
        
    
        
            
            
                
            

            
        
    

        
    
        
            
            
                
            

            
        
    


        
    




        

        
    Skip to main content

    

    
    
        
            
                
                    
                        
                    
                
            
        


        
            
                
    
        Log in
    


            
        
    


    
        
            
                
                    
                        
                            
                        Menu
                    
                


                
                    
                        
                            Find a journal
                        
                    
                        
                            Publish with us
                        
                    
                        
                            Track your research
                        
                    
                


                
                    
                        
                            
                                
                                    
                                Search
                            
                        

                    
                    
                        
 
  
   
  Cart
 


                    
                

            

        
    




    
        
    
        
            
                
                    
    
        
            	
                        Home




	
                        Journal of Optimization Theory and Applications

	
                        Article

Deterministic Global Optimization with Artificial Neural Networks Embedded


                    	
                            Published: 12 October 2018
                        


                    	
                            Volume 180, pages 925–948, (2019)
                        
	
                            Cite this article
                        



                    
                        
                        
                    

                
                
                    
                        
                            
                            
                                
                                
                            
                            Journal of Optimization Theory and Applications
                        
                        
                            
                                Aims and scope
                                
                            
                        
                        
                            
                                Submit manuscript
                                
                            
                        
                    
                

            
        
    


        
            
                

                

                
                    
                        	Artur M. Schweidtmann 
            ORCID: orcid.org/0000-0001-8885-68471 & 
	Alexander Mitsos 
            ORCID: orcid.org/0000-0003-0335-65661 


                        
    

                        
                            	
            
                
            5960 Accesses

        
	
            
                
            127 Citations

        
	
                
                    
                4 Altmetric

            
	
            Explore all metrics 
                
            

        


                        

                        
    
    

    
    


                        
                    
                


                
                    Abstract
Artificial neural networks are used in various applications for data-driven black-box modeling and subsequent optimization. Herein, we present an efficient method for deterministic global optimization of optimization problems with artificial neural networks embedded. The proposed method is based on relaxations of algorithms using McCormick relaxations in a reduced space (Mitsos et al. in SIAM J Optim 20(2):573–601, 2009) employing the convex and concave envelopes of the nonlinear activation function. The optimization problem is solved using our in-house deterministic global solver. The performance of the proposed method is shown in four optimization examples: an illustrative function, a fermentation process, a compressor plant and a chemical process. The results show that computational solution time is favorable compared to a state-of-the-art global general-purpose optimization solver.
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Appendices
Appendix A: Convex and Concave Envelopes of the Hyperbolic Tangent Activation Function
In this subsection, the envelopes of the hyperbolic tangent function are derived on a compact interval \(D = [x^{\mathrm{L}}, x^{\mathrm{U}}]\). As the hyperbolic tangent function is one-dimensional, McCormick [39] gives a method to construct its envelopes. More specifically, as the hyperbolic tangent function is convex on \(]-\infty ,0]\) and concave on \([0,+\infty [\), its convex envelope, \(F^{\mathrm{cv}}: \mathbb {R} \rightarrow \mathbb {R}\), and concave envelope, \(F^{\mathrm{cc}}: \mathbb {R} \rightarrow \mathbb {R}\), are given:
$$\begin{aligned} F^{\mathrm{cv}}(x)= & {} {\left\{ \begin{array}{ll} \tanh (x), &{}\quad x^{\mathrm{U}} \leqslant 0, \\ {{\mathrm{sct}}}(x), &{}\quad 0 \leqslant x^{\mathrm{L}}, \\ F^{\mathrm{cv}}_3(x), &{}\quad \text {otherwise}, \end{array}\right. } \end{aligned}$$

                    (2)
                

$$\begin{aligned} F^{\mathrm{cc}}(x)= & {} {\left\{ \begin{array}{ll} {{\mathrm{sct}}}(x), &{}\quad x^{\mathrm{U}} \leqslant 0, \\ \tanh (x), &{}\quad 0 \leqslant x^{\mathrm{L}}, \\ F^{\mathrm{cc}}_3(x), &{}\quad \text {otherwise}, \end{array}\right. } \end{aligned}$$

