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Abstract

For nonconvex set optimization problems based on the set less order relation, this
paper presents characterizations of optimal sets and gives necessary conditions for
set inequalities and non-optimal sets using directional derivatives. For specific order
cones, the directional derivatives of known functionals describing the negative cones
are also given.
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1 Introduction

Set optimization problems, i.e. optimization problems with set-valued objective map,
are difficult to treat because inequalities of nonconvex sets have a complex structure
and they are not simple to characterize. For convex sets, the characterization of set
inequalities is known (for basic results see [16]) and can be simply done using certain
linear functionals. But for nonconvex sets one needs more elaborate approaches, which
are sometimes named scalarization (e.g. see [13] for early results and also [5,9,10,12,
21,22] together with [20] for related results). These scalarization approaches work
with appropriate sup inf problems.

The present paper starts with the known fact that a set inequality can be characterized
by an inequality in R where these sup inf problems play an important role. We restrict
ourselves to the well-known set less order relation (introduced by Young [27] and
named by Chiriaev/Walster [3]) so that the presented results also subsume the weaker
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I-type less and u-type less order relations (see Kuroiwa [23] for first results). The
so-called minmax less order relation (introduced in [19]) is only investigated for a
special result.

The results of this paper consist of conditions under which the inequalities in R are
well-defined, characterizations of nonoptimal sets, necessary optimality conditions
for the afore-mentioned sup inf problems, necessary conditions for a set inequality
and a necessary condition for the non-optimality of a set. The necessary conditions
of the main results work with the directional derivative of a functional being used
for the description of the negative order cone in the considered real linear space. For
different real linear spaces, the directional derivative is calculated for various standard
functionals of this type.

This paper is organized as follows: Background material and first results are sum-
marized in Sect. 2. Investigations of non-optimal sets and optimality conditions in
nonconvex set optimization are given in Sect. 3. The last section contains the main
results like necessary conditions for set inequalities.

2 Basic Results

Throughout this paper we use the following standard assumption.

Assumption 2.1 Let Y be a real linear space, let C C Y be a convex cone, and let a
functional ¥ : ¥ — R be given with

v(y) =0 & ye-C. ey

Such a functional ¥ (compare [7, Remark 3.3]), which characterizes the cone —C,
is not uniquely defined. With ¢ the functional oy also has the required properties for
every a > 0.

For convenience, known examples of these functionals are now recalled for different
spaces.

Example 2.1 ([7, Example 3.4] for (a)—(c))
(a) Let the real linear space Y := R™ (with m € N) be given. For the polyhedral

cone
C:={yeR"|aly<o0foralli €{l,... k}}

with k € N and nonzero vectors ay, ..., ar € R” the functional ¢ : R" — R

with

,,,,,

fulfills the equivalence (1). In the special case C := R’} we get the functional v
given by

¥(y) = max{yq, ..., ym} forall y = (y, ..., ym) € R".
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(b)

(©)

(d)

The functional ¢ : R — R with

v =101 Yym=Dll2 + ym forall y € R

(where m > 2 and || - ||» denotes the Euclidean norm in R™~1) is associated to
the Lorentz cone

C:={yeR" |y ym=Dl2 < ym}.

We now consider the real linear space Y := §" (withn € N) of all real symmetric
(n, n) matrices. Then the functional ¥ : S — R with

Y (M) = max{A;, ..., A} forall M € "

(here A1, ..., A, denote the n eigenvalues of the matrix M) is associated to the
well-known Lowner cone

C := {M € S" | M positive semidefinite} =: S’
And the functional ¢ : 8" — R with

V(M) = max x  Mx forall M € S"
xeR"

Ixl2=1

is associated to the copositive cone
C:= {M eS” |xTMx > (Oforall x € R’jr}
(here || - || denotes the Euclidean norm in R").
In the infinite dimensional real linear space Y := Cla, b] of real-valued continu-
ous functionals on [a, b] with —00 < a < b < oothe functional y : C[a, b] — R
given by
¥(y) = max y(t) forall y € Cla, b]
tefa,b]

is associated to the natural ordering cone
C :={yeCla,b]|y(t)=0foralls € [a, b]}.

Let (Y, | - ||) be a real normed space and let some continuous linear functional
£ € Y* be arbitrarily chosen. Then the functional ¢ : ¥ — R with

Y (y) =€) + Iyl forally e ¥
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is associated to the so-called Bishop-Phelps cone

CO):={yeY Ly =y}
(compare [11,15] for Bishop-Phelps cones).

