks €6))i|

2
= ‘(Vf(XkJr]) + VA1) ik + ;Vh(xkﬂ)h(xkﬂ))

1

Multiplying the first and the last term in the above chain of inequality by e,
we get

extk > (& V f (k1) + e VhGepp) i + 2V R (1) h(xg1))il,

forall k > 12, k € K. Taking the limits in the above inequality for k — 00,k €
K, the left-hand side converges to zero, since both {¢;} and {rx} converge to
zero, while the right-hand side converges to | 2Vh(x*)h(x™));|, since {€;} —
0, {Vf(a+Dlk — V"), {(VROGxrDlk — VA, {hOar)lx —
h(x*) and {f1x}x — w*. We thus conclude that (VA(x*)h(x*)); = 0.

(i) x = £;. Since {x;41}x — x*, there exists an iteration k € K such that
(Xk+1)i € i, u;) forall k > 12, k € K. In view of (23), it follows that

liminf (VyLg(Xg+1, fk; €4))i = 0
k—00,keK
(otherwise, if it was not true, then lim SUPk s 00, keK | (xk+1 — Pre,uy(Xk+1 —

ViLa(Xk41, fi; €k)))il > 0, leading to a contradiction with (23)). So, we can
write

.. _ 2
lim inf (Vf(Xk+1) + Vh(xXg1) ik + th(XkH)h(XkH))_ > 0.

k—00, keK i
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Multiplying the terms of the above inequality by €, and taking into account
that {e} — 0, {Vf(a+Dlx — VG, {VhGatDlk — VA,
{h(xk+1)}x — h(x™) and {ur}x — w* is bounded, we get

liminf (eV f(xka1) + e Vh(xpp) itk +2Vh a1 h(xp1))i =
k—o00, keK
= 2(Vh(x")h(x*)); = 0.

(iii) x; = u;. We obtain (Vh(x*)h(x*)); < 0 using the same arguments as in the
previous case. O

In order to show convergence of the algorithm to KKT points, we need to point
out some properties of the approximate minimizers of the augmented Lagrangian
function. In particular, in the next lemma we show that, when we cannot use the
Newton direction, the approximate minimizers of the augmented Lagrangian function
computed as in (16), with {t} — 0, satisfy the conditions stated in [3] for the solutions
of the subproblems (see Step 2 of Algorithm 3.1 in [3]).

Lemma4.1 Let {xi} be a sequence generated by the Primal-Dual Augmented
Lagrangian Method, and let {x}x be a subsequence such that

lim  xppq =x*
koo, kek T ’

with x* feasible and, for all k € K, either the Newton direction dy cannot be computed
(i.e., system (13) does not have solutions) or Xy is not accepted (i.e., ||(dy, (Xr —
x)BII > Ag). Then, for all k € K there exist 1 > 0, t 2 > 0, (vp);, (we)i,i =
1,...,n, such that

HVLa(xk+lv i €0) + 2oi— ()i — (w))|| - < w1, (24)
o
(v)i 20, (wp)i >0 and & — 12 < (Xk+1)i <ui+ 12, i=1,...,n,
(25)
(k1)i >4+ T2 = (w); =0, i=1,...,n, (26)
(Xkt1)i <uj—to2 = ()i =0, i=1,...,n, 27
limy— 00, kek Tk,1 = liMg— 00, kek Tk,2 = 0. (28)

Proof First, note that the conditions on xj in (25) are satisfied for any 7z » > 0, since
we maintain feasibility with respect to the constraints £ < x < u. Without loss of
generality, we can limit to prove that an iteration k € K exists such that (24)—(27)
hold for all k > 12, k € K, and (28) is satisfied (for the iterations k < 12, k € K, we can
choose arbitrary 7,1 > 0, 742 > 0, (vi)i,(wr)i,i = 1, ..., n, with 7¢ 1 sufficiently
large, satisfying (24)—(27)).

From the instructions of the algorithm, at every iteration k € K we compute x|
such that (16) holds, with {t;} — 0. So, we can choose k as the first iteration such
that

%< min {up — L} Vk > k. (29)
n

i=

.....
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Since the index set {1, ..., n} is finite, without loss of generality we can define the
subsets 11, I, I3 and 14 (passing into a further subsequence if necessary) such that:

I ={i: (q1)i € (G, u;) Yk € K and x;° € (€;, u;)},
L= {i: (xr1)i € Wi, u;) Yk € K and x]" € {£;, u;}},
Iy ={i: (xk+1)i = 4; Vk € K},
Iy = {i: (xky1)i = u; Vk € K}.

