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Abstract The split common fixed point problem (also called the multiple-sets split
feasibility problem) is to find a common fixed point of a finite family of operators
in one real Hilbert space, whose image under a bounded linear transformation is a
common fixed point of another family of operators in the image space. In the literature
one can find many methods for solving this problem as well as for its special case,
called the split feasibility problem. We propose a general method for solving both
problems. The method is based on a block-iterative procedure, in which we apply
quasi-nonexpansive operators satisfying the demi-closedness principle and having a
common fixed point. We prove the weak convergence of sequences generated by this
method and show that the convergence for methods known from the literature follows
from our general result.
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Quasi-nonexpansive operators - Block-iterative procedure - Demi-closedness principle
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1 Introduction

In 1994 Censor and Elfving [1] introduced a notion of the split feasibility problem
(SFP), which is to find an element of a closed convex subset of the Euclidean space
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whose image under a linear operator is an element of another closed convex subset
of a Euclidean space. Byrne [2] proposed a CQ-method for solving this problem and
proved the convergence of sequences generated by this method to a solution. Qu and
Xiu [3,4] studied the CQ-method in which the metric projections are replaced by
subgradient projections, and proved the convergence of the method in the consistent
case. Xu [5] extended the method of Qu and Xiu to Hilbert spaces and proved the weak
convergence. Some versions of the method with an application of quasi-nonexpansive
operators satisfying the demi-closedness principle were studied by Moudafi [6,7].

The split feasibility problem is a special case of the split common fixed point
problem (SCFPP), introduced by Censor and Segal [8]. The problem is to find a
common fixed point of a finite family of operators defined on a real Hilbert space,
whose image under a bounded linear transformation is a common fixed point of another
family of operators defined on a real Hilbert space. The problem is also called the
multiple-sets split feasibility problem (MSSFP) [9]. The problem was studied in [8—
13], where various methods were proposed for solving it.

In this paper we study the behavior of a general method for solving the SCFPP;
we prove the weak convergence of sequences generated by this method and show that
the convergence of several known methods follows from the results presented in the
paper.

The paper is organized as follows. In Sect. 2 we recall some facts regarding quasi-
nonexpansive operators, which we apply in this paper. In Sect. 3 we present various
methods known from the literature for solving the split common fixed point problem.
In Sect. 4 we show that the class of strongly quasi-nonexpansive operators having
a common fixed point and satisfying the demi-closedness principle is closed under
convex combination and composition. The main result of the paper is contained in Sect.
5, where we show in particular that a block-iterative CQ-type method with intermittent
control in which the metric projections are replaced by strongly quasi-nonexpansive
operators satisfying the demi-closedness principle generates sequences converging to
a solution of a consistent SCFPP. In Sect. 6 we give several examples, where we show
that the weak convergence of methods known from the literature follows from the
results presented in Sect. 5.

2 Preliminaries

Let H be a real Hilbert space equipped with an inner product (-, -) and with the
corresponding norm || - ||. In this Section we recall some definitions and facts which
we apply later. We say that an operator S : H — H having a fixed point is «-strongly
quasi-nonexpansive (¢-SQNE), where o > 0, iff for all x € H and all z € FixS it
holds

152 = 2l < llx = zlI* — & [|Sx — x]*. M

If « > 0, then we call an «-SQNE operator strongly quasi-nonexpansive. A
0-SQNE operator is called guasi-nonexpansive. An extended collection of properties
of SQNE operators can be found, e.g., in [14, Chap. 2]. We say that § is a cutter iff

(x —8Sx,z—Sx) <0 (2)
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for all x € H and all z € FixS. An operator S is a cutter if and only if it is 1-SQNE.
In the literature a cutter is also named a directed operator [8], a 7 -class operator [15],
a firmly quasi-nonexpansive operator [16], or a separating operator [17]. The name
cutter was introduced in [18]. Denote by S, := Id + A(S — Id) a A- relaxation of an
operator S, where A > 0.