There are various order relations, which can be used for the comparison of sets in
the real linear space Y (e.g. compare [19]). In this paper we restrict ourselves to the
well-known set less order relation introduced by Young [27] in 1931.

Definition 2.1 Let Assumption 2.1 be satisfied. For nonempty subsets A, B C Y the
set less order relation < is defined by

A<y B «—= BCA+CandACB-C.

Next we characterize the set inclusions in Definition 2.1 by certain inequalities.

Proposition 2.1 Let Assumption 2.1 be satisfied, and let the nonempty sets A, B C Y
be arbitrarily given. Then we assert

= Suppcp infaea Y(@—0) <0
Bea+c { <= supp,cp Mingea ¥ (a — b) < 0, if this min term exists
and
ACB-C = SUp 4 infpep Y@ —0) <0
& sup,c4 Minpep Y (a — b) < 0, if this min term exists.

Proof For arbitrary nonempty sets A, B C Y we have

BCA+C < VbeB3iacA: bela}+C
— ——
< a—be—C < y(a—b)<0

= Sup,cpinfaea Y(a—5b) <0
&= Suppcp mingea ¥(a — b) < 0, if this min term exists.

In analogy, one can prove the second part of the assertion. O

The advantage of this simple result is that one can check the validity of the afore-
mentioned set inclusions using appropriate optimization problems. Such a rewriting
of these set inclusions as inequalities has been already given by Herndndez and
Rodriguez-Marin [13, Thm. 3.10,(iii)] in 2007 using an extension of the Tammer
(formerly Gerstewitz) scalarization approach [8]. Later such a rewriting of set inclu-
sions as inequalities was also given in [22, Thm. 3.3 and 3.8] for scalarizing functionals
introduced by Tammer. Proposition 2.1 is parameter free and it subsumes these scalar-
ization approaches.

Next, we investigate under which conditions the supmin problems in Pro-
position 2.1 are solvable.
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Proposition 2.2 Let Assumption 2.1 be satisfied and, in addition, let (Y, | - ||) be a
real normed space. Let A C Y be a nonempty weakly compact set, let B C Y be a
nonempty set, let r be bounded on A — B, and let V(- — b) be weakly semicontinuous
for every b € B. Then the problem sup,.g mingea ¥ (a — b) is solvable.

Proof First, we show the solvability of the problem min,c4 ¥ (a — b) for an arbitrary
b € B.Since ¥ (-—b) is weakly semicontinuous forevery b € B and the set A is weakly
compact, there is at least one minimal solution a; € A with  (ap—b) = minge ¥ (a—
b) (e.g., compare [18, Thm. 2.3]). Now we consider the problem sup,.p ¥ (a, — b).
Because the functional v is assumed to be bounded on the set A — B, itis evident that
sup,ep ¥ (ap — b) < oo, which has to be shown. O

Remark 2.1 Inareflexive Banach space (Y, ||-||) the min subproblem in Proposition 2.2
is also solvable, if the set A is nonempty convex closed and bounded and the functional
¥ (- — b) is continuous and quasiconvex for all b € B (compare [18, Thm. 2.12]).

For specific scalarizing functionals such existence results are also remarked in [22,
Remark 1].

Example 2.2 Consider the function ¢ : R — R (with m € N) with

Y(y) := max{yi,..., yu} forall y = (y1,..., ym) € R"

(compare Example 2.1,(a)). The function v is continuous and so, it is also weakly lower
semicontinuous because weak and strong convergence coincide in R™. If A, B C R
are nonempty sets where A is weakly compact and B is norm bounded, then the set
difference A — B is norm bounded. This implies that the function ¥ is bounded on
the set A — B. In this case the function i satisfies the assumptions of Proposition 2.2.

The following proposition is a direct consequence of the Propositions 2.1 and 2.2.

Proposition 2.3 Let Assumption 2.1 be satisfied and, in addition, let (Y, | - ||) be a real
normed space. Let A, B C Y be nonempty weakly compact sets, let \r be bounded on
A — B, and let the functionals  (a — -) and (- — b) be weakly lower semicontinuous
foreverya € A and b € B, respectively. Then

max {supmin Y(a — b), supmin ¥ (a — b)} <0 = A<= B.
beB a€A acA beB

This proposition gives a sufficient condition for the set less order relation, which
may be helpful in practice (see also [22, Corollary 3.11] for specific scalarizing func-
tionals).

