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Abstract

In this paper, we study derivatives of powers of Euclidean norm. We prove their Holder
continuity and establish explicit expressions for the corresponding constants. We show
that these constants are optimal for odd derivatives and at most two times suboptimal
for the even ones. In the particular case of integer powers, when the Holder continuity
transforms into the Lipschitz continuity, we improve this result and obtain the optimal
constants.
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1 Introduction

Starting from the paper [1], there has been an increasing interest in the cubic regular-
ization of Newton’s method (see, for example, [2—8]), which has some attractive global
worst-case complexity guarantees. The main idea of this method is to approximate the
objective function with its second-order Taylor approximation, add to it the cube of
Euclidean norm with certain coefficient and then minimize the result to obtain a new
point.

A natural generalization of this approach consists in considering a general high-
order Taylor approximation together with a certain high-order power of Euclidean
norm as a regularizer. This leads to tensor methods [9—-12] that have recently gained
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their popularity after it was shown in [13] that one step of the third-order tensor method
for minimizing convex functions is comparable with that of the cubic Newton method.

For some applications, involving functions with Holder continuous derivatives,
it may also be reasonable to regularize the models with fractional degrees of the
Euclidean norm, as discussed in [14,15].

The efficiency of all the aforementioned methods strongly depends on our possi-
bilities in solving the corresponding auxiliary problems that arise at each iteration.
Therefore, it is important to be able to quickly solve minimization problems regular-
ized by powers of Euclidean norm.

Two of the most important characteristics of the objective function that influence the
convergence rate of minimization algorithms are the constants of uniform convexity
and Holder continuity of derivatives. It is thus important to know these parameters
for powers of Euclidean norm in order to justify the convergence rates of the related
minimization algorithms.

The uniform convexity of powers of Euclidean norm was first investigated in [16],
where the authors obtained optimal constants for all infeger powers. This result was
then generalized to arbitrary real powers in [17, Lemma 5]. Thus, the question of
uniform convexity is completely solved.

The question of the Holder continuity of derivatives of powers of Euclidean norm
is more subtle. There exist only partial results for some special powers. For example,
for any real power between one and two, the Holder continuity of the first derivative
follows from the duality between uniform convexity and Holder smoothness (see [18,
Lemma 1]). For any real power between two and three, the Holder continuity of the
second derivative has recently been proved in [17, Example 2], where some suboptimal
constants have been obtained. However, there are currently no general results for an
arbitrary power.

Thus, establishing Holder continuity of derivatives of powers of Euclidean norm
and estimating the corresponding constants is still an open problem and constitutes
the main topic of this work.

This paper is organized as follows. In Sect. 2, we introduce notation and recall
important facts on the norm of symmetric multilinear operators.

In Sect. 3, we derive a general formula for derivatives of powers of Euclidean norm
(Theorem 3.1). The main object in this formula is a certain family of recursively defined
polynomials (Definition 3.1). We give the corresponding definition and provide several
examples.

In Sects. 4 and 5, we study these polynomials in more detail. We establish useful
identities and prove several important properties such as symmetry (Proposition 4.1),
nonnegativity (Proposition 4.3) and monotonicity (Proposition 4.4). Section 5 is
devoted to estimating the Holder constants of the polynomials. The main results in
this section are Theorems 5.1 and 5.2.

In Sect. 6, we apply the auxiliary results obtained in the previous sections for
proving Holder continuity of derivatives of powers of Euclidean norm. Namely, in
Theorem 6.1, we derive a lower bound for the possible values of Holder constants. In
Theorem 6.2, we prove Holder continuity of the derivatives along the lines passing
through the origin. Finally, in Theorem 6.3, we extend this result onto the whole space
and discuss the optimality of the constants.
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Finally, in Sect. 7, we show how to improve our general result for integer powers,
when the Holder condition corresponds to the Lipschitz condition.

2 Notation and Generalities

In this text, [E is a finite-dimensional real vector space. Its dual space, composed of
all linear functionals on EE, is denoted by [E*. The value of a linear functional s € E*,
evaluated at a point x € E, is denoted by (s, x). To introduce a Euclidean norm
|| - || on E, we fix a self-adjoint positive definite operator B : E — E* and define
Ilxl := (Bx, x)!/2.

For a function f : G — R, defined on an open set G in E, and for an integer p > 0,
the pth derivative of f, if exists, is denoted by D” f. This derivative is a mapping
from G to the space of symmetric p-multilinear forms on E.

Let L be a p-multilinear form on . Its value, evaluated at hy,...,h, € E, is
denoted by L[A1,...,hp]. When hy = --- = h), = h for some h € E, we abbreviate
this as L[A#]”. The norm of L is defined in the standard way:

L]l = |L[hy, ... hpll.

max
larll==lhpl=1

If the form L is symmetric, it is known that the maximum in the above definition can
be achieved when all the vectors are the same:

— p
LIl = hax; |L[A]7] ey

(see, for example, Appendix 1 in [19]).
For g € R, by f; : E — R we denote the gth power of the Euclidean norm:

Jq(x) == [lx]|9.

The main goal of this paper is to establish that, for any integer p > 0 and any real
v € [0, 1], the pth derivative of f),,, is v-Holder continuous:

ID? fpiv(x2) = DP fpin (XDl < Apvllxa — xil
P P P

for all x1, x» € [E, where A, , is an explicit constant dependent on p and v.

3 Derivatives of Powers of Euclidean Norm

We start with deriving a general formula for derivatives of the function f,;. The main
objects in this formula are univariate polynomials, defined below.
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Definition 3.1 For each integer p > 0 and each ¢ € R, we define a polynomial
gp.q - R — Ras follows. When p = 0, we set g, ,(t) := 1. For all other p > 1,

8pqg(m) =1 =128, | (D) +(q—p+ 118y 1,400

Each polynomial g, 4 is a combination of the previous polynomial g,_1 4 and its
derivative g;_l 7 The first five polynomials can be written explicitly:

2040 =1, g4 =qt, £4() =qllg—27* +1],
23.4(t) = q(g — 2)(g — H7> +37],
84.4(1) = q(q — (g — H(q — 6O)T* +6(q — HT* +3].