Now we recall some properties of SQNE operators. An operator U is «-SQNE,
where o > 0, if and only if U is a A-relaxation of a cutter S (also called a A-relaxed
cutter), where A € ]0,2] and o = Z_TA (or, equivalently, A = ﬁ [14, Theorem
2.1.39]. In particular, U is QNE if and only if U = 2§ — Id for a cutter S [15,
Proposition 2.3]. The latter can also be expressed as follows: U is QNE if and only
if §:= %(U + Id) is a cutter [14, Corollary 2.1.33(ii)]. Moreover, U is a A-relaxed
cutter, where A € ]0, 2] (or, equivalently, «-SQNE, where o = 2%)‘ € 10, +o0) if
and only if

MUx —x,z—x) > |Ux —x|? (3)

for all x € H and all z € FixU [14, Remark 2.1.31]. The above properties lead to the
following: An operator U is «-SQNE, where o > 0, if and only if U is a A-relaxation
of a QNE operator, where A € 10, 1] and o = 1;—}‘

Example 2.1 (metric projection) Let C € H. A point y € C satisfying ||y — x|| <
llz — x|| for all z € C is called a metric projection of x onto C. It is well known that
if C is closed convex, then for any x € H, the metric projection Pcx exists and is
defined uniquely. Moreover, Pc is a cutter (see, e.g., [14, Theorem 2.2.21]).

Example 2.2 (subgradient projection) Let f : H — R be a continuous convex func-
tion with S(f,0) := {x € H : f(x) <0} # . The subset

0f(x):={geH:(gy—x)=f(y) - fx)forally e H}

is called a subdifferential of f at x € H, and its elements are called subgradients of
[ atx. A subgradient projection Py : H — "H is defined as follows:

fx) .
X = x), if f(x) >0,
Py(x) == [ IIgf(x)Ilzgf( ) S )' @
x otherwise,

where g¢(x) € df(x) is a fixed subgradient, x € H . Note that for any x € H the
subgradient projection Py(x) depends on a selection g7(x) € df(x). Nevertheless,
the properties of Py do not depend on these selections. We have FixPy = S(f, 0),and
Pyrisacutter [14, Lemma4.2.5 and Corollary 4.2.6]. For any A € ]0, 2], the relaxation
Py, of a subgradient projection Py is «-SQNE, where o = 2% In particular, Py =
2Py — Id is QNE. If we set f(x) = d(x,C) = infyec ||y — x|, where C € H
is a closed convex subset, then f is convex and differentiable for all x ¢ C and
grx) = ﬁ [14, Lemma 2.2.28]. Therefore, Py.c) = Pc, i.e., the metric
projection 1s a special case of a subgradient projection.
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An important role in fixed point problems, especially in methods for solving
SCFPPs, is played by operators satisfying the demi-closedness (DC) principle, i.e.,
operators S : { — H having the following property:

(x* = x and H Sxk — xk H — 0) => x € FixS$. (5)

We also say that S — Id is demi-closed at 0. Opial proved that nonexpansive operators
satisfy the DC principle [19, Lemma 2]. The same property applies to subgradient
projections for convex functions which are Lipschitz continuous on bounded subsets
(see [14, Theorem 4.2.7] ). See [20] and [18] for related results.

3 Split Common Fixed Point Problem and Solution Methods

Let ‘H, Hi, and H; be real Hilbert spaces and A : H; — H> be a bounded linear
operator with ||A|| > 0. Further, let U; : H; — Hi,i € I := {1,2,..., p} and
T; : Ho — Ho, j € J := {1,2,...,r}, be quasi-nonexpansive operators with
C = (), FixU; and Q := ﬂje] FixT;. The split common fixed point problem
(SCFPP) is to
find x* € (7] FixU; with Ax* € (] FixT}. (6)
iel jeJ

The SCFPP in Euclidean spaces was introduced by Censor and Segal [8] . The
problem is also called the multiple-sets split feasibility problem (MSSFP) [9], espe-
cially in the case if C; := FixU; and Q; := FixT; have the forms which allow us to
calculate the metric projections Pc, onto C; and Py ; onto Qj,i €1, j e J. Denote
C =g Ci, O = ﬂje] Qiand F :={x e C: Ax e Q} =CnN A7(0).
The MSSFP can be considered even if F = ¢} by introducing a proximity function
f :'H1 — R. In this case one seeks a minimizer of f. Censor et al. [9] proposed the
following proximity function:

2

(N

1 14 1 r
f) =5 D || Pex — x|+ 5 2 Bi | Po,(Ax) - Ax|
i=1 j=1

where @; > 0,i € I,and B; >0, j € J.
If p = r =1, then the MSSFP is reduced to the split feasibility problem (SFP):

find x € C with Ax € Q. 8)

The SFP was introduced by Censor and Elfving in [1]. Byrne [2] proposed the
following method for solving the problem in R” and called it the C Q-method:

A
Mk+l = PC (uk + WA*(PQ(Auk) - Auk)) ’ (9)
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where 4 € R" is arbitrary, C € R”, 0 € R™ are closed convex subsets, A is an
m X n nonzero matrix, ||A|| denotes its spectral norm and A € ]0, 2[. Byrne proved
the convergence of x* to a minimizer of a proximity function f : C — R defined by
2

1
fx) = 3 | Po(Ax) — Ax| (10)

if such a minimizer exists. Note that the proximity function (7) with p = r = 1
differs from (10), and in the case F = (J the minimizers of (7) and (10) may differ.
Nevertheless, if F' # , then the subsets of minimizers of both proximity functions (7)
with p = r = 1 and (10) coincide, and any minimizer of these functions is a solution
of (8). Moreover, if F' # ¢, then the minimal value of both proximity functions is equal
to 0. If Q is a solution set of a system of linear equations, then iteration (9) is known as
the projected Landweber (PL) method [2]. This name we will also use in the general
case. Yang [21] studied the SFP in R” with F' # ¢ and modified the PL. method by
replacing the metric projections Pc and Py in (9) by subgradient projections. More
precisely, the method has the form

A
S . (uk A () - Auk)> , (11)

where u® € R" is arbitrary, P. and P, denote subgradient projections for ¢ : R" — R
and ¢ : R™ — R being convex functions, C := {x € R" : ¢(x) < 0} # ¥ and
0 ={y e R" : g(y) <0} # . Qu and Xiu studied the convergence of the PL
method (9) in R", where the constant A was replaced by A; which was calculated by
the Armijo-like search rule [3, Theorem 3.1]. Qu and Xiu also studied method (9) in
which the metric projections Pc and Py are replaced by subgradient projections P,
and P,. This study was continued in [4], where a method related to a reformulated
problem was proposed. Cegielski [22] studied the convergence of an extrapolated PL
method for a linear split feasibility problem in R”. Xu studied the SFP with F' # ¢} and
proved the weak convergence of sequences generated by method (11) in Hilbert spaces
[5, Theorem 4.1]. Zhao and Yang [23] studied the PL method in Euclidean spaces,
where the metric projections onto C and Q were replaced by metric projections onto
subsets Cy and Qj which converge in the Mosco sense to C and Q, respectively,
and proposed sufficient conditions by which the sequence u* converges to a solution.
Moudafi [6] studied the SFP with F' # ¢ in Hilbert spaces and proposed the following
method:

uk T = Uy, (uF + y A* (T (AuY) — Aub)), (12)

where u® € H; is arbitrary, U : H1 — Hj and T : Hy — H, are demi-contractive
operators with FixU = C # ¢ and FixT = Q # 0, satisfying the demi-closedness
principle, o and y are some positive parameters, and U, := Id + «(U — Id) denotes
the a-relaxation of U . The study was continued in [7], where U and T are supposed to
be quasi-nonexpansive operators satisfying the demi-closedness principle, 0 < y <
1/||A||2, o € (6,1 —§) for some small § > 0. Censor et al. [10] studied SCFPP in
R”" with F' # ) and proposed the following method:
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P r
W =y [ D (Pt —db) + D7 B AT (P (Adh) — adb) ) (13)
i=1 j=1

where ¥ € R"is arbitrary,a; > 0,8; > 0,¢; : R" — Randg; : R" — Rareconvex
functions, C; :=={x e R" : ¢;(x) <0} #0, Q; :={y e R" : g;(y) < 0} # 0,
iel,jeJ,and

V4 r
0<y <2/ D ei+1AI>D 8 ) (14)
i=1 j=I
This study was continued by Censor and Segal in [8], where the subgradient projec-
tions P, and Pq/. in (13) were replaced by directed operators U; and Tj,i € I, j € J,
satisfying the closedness principle. The iteration proposed by Censor and Segal has
the form