3 Optimality
We now turn our attention to problems of set optimization. Based on the set less order

relation in a real linear space Y, we consider a family F of nonempty subsets of Y
and we investigate optimal sets of F.
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Definition 3.1 Let Assumption 2.1 be satisfied, and let F be a family of nonempty

subsets of Y. A set A € F is called an optimal set of F, iff
A<, A, AeF = A<, A
Under Assumption 2.1 recall for any nonempty subset A of Y that the set
mnA:={a€ A|({a}—C)NAC{a}+ C}

denotes the set of all minimal elements of A, and the set

maxA:={ae€A|({a}+C)NAC{a}—-C}

is called the set of maximal elements of A. Of course, if the convex cone C is pointed
(i.e.CN(=C) ={0y}),thenminA ={a€ A|({a} —C)NA ={a}} and max A =

{face Al ({a}+C)NA={a}}.

With the following proposition we investigate the question: What does it mean, if
for some set A € F the two inequalities A <y A and A < A given in Definition 3.1

hold?

Proposition 3.1 Ler Assumption 2.1 be satisfied and, in addition, let the convex cone
C be pointed. Let F be a family of nonempty subsets of Y, for which the set of minimal
elements and the set of maximal elements are nonempty. For every A € F let the set

equalities
A4+ C=(mnA)+Cand A—C = (max A) — C

be satisfied. For some A € F, we then have

A optimal <= for every A € F with A <, A :

min A = min A and max A = max A.

Proof For some A € F and an arbitrary A € F it holds by definition

@)

A<, AandA <, A — ACA+C,ACA—-C,ACA+C,ACcA-C.

By [17, Lemma 2.4] this is equivalent to the inclusions
A+CCA+C, A—-CCA-C,A+CCA+C,A-CCA-C
again being equivalent to
A+C=A+C, A-C=A-C.
By the equalities (2) this can be written as

(min A) + C = (min A) + C, (max A) — C = (max A) — C.
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Y2 A

max A

min A (min A) + C

0 (max A) — C

Fig. 1 Illustration of the set equalities (2)

The first equality implies min A C (min A) 4+ C, which means
VaiemnAJaeminA ceC:a=a+ec.

Since the first equality in (3) also implies min A C (min A) + C, there are & € min A
and ¢ € C with a = a + ¢. Hence, we geta = a + ¢ = a + ¢ + c. Because of
4,4 € min A we obtain ¢ + ¢ = Oy, i.e. ¢ = —¢. Since C is pointed, we conclude
¢ € CN(—C) = {0y}. Consequently, we have a = a and thereby min A C min A.
By renaming we also get min A C min A, an so we have min A = min A. The
equality max A = max A can be proven in analogy. The assertion then follows with
the definition of optimality. O

Figure 1 illustrates that the set equalities (2) may also be satisfied for nonconvex
sets. For Y := R?, C := R% and A given in Fig. 1 we have A + C = (min A) + C
and A — C = (max A) — C.

But the setinequalities (2) do not hold in general; for instance, if we choose Y := R2,
C:=RYand A = {(y1,y2) € R? |y} +y5 < 1} U{(~1,0)} we have min A =
{(—1,0)} and we get (min A) +C = {(y1,y2) € R? | y; = —1, y, >0} # A+ C,
i.e. the first set inequality in (2) is not satisfied.

Remark 3.1 Under the assumptions of Proposition 3.1 we have

A not optimal <= 3 A € Fwith A <, A :

min A # min A or max A # max A.

For instance, if one works with a descent method for the calculation of an optimal set,
one can use this result in order to decide whether a set A is not optimal. Let A € F
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be given and lgt some set A € F \_’Vith A < Abe calculate_d. If one can check that
min A # min A or max A # max A, one knows that the set A cannot be optimal.

The assumption in Proposition 3.1 that the set equalities (2) are fulfilled for all
A € F can be avoided, if one works with a more strict order relation introduced in
[19, Def. 3.5].

Definition 3.2 Let Assumption 2.1 be satisfied.

(a) For subsets A, B C Y, for which the set of minimal elements min(-) and the set
of maximal elements max(-) are nonempty, the minmax less order relation <, is
defined by

A=<y B <= minA <; min B and max A <; max B.

(b) Let F be a family of subsets of Y, for which th_e set of minimal elements and the
set of maximal elements are nonempty. A set A € F is called a minmax optimal
set of F, iff

A<n A, Ac F — A=<, A.