                    (3)
                

where the secant is given as \({{\mathrm{sct}}}(x)=\frac{\tanh (x^{\mathrm{U}}) - \tanh (x^{\mathrm{L}})}{x^{\mathrm{U}} - x^{\mathrm{L}}} x + \frac{x^{\mathrm{U}} \tanh (x^{\mathrm{L}}) - x^{\mathrm{L}} \tanh (x^{\mathrm{U}})}{x^{\mathrm{U}} - x^{\mathrm{L}}}\). For \(x^\mathrm{L}< 0 < x^\mathrm{U} \), the hyperbolic tangent function is nonconvex and nonconcave. The convex envelope, \(F^{\mathrm{cv}}_3: \mathbb {R} \rightarrow \mathbb {R}\), for this case is:
$$\begin{aligned} F^{\mathrm{cv}}_3(x)= {\left\{ \begin{array}{ll} \tanh (x), &{}\quad x \leqslant x^{\mathrm{u}}_{\mathrm{c}}, \\ \frac{\tanh (x^{\mathrm{U}})-\tanh (x^{\mathrm{u}}_{\mathrm{c}})}{x^{\mathrm{U}}-x^{\mathrm{u}}_{\mathrm{c}}} \cdot (x-x^{\mathrm{u}}_{\mathrm{c}}) + \tanh (x^{\mathrm{u}}_{\mathrm{c}}), &{}\quad x > x^{\mathrm{u}}_{\mathrm{c}}, \end{array}\right. } \end{aligned}$$

                    (4)
                

where \(x^{\mathrm{u}}_{\mathrm{c}} = \max (x^{\mathrm{u}*}_{\mathrm{c}},x^{\mathrm{L}})\) and \(x^{\mathrm{u}*}_{\mathrm{c}}\) is the solution of:
$$\begin{aligned} 1 - \tanh ^2(x)=\frac{\tanh (x^{\mathrm{U}})-\tanh (x)}{x^{\mathrm{U}}-x} , \quad x \leqslant 0 \end{aligned}$$

                    (5)
                

Similarly, \(F^{\mathrm{cc}}_3: \mathbb {R} \rightarrow \mathbb {R}\) is given by:
$$\begin{aligned} F^{\mathrm{cc}}_3(x)= {\left\{ \begin{array}{ll} \frac{\tanh (x^\mathrm{o}_{\mathrm{c}})- \tanh (x^{\mathrm{L}})}{x^\mathrm{o}_{\mathrm{c}}-x^{\mathrm{L}}} \cdot (x-x^{\mathrm{L}}) + \tanh (x^{\mathrm{L}}), &{}\quad x < x^\mathrm{o}_{\mathrm{c}}, \\ \tanh (x), &{}\quad x \geqslant x^\mathrm{o}_{\mathrm{c}}, \end{array}\right. } \end{aligned}$$

                    (6)
                

where \(x^\mathrm{o}_{\mathrm{c}} = \min (x^{\mathrm{o}*}_{\mathrm{c}},x^{\mathrm{U}})\) and \(x^{\mathrm{o}*}_{\mathrm{c}}\) is the solution of:
$$\begin{aligned} 1 - \tanh ^2(x)=\frac{\tanh (x)-\tanh (x^{\mathrm{L}})}{x-x^{\mathrm{L}}} , \quad x \geqslant 0 \end{aligned}$$

                    (7)
                

In the following, we show that the convex and concave envelopes of the hyperbolic tangent function are smooth (\(C^1\)) and strictly monotonically increasing.

                  Proposition A.1

                  (Smoothness of hyperbolic tangent relaxations) The convex and concave envelopes of the hyperbolic tangent function, \(F^{\mathrm{cv}}(x)\) and \(F^{\mathrm{cc}}\), are once continuously differentiable (\(C^1\)) and in general not \(C^2\).

                
                  Proof

                  The envelopes are at least \(C^1\) because they are derived by matching the derivatives of the hyperbolic tangent function and the secant line at the inflection point for convexity. They are at most \(C^1\) because \( \frac{ \text {d}^2(F_3^{\mathrm{cv}})}{\text {d} x^2} |_{x} = -2 {{\mathrm{sech}}}^2(x) \tanh (x) \ne 0\) for \(x < x^{\mathrm{u}}_{\mathrm{c}}\) and \(\left. \frac{ \text {d}^2(F_3^{\mathrm{cc}})}{\text {d} x^2} \right| _{x} = -2 {{\mathrm{sech}}}^2(x) \tanh (x) \ne \) for \(x \geqslant x^\mathrm{o}_{\mathrm{c}}\), where \({{\mathrm{sech}}}(x)\) is the hyperbolic secant function. \(\square \)

                As shown in Proof A.1, the first derivative of the convex and concave envelopes of the hyperbolic tangent function, \(\frac{ \text {d}(F^{\mathrm{cv}})}{\text {d} x}\) and \(\frac{ \text {d}(F^{\mathrm{cc}})}{\text {d} x}\), is continuous but not continuously differentiable. The following proof shows that the first derivative of the convex and concave envelopes of the hyperbolic tangent function is Lipschitz continuous.