Let us now describe how derivatives of f, are related to polynomials g, 4.

Theorem 3.1 For any real q € R, the function f, is p times differentiable for all
integer O < p < q. The corresponding derivatives are

D? fy()[h]? = |x 1177 gp,q (Tn (x)), (2)
where h € E is an arbitrary unit vector and

(Bxh) = if x £ 0

fx1l

0, if x =0.

3

7 (x) =

Proof Note that f, is infinitely differentiable on [E\ {0} since its restriction on this set is
a composition of two infinitely differentiable functions, namely the quadratic function
E\{0} = R : x — |x|> = (Bx, x) and the power function ]0, +0o[— R : 1 > 19/2.
Hence, we only need to prove that f; is also p times differentiable at the origin for
any 0 < p < ¢, and that (2) holds.

We proceed by induction. The case p = 0 is trivial since, by definition, the zeroth
derivative of a function is the function itself, while go ,(t) = 1 for any T € R. Let us
assume that p > 1, and the claim is proved for p’ := p — 1.

First, let us justify (2) for any x € E\{0}. By the induction hypothesis,

DY )P = |Ix |97 gy g (Ta (X))
for all x € [E. On differentiating, we obtain that

1 — 7 (x)

llxll

Dl - 1()[h] = tn(x), Drp(x)[h] =
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for all x € [E\{0}, and hence,

- A
D? f,()[h])? = ||x||4 P“g;,l,q(rh(x»#
+(q = p+ DIxI?Pta(x)gp—1,4 (Th(x))
= [x[?771(1 - T}?(x))g;;—l,q(fh () + Th(x)gp—1,4(Th(x))]
= [Ix[197P g p.q (Tn (x)).
where the last equality follows from Definition 3.1.
Now let us show that f;, is also p times differentiable at the origin with D? £, (0) =

0. [This is what (2) says when x = 0.] By our inductive assumption, we already know
that DP—1 f4(0) = 0. Therefore, according to the definition of derivative, it remains

- IDP~ " fy ol _ . -
to show that limy_, . x-0 T = 0, or, equivalently, in view of (1), that
D1 h1P~!
lm  ma | Jq()[h]P~7| —0
x—>0;x#0 ||h||=1 ||x||

Applying our inductive assumption, we obtain that

D fy @t
Ihl=1 llx]l = lxl ”I,?lflle|8p—1,q(fh(X))I )

for all x € E\{0}. Since p < ¢, we have ||x||97?” — 0 as x — 0. Thus, we
need to show that |g, 1 4(7x(x))| is uniformly bounded for all x € E and all
unit 7 € E. Indeed, by Cauchy—Schwartz inequality, we have |75 (x)| < 1. Hence,
lgp—1,4(Th(x))| < max|_1,1)|gp—1.,4|- The right-hand side in the above inequality
is finite, since a continuous function always achieves its maximum on a compact
interval. m|

4 Main Properties of Polynomials

Let us study the polynomials g, , introduced in Definition 3.1. Our first observation
is that g, 4, as a function, is always either even or odd.

Proposition 4.1 For any integer p > 0, and any q € R, g, 4 has the same parity as
p.ie, gpqg(—=1) = (=1D)Pgp () forall T € R.

Proof Easily follows from Definition 3.1 by induction. O
Next we establish identities with the first and second derivatives of g 4.

Lemma 4.1 For any integer p > 1, and any q, v € R,

g, =0=1)g) | (O +@q—p—1D1g), (D) +(@—p+1gp14(). 5
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Proof Follows from Definition 3.1 using standard rules of differentiation. O

Lemma 4.2 For any integer p > 0, and any q, t € R,

(g —P)gp.q(r) = ‘L’g;,q(‘r) +qgp.q—2(7).
Proof We proceed by induction on p. For p = 0, by Definition 3.1, we have (¢ —
DP)Ep.q(T) = q while rg;,’q(r) = 0 and ggp,q—2(7) = g, so the claim is obviously
true. Now let us prove the claim for p > 1, assuming that it is already true for all
integer 0 < p’ < p — 1. By Definition 3.1, we have
(G = P)gp.g(™) = (g — p)((1 =g} 1 (1) + (g — p+ DTgp-1.4(D)).

Rearranging, we obtain

(g —P)&pq(t) =(g—p—D1(g—p+1Dgp-1,4(1)
+(1 =) (g = P)g)1 )+ (@ —p+1)Tgp14(T).

By the induction hypothesis, applied for p’ := p — 1, we have
(@ =P+ Dgp-14@) =78, 1 () +q8p-14-2(7).
for all T € R. Differentiating both sides, we obtain from this that
(g — p)g;_lyq(‘f) = ng_l,q(f) + qg;,_l,q_z(f)-

Combining the above three formulas, we see that

(G = P)8pqg(D) =(q—p—DT(rg,_1 4 +q8p—1,4-2(7))
+ (1= )(t8)_1 (V) + 481 4—2(D))
+@—p+Drgp-14(7). (6)

At the same time, by Lemma 4.1, we have
78, (1) = (=118} () +(q = p—DT7g,_; (D) + (g — p+ D1gp1,4(0),
and, by Definition 3.1, we also have
48p.q—2(1) = (1 =g, 1 4 2(D) + (g — p — D71 4-2(0).

Summing the above two identities, we obtain the right-hand side of (6). O

Lemma 4.3 For any integer p > 1, and any q, 7 € R,

g @ =0=1¢g) | (D) +(q—p)Tg,_ i () +q8p-1.4-2(0).
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Proof Apply Lemma 4.2 to the last term in (5). O

The following lemma is particularly interesting. It turns out that, up to a constant
factor, the derivative of the polynomial g, , is exactly the previous polynomial but
with a shifted value of g.