Proposition 3.2 Ler Assumption 2.1 be satisfied and, in addition, let the convex cone
C be pointed. Let F be a family of nonempty subsets of Y, for which the set of minimal
elements and the set of maximal elements are nonempty. For some A € F, we then
have

A minmax optimal <=> for every A € F with A <, A :

min A = min A and max A = max A.

Proof In analogy to the proof of Proposition 3.1 we obtain for some A € F and an
arbitrary A € F

A<pnAand A <, A
<= min A <; min A, max A <, max A, min A <, min A, max A <, max A
&= (min A) + C C (min A) + C, (min A) — C C (min A) — C,
(max A) + C C (max A) + C, (max A) — C C (max A) — C,
(min A) + C C (min A) + C, (min A) — C C (min A) — C,
(max A) + C C (max A) + C, (max A) — C C (max A) — C
<= (min A) + C = (min A) + C, (min A) — C = (min A) — C,
(max A) + C = (max A) + C, (max A) — C = (max A) — C
<= min A = min A, max A = max A.

This leads to the assertion. O

The proof of this proposition follows the lines in [17, Lemma 2.8,(a)].
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Remark 3.2 Notice that Proposition 3.2 does not require the assumption (2) because
(minA) +C = (min(min A)) + C and the other set equalities follow similarly.

4 Necessary Conditions for Set Inequalities

The set less order relation is defined by certain set inclusions; by Proposition 2.1 these
set inclusions are characterized by appropriate inequalities. And now we investigate
necessary conditions for these inequalities.

Under Assumption 2.1 we consider two arbitrary nonempty subsets A, B C Y. For
an arbitrarily chosen b € B we use the abbreviation

Ay = {& cA ‘ w(&—B)zgggw(a—B)}.

A,; denotes the set of all minimal solutions of the optimization problem minge
v(a—Db).

For the first result we need a technical lemma.
Lemma 4.1 Let Assumption 2.1 be satisfied, and let h € Y be arbitrarily chosen. For

nonempty subsets A, B C Y letb € B and a € AE be arbitrarily given. Let AI; #* A.
Suppose that

I1>0,a€R: Y(a—b+rh)>a>y@—>b)forallr €[0,1], a € A\A;
and
V(G —b+-h): [0, 1] = Ris continuous at > = 0. 4)

Then there exists some A > 0 so that

mi/rg V(a—b+rh) = min ¥ (a — b + Ah) forall » € [0, ]
ae

acA b
provided that these min terms exist.

Proof Leth € Y,be Bandd € A j, be arbitrarily chosen. By the definition of the set
A 5 we obtain ¥ (@ — b) = minge4 ¥ (a — b). By the assumptions there is a sufficiently
small ¢ > 0 and some A € [0, A] with

Ya—b+irh)>a>a—e>y(@—b+xrh)forall x € [0,A]and alla € A\A;.

Consequently, we obtain

inf Y(a—b+rh)>a > y(a@—b+Arh) > min ¥(a — b+ Ah) forall A € [0, A].
aeA\A,; aeA,;
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These inequalities imply

migl/f(a — b+ h) = min ¥ (a — b+ Ah) forall & € [0, A],
ae

aGA,;
which has to be shown. O

Under the condition (4) Lemma 4.1 states that the minimal value min , ci; [0y (a—

b+ Ah) remains unchanged for sufficiently small A > 0, if the set A j is replaced by its
superset A. The continuity requirement in the second part of the condition (4) is fulfilled
for many functionals v used in practice (compare Example 2.1). The inequalities in
the first part of the condition (4) are decisive for Lemma 4.1. By the definition of the
set A j it obviously holds

Y(a —b) > y(a—b)foralla € A\Aj.

But in (4) we replace the argument a — b by a — b + Ah, i.e. we consider elements
with respect to the direction of %, and we require a stronger inequality. Besides the
functional ¥ the special choice of the set A plays a central role for this condition.

For simplicity we use the following notation for the next result. Under Assump-
tion 2.1 we consider nonempty subsets A, B € Y and define the functional ¢ : B — R
with

@(b) = miny(a — b) forallb € B
acA

provided that the min term exists. Next, we investigate the question under which
conditions the functional ¢ has a directional derivative.

Theorem 4.1 Let Assumption 2.1 be satisfied, and let A, B C Y be arbitrarily
chosen. Let b € B be a solution of the optimization problem maxpep mingea
Y(a —Db), and let A, # A. Let ¢ be directionally differentiable at b in every direction

b — b with arbitrary b € B. For an arbitrary b € B and an arbitrary 4 € A,; suppose
that

I1>0,a €R:Y(a—b+rb—b)>a>y(a—b)foralre|0,1],a c A\A;
and
V(@ —b+-(b—0b)): [0, ] > Ris continuous at » = 0.