                  Proposition A.2

                  (Lipschitz continuity of first derivative of hyperbolic tangent relaxations) The second derivative of the convex and concave envelopes of the hyperbolic tangent function is bounded. This implies that the first derivative of the convex and concave envelopes of the hyperbolic tangent function, \(\frac{ \text {d}(F_3^{\mathrm{cv}})}{\text {d} x}\) and \(\frac{ \text {d}(F_3^{\mathrm{cc}})}{\text {d} x}\), is at least Lipschitz continuous.

                
                  Proof

                  For \(x^\mathrm{U} \leqslant 0, F^{\mathrm{cv}}(x) = \tanh (x)\) and \(F^{\mathrm{cc}}(x)={{\mathrm{sct}}}(x)\) which are \(C^\infty \). Similarly, for \(0 \leqslant x^\mathrm{L}, F^{\mathrm{cc}}(x) = \tanh (x)\) and \(F^{\mathrm{cv}}(x)={{\mathrm{sct}}}(x)\) which are \(C^\infty \). For \(x^\mathrm{L}< 0 < x^\mathrm{U}\), the second derivative of the convex and concave envelopes of the hyperbolic tangent function can be bounded by
$$\begin{aligned} \left| \frac{ \text {d}^2(F_3^{\mathrm{cv}}(x))}{\text {d} x^2} \right| \leqslant 2 \left| {{\mathrm{sech}}}^2(\tilde{x}^{\mathrm{cv}}) \tanh (\tilde{x}^{\mathrm{cv}}) \right| = 2\left| \frac{\sinh (\tilde{x}^{\mathrm{cv}})}{\cosh ^3(\tilde{x}^{\mathrm{cv}})} \right| \leqslant 2 \sinh \left( \left| x^\mathrm{L} \right| \right) \end{aligned}$$

                    (8)
                

with \(x^\mathrm{L} \leqslant x \leqslant x^\mathrm{U}, x^\mathrm{L} \leqslant \tilde{x}^{\mathrm{cv}} \leqslant x_{\mathrm{c}}^{\mathrm{u}}\), and \(\cosh (x) \geqslant 1\). Thus, \(\frac{ \text {d}(F^{\mathrm{cv}})}{\text {d} x}\) is at least Lipschitz continuous with a Lipschitz constant of at most \(L^{\mathrm{cv}} = 2 \sinh (\left| x^\mathrm{L} \right| )\). Similarly, it holds that \(\frac{ \text {d}(F^{\mathrm{cc}})}{\text {d} x}\) is at least Lipschitz continuous with a Lipschitz constant of at most \(L^{\mathrm{cc}} = 2 \sinh (\left| x^\mathrm{U} \right| )\). \(\square \)

                
                  Proposition A.3

                  (Monotonicity of hyperbolic tangent relaxations) The convex and concave envelopes of the hyperbolic tangent function are strictly monotonically increasing.

                
                  Proof

                  For \(x^\mathrm{U} \leqslant 0, F^{\mathrm{cv}}(x) = \tanh (x)\) and \({F^{\mathrm{cc}}(x)={{\mathrm{sct}}}(x)}\). Similarly, for \(0 \leqslant x^\mathrm{L}, F^{\mathrm{cc}}(x) = \tanh (x)\) and \(F^{\mathrm{cv}}(x)={{\mathrm{sct}}}(x)\). As \(\frac{ \text {d}(\tanh (x))}{\text {d} x} = 1 - \tanh ^2(x) > 0, \tanh (x)\) is strictly monotonically increasing. As \(x^\mathrm{U} > x^\mathrm{L}, {{\mathrm{sct}}}(x)\) is strictly monotonically increasing. For \(x^\mathrm{L}< 0 < x^\mathrm{U}\), the envelopes are given by (4) and (6). These are again strictly monotonically increasing because \(x_{\mathrm{c}}^\mathrm{o} > x^\mathrm{L}\) and \(x^\mathrm{U} > x_{\mathrm{c}}^{\mathrm{u}}\).\(\square \)

                Appendix B: Detailed Formulation of Peaks Case Study
The FS formulation of the peaks case study is given in Eqs. (9)–(17).
$$\begin{aligned}&\underset{\mathbf{x \in D, \mathbf z \in Z}}{\min }&y \end{aligned}$$