Lemma 4.4 For any integer p > 1, and any q € R, we have g;,,q = P4gp—1,4-2-

Proof We proceed by induction on p. Let t € R. For p = 1, we know from Defini-
tion 3.1 that g, ,(t) = g7, while pgg,_1,4—2(t) = g; therefore, the claim is indeed
true. Now let us prove the claim for p > 2, assuming that it is already proved for all
integer 0 < p’ < p — 1. From Lemma 4.3, we already know that

gy =00—=1g) 1 () +(q—p)Tg,_ ,(T) +4gp-14-2(T).

Therefore, it remains to prove that
A=)y 1,0 +(q = P)Tg)_y () = (p = Dggp—14-2(7).

By the induction hypothesis for p’ := p — 1, we already have the identity g;_ g =

4

(p — 1)qgp—2,4—2 and in particular 8p—1q = (p — l)qg;_z,q_r Thus,
A=)y 1,0 +(q = p)Tg)_s ()
= (p—Dgl(1 = )8}, 5 4 2() + (g — P)Tgp-242(D)].

It remains to verify that

(1= )g) 2 42(T) +(q = P)T&p-24-2(T) = gp-1,4-2(7).

But this is given directly by Definition 3.1. O

Combined with Definition 3.1, Lemma 4.4 gives us a useful recursive formula for
gp.q that does not involve any derivatives.

Lemma 4.5 For any integer p > 2, and any q, t € R,

2pq(@) =1 =) (P —1qgp-24-2) +(q—p+Drgp_14(®). (T

Lemma 4.5 has several corollaries. The first one gives us closed-form expressions
for the values of g, , at the boundary points of the interval [0, 1].

Proposition 4.2 For any integer p > 0, and any q € R, we have'

L

EENI e _ 9 ;

2.0(0) = (p — DUTTZL, (@ —20), %fp even, )
0, if p odd,

I Fora positive integer n, by n!! we denote the double factorial of n (the product of all integers between 1
and n with the same parity as n). We also define (—1)!! = 0!! = 1.
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and
p—1

gpq( =[]@—0. ©)

i=0

Proof We proceed by induction on p. From Definition 3.1, we have go,(0) =
80,¢(1) = land g1 4(0) = 0, g1,4(1) = ¢. Thus, the claim is indeed true for p = 0
and p = 1. Now let us prove the claim for p > 2, assuming that it is already true for
all integer 0 < p’ < p — 1. Using Lemma 4.5, we obtain

gp,q(o) =(p- 1)qu—2,q—2(0)- (10)

By the induction hypothesis, applied for p’ := p — 2 (and ¢’ := g — 2), we have

p_
2y 20 2(0) = (p—3)!!]_[i2:02(q—2—2i), if pis even,
P 0, if p is odd.

By shifting the index in the product, this can be rewritten as

L1 . e
gp2.q-2(0) = (p=3INTIL, (@ —20), %f p ?s even,
0, if p is odd.
Substituting this into (10), we obtain (8).
Similarly, by Lemma 4.5, we also have g, ,(1) = (g — p + 1)gp—1,4(1). But by

the induction hypothesis, g,_1,4(1) = Hi=_02 (g — i), and we obtain (9). O

The second corollary of Lemma 4.5 states that g, , cannot take negative values on
the interval [0, 1], provided that g is sufficiently large.

Proposition 4.3 For any integer p > 0, and any real ¢ > p — 1, g, 4 is nonnegative
on [0, 1].

Proof We proceed by induction on p. Let 0 < v < 1. For p = 0, we know, by
Definition 3.1, that g, ,(t) = 1, which is actually nonnegative for all real ¢g. For
p = 1, by Definition 3.1, we have g, ,(t) = g7, which is indeed nonnegative when
g=p—1=0.

Now let us prove the claim for p > 2, assuming that it is already proved for all
integer 0 < p’ < p — 1. From Lemma 4.5, we know that

€@ =0 =) (P —1)q8p—24-2@) +(q—p+ DTgp14(T).

By the induction hypothesis, applied, respectively, for p’ := p — 2, ¢’ := ¢ — 2 and
p = p —1,q  := g (observe that in both cases ¢’ > p’ — 1 since g > p), we have
gp—2,4—2(t) >0and g,_14(r) > 0.Sinceg > p—1=>1,thenalsog —p+1=>0,
and (p — 1)g > 0. Thus, all parts in the right-hand side of the above formula are

nonnegative. o
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Combining Proposition 4.3 with Lemma 4.4, we obtain that, when ¢ > p, the
polynomial g, , is not only nonnegative but also monotonically increasing.

Proposition 4.4 For any integer p > 0, and any real q > p, the derivative g;,’ g is
nonnegative on [0, 1]; hence gp 4 is monotonically increasing on [0, 1].

Finally, let us show how we can apply the properties that we have established above,
to find the maximal absolute value of g, 4, on [—1, 1].

Proposition 4.5 For any integer p > 0, and any real g > p,

p—1
max lgp.ql = []@—0.
’ i=0

Proof By Proposition 4.1, we have max|_1,1 gy 4| = maxo,1]1gp,¢|- Since g, 4 is
nonnegative on [0, 1] (Proposition 4.3), maxo,1]1gp.q| = max[o,1] &p,4- By Propo-
sition 4.4, max[o,118p.q = &p,q(1). But g, ,(1) = Hf:ol (g — i) according to
Proposition 4.2. O

5 Holder Constants of Polynomials

We continue our study of polynomials g, 4, but now we restrict our attention to the
particular case when ¢ = p + v for some real v € [0, 1].

Clearly, the polynomial g, ,,+, is v-Holder continuous on [—1, 1], since this is true
for any other polynomial on a compact interval. The goal of this section is to obtain
an explicit expression for the corresponding Holder constant. We start with the result,
allowing us to reduce our task to that on [0, 1].