In addition, suppose that for all b € B

lim min
=04 achzl (w (a75+k(57b))7w(a75)>

N - -
= min lim X(Iﬂ(a—b—i—k(b—b))—l/f(a—b)).

aEAE A—04
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Then it follows

min ¥'(a — b)(b —b) < 0forallb € B

aeAE

provided that the arising min terms exist ( V'(a — b)(b — b) denotes the directional
derivative of ¥ at a — b in the direction b — b).

Proof First, we determine the directional derivative of ¢ at b in every direction b — b
with arbitrary b € B. With Lemma 4.1 and the assumptions of this theorem, we then
getforallb € B

/i = . 1 = = -
¢'B)b—b) = lim X((p(b+)»(b — b)) - (p(b))

1
:kl_l)lax(mmw(a—b—i—)»(b b))— mlnlﬁ( ) )
h\,_/
=min,,_ is Y (a—b)

1 - )
= lim —(miny(a—b+rb—b) - min y(a—5) )
)‘_)0+ aGAAB aGAAE ———

=const,VaeA[;

= lim lmln (w(a—l;—l—)»(l;—b))—w(a—l;))

A—04 aeA

o - ]
= lim min X(w(a—b—i-)»(b—b))—w(a—b))

)‘_)0+ aeAB
1 - - _
— min lim —( a—b+rb—b)—v(a—b )
ach; 20+ A 1#( ) Kﬁ( )
= min ¥'(a — b)(b — b).
aEA[;
Since b € B is a maximal solution of the problem maxycp (b) = —minyep

—¢(b) and ¢ has a directional derivative at b in every direction b — b with arbitrary
b € B, by [18, Thm. 3.8,(a)] we obtain

0<—¢'(b)(b—b) = — min y'(a — b)(b — b) forall b € B,

acAj
which leads to the assertion. O
Early investigations on directional derivatives of sup inf functions can be found in
[4] (compare also [2]).

With this necessary condition for certain min max problems, we then obtain nec-
essary conditions for set inequalities as well.
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Corollary 4.1 Let Assumption 2.1 be satisfied, and let A, B C Y be arbitrarily
chosen. Let a € A be a solution of the optimization problem maxge4 minpecp
Y (a — b) and let b € B be a solution of the optimization problem maxpep Minge 4
Y(a — b). Let Ab # A and B # B. Let minpep ¥ (- — b) be directionally differen-
tiable at a in every direction a — a with arbitrary a € A, and let mingc4 V¥ (a — -) be
directionally differentiable at b in every direction b — b with arbitrary b € B. For an
arbitrary a € A and an arbitrary be B; suppose that

A0 >0, 01 €R: Yy@—b+ria—a)) >a; >v@a—>b
forall » €[0,11], b € B\B;
and
Y(a — b+ «(a —a)) : [0, x1] = R is continuous at ». = 0.

Moreover, for an arbitrary b € B and an arbitrary a € Ag suppose that

32 >0, eR: Y(a—b+rb—>b)>ay>y@—b)
forall x € [0, 22, a € A\A;
and
V(@ —b+-(b—0b)): [0, 1] — Ris continuous at » = 0.

In addition, suppose that for alla € A

. 1 _ _ _
lim min X(lﬁ(a —b+ Aa —a)) — 1//((1 —b))

A=04 beé;,

N | - - -
— min lim X(I//(a—b—l—)»(a—a))—l//(a—b))

beéa =04

and forallb € B

1 - - _
lim min x(lp(a —b+)\(b—b)) — Ip(a —b))

A—=>04 aeA

| = = -
= min lim X(¢(a—b+)»(b—b))—1ﬁ(a—b)).

LIEAI; A=04

If the inequality A <Xy B is satisfied, then we have

min ¥'(a — b)(b —b) <0 forallb € B 5)
aEA,;
min Y (@a—b)a—a) <Oforalla € A (6)
bEBa

provided that the arising min terms exist.
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Proof Let the set inequality A < B hold for arbitrary # # A, B C Y. By Proposi-
tion 2.1 and the assumptions, we then have

0 > sup 1nf Y(a—>b) = maxmln V(a —b) = miny(a — b)
€B a acA

beB €A

and
0> f —b i —b) = mi a—b).
EEE lrel Y(a—b)= max min Y(a —b) min Y(a—>b)
Hence, the inequalities (5) and (6) follow from Theorem 4.1. O

Remark 4.1 The inequalities (5) and (6) are necessary conditions for the set inequal-
ity A <y B but in general, they are not sufficient. Even if these inequalities imply
maxpep Mingea Y(a — b) = mingea ¥(a — b) and maxgeq minpep ¥ (a — b) =
mingep W (a — b), one has to assume that i (a — b) < 0 because in this case we have

maxmln Y(a —b) = miny(a — b) < Y(a — b) <0
beB ae acA

and

?gz(rbnelgw(a —b) —mmt/f(a —b)y<y@—>b)<0.