P r
W=k 4y Zai(Uiuk M+ ZﬁjA*(Tj(Auk) —AdH). a3
i=1 j=1

Some further algorithms for solving the SCFPP with F # ¢, defined in Hilbert
spaces were proposed by Xu in [12, Sect. 3.2]. Denote

p
P = ZO{,‘ Pc,,
i=1

where a; > 0,i € I, Y7 o = 1and

S:=1d+y > Bi(A*(Pg; — Id)A),
j=1

where 8; > 0, j € J,and 0 < y < 2/(||A||2 Z;:l B;) and Id denotes the iden-
tity operator. Xu proposed three algorithms presented below and proved the weak
convergence to a solution for sequences generated by these algorithms:

wt = Pc,SPc, |S... Pc,Suf, (16)
[12, Theorem 3.3],
W = psuk (17)
[12, Theorem 3.4] and
W = pe. Sk, (18)
Ik

where 1 € H, is arbitrary, iy = k(modp) + 1 [12, Theorem 3.5]. SCFPP (6) with
p = rand F # { defined in Hilbert spaces was studied by Wang and Xu in [13,
Lemma 3.1], where the following method was proposed for solving this problem:
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A
A2

=y, (uk + A*(T;, Ak — Auk)) : (19)

where u® € H, is arbitrary, A € 10, 2[, U;, T; are 7 -class operators satisfying the

demi-closedness principle, i € I, and iy is a cyclic control, i.e., iy = k(modp) + 1.
Censor et al. [9] introduced the following constrained multiple-sets split feasibility
problem: find x € Q such that x € C := ;; C; with Ax € Q := [, Q;, where
Q,C; € R", Q; € R™ are closed convex subsets, i € I, j € J, and proposed the
following method for solving the problem:

V4 r
u =Py [ uf +y Z(xi(Pciuk —ufy + Z,BjA*(PQjAuk —Au®) ] ],
i=1 j=1

(20)
where 19 € R” is arbitrary, ; > 0, B; > 0,i € I, j € J, and y satisfies (14).
Censor et al. proved the convergence of u* to a minimizer of the proximity function
f : @ — R defined by (7) [9, Theorem 3]. Masad and Reich [11] generalized this
result and proved the weak convergence in a Hilbert space. In Sect. 5 we suppose that
F # ¢ and prove that the weak convergence of sequences generated by methods (9),
(11) (12), (13), (15), (16), (17), (18), and (19) presented above follows from a general
result.

4 Properties of Quasi-nonexpansive Operators Satisfying the Demi-closedness
Principle

In this section we present some properties of QNE operators satisfying the DC prin-
ciple, which we will apply in Sect. 5. The following Lemma is a slight generalization
of [13, Lemma 3.1 and Theorem 3.3].

Lemmad4.1 Let A : Hy — H> be a bounded linear operator with ||Al > 0 and
T : 'Hy — 'H> be an operator satisfying T Aw = Aw for some w € Hj. Further, let

Vi.=1d+ WA*(T — Id)A. If T is «-SONE, where a > 0, then

(i) FixV = A-Y(FixT) and
(ii) V is a-SONE.

If, moreover, T satisfies the DC principle, then V also satisfies the DC principle.

Proof As mentioned before, T' is «-SQNE, where o > 0, if and only if
MTu—u,y—u) > ||Tu—ul? 1)

for all u € H> and all y € FixT, where A = 2/(a + 1) €]0, 2]. Note that z €
A~V(FixT) if and only if Az € FixT.

(i) D Let Az € FixT. Then Vz = z + (WA*(TAZ — A7) =1z
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C Let z € FixV. Then, of course, A*(T Az — Az) = 0. Let w € H; be such that
Aw € FixT. We have

ITAz — Az||®> < MT Az — Az, Aw — Az) = M(A*(TAz — A7), w — z) = 0,

ie., Az € FixT.
(i) Let z € FixV. Because Az € FixT, inequality (21) and equality ||[A*| = | A||
yield

MVx —x,z—x)=X{ A*(TAx — Ax), z — x)

IA]>

= )L ((TAx — Ax), Az — Ax)

A2
1 s 2
= g 1T A = Axll? = S 1T Ax = Ax
2
>;||A*(TAx—Ax)H2= L erax — An)
~ A A2
= [Vx — x|,

i.e., V is a A-relaxed cutter, or, equivalently, an & -SQNE operator.

Now suppose that T satisfies the demi-closedness principle, i.e., y* — y together
with |Ty* — y*|| — 0 imply y € FixT. We prove that V also satisfies the demi-
closedness principle. Let x* — x and ||V x* — x*|| — 0. Clearly, for any u € H»

li;n(Axk — Ax,u) = 1i]£n<x’< —x, A*u) =0,

i.e., Ax¥ — Ax. Choose an arbitrary z € FixV. By (i), Az € FixT. By (21), by the
boundedness of x* and by the Cauchy—Schwarz inequality, we have

2
”TAxk - Aka < MTAxE — Axk, Az — AxK)
1
A2

< AlA|2 Hka —ka : Hz —ka S 0ask — oo.