From (16) and (29), for all £ > k, k € K, we can write

[ k1 — Pre,uy k1 — Ve Lg (o1, ks €6)))il < s iehUl,
ViiLa (X1, [ €6) > —Tx, i € I3,
ViiLa(Xkg1, ks €6) < T, i € la.

For every variable (x;); with i € I}, we also have that

Pre,u1k+1 — Ve La(Xkg1, ks €6)))i = Xip1 — Ve Lg (Xpt1, [k €k)

forall sufficiently large k € K (this follows from the factthat {(x;);}x — xi* € (Ui, u;)

and tp — 0) . So, without loss of generality we can also assume that kis large enough
to satisfy

IViLa(Xp+1, ks €0)i| < Tk, iel,
[(ckt+1 — Pre,un k1 — Ve La (k15 s €60))il < T, i €,
Vi, La(Xk+1, Uk €6) > — T, i€l
Vi La(Xk+1, Bk; €6) < Tk, i€l

Let us rewrite the quantities within the absolute value in the second inequality as
follows:

(Xk+1 — Pre,uyee1 — Ve Lo (Xks1, ik €1)))i
=V, La(Xp1, i €6) — V)i + )i

where (y;)i, ()i = 0 are proper scalars. In more detail, if p = (xx41 —
VLo (Xpy1, flis €6))i is in [€;, u;], then (y);, ()i = 0. On the other hand, if
P —Pie; ui1(p) < 0,then (y); > 0and (y;); = 0; otherwise, i.e.,if p — P, u;1(p) >
0, then (y;); = 0 and (y;); > 0. Therefore, we obtain

IV, La(Xk41, ks €6)| < Tk, iel,
Ve La (k1 s €6) — )i + Giil < i€h,
Vi La(Xk41, ks €6) = — Tk, i€l
Vx,-La(xk+la i €k) < Tk, i €ly.
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We conclude that (24)—(27) hold for all k > k, k € K, with

Tk, 1 = Tk,
ey = min;ep, {min{(xx); — €, u; — (xp)i}}, if I # 0,
’ 0, iflh =0,
0, i€l Uls,
(i = 1 )i i€,
maX{Ov _VX,' La(xk+l» /:Lkv Gk)}, l € I4a
0, i €liUly,
(wp)i = § i i €Iy,
maX{O, Vxl‘ La (xk+1v ﬁ/ks Ek)}, l e 13»
and, from the above definitions, also (28) is satisfied. O

Combining the above results with those stated in [3], we can finally show the
convergence of the proposed algorithm to stationary points. In particular, as in [3],
we use the constant positive linear dependence (CPLD) as constraint qualification
condition.

Definition 4.1 A point x is said to satisfy CPLD for Problem (1) if the existence of
scalars A1, ..., Ap, i > 0,i € L(x), 9; >0, j € U(x), such that > 1, Vh,(z) —
Dicl i€ + 2 e ¢jej = 0 implies that, for all z in a neighborhood of x,
the vectors VA 1(2), ..., Vh,(z),—e;,i € L(x), e}, j € U(x) are linearly dependent,
where L(x) :=={i: x; = £;},Ux) :={i: x; =u;}and N (x) :={1,...,n}\ (L(x)U
Ux)).

For more details on CPLD and the relations with other constraint qualification
conditions, see also [1,23].

Theorem 4.1 Let {x;} be a sequence generated by the Primal-Dual Augmented
Lagrangian Method and let {x;}g be a subsequence such that

lim  xpyp = x™.
k—o00, keK

The following holds:

— if X is accepted (i.e., dy is computed and || (dx, (Xx — xi) )| < Ay) for infinitely
many iterations k € K, then x* is a KKT point;
— else, if x* satisfies the CPLD constraint qualification, then x* is a KKT point.

Proof If X is accepted for infinitely many iterations k € K, then x* is a KKT point
from Proposition 4.1. Else, there exists an iteration k € K such that dy is not accepted
forany k > k. k € K, and the algorithm reduces to a classical Augmented Lagrangian
method. Then, using Lemma 4.1, the conditions stated in [3] for the solutions of the
subproblems are satisfied and the result is obtained by the same arguments given in
the proof of Theorem 4.2 in [3]. O
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5 Convergence Rate Analysis

In this section, we analyze the convergence rate of the proposed algorithm. We will
show that, for sufficiently large iterations, the primal-dual sequence (x, [tx) converges
to an optimal solution (x*, u*) at a quadratic rate.