Theorem 5.1 For any integer p > 0, and any real v € [0, 1], the polynomial gp v
is v-Holder continuous on [—1, 1] with constant

~ | Hpy, if p is even,
Y2 H=,, . if pis odd,

where H), ,, is the corresponding Holder constant of g, p+v on [0, 1].

Proof Let 71, 1o € [—1, 1]. We need to prove that

18, p+v(12) = 8p,p+v (T < Hpyvla — 11", (11
By Proposition 4.1, this inequality is invariant to negation transformations
(t1, ) — (—11, —12). Therefore, we can assume that t; > 0. Furthermore, we

can assume that t; < 0, since otherwise the claim is trivial.
Case I Suppose p is even. Then, by Proposition 4.1,

18p.p+v(T2) — &p.p+v (T = 18p, p+v(T2) — &p, p+v(—TD].
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Note that —71, 72 € [0, 1]. Therefore, by Holder condition on [0, 1],

18p. p+v(12) = &p. p+v(=T| < Hp |12 + 111"
p.p p.p P

At the same time, |12 + 71| < 72 — 11 by the triangle inequality, and (11) follows.
Case II Now suppose p is odd. By Propositions 4.1 and 4.3,

|gp,p+v(f2) - gp,p+v(f1)| = gp,p+u(772) + gp,p+v(_fl)~

Recall that g, ,+,(0) = 0 (Proposition 4.2). Therefore,

&p.p+v(12) = gp p+v(12) — gp,p+v(0) = Hp,v'fzv,
gp.p+v(=71) = gp prv(—=T1) — &p,p+v(0) < Hp,v(—fl)v-

Hence,
gp.p+v(12) + gp ptv(—T1) < Hp,v(fzu + (—m)").

To prove (11), it remains to show that 7, 4 (—711)” < 21=V(7y — 11)". But this follows
from the concavity of power function ¢ — V. O

Our next task is to estimate the Holder constant of g, 4+, on [0, 1]:

) — T
H,,:= max &p.p+v(12) — gp, p+o( 1). (12)
O=<t1<m=1 (o — )
Note that Proposition 4.4 allows us to remove the absolute value sign.

Theorem 5.2 For any integer p > 0, and any real v € [0, 1], we have

p
Hp, < [ +0. (13)

i=1
The proof of Theorem 5.2 is based on two auxiliary propositions.
Proposition 5.1 For any integer p > 0 and any real v, 1| € [0, 1], the function

&p,p+v(12) — gp, p+ov(T1)

14
(2 — 1) (19

lt1, +oo[— R:1p —

is monotonically increasing on ]ty, 1].

Proposition 5.2 For any integer p > 0 and any real v € [0, 1], the function

gp,p+v(T)

10,1 ] > R: 7~
I—(—1)

(15)
is monotonically decreasing on 10, 1].
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Let us assume for a moment that these propositions are already proved. Then, the
proof of Theorem 5.2 is simple.

Proof Let(Q < 11 < 1 < 1. From Proposition 5.1, we know that

gp,p+v(772) - gp,p+u(771) - gp,p+v(1) - gp,p+v("-'l)
(o — 1)’ - (I =1

Therefore, to prove (13), it remains to show that

&p.p+v(1) — gp p+v(T1) L .
a—w SE(V—H).

Recall that, by Proposition 4.2, we have ]_[{):1(1) + i) = gp,p+v(1). Thus, the
inequality we need to prove is

gp.p+v(D) — gp prv(T1)
(I —1)Y

< gp.pr(D),

or, equivalently,

gp.p+v(T1) -
—_— 1).
I—(l—1) -~ gp,p+v( )

But this follows from Proposition 5.2.

Our goal now is to prove Propositions 5.1 and 5.2.
We start with Proposition 5.1. It requires three technical lemmas.

Lemma 5.1 For any integer p > 0, and any real v, T € [0, 1],
ppin(®) = T8, 11 (D), (16)
Moreover, when p > 2,

gl’qp-i-V(T) - ‘Cg;),p-i-v(r)

> (1= (P = D+ v)(gp2.p-200(1) = T8h 5 p iy (D). (17
Proof First, let us prove (17). By Lemma 4.1, we have
& pin (@ = (1 =Ig) 1,1, (O + 0 = DTg),_y iy (1) + 0+ Dgpot pn(D).
Since g},fl’ v (t) = 0 (Proposition 4.4) and v < 1, it follows that

&y piv(@ S (U =Tgh 1 (0 + 0+ Dgp1 (D).
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At the same time, by Definition 3.1,

gppiv(@) =1 =72)gh 1,1, (D) + W+ DTgp i pru(0).

Thus,

8ppo(T) = T8 (1) = (1= T2)(gh 1 (D) = T8y iy (T)).

Applying Lemma 4.4, we obtain that

81, pin(® = (P = D(P +)gp-2 p-240(7),
21D = (0= D(p+ )8y (D),

and (17) follows.

It remains to prove (16). For p = 0, we have g, ,+, () = 1 (Definition 3.1), and
hence, ‘L’g},’erU(‘L’) = 0, and (16) is indeed true. For p = 1, by Definition 3.1, we
have g, »+v(t) = (p + v)7, and hence, tg}),p+v(r) = (p +v)1, and (16) is again
true. The general case p > 2 easily follows from (17) by induction. O

Lemma 5.2 For any integer p > 0, any real v € [0, 1], and 0 <11 <10 < 1,

(p +Vv)gp. p—24+v(12) < V(gp p+rv(T1) — Tlg;g,p+u(771))~ (18)

Proof We use induction in p. For p = 0, we have g, ,_24,(72) = 1, while
gp.pv(t1) — 1 g;,’erv(r]) = 1 (see Definition 3.1), so the claim is true. For p = 1,
we have g p—24v(2) = —(1 = V)72 < O while g p10(T1) = T18}, 1y (T1) = 0, (see
Definition 3.1), and hence, the claim is again true.