An application of Proposition 2.1 then gives A <; B
By Corollary 4.2 we now present a necessary condition for sets to be non-optimal.

Corollary 4.2 Let Assumption 2.1 be satisfied, and let the convex cone C be pointed.
Let F be a family of nonempty subsets of the real linear space Y, for which the
set of minimal elements and the set of maximal elements are nonempty and the set
equalities (2) are satisfied (for every A € F). In addition, let some set B € F and
every set A’ € F withmin A’ # min B or max A’ # max B satisfy the assumptions of
Corollary 4.1. If the set B is not an optimal set of F, then there exists some set A € F
so that the inequalities (5) and (6) hold and min A # min B or max A # max B.

Proof The assertion is a simple consequence of Remark 3.1 and Corollary 4.1. O

The assumptions of Corollaries 4.1 and 4.2 concerning the considered sets and the
functional v are very strong. For the two sets it seems to be helpful, if they consist
of finitely many elements. But for the functional ¥ we need the directional deriva-
tive, which depends on the order cone C. In the following proposition the directional
derivative of i is investigated for various special real linear spaces and order cones.
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Proposition 4.1 Let Assumption 2.1 be satisfied.

(a)

(b)

(c)

[18, Exercise 8.3]
Let Y :=R" and C := R} be chosen. Then the functional v : R™ — R with

Y(y) =max{yi,...,ym}forally = (y1,...,ym) € R"

has the directional derivative at an arbitrary y € R"™ given by
v () (h) = ig}a(i_g){hi}for allh € R™
with
I(y):={i e{l,....m}|yi =¥ (P}

Let the real linear space Y = C|[0, 1] of continuous real-valued functionals on
[0, 1] and the natural order cone C := {y € C[0, 1] | y(¢) > Oforallt € [0, 1]}
be chosen. Then the functional y : C[0, 1] — R with

¥(y) = max y(t) forall y € C[0, 1]
tel0,1]

has the directional derivative at an arbitrary y € C[0, 1] given by

¥ (¥)(h) = max h(t) forall h € C[0, 1]
reM(y)

with
M(y) :={t€[0,1]|y@®) =y M}

[14,page 275] Let the real Hilbert space Y := S" of real symmetric (n, n) matrices
(withn eN) and the Lowner cone C := S' := {A € §" | A positive semidefinite}
be chosen. Then the functional ¥ : 8" — R with

V(A) = max, xT Ax (: maximal eigenvalue ofA) forall A e S"

lxll2=

(Il - |2 denotes the Euclidean norm in R") has the directional derivative at an
arbitrary A € S" given by

V' (A)(H) = max x! Hx forall H € S"
xeX(A)

with
X(A) :={x e R" | ||x|l» = 1 and Ax = ¥ (A)x}

(X (A) denotes the set of all normed eigenvalues associated to the maximal eigen-
value of A).
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(d) Let the real Hilbert space Y := S" of real symmetric (n, n) matrices (withn eN)
and the copositive cone

C = {M eS" | xTMx > 0 forall x € R’j_}
be chosen. Then the functional ¥ : 8" — R with

V(M) = max x! Mx forall M € S"
xeR%
llxll2=1

(Il - ll2 denotes the Euclidean norm in R") has the directional derivative at an
arbitrary A € S™ given by

V' (A)(H) = max x! Hx forall H € S"
xeX(A)

with
X(A) :={x € R | |x]2 = L and ¥ (A) = x" Ax}.
(e) Let a real normed space (Y, || - ||) and the Bishop-Phelps cone
CW) :=={yeY Ly =lyIH

for an arbitrary continuous linear functional £ € Y* be chosen. Then the func-
tional ¥ : Y — R with

V() =€) + lyll forally € Y
has the directional derivative at an arbitrary y € Y given by

¥ (3)(h) = £(h) + max {(h) forallh € Y
Leallyll

with the subdifferential

{€eY* | LF) =7l and ||€|ly» = 1} if § # Oy }

8 v = ~ ~ -
b {{z e v 1y < 1) 5 =0y

of the norm || - || at y.