                    (9)
                

$$\begin{aligned}&\text {s.t.}&&\end{aligned}$$

                    (10)
                

$$\begin{aligned}&z^{(1)}_{1}&= \frac{x_{1} - x_{1}^{\mathrm{L}}}{x_{1}^{\mathrm{U}}-x_{1}^{\mathrm{L}}} \cdot 2 -1 \end{aligned}$$

                    (11)
                

$$\begin{aligned}&z^{(1)}_{2}&= \frac{x_{2} - x_{2}^{\mathrm{L}}}{x_{2}^{\mathrm{U}}-x_{2}^{\mathrm{L}}} \cdot 2 -1 \end{aligned}$$

                    (12)
                

$$\begin{aligned}&v^{(1)}_{i}&= \sum _{j = 1}^{2} (w^{(1)}_{j,i} z^{(1)}_{j}) + b^{(1)}_{i}&\forall i = 1,2,\ldots ,47 \end{aligned}$$

                    (13)
                

$$\begin{aligned}&z^{(2)}_{i}&= \tanh \left( v^{(1)}_{i} \right)&\forall i = 1,2,\ldots ,47 \end{aligned}$$

                    (14)
                

$$\begin{aligned}&v^{(2)}_{1}&= \sum _{j = 1}^{47} (w^{(2)}_{j,1} z^{(2)}_{j}) + b^{(2)}_{1} \end{aligned}$$

                    (15)
                

$$\begin{aligned}&z^{(3)}_{1}&= \left( v^{(2)}_{1} \right)&\end{aligned}$$

                    (16)
                

$$\begin{aligned}&y&= (z^{(3)}_{1} +1) \cdot \frac{y^{\mathrm{U}}-y^{\mathrm{L}} }{2} + y^{\mathrm{L}}&\end{aligned}$$

                    (17)
                

Herein, the objective (Eq. 9) is to minimize the output of the MLP, i.e., y. Equations (11) and (12) scale the DoFs (\(\mathbf x =(x_1,x_2)\)) onto \([-1,1]\). This is necessary as MLPs are usually trained on scaled data. Equation (13) computes the argument of the activation function (\(v^{(1)}_{i}\)) for each neuron in layer 2, i.e., the hidden layer. Equation (14) computes the output of each neuron in layer 2 (\(z^{(2)}_{i}\)). Equation (15) computes the argument of the activation function (\(v^{(3)}_{1}\)) for the neuron in layer 3, i.e., the output layer. Equation (16) computes the output of the neuron in the output layer (\(z^{(3)}_{1}\)). In this example, the equation is simplified because the identity output activation function is used. However, in the more general case, Eq. (16) includes a nonlinear transformation. Finally, Eq. (17) scales the output of the neuron (\(z^{(3)}_{1}\)) back to the actual domain of the training data. The FS optimization problem constitutes 99 equality constraints. The original DoF (\(\mathbf x =(x_1,x_2)\)) has the dimension \(n_x=2\). The additional optimization variables \(\mathbf z =(z^{(1)}_{1},z^{(1)}_{2},v^{(1)}_{1},v^{(1)}_{2},\ldots ,v^{(1)}_{47},z^{(2)}_{1},z^{(2)}_{2},\ldots , z^{(2)}_{47},v^{(2)}_{1},z^{(3)}_{1},y )\) have a dimension of \(n_z=99\).
The RS formulation of the peaks case study is given in Eq. (18).
$$\begin{aligned} \underset{\mathbf{x \in D}}{\min } \qquad \hat{y}(\mathbf x ) \end{aligned}$$

                    (18)
                

Herein, the objective (\(\hat{y}\)) is a function of the Dof (x). In the objective function, the complete MLP as well as the scaling of the inputs and outputs is included and effectively hidden to the B&B algorithm. The original DoF (\(\mathbf x =(x_1,x_2)\)) have the dimension \(n_x=2\). The additional optimization variables \(\mathbf z =(\emptyset )\) have a dimension of \(n_z=0\).
Finally, the bounds on \(\mathbf x \) and \(\mathbf z \) have to be provided for the FS formulation (see Table 8). For the RS formulation, only bounds on x have to be provided. The variables \(\mathbf x \) and their bounds have usually a physical meaning. In contrast, the additional optimization variables \(\mathbf z \) usually do not have a meaning. These bounds are rather lose because we intend to use the same for all optimization problems (see Table 8). Tighter bounds can be derived by natural interval extensions and are shrunk by bound tightening techniques in MAiNGO and BARON.
Table 8 Bounds on the variables of the peaks case studyFull size table
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