= Al A% A*(TAXF — Ax%), 7 — x)

Consequently, limy ||T(Axk) — Axk || = 0. This, together with Ax* — Ax, gives
Ax € FixT,ie.,x € A’I(FixT) = FixV, and the proof is completed. O

Remark 4.1 If we set o« = 1 in Lemma 4.1, then T and V are cutters, and we obtain
the result of Wang and Xu [13, Lemma 3.1 and Theorem 3.3].
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Denote L :={1,2,...,m} and

m
Ay = [w = (1,2, ..., wm) € R™: w; > 0and Zw,- = 1}. (22)

i=1

Theorem 4.1 Let S; : H — H be p;-SONE operators satisfying the DC principle,
i€L, ;e FixSi # @ andlet S = Zf"zl w; S;, where w € A,,. Then S is a p-SONE
operator, with p :== > | ([%)’1 — 1 and S satisfies the DC principle.

Proof The fact that S is p-SQNE follows from [14, Theorem 2.1.50]. Now we
prove that S satisfies the DC principle. Let z € ();, FixS$;, ¥ —~ x* € H and
H Sxk — xk H — 0. Clearly, x* is bounded as a weakly convergent sequence. There-

fore, there is R > 0 such that ||xk — z|| < R. By [24, Proposition 4.5], we have

m

1
g 2 @ipillSixt =2 < st — ),
i=1

consequently, ||S,~xk — xk | = 0,i € L. The demi-closedness of S; — Id at O yields
now x* € FixS;,i € L,i.e., x* € ﬂieL FixS; = FixS [25, Proposition 2.12(i)], and
the proof is completed.

Theorem 4.2 Let S; : H — H be p;-SONE operators satisfying the DC principle,
ielL, ﬂieL FixS; #@andlet S = S;;,Si—1...S1.Then S is a p-SONE operator, with
p=_C00n, ,ol._l)_l, and S satisfies the DC principle.

Proof The fact that S is p-SQNE follows from [14, Theorem 2.1.48]. Now we prove
that S satisfies the DC principle. Without loss of generality we suppose that m = 2.
Let z € FixS$; NFixS$y, x¥ — x* € H and ||Sx* — x¥| — 0. Clearly, x* is bounded
as a weakly convergent sequence. Therefore, there is R > 0 such that ||xk - z“ <R.
By [24, Proposition 4.6], we have

1 2 2

= (m 5165 = 55"+ o2 | s2810% — s14% ) < ISk — 2],

where p; > 0 denotes the SQNE constant of S;, i = 1,2. Consequently,
[S1x% — x*| — 0 and ||$2S1x* — Syx*| — 0. The demi-closedness of §; — Id
at 0 yields x* € FixS. Furthermore,

yE= Sk = 2k 4 (81K = xF) — x*.

The demi-closedness of S, — Id at 0 yields x* € Fix$,. Consequently, x* € FixS; N
Fix$, = FixS§ [25, Proposition 2.10(i)], and the proof is completed.

Consider a method, which is slightly more general than the cyclic method of Wang
an Xu (19). Suppose that p = r, U;, V;, i € I, are cutters, relaxation parameters
A, i € 10, 2[ and define the following iteration:
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A
A2

T =uy, (uk + AX(T;, AuF — Auk)), (23)
where i is the cyclic control, i.e., iy = k(modp) + 1. Applying notation (28) we can
write method (23) in the form

Wkt = Uy, Vil (24)

Define
U=UpVpsUp-1,uVp_in...UuVia

and consider the iteration

Note that U is an SQNE operator satisfying the DC principle as a composition of SQNE
operators satisfying the DC principle. Therefore, we easily obtain the following.

Proposition 4.1 For any starting point y° € H the sequence y* generated by (25)
converges weakly to a point y* € F.

Proof Since an SQNE operator U is asymptotically regular (see, e.g., [14, Theorem
3.4.3]), the proposition follows from [14, Theorem 3.6.2(1)]. O

The relationship y* = u?* between the sequences u* and y* generated by (24) and
(25) is clear. Consequently, { yk},fio is a subsequence of {uk},fio. This observation
together with Proposition 4.1 leads to the following result which is quite more general
than [13, Theorem 3.2].

Corollary 4.1 For any starting point u® € Hj the sequence u* generated by (24)
converges weakly to a point u* € F.