Now we prove the claim for p > 2, assuming that it is already true for all integer
0 < p’ < p — 1. According to Lemma 4.5, we have

gpp—240(@) = (1 =) (p — D(p — 2+ v)gp—2, p—tiv(12)
— (1 =v)128p—1,p—24v(12).

Since gp—1,p—2+v(12) > 0 (Proposition 4.3), we further have
8p.p—200(12) = (1 =) (P = D(p =2+ v)gp—2, p—ar(12).
If gp—2 p—4+v(r2) < 0, it follows that g, ,—24,(t2) < 0, and the proof in this
case is finished, because the right-hand side in (18) is always nonnegative in view of

Lemma 5.1. Therefore, we can assume that g,,_> ,_4+.,(72) > 0.
Since 1, > 11, then

gpp—2+v(0) < (1 =) (p = D(p = 2+ v)gp—2, pttv(T2).
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Applying the inductive assumption to p’ := p — 2, we obtain
(P =2+ V)gp-2.p—atv(12) < V(gp—2p—2+v(T1) = T1€p2 p_24, (T1)-

Hence,

gp.p—200(12) < V(1 =) (p = D)(gp-2.p-240(T1) = T18)_2 21, (7))
Thus, to finish the proof, it remains to show that

A=) (p = D(p +)(8p-2.p-210(T1) — T18) 2 p_24,(T1))
< &p,p+v(T1) = T18), iy (TD).

But this is guaranteed by Lemma 5.1. O

Lemma 5.3 For any integer p > 0, and any real v, 7o € [0, 1], the function

VEp. p+v(T1) — (P +V)&p. p—2+40v(T2)
71

10, +oo[— R : 11 > (19)

is monotonically decreasing on 10, 12].

Proof The function (19) is differentiable with derivative

V(T18) pin (T = &p, prv(T1) + (P +V)gp, p—24v(T2)

2 9
a1

which is non-positive on |0, 72] by Lemma 5.2. O
Now we can present the proof of Proposition 5.1:

Proof Since (14) is differentiable, it suffices to prove that its derivative

g;,p+v(7:2) _ v(gp. p+v(T2) — &p.p+v(T1))
(2 — 1) (t — )" *!

is nonnegative for all 0 < t; < ©» < 1, or, equivalently, that

8p pv(@) (T2 = T1) = V(gp, prv(T2) = gp, pv(T1)).
By Lemma 4.2,

V8. p0 (12) = 128} iy (12) + (P + V)8, po2n (T2). (20)
Therefore, it is enough to prove that

vgp.p+u(T) — (P +V)8gp p-2+v(R2) = 118, 10 (T2),
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or, equivalently,

Vgp,p+\ﬂ(7:l) —(p+ V)gp,p72+v (12)
71

> ) po(T2). 1)

But this immediately follows from Lemma 5.3 using (20). O
It remains to prove Proposition 5.2. For this, we need one more lemma.
Lemma 5.4 For any integer p > 0, and any real v, T € [0, 1], we have
(P +V)8pp-20(D) = —(1 = (1= D)) (0. (22)

Proof As usual, we use induction in p. The base case p = 0 is trivial, since
gp.p—2+v(t) = 1, while g;,’pﬂ(r) = 0 (see Definition 3.1). To prove the general
case p > 1, we assume that (22) is already true for all integer 0 < p’ < p — 1.

Our first step is to show that

(P+Vgpp2pr(™ = =1 =1HA =A=' ™Mgh | ()
—(p+ (1 = V)Tgp 1 p240(T). (23)
If p = 1, we have g, p—210(t) = —(1 — v)7, while g}i_l,p+u(f) = 0 and

gp—1,p—2+v(t) = 1 (see Definition 3.1), so (23) is indeed true. To justify it for all
other p > 2, we proceed as follows. By Lemma 4.5, we know that

gpp—20(0) = (1 =) (p — D(p — 2 + v)gp—2. p—ttv(T)
—(1- V)fgpfl,p72+v(f)-

Therefore, (23) is equivalent to
(P+v)(P=D(p=2+v)gp2pan(®=—1—0=1)"""g) | ).
By our inductive assumption (22), applied to p’ := p — 2, we already have
(P=2+gp2pap@®=-1-0=0"""g, 5, 2.,
At the same time, by Lemma 4.4,
(p + v)(p - 1)8;72’p72+v(r) = g;;fl’p+v(r)'
Thus, (23) is established.

Now we estimate the right-hand side in (23). Applying Lemma 4.3 and the fact that

g;,q’p“(r) > 0 (Proposition 4.4), we obtain

ghpin(@ =1 =18 | (D) + T8, 0, (1) + (P + 1)8p1.p240(T)
> (1= 1)) 1 s (D) + (P +1)8p1p-210(T).
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From this, it follows that

(1 =18y 1 (D) < 8h (D) = (P + V)81 p-240(T).
Substituting the above equation into (23), we obtain
(P +1)8p.p-2+0(1) = =(1 = (1 =)' "")g}, 1, (D)
+p A== =1 ="gp1p-210(D).

Since gp—1,p—24v(t) = 0 (by Proposition 4.3), it only remains to show that (1 —
)17V < 1 — (1 — v)7. But this follows from the concavity of power function 7 +—>
(1 =), o

Now we can give the proof of Proposition 5.2:

Proof Since (15) is differentiable, it suffices to prove that its derivative

(1= (1 =1)")g) pin() = (L =)' gy pin(T)
(1—(1—1))?

is non-positive for all 0 < v < 1. By Lemma 4.2, we have

vgp,p+V(T) = Tg;,’p_i_v(l’) +(p+ V)gp,p72+v(f)-

Thus, we need to show that
(1-o! (Tg;?,p-i-u(t) +(p+ V)gp,p—2+u(f)> > (=1 =1)"g, pr (D),
or, equivalently (by multiplying both sides by (1 — 7)!™"), that
78, (O + (P +V)gpp2p( = (=D =1+ 1)g), (D),
or, equivalently (by moving the first term into the right-hand side), that
(P+V)gpp2iv(™) = =1 —(1=1)'""g), ., (D).