In the literature, standard assumptions to prove the convergence rate of an aug-
mented Lagrangian scheme are the linear independence constraints qualification
(LICQ), the strict complementarity and the second-order sufficient condition (SOSC).
For Problem (1), let us denote by o* and p* the KKT multipliers at x* associated with
the bound constraints x > ¢ and x < u, respectively, and

Lo={i:xf=¢}), U ={i:x'=uw}, N :={,....n}\ (LUU).

1 1

Then,

— LICQ means that the vectors VA1 (x®), ..., Vh,(x™), —e;, i € L%, e;, j € U¥,
are linearly independent;
— SOSC means that y" V2 L(x*, u*)y > O forall y € T (x*) \ {0}, where

T(x*):={yeR": Vhx)HTy =0,
el y=0, ielkx*),

ely<0, ieh),

with Io(x*) := (L*N{i: o > 0h U U* N {i: p > 0}) and I (x*) := (L* U
U\ Io(x™).

Under LICQ, strict complementarity and SOSC, if the penalty parameter ¢, — 0,
usually it is possible to show superlinear convergence rate for augmented Lagrangian
methods (see, e.g., [4,17] and the references therein). Moreover, superlinear conver-
gence rate is proved in [17], when €, — 0, even without any constraint qualification,
but requiring the starting multiplier to be in a neighborhood of a KKT multiplier
satisfying SOSC.

Here, quadratic convergence rate is obtained by assuming that /1,;* € [Amin> Amax]
foralli = 1,..., p, under LICQ and the strong second-order sufficient condition
(SSOSC), where the latter means that

VIVELLGS, 1)y >0, Yy e T'(x*)\ (0},
with
T'(x*) :={y e R": V(") y =0, ¢/ y =0, i € Ip(x™)}.
Interestingly, our results do not need the convergence of {e} to 0.
First, we state an intermediate result ensuring that, if a sequence converges to a

point where the conditions for superlinear convergence rate of the Newton direction
are satisfied, then the direction is eventually accepted by the algorithm.
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Proposition 5.1 Let {(zx, dx)} be a sequence of vectors such that
Jim 2 =" and |z + di — 2| < allzx — 211,
with {ay} — 0. Then, for k sufficiently large,
ldell < B* Ao,

for given B € (0, 1) and Ao > 0.

Proof Let k and @ be such that, for all k > k,
o <a<pf<l. (30)
Therefore, we can write

I,

lzk — 2%Il < @ Kl|zp — 2
—k+1—k
lzk +di — 2*I| < @t F )z — 2%,

from which we obtain:

Wil < Nl + i — 0+ ek — 2l <@ CED o o,
By using (30), we can set
o = pp, p € (O,1).
Then, we have B
Il = B o zg = 27 G1)

Since p € (0, 1), we can conclude that, for k sufficiently large, it results that

(x+1)
Pt ———llzg = "Il = Ao (32)
o
Now, (31) and (32) conclude the proof. m]

Finally, we are ready to show the asymptotic quadratic rate of the primal-dual
sequence {(xg, fix)}, under LICQ and SSOSC, if ,u;.k € [fmin, dmax] for all i =

I,...,p.

Theorem 5.1 Let {x;} and {ji} be the sequences generated by the Primal-Dual Aug-
mented Lagrangian Method and assume that

lim x; = x*, lim g, = p*,
k— 00

k— 00
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with 0 € [fmin, max] for alli =1, ..., p. Also assume that the LICQ and SSOSC
hold at (x*, u*). Then, {(xy, ixx)} converges to (x*, u*) with a quadratic rate asymp-
totically, i.e.,

2
xp — x*
7 k
ik —

Xpg1 — x*

_ <K
1 — p*

for all sufficiently large k and some constant K.

Proof Since LICQ and SSOSC hold at (x*, u*), using [16, Proposition 3.1] it follows
that the following matrix is invertible for k sufficiently large:

V2Ly Vhe —lIg, Iy,
vhl 0 0 0

T K
—{ﬁk 0 0 0
0 0 0

where I, and [, denote the submatrices obtained from the identity matrix by discard-
ing the columns whose indices do not belong to £ and U, respectively. Consequently,
for all sufficiently large &, the Newton direction can be computed.

