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In many decision problems, such as engineering design, economic analysis, financial
management, ecological protection, and military management, the indicators of deci-
sions are normally in the form of multiple, infinite, or set-valued. Sometimes, these
indicators in such optimization problems are even contradictory, which may lead to
extremely complicated situations. Therefore, how to coordinate these problems and
achieve an optimal plan is of theoretical and practical importance. Vector optimiza-
tion, initially proposed by V. Pareto at the beginning of the nineteenth century, is
a methodology in regarding to the analysis, research, and solution of the problems.
The research scope contains a wide range of areas involving vector (multi)-value and
set-valued optimization problems, generalized Ky Fan inequalities, vector variational
inequalities, vector complementarity problems, set inclusion problems, vector min-
imax problems; important areas of concrete applications are, e.g., design problems
in Mechanical and Aeronautical Engineering, calibrations of medical therapies and
vector traffic network equilibrium problems, etc. A lot of important related works have
been published since 1970s. Representative examples are:

• H. P. Benson, An improved definition of proper efficiency for vector maximization
with respect to cones. Journal of Mathematical Analysis and Applications, Vol. 71,
pp. 232–241 (1979);
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• “Multiple-Criteria Decision Making: Concepts, Techniques and Extensions” by P.
L. Yu, Y. R. Lee, A. Stam (1985);

• “Theory of Multiobjective Optimization” by Y. Sawaragi, H. Nakayama, T. Tanino
(1985);

• “Theory of Vector Optimization” by D. T. Luc (1989);
• G.Y. Chen, Existence of solutions for a vector variational inequality: an extension of
Hartman-Stampacchia theorem. Journal of Optimization Theory and Applications,
Vol. 74, pp. 445–456 (1992);

• VectorVariational Inequalities andVector Equilibria.Mathematical Theories, edited
by F. Giannessi. Series “Nonconvex Optimization and its Applications”, Vol. 38,
Kluwer, Dordrecht (2000);

• “Vector Optimization: Set-Valued and Variational Analysis” by G. Y. Chen, X. X.
Huang, X. Q. Yang (2005);

• “Vector Optimization: Theory, Applications and Extensions” by J. Jahn (2011, Sec-
ond Edition).

From 2008 to 2018, Springer has also published nine book series in vector opti-
mization, such as:

• “Adaptive Scalarization Methods in Multiobjective Optimization” (2008);
• “Sequential Approximate Multiobjective Optimization Using Computational Intel-
ligence”(2009);

• “Duality in Vector Optimization”(2009);
• “Vector Optimization with Infimum and Supremum” (2011);
• “Recent Developments in Vector Optimization” (2012);
• “Variable Ordering Structures in Vector Optimization” (2014);
• “Set-valued Optimization” (2015);
• “Vector Optimization and Monotone Operators via Convex Duality” (2015);
• “Vector Variational Inequalities and Vector Optimization” (2018).

At the same time, there have been also a lot of special issues on the topic of vector
optimization and vector variational inequalities published by some related important
international peer-reviewed journals. Typical examples are:

• Special issue on “Set-valuedOptimization” inMathematicalMethods of Operations
Research (1998);

• Special issue on “Vector Variational Inequalities” in Journal of Global Optimization
(2005);

• Special issue on “Variational Aspects of Vector Optimization” in Journal of Opti-
mization Theory and Applications (2014), etc.

The image space analysis (ISA) approach focuses on analyzing the functions of
the given optimization problem in the image space (IS). The development of ISA has
been experienced a long history. Origin of the idea of studying the images of functions
involved in the optimization problems goes back to the work of C. Carathéodory in
1935. Subsequently, R. Bellman (1957) proposed, for the first time in the field of
optimization, to replace the given unknown problem by a new one, which runs in
the image. F. Giannessi (1980) first proposed the ISA approach which opened up
a new research direction. It can be viewed as an auxiliary and effective approach
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to investigate constrained optimization problems and variational inequalities. In the
case, where the problem is nonconvex, discontinuous and non-smooth, by means of
ISA, solving such an optimization problem can be reduced to the disjunction of two
suitable subsets in the IS. When we consider the disjunction of such two sets, we
do not discuss the properties such as convexity, continuity and differentiability of
objective and constraint functions directly. Hence, ISA provides a unified framework
for theoretical research on nonconvex, discontinuous and non-smooth constrained
optimization problems. Compared with those results achieved in the given space, the
analysis in the IS usually leads to more general results as compared with the traditional
ways. In 2005, thefirst relatedmonograph “ConstrainedOptimization and ImageSpace
Analysis Volume 1: Separation of Sets and Optimality Conditions” was published by
Springer. Till now, there are more than 200 papers published on the topic of ISA.

This special issue is dedicated to Professor Harold P. Benson on the occasion of his
68th birthday and in recognition of his many contributions in mathematical program-
ming, optimization,management science, vector optimization andglobal optimization,
among other areas. Among his many outstanding fundamental contributions in scien-
tific work, we wish to mention particularly those listed below:

• The efficient outcome set of a multiple objective convex program with linear crite-
rion functions and the algorithms for finding efficient points in the outcome sets;

• Benson proper efficient solutions of vector optimization problems;
• Complete efficiency, the domination property, finding an initial efficient point for
algorithmic purposes, optimization over an efficient set, and conditions for the
closedness of efficient sets;

• A branch-and-bound algorithm and a customized method for globally minimizing
a concave function over a compact convex set;

• Algorithms for solving globally the optimization of sums of ratios of functions
subject to a finite number of constraints.

This special issue collects 18 papers on recent advances in the areas of vector
optimization and the ISA approach, in particular, how to apply the ISA method for
studying vector optimization problems.

We appreciate the efforts made by the authors, who submitted their works to the
special issue and the referees for providing detailed review comments. We hope that
this special issue may stimulate and promote further research in the future.
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