Proof (b) For arbitrarily chosen y, & € C[0, 1] we obtain
VO = lim (4G4~ v ()
)»*)04. )\,
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= lim l( max §(0) -+ 2h(0) — max y(t))

)L—)0+ )\. tel0,1]
~_\,_z
> max y(t)+rh(t) = max y(t)
teM(y) teM(3)

o1
2 i, 3 (g, 00 +340) - may, 50

_COHSt

1
= lim — t Mh(t) — y(t
xif&m?ﬁx y@) +Ah(t) — y(@)

= max h(t). 7
teM(y)
Next, we prove the converse inequality. For every A > 0 there is some #; € [0, 1]
with
y(t) + Mha(t) = max y(t) + Ah(t). ®)
1€l0,1]
For some 7 € M(y) we obtain for all A > 0

(e (Y@ + 1h(1)) — [nax y(t) > J(D) + 2h(1) — (1) = 1h(D)

and

max (y(t) +Ah(t)) — max y(t) < max y() + A max h(t) — max y(t)
tel0 l€

_A max h(t).
t€[0,1] ()

So, we conclude for some o > 0
y(t) + Ah(t)) — y(t)| < Ao forall & > 0,
| max (5(0) + k() = max 50| < ha forall 2 >
and with the equality (8) we get
lim y(z Mi() = 1 y(t) + Ah(t) = y(t).
Agl(r)1+y(x)+ () Ag{)lwrerﬁc}fi]y(wr () trer;gﬁ]y()

Then there is a sequence (Ax)xen of positive real numbers converging to 0 with
limg_ o0 1, =: 7 € [0, 1], and it is evident that 7 € M (y). Hence, we conclude

] 1
YO0 = lim - max (50 + k() = max 50))
\q‘,—/
=yt ) trih(ty) =y(ty)
=

N -
lim — (50 + Mch(,) = (1))
k—o00 Ak
lim /(t,)
k—00
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= h(i)

= max h(r). ©)
1eM(y)

The inequalities (7) anq (9) lead to the assertion.
(d) For arbitrarily chosen A, H € S" we have

- 1 - -
VA = lim (VA +2H) —y (D)

1 T,z T 1
= lim —( max x' (A+AH)x — max x Ax)

A—=04 A xeR’ xeRY
llxll2=1 [lxll2=1

> max xT(A+AH)x = max xT Ax

xeX(A) xeX(A) =~

=const.
on X (A)

. l T 3 T T3
lim max x° Ax +Ax' Hx — x" Ax
A—=01 A xeX(A)

= max xTHx. (10)
xeX(A)

v

For the proof of the converse inequality choose an arbitrary A > 0. Then there
exists some x; € R’} with ||lx;[l2 = 1 so that

x] (A +1H)x; = max xT (A +1H)x.
xeR’
Ixlla=1

For an arbitrary X € X (A) we obtain

max x'(A+ AH)x — max x! Ax > ¥T(A+ 2 H)¥ — iT Ax
xeRY xeRY
lxl2=1 Ixl2=1

= 2iTHx forallA > 0
and with

max xT(A + AH)x — max xT Ax
xeR% xeR%
llxl2=1 llxl2=1

< max xTAx + ) max x” Hx — max x! Ax

xeRY xeR} xeRY
xll2=1 lxll2=1 lxll2=1
= max x! HxforallA >0
xe]R’i
llxl2=1
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we conclude for some o > 0

max xT(A + AH)x — max xT Ax < la forall A > 0.
xeRY xeR”
lxl2=1 Ixlla=1

Hence, we have

lim x/ (A4 AH)x; = max x” Ax.
A—>04 xeR%
[lx[l2=1

So, there is a sequence (Ar)ren Of positive real numbers converging to 0 with
limg— o0 X3, =: X € X(A). And we conclude

W (A)Y(H) = lim i( max x7 (A + AH)x — max xTAx)

k=00 Ak xeRY xeRY
llxll2=1 lxll2=1

=xT (A—i—)LkH)xA >x! Axk

Ak k ="Mk k

. N T T 7
< kll)rgo E(x)\kAx)‘k + )»kx,\k Hx), — xkkAxxk>

= lim x| Hx,
k— 00

=3TH}

< max x” Hx. (11)
xeX(A)

The inequalities (10) and (11) imply the assertion.
(e) Since the norm || - || is continuous and convex, its directional derivative is given
by [18, Theorem 3.28]. Then for arbitrarily chosen y, h € Y we obtain

¥/ (3)(h) = €(h) + max £(h)
feals

where the subdifferential d||y|| is calculated in [18, Example 3.24,(b)].
O

The proof of part (b) follows the lines of the proof of the directional derivative
of the maximum norm (compare [18, Exercise 3.2]). Investigations of the directional
derivative of the maximal eigenvalue of a symmetric matrix have been already given
in [25] (compare also [1,6,24,26,28]).