But this is given by Lemma 5.4. O

To conclude this section, let us discuss the optimality of Theorem 5.2.

For odd values of p, the obtained constant ]_[f=1 (v 4 7) turns out to be optimal.
Indeed, using 71 := 0, 72 := 1 in (12) and taking into account Proposition 4.2, we
obtain that

8p.pv(12) — 8p.pv(T1) 4 .
Hpy 2 e = gp (D = [ [0+ 0.
i=1
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However, for even p, this constant is suboptimal. For example, consider the case
when p = 2. We know that

©2.240(1) = W+ 2) (w2 +1).
The corresponding optimal constant, according to Proposition 5.1, is

_ g2.24v(1) — g4 (1) v
Ha = oo, S = v D) e (- 0! )

Note that this maximization problem is logarithmically concave in 7. Taking the log-
arithm and setting the derivative to zero, we find that the maximal point corresponds

to T := 5 € [0, 1], and the corresponding optimal value is
22—1}(1 _ U)l—v
Hyy=v(+2)————— =@+ D +2).

(2—v)>~

Of course, the last inequality is strict forall 0 < v < 1.

6 Holder Continuity of Derivatives of Powers of Euclidean Norm

We have established the main properties of polynomials g, , and obtained an explicit
upper bound on their Holder constant. Hence, we are ready to prove the Holder con-
tinuity of derivatives of powers of Euclidean norm. Let us start with a simple result
that gives us a lower bound on the Holder constant.

Theorem 6.1 For any integer p > 0, and any real v € [0, 1], the Hélder constant of

D? fy1y, corresponding to degree v, cannot be smaller than

P . £ D
Cpyi= {lel(\}+l), if piseven, o4

21V ITP, (v +1i), if pisodd.
Proof According to (1), we need to show that
|Dpfp+v(x2)[h]p - Dpfp+v(xl)[h]p| > Cpyllxa —x1 "

for some x1,x; € E and some unit 2 € E. Let us choose an arbitrary unit vector
h € E, and set x5 := h. By Theorem 3.1 and Proposition 4.2,

P
D fpiy ()R] = Ix2ll”gp prn (D) = [ 0 + ).

i=1
To specify x1, we consider two cases.
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If p is even, set x; := 0. Then, D? f},,(x1)[h]” = 0 by Theorem 3.1, and

P
|D? fpin(x)[R]” = DP fru e [R)P] = [ [ + ),
i=1

which is exactly Cp, , lx2 — x1]|”. If p is odd, we take x| := —h. This gives us

p
D? fpiy (DR = 11" gp pn(=1) = = [ v + ),

i=1

where we apply Proposition 4.1 to rewrite g, p4v(—1) = gp, p+v(1). Hence,

P
D fpin(x)[h]? = DP frp, )R] = 2[ [0 +1),

i=1
which is again precisely C, , [lx2 — x1]|". O

Next we prove Holder continuity with the optimal constant along any line, passing
through the origin.

Theorem 6.2 Forany integer p > 0, and any real v € [0, 1], the restriction of D f, 1,
to a line, passing through the origin, is v-Hélder continuous with constant Cp, ,,.

Proof Let x1, x € E be arbitrary points, lying on a line, passing through the origin,
and let 2 € E be an arbitrary unit vector. According to (1) and Theorem 3.1, we need
to show that

HIx201"gp, p+v(12) = X117 8 p pv (TD] < Cpvllx2 — x1 ",

where 71 1= 1,(x1), T2 := ) (x2).

Observe that this inequality is symmetric in x; and x, and is invariant when we
replace the pair (x1, x2) with (—x, —x2). Therefore, we can assume that ||x2]| > ||x1]|
and p > 0.

Since x and x» lie on a line, passing through the origin, 71 and 7> can differ only in
sign. Hence, by Proposition 4.1, we have two options: either g, ,+.,(11) = gp, p+v(12)
or gp. p+v(T1) = —gp. p+v(T2)-

Case I Suppose g, p+v(T1) = gp, p+v(12) (While 71 can be of any sign). Then,

12201 & p. ptv(72) = IX111" g p. pv (TD] = [gp.prv (@D Ux2]1” = [[x1]1").
By Proposition 4.5 and (24), we know that
p
gp.ptv (@) < [ [0+ < Cpou. (25)
i=1
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Thus, it suffices to prove that ||x2||” — [|x1]|¥ < |[x2 — x1]|". But this follows from the
well-known inequality r, —r{ < (r2 —r1)” (which is valid for any real 0 < r| < r7)
combined with the reverse triangle inequality.

Case I Suppose gp, p+v(T1) = —gp, p+v(12) (7 0). By Proposition 4.1 and Propo-
sition 4.3, this happens only if p is odd and 71 < 0. Thus, 7] = —17, and

20”8 p, pv (12) — x111"8p, pv (T = I8p, pv (@D |12 + X1 []"). (26)

Due to (25), it remains to prove that ||x2]|” + [lx1]|" < 2'7V||x2 — x{||”. But this is
immediate. Indeed, [|x2]|” + [lx1]|” < 27V (llx2]| + [lx1])" by the concavity of the
power function ¢ +— ¥, while ||x2|| + |lx1]| = |[x2 — x1|| since the segment [x], x;]
contains the origin.. O

Our final step is to extend Holder continuity from lines, passing through the ori-
gin, onto the whole space. The main instrument for doing this is exploiting Holder
continuity of g, ,+, that we studied in Sect. 5.