Let us define d as the Newton direction dy = ((dy)x, (d,)r) augmented with the
components in By. Namely, dj := ((dy)x, (du)k), where

dk = (do)r, Gk —x)p) and (@i = (d)x
(by properly reordering the entries of x;). We note that

(xXk + (d)k — X" gy

(o + (dk — ¥y,

(X + (do)k — x")n5
ik + (dpe — n*

Xk + (dok — x*
Pk + (dp)e — 1

By the instructions of the algorithm, when a Newton direction is used, we have
i)z, = G = o+ @i, = L,

and
D, = E@u, = (o + @Oy, = gy, -

So, using Proposition 3.1, for all sufficiently large k¥ we have that

(k41 —xF)g, = U —x¥)g, =0, (33a)
(kg1 — 2 = (0 — x¥)y, =0, (33b)
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and then,

@k + (d)k = X,
Pk + (dpk —

Xk + (do)g — x*
Pk + (dp)re — p*

For all sufficiently large k, by the same arguments given in the proof of [13, Propo-
sition 4], there exists a constant K such that
- % 2
(k4 (do)k — XN,
i + (du)k —u*

2
X — x*
bt *

Xk + (do)p — x*

(g — x™)
i+ (o — e

*

ke — 1

<K

(34)

The above relation implies that dj satisfies the assumptions of Proposition 5.1
(with zx = (xk, i) and o = K| ek, pi) — (x*, ). Since [|di || < [|dll, by the
instructions of the algorithm, the Newton direction dy is accepted for all sufficiently
large k, so that

kDN = EON = Pl un 1 QN + day)

and

(fik+1)i = max{fmin, Min{imax, (A + @D}, i=1,...,p.

Using 33, we get

Ixk+1 = 21 = 11 = XN = 1Pren ung 10N + dag,) — Al
< G + @)k = XAl < Dl + ok — x*,
where the first inequality follows from the fact that the projection operator is non-
expansive and that, for all sufficiently large k, from Proposition 3.1 we have N** C N,
implying that (x*) A, € (€as, ;). Similarly, using again the non-expansivity of the

projection operator and the assumption that ,u,;" € [Amin, Mmax] foralli =1,..., p,
we have

itk — = 1 Piimin L fimac 1] Bk + (di)i) — "]l
<l + (e — 11,

where 1 denotes the vector of all ones (of appropriate dimensions). Combining these
relations with (34), for all sufficiently large k we obtain

Xkl — X* Xk + (dy)k — x* X — x|
hy * = |5 || = K| x|
Hi+1 — [ i+ (e — 1 Rk — [
concluding the proof. O
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6 Numerical Experiments

This section is devoted to the description of the numerical experience with the proposed
algorithm and to its comparison with other algorithms publicly available. All the
numerical experiments have been carried out on an Intel Xeon CPU E5-1650 v2 @
3.50GHz with 12 cores and 64 Gb RAM.

Problem set description. We considered a set of 362 general constrained problems
from the CUTEst collection [20], with number of variables n € [90, 906] and number
of general constraints (equalities and inequalities) m € [1, 8958]. In particular, among
the whole CUTEst problems collection, we selected all constrained problems (i.e., with
at least one constraint besides bound constraints on the variables) having:

(i) number of variables and constraints “user modifiable”, or
(i) number of variables “user modifiable” and a fixed number of constraints, or
(iii) at least 100 variables.

Figure 1 describes the distribution of the number of variables and number of general
constraints of the considered problems.
Algorithms used in the comparison. We used the following algorithms:

— the augmented Lagrangian method implemented in the ALGENCAN (v.3.1.1)
software package [2,3];

— the augmented Lagrangian method implemented in LANCELOT (rev.B) [9,19];

— our proposed primal-dual augmented Lagrangian method P-D ALM (as described
in Sect. 4).

Cumulative distributions
400 T T T T T T T T T T
350 - -
300 - -1
» 250 - s
£
o
Q
[
2200 - -1
k]
9]
Qo
S 150 | s
100 - -1
50 |- — Num. variables T
—Num. gen. constraints
0 1 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000 1100

Fig.1 Problem set composition. The two curves represent the number of problems that have at most a given
number of variables or general constraints, respectively

@ Springer



Journal of Optimization Theory and Applications (2022) 193:300-323 319

Both ALGENCAN and LANCELOT have been run using their default parameters.
Note that, in its default setting, ALGENCAN uses second-order information exploiting
a so-called acceleration strategy, which is activated when the current primal-dual pair
is sufficiently close to a KKT pair of the problem.

Our method has been implemented by modifying the code of ALGENCAN in two
points:

— at the beginning of each iteration k, we inserted the computation of the active-
set estimate and the Newton direction dj, according to the algorithmic scheme
reported in Sect. 4;

— the approximate minimization of the augmented Lagrangian function is carried
out by means of the ASA-BCP method proposed in [11], in place of GENCAN

[S].