Remark 4.2 If in Proposition 4.1,(c) the maximal eigenvalue of a matrix A € S" is

simple, then the associated normed eigenvector ¥ is unique and the set X (A) consists
only of this vector. In this special case the directional derivative is simply given as

V' (A)(H) = x"Hx forall H € S".
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Y2 §

Fig.2 Illustration of the closed balls A, B and D defined in Example 4.1

If the maximal eigenvalue of A is a double eigenvalue, then the set X (A) is a circle
in a two dimensional subspace of R” spanned by the associated eigenvectors. Let x!
and x2 be orthogonal normed eigenvectors associated to the maximal eigenvalue of
A. Then this subspace is spanned by X' and x2, and we have

X(A) = {ax' + 7% | o, B € Rand ||ak' + B2, = 1).
In this special case we obtain the directional derivative
W/(A)(H)= max (ax'+ B%) H(ax' + i) forall H € 8"
a,feR
lex ! +p32 (=1

This maximization problem with only two real variables is very simple to solve.

Example 4.1 We now apply the necessary conditions of Corollary 4.1 and Proposi-
tion 2.1 to the very simple case ¥ := R? and C := Ri, and we choose the functional
¥ : R? - R with

¥ (y) = max{y;, y»} forall y = (y1, y») € R?

(compare Example 2.1,(a)). For convenience only we consider the closed balls A :=
B((2.2),2), B :=B((5.5,3.5), 1) and D := B((3, 5), 0.5) illustrated in Fig. 2. Then
we investigate two cases.

(a) It is geometrically obvious from the definition of the set less order rela-
tion that A =<; B. We investigate the necessary conditions (5) and (6) for
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(b)

this order relation. The optimization problem max,c4 minpep ¥ (@ — b) equals
max,eA Mingep max{a; —by,a)—by},anda := (2,4) € Aisamaximal solution
of this problem. Moreover, we obtain b = (5.5,2.5) € B as maximal solution of
the problem maxyecp mingec 4 max{a; — by, ap — b}. By Proposition 4.1,(a) we
can write for all b € B

min ¥'(a — b)(b — b) = min max_{b; — b;} 12)

acA aeAEiel(afb)
with
Ay = [& cA ’ ¥ (G — b) = min ¢ (a —5)}
acA
- {& cA ‘ max{d) — 5.5, 4z — 2.5} = minmax{a; — 5.5, a2 - 2.5}}
ae

={(2,0)}
and

Ia—b)={ie{l,2}|a — b = ¥(a— b))
={ie{l,2}|a — bi = max{a; — 5.5, ap — 2.5}}.

For a := (2, 0) it follows
I(a —b) = 1((=3.5,=2.5)) = {2},
and then we get with (12)

min ¥/'(a — b)(b — b) = 2.5 — by < Oforall b € B.

acAj

So, the necessary condition (5) is shown. With éa ={(.5,45}and I(a —b) =
{2} for b := (5.5, 4.5) we get

min ¥/ (G—b)(a—a)=min max {aj—2,ar—4}=a» —4 <0Va € A,
beB; beB; i€l @)

and the necessary condition (6) is satisfied as well.

It is evident from Fig. 2 that A #; D. For these two sets we obtain a := (4, 2) as
maximal solution of the problem

max minmax{a; — dj,a» —dy} = minmax{4 —d;,2 —dp} = 0.5 > 0.
acA deD deD

By Proposition 2.1, we then conclude A ¢ D — C.
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5 Conclusions

The investigation of set inequalities generally leads to nontrivial necessary or sufficient
conditions. Starting from known sup inf problems characterizations are given for set
inequalities and optimal and non-optimal sets. The decisive key for the main results is
the use of directional derivatives. For various standard cones the directional derivative
of the functionals describing the negative cone is recalled or calculated. It seems to
be that the presented technique of proof can also be applied to additional functionals
used in practice. A simple example shows the usefulness of this theory but it also
demonstrates that the decision, whether a set inequality holds or not, is a difficult task.
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