Theorem 6.3 For any integer p > 0, and any real v € [0, 1], D? f,, is v-Holder
continuous with constant

2 . . .
Ay im {(p - 1)!!]—[f:/1(v +2i)+ H,,, if piseven, 27

21—y Hipzl(v +1i), if pisodd,

where H), ,, is the constant of v-Hélder continuity of gp p+v on [0, 1]. In particular,
D? fy, 1, is v-Holder continuous with constant

i oD e 420 + T 0+ i), if pis even,
U DAl § (O if p is odd.

Proof First of all, observe that the constant A, ,, is not smaller than the corresponding
lower bound C), ,, given by Theorem 6.1:

Cp,u = Ap,v~ (28)

Indeed, for odd values of p, these constants coincide. When p is even, (28) follows
from the following trivial lower bound for the Holder constant H), ,:

P r/2
Hpy > gpprv(D) = gppin() = [ +i) = (p = DI Jw +20),

i=1 i=1
where the last equality is due to Proposition 4.2.

Second, observe that we only need to prove the first claim, since the other one
follows directly from the first one and Theorem 5.2.
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Let x;,x, € E and let 1 € E be an arbitrary unit vector. In view of (1) and
Theorem 3.1, we need to show that

X2 11” gp. p4v(2) = X1l 8 p ptv (T = Apyllxz — x1l”, (29)

where 11 := 15,(x1), T2 := ) (x2).

Due to invariance of the above inequality to transformations of the form (x1, x2)
(x2, x1) and (x1, x2) — (—x1, —x2), we can assume in what follows that || x1 || < [|x2]|
and 1 > 0. Furthermore, we can also assume that x| # 0 (and hence x, # 0), since
otherwise the claim follows from Theorem 6.2.

There are now several cases to consider.

Case I Suppose g, p+v(71) < 0. By Propositions 4.1 and 4.3, this happens only if
pisoddand t; < 0. Then, g, ptv(T1) = —8p, p+v(—71), and

|||x2||vgp,p+v(1'2) — [Ix1 ||ng,p+,,('r1)| = ||x2||vgp,p+v(f2) + [lx1 ||vgp,p+v(_'f])7

where we have removed the absolute value sign, because all terms in the right-hand
side are nonnegative (see Proposition 4.3).

Since p is odd, g, p4v(0) = O (see Proposition 4.1). Therefore, by the definition
of Hp y, it follows that

&p.p+v(=T1) = &p prv(=T1) — gp,p+v(0) =< Hp,v(—flv)7
&p.pv(12) = gp prv(12) — &p,p1v(0) < Hp,v‘fgu.

Combining this with the concavity of power function ¢ > ", we obtain

2201”8, pv (T2) + X117 gp, pv (—=71) < Hpw (Ix2]172)" + (=lIx1llT1)")
<2"7H, (Ixln — Ixl)".

Note that 2! “VHp,, < Ap, by Theorem 5.2. Thus, it remains to show that [lx2 ||z —
lx1llt1 < |lx2 — x1]|. But this follows from the Cauchy—Schwartz inequality since
lx2llt2 — llx1]lT1 = (B(x2 — X1), h) by the definition of 71, 5.

Case II Now suppose g, p+v(71) > 0 (while 7| can have any sign). We prove (29)
by proving separately two inequalities with the removed absolute value sign.

First, we show that

[l1 ||ng,p+v(1'1) - ||x2||vgp,p+v(7:2) = Ap,v||x2 - x1||v~ (30)

Let xé = sz be the radial projection of x; onto the sphere withradiusr := ||x1 ]|,
centered at the origin. Note that

/7 / /! !/
n=100) =1, lInl=r=lxl, lx—xl=Ilx-—xl. &1V

The first two relations are evident. The last one follows from the fact that projections
onto convex sets decrease distances and can be explicitly proved as follows. First, by
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the Cauchy—Schwartz inequality, we have (Bxy, x2) < pllxal|?, where p := lxil <1

EA
Therefore, using the fact that xé = pxp, we obtain

2 = x1 11 = x5 — x111? = llx2 > = 16411 — 2(Bx1, x2 — x5)
= (1 —pH)x2ll* —2(1 — p)(Bx1, x2) = (1 — pH)x2]> = 2(1 — p)pllxall®
=(1-p)*x2l* > 0.

Since gp, p+v(12) > 0 (Proposition 4.3), from (31) it follows that

||xl||vgp,p+v(fl) - ||x2||vgp,p+v('52) =< Vv(gp,p+v(751) - gp,p+v(7é))-

At the same time, by Theorem 5.1,

gp,p+v(T1) — gp,erv("-'z/) =< Hp,v|7:2/ -l

Hence, ~
211" gp.p+v(T1) = 1X201" 8 p. pv (12) < Hp u(r|7y — T1])". (32)

Note that
rln —ul = lIxln = lxllnl = (B(x; — x1), h)l.
Therefore, by Cauchy—Schwartz inequality and (31), we have
rle =l < llxg = xill < llxa — x1 .
Substituting this into (32), we obtain
1117 & p, prv(T1) = 121" 8, pto (22) < Hp,llx2 = x1l”.

This finishes the proof of (30), because H pv < Ap by Theorem 5.2.
It remains to show the reverse inequality

||x2||vgp,p+v("-'2) — lx1 ||Vgp,p+v(fl) =< Ap,v||x2 —xy|”. (33)

For this, we consider two subcases.
Bxy,
Case II(a) Suppose 71 > 1. Let x| := { ”fc'zﬂxzz}

line, connecting x, with the origin, and let 7 := 7;,(x}). Then,

x7 be the projection of x| onto the

Il < Hlxally, ez = xqll < e = xl. (34)

Furthermore,
gp,p+v(751/) < gp.ptv(T2). (35)
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Indeed, if (Bxy, x2) > 0, then 7{ = 1 and g, 10 (7)) = gp,p+v(12); Otherwise,
7] = —12,and hence, g, p+v (7)) = (=1)Pgp p+v(72) (Proposition 4.1), which either
coincides with g, 4+, (72) when p is even, or becomes —g, ,+,(1t2) < 0 when p is
odd (see Proposition 4.3).