Proof Clearly, the sequence {uX Jr—o is Fejér monotone with respect to F (i.e., for
any z € F the sequence {llu* — z|[}72 is decreasing), because the operators U;,, and
Via,i=1,2,..., p, are SQNE. It follows from Proposition 4.1 that the sequence
{(uPk } oo converges weakly to an element of F" as k — +00. In a similar way one can
prove that forany i = 1,2, ..., p — 1 the sequence {uP+ Yooy converges weakly to
an element of F as k — +o00. Therefore, all cluster points of the sequence {uk},fio

belong to F and the weak convergence of u* to an element of F follows from [25,
Theorem 2.16(ii)]. O

In the next section we will prove a result which is stronger than Corollary 4.1.

5 Convergence Results

In this section we study the behavior of the following method for solving the SCFPP:

)4 r
=2y [ D kUit =2+ DT Atk - axh | o)
i=1 j=1
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where x0 € H is arbitrary, ozf‘ >0,iel, ,Bf >0,jeJ,and

p r
0<wy <1/ af +1AIPD 85|, @7)
i=1 j=1

k > 0. Since an operator U is QNE if and only if S := %(U + Id) is a cutter, we can
suppose equivalently that U; and T;,i € I, j € J, are cutters in (26) and that

)4 r
0<y <2/ D af + 141> D B

i=1 j=1

Define

V,=1d+ ( AX(Tj — Id)A), (28)

1
A2

Jj € J, where Id denotes the identity operator. Then we obtain the following form of
(26):

P r
= Xk g Z (/L Z uh(vixk = x|, (29)
i=1 j=1
where
p r
o=y | Do H1AIP DB (30)
i=1 j=1
=y =0iel, (31)
W = By IANP /M = 0, ) € J, (32)
and

r

P
Db+ k=1 (33)
i=1 j=1
Moreover, A, € 10, 1 if we apply SQNE operators U;, V; in (26) and in (29), and
Ak € 10, 2[ if we apply cutter operators U;, V; in (26) and in (29).
First we consider a special case of (29) in the form of the following block-iterative

procedure:
m
U= K (Z WUk — xk), (34)

i=1

where x? € H is arbitrary, U; : H — H are QNE operators, i € L := {1,2,...,m},
ur € [e, 1 — ¢] for some small ¢ > 0 and wk = (a)ll‘, wé, e, a),’jl) € A,,. Denote
Ly:={ieL:of >0}k=>0.

Before we formulate a convergence theorem, we recall the notion of an intermittent
control (cf. [25, Definition 3.18]).
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Definition 5.1 Let Ly € L := {1,2,...,m}, k > 0. We say that the sequence
{Li}32 is s-intermittent, where s > 1, or intermittent, iff for any k > 0 it holds

LiULgp1U...ULpyg—1=0L.

If Ly = {l;}, for all k > 0, i.e., Ly are 1-element subsets, then an s-intermittent
sequence {/t}2,, is called s-almost cyclic or almost cyclic. An m-almost cyclic
sequence {2 is called cyclic.

If we apply intermittent (almost cyclic, cyclic) sequences to a block-iterative pro-
cedure (34), then we say that the control in (34) is intermittent (almost cyclic, cyclic).
If we apply a cyclic control {/;}72,, then we can suppose without loss of generality
that [, = k(modm) + 1.

Theorem 5.1 LetU; :'H — Hbe ONE,i € L, C := ;. FixU; # @ and U; satisfy
the DC principle, i € L. Let {xk},fio be generated by iteration (34) with wk e A,
where

a)f‘ >8> 0foralli € L.

If {Li )32, is intermittent, then for arbitrary starting point x0 e H the sequence xk

converges weakly to a point x* € ;o FixU;.

Proof Obviously, FixT; 2 C. Iteration (34) can be written in the form XK = Xk,
where T} := Id + ak(zl’-';l a)f?S,- —1d), S; := %(Ul- + Id), i € L, are cutters and
o = 2ug. Let z € F. We have

m
2 2 / 2
1Tx = 2> < llx = 2> — @ — o) D o} [ISix — xII?,
i=1

I = 0 (see [14, Theorem 4.8.2]). This together with the convexity of the function |- IR
yields

m
17x = 21> < llx — 2l = w1 = ) D e NUix — x|
i=1

m
waUix —X

i=1

2
< lx —zl* = w1 — )

1 —
ITx — x|? (35)