In more detail, for every iteration &, in (15) we set v = min{ 1079, llxk — Pre,uy(xk —
Vi L(xg, )|l _3} and the linear system (13) was solved by means of the MA57 library
[15]. Note that we used the same library also in ALGENCAN. For what concerns the
inner solver ASA-BCP, it is an active-set method where, at each iteration, the variables
estimated as active are set to the bounds, while those estimated as non-active are moved
along a truncated-Newton direction. In ASA-BCP, here we employed a monotone line
search and, to compute the truncated-Newton direction by conjugate gradient, we used
the preconditioning technique described in [6], based on quasi-Newton formulas.

It is worth noticing that, in our implementation of P-D ALM, the test for accepting
the point X is made of two conditions, which must be both satisfied for acceptance.
The first condition is that reported in Sect. 4, i.e., || (dk, (Xx —x1)B,) |l < A, while the
second condition is that |2 (xx)|lcoc < nllA(xk)]lco, i.€., the feasibility violation in Xg
must be sufficiently smaller than in xi. In our experience, adding this new condition
leads to better results in practice.

In our experiments, for all the considered methods we used the same stopping
conditions. Namely, the algorithms were stopped when the following two conditions
were both satisfied:

llxk = Pru,ey(ek — VL (X, 1) lloo < €opr max{l, [V f (xi)[loo},
Ih(x)lloo = €feas 1A (x0) lloo,

where xq is the initial point and (x, fix) is the primal-dual pair at iteration k, with
€opt = €feas = 1075, Moreover, we inserted a maximum number of (outer) iterations
equal to 400 and a time limit of 3600 s.

In Fig. 2, we start by comparing P-D ALM against ALGENCAN with and without
acceleration phase (note that the acceleration phase in ALGENCAN is where second-
order information come into play) using the performance profiles [14] with respect to
CPU time. Note that the performance profiles are obtained on the subset of problems
where at least one solver requires more than 10 s of CPU time. As it can be seen,
ALGENCAN (using second-order information) is the most efficient solver but the
least robust one. On the other hand, P-D ALM is considerably more robust than both
the versions of ALGENCAN. One possible reason for P-D ALM being less efficient
than ALGENCAN can be the following: in P-D ALM we try to use the second-order
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Fig.2 Comparison between P-D ALM and ALGENCAN with and without acceleration step, using perfor-
mance profiles with respect to CPU time. Note that “ALGENCAN 3.1.1 no acc.” refers to the version of
ALGENCAN not using second-order information, i.e., skipping the so-called acceleration phase

direction as much as possible, whereas second-order information is used in ALGEN-
CAN only when the current primal-dual point is sufficiently close to a KKT pair.
This could explain our larger computational times and the behavior of the reported
performance profiles.

InFig. 3a, we report the comparison between ALGENCAN and P-D ALM. We note
that, even though ALGENCAN is slightly better than P-D ALM in terms of efficiency,
it is outperformed by our proposed method in terms of robustness. Furthermore, we
note that the two performance profiles intersect at, approximately, « =~ 5, i.e., both
algorithms solve the same percentage of problems in at most 5 times the CPU time of
the best performing solver.

In Fig. 3b, we report the comparison between P-D ALM and LANCELOT (rev. B).
In this case, P-D ALM is clearly the best performing solver both in terms of efficiency
and robustness.

Finally, we notice that ALGENCAN, LANCELOT and P-D ALM solve, respec-
tively, 272,232 and 290 problems out of 362. The comparison among the three solvers
is reported in Fig. 4.
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Fig. 3 a Comparison between P-D ALM and ALGENCAN, using performance profiles with respect to
CPU time. b Comparison between P-D ALM and LANCELOT, using performance profiles with respect to
CPU time
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Fig.4 Comparison between P-D ALM, ALGENCAN and LANCELOT

7 Conclusions

In this paper, we presented a new method for nonlinear optimization problems with
equality constraints and bound constraints. Starting from the augmented Lagrangian
scheme implemented in ALGENCAN, we used a tailored active-set strategy to com-
pute a Newton-type direction with respect to the variables estimated as non-active,
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while the variables estimated as active are set to the bounds. If this direction satisfies
a proper test, an augmented Lagrangian function is minimized by means of an effi-
cient solver recently proposed in the literature. We proved convergence to stationary
points and, under standard assumptions, an asymptotic quadratic convergence rate.
The numerical results show the effectiveness of the proposed method.
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