Since gp ptv(72) =< gp.p+v(t1) (Proposition 4.4), it follows from (35) that

8p.p+v(T]) < gp.p+v(t1). Using also (34) and the fact that g, ,4.,(71) > 0, we
obtain ||xi||ugp,p+v(f1/) = ||xi||vgp,p+v(fl) < lx1lI"8p.p+v(r1). Thus,

Ix201” gp. p+v (T2) = I1x111" &p. prv (1) < Nx2l”8p.ptv(72) = X1 1"8p. ptu(T)).
Note that in the right-hand side, we have the difference of the derivatives D? f, 1, (x2)

[A]? and D? f, 1, (x])[h]”, where the points x| and x; lie on a line, passing through
the origin. Therefore, from Theorem 6.2, it follows that

211" gp.p+v(T2) = 1X1 11”8 p. pv (1) < Cpllxa — x1|”,
which proves (33), in view of (28) and (34). ~
Case II(b) Now suppose 71 < 12. Denote by H), ,, the constant of v-Holder con-

tinuity of the polynomial g, ,, on the interval [—1, 1]. To prove (33), it suffices to
show that

Ix211” & p, pv (r2) — Ix1 11”8 p, p4v (T1)
< &p.p+rv O (Ix2ll” = llxe V) + Hp,v(Ix2llT2 — llx1lIT1)", (36)

Indeed, recall that ||x2||” — [|x1]]” < |lx2 — x1]|¥. Also
(lx2llr2 = lxillz)” = (B(x2 — x1), h)" < [lxa — x|
by the Cauchy—Schwartz inequality. Therefore, if (36) is true, then
1211”8 p. ptv (T2) = 511" 8. prv (1) < (@ppiv(0) + Hpo)llx2 — x1]",

where g, »4+v(0) + I:Ip,,, < A, in view of Proposition 4.2, Theorems 5.1 and 5.2.
Thus, it remains to show (36), or, equivalently, that

||x2||v(gp,p+u(t2) — &p.p+v(0)
< [lx1l1”(gp. p+v (1) = &p.p+v(O) + Hp v (X272 — [lx1ll71)".

Denote p := % € [0, 1]. We need to prove that

&p.p+v(12) — &p.p+v(0) < Pv(gp,p-i-v(fl) — &p.p+v(0) + ﬁp,u(fz —pt)’. (37)
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Note that the right-hand side of this inequality, as a function of p € [0, 1], is concave
(and well-defined, since 71 < 13). Hence, to justify (37), we only need to prove the
following two boundary cases:

p=0: gppv(12) —gpp+v(0) < I:Ip,vr;'

p=1: gp,p+v(f2) - gp,p+u(fl) =< I:Ip,v(TZ - Tl)v~

But both of them follow from the definition of H,, ,,. m|

Comparing the result of Theorem 6.3 with the lower bound C, ,, given by Theo-
rem 6.1, we see that for odd values of p, the constant A p,v 18 optimal. Unfortunately,
this is no longer true for even values of p. Nevertheless, the constant A p,v 18 still quite
accurate. Indeed, since

p/2 p/2

(p-dr=JJei-n=[Jov+2-1,

i=1 i=1
we have

p/2 14

(p— D H(v +2i) < H(v + ).

i=1 i=1

Thus, the constant Ap,,, is at most two times suboptimal: Ap,v <2Cpyv.

One may think that the reason, why we obtained a suboptimal bound for even
values of p, is related to the fact that we had used a suboptimal value for the Holder
constant H), ,, of the polynomial g, ,+, (see the corresponding discussion at the end
of Sect. 5). However, this is not the actual reason. Indeed, let us look what happens
when we use the optimal value for H), , in the particular case p = 2. Recall that the
optimal constant in this case is

2271)(1 _ l))lf\)

Hy,=v(v+2) E YA

Substituting this expression into (27), we obtain an improved estimate

22—1)(1 _ U)l—u)

Az’v=v+2+H2,U=(v+2)<v+l+v 3=y

However, this new estimate is still different from the lower bound

Coy=0+1DH+2).

At the same time, for small values of v, the difference between A, , and C, , is almost
negligible.
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7 Lipschitz Constants of Derivatives of Powers of Euclidean Norm

For even values of p, our estimate A, ,, of the Holder constant of D? f},,, was sub-
optimal. It turns out that in the special case when v = 1, it is actually very simple to
eliminate this drawback and obtain an optimal constant for al// values of p. This case
corresponds to Lipschitz continuity.

Theorem 7.1 For any integer p > 0, the derivative D? f, | is Lipschitz continuous
with constant

Cpa1=(p+ D,

where n! for a nonnegative integer n denotes the factorial of n.

Proof 1t suffices to prove that |D1’+1fp+1(x)[h]1’+1| < (p+ D!forall x € E and
all unit 1 € E. By Theorem 3.1, we have D! £, 1 (0)[R]PT! = gyt p1 (Th ().
Since |t,(x)| < 1, we obtain |[DP*! £, () [R]PT| < max(—1 1)]gp+1.p+1]- The
claim now follows from Proposition 4.5. O

8 Conclusions

In this work, we have proved that derivatives of powers of Euclidean norm are Holder
continuous and have obtained explicit expressions for the corresponding Holder con-
stants. We have shown that our constants are optimal for odd derivatives and at most
two times suboptimal for the even ones. In the particular case of integer powers, when
the Holder condition corresponds to the Lipschitz condition, we have managed to
improve our result and obtained optimal constants in all cases. We believe that in
general, it should be possible to obtain optimal constants for even derivatives as well.
However, this seems to be a difficult problem.
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