2
= llx —zlI* -

for all x € Hj, !l > 0, in particular, for / = k and x = x*. Therefore, ||xk —z] is
decreasing, and {x* }oo is bounded. Let x* be a weak cluster point of {xk},fio and let
{x" 2, € {xk},fio be a subsequence with

X~ x*, (36)
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Lets > 1 besuchthat Ly ULgy1 U... ULk = L forall k > 0. If we set
I =ng+s—1and x = x5~ in (35), then we obtain

||xnk+s - Z”2 = ‘ Tnk+s—1xnk+S7] - ZH2
2
= ‘xnk+S7l - ZH - /'Lnk+s—l(1 - Mnk+s—l)
m 2
« Zw;lk+s—l H U,')an+s7] _ xnkJrsf] H
i=1
< ‘xnkﬂ—l _ H2 _ I — tpgys—1 ‘ Tnk+sflxnk+s_l — yets—l H2 )

Mnp+s—1

If we iterate the above inequalities s-times, we obtain

s—1 m
S Y PO SRUTU) i) ST |

j=0 i=1
—1
" . ; . 12
< ‘x k_ ZH — LT Bty ” Ty jx T — xmictd H
Mong+j
Let i € L be arbitrary and let r, € {0,1,...,5s — 1} be such that i € Ly, 1.
Because ||x* — z|| is decreasing, limy |x"** — z|| = lim Hx"k — z||. Furthermore,

the inequalities 0 < & < py+j <1 —¢& < 1yield

lim ‘ XL it H = lim ‘ L L H —0 37)
forall j € {0,1,...,s — 1} and
li;?l || Ujx"e e — Mtk H =0, (38)
by w?k+rk > § > 0. Now (36) and (37) yield
re—1
M — e g z(xnk+j+1 Y (39)
=0

By equalities (38), (39) and by the demi-closedness of U; —Id at 0, we have x* € FixU;.
Because i € L is arbitrary, x* € ();., FixU; = C. We proved that any cluster point
of {xk},fio belongs to C. Therefore, the whole sequence {xk},fio converges weakly to
x* [25, Theorem 2.16(ii)]. O

Remark 5.1 Theorem 5.1 differs from a similar result for a more general model [14,
Theorems 5.8.15(i) and 5.8.11], where instead of the assumption that U; satisfy the
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DC principle, there is supposed some relation between U; and Prixy;, i € L, which
should be satisfied for sequences generated by method (34). If U; are nonexpansive,
then the weak convergence of sequences x* generated by (34) can be deduced from
[25, Theorem 3.20].

Now we consider the SCFPP (6) and the following iteration

1
Al

p r
K =k o (Do vFwit =+ D>k AX(Ti(Ax) — AxM) | (40)
j=1

i=1

where x0 € H is arbitrary, A € [g, 1 — €] for some small ¢ > 0, v;‘, u’/‘ > 0 for
alli,e I,j € J,k >0, and Zle vf‘ + Z;’:l /ﬂj‘ = 1. One can show that the CQ-
method of Byrne [2] is a special case of iteration (40) (see Example 6.1). Therefore, we
call iteration (40) a block-iterative CQ-type method. Denote Iy = {i € I : v{‘ > 0},
Je={j€J:u>0),C:= e Fixl, Q =, FixVjand F := CNA~'(Q).

Corollary 5.1 Let U; : Hy — H V; : Ho — Ha be ONE, i € I, j € J, with
F # 0, U;-Id and V; —1d be demi-closed at0,i € I, j € J. Let {xk},‘:io be generated
by iteration (40) with vf > 8 > 0 for all i € Iy and ,ﬂ; >8> 0forall je J. If
{I}2y € I and {Ji}72, S J are intermittent, then for an arbitrary starting point

x0 € Hy, the sequence x* converges weakly to a point x* € F.
Proof Denote m = p +r, L := {1,2,...,m} and define U; = V,_, =
A AN (T, — 1A, i=p+1,p+2,....m,
Al p
k. fori=1,2
k.| vis ori =1,2,...,p,
@i = ,uf‘_p, fori=p+1,p+2,....m
and Ly = {i € L : wf.‘ > 0}. Note that if I; is sj-intermittent and J is sp-
intermittent, then Ly is s-intermittent with s = max{sy, s2}. Because the operators
Vi = WA*(Tj — Id)A are QNE and satisfy the demi-closedness principle (see
Lemma 4.1 with « = 0), the corollary follows from Theorem 5.1. O
6 Examples

In the examples below we show thatin the case F' # ) the convergence for the methods
described in Sect. 1 follows from Corollary 5.1. In the first two examples we consider
SFP (8) defined on Hilbert spaces H; and H> and suppose that F' # (.

Example 6.1 LetU : ' H1 — Hj and T : Hy — H, be QNE operators with FixU =
C, FixT = Q, and satisfying the demi-closedness principle. Consider the following
iteration

B

uk ! = Uy (uk + WA*(T(Auk) - Auk)) ) 41)
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where u° € H; is arbitrary, ay, Bx € [g, 1 — €] for some ¢ € 10, 1[, and Uy, denotes
the oy -relaxation of U. We can write equivalently uf+! = Ue Vg, u*, where Vg, ==

Id+ ”ﬁﬁA*(V — Id)A is a By -relaxation of the operator V := Id+ WA*(T —1d)A.

Define the sequence x* in the following way:

e 42
Uy, ¥, if k is odd, “2)

N ka + L A¥(T (AxK) — AxK)), if k is even,
where x9 = 40. Clearly, (42) is a special case of a block-iterative procedure (40) with
p=r=l,U1=U,T1=T,

1, if k is even,

_ | B, ifkiseven, ; ] O0,if kiseven, k
* _[ and =10, if k is odd,

oy, if k is odd, V= 1, if k is odd,

We easily see that Ly is 2-intermittent. Because 7 is QNE and satisfies the DC prin-

ciple, the operator V := Id + WA*(T — Id)A is also QNE and satisfies the DC

principle (see Lemma 4.1). The weak convergence of x* to a point x* € F follows
now from Corollary 5.1. We have u* = x| i.e., {uk},fio is a subsequence of {xk},fio.
This yields the weak convergence of 1 to x*. Note that iteration (12) is a special case
of (41) with By = B € ]0, 1[. Moreover, iteration (11) is a special case of (41) with
Bk=B8€]0,1[LU=2P. —1d, T =2P; —1d, wherec: H; - Randg : H, — R
are continuous convex functions which are bounded on bounded subsets. Therefore,
the results of Yang [21, Theorem 1], of Moudafi [7, Theorem 2.1] follow from Corol-
lary 5.1. If we set ¢(x) := d(x, C) and g(x) := d(x, Q), then Vc(x) = x — Pcx for
x ¢ Cand Vq(y) =y — Pgy fory ¢ Q, and we easily see that iteration (9) reduces
to (11),1.e., the result of Byrne [2, Corollary 2.1] in the case F # ¢} also follows from
Corollary 5.1.

Example 6.2 Let S : Hy — Hj and R : Hp — 'Hy be 8- and p-demi-contractive
operators, respectively, where o, B € [0, 1[, with FixS = C, FixR = Q, satisfying the
demi-closedness principle. Recall that an operator S : ‘H — H is y-demi-contractive,
where y € [0, 1[, if

I1Sx — 20> < llx —zI® + ¥ |1Sx — x||? (43)

for all x € H and all z € FixS. Note that S is y-demi-contractive if and only if S is a

ﬁ—relaxation of a QNE operator U, i.e.,

S=Uq_pyy1 :=1d+ 1 —y)" (U -1d).
Moreover, S, = (U(l_y)—l)a = Uq/(1—y). Consider iteration

Wk = s, (uk + ”/’%A*(R(Au’w - Auk)) , (44)
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where oy € [§,1 — 8 — 8] and By € [6, 1 — u — &] for some small § > 0. If we set
Br = B € 10, 1], then we obtain a method studied in [6] . Iteration (41) can be written
as follows:

B
(1= wllAl?

k+1

Wt = Uy a—py @ + AX(T (Au) — Aub))

with U and T being QNE. We easily see that oy /(1 —8) € [e, | —¢]and B /(1 — ) €
[e, 1 — ] with ¢ := min{§/(1 — B),5/(1 — u)} > 0. Therefore, method (44) can be
reduced to method (41), i.e., [6, Theorem 2.1] follows from Corollary 5.1, similarly
as in Example 6.1.

Now we consider SCFPP (6) defined on Hilbert spaces H; and H, and suppose
that U; : Hy— H, Tj : H2 — 'H; are cutters satisfying the demi-closedness principle,
iel:={1,2,...,p}, jed:={1,2,....r}, with F # (.

Example 6.3 We analyze the convergence behavior of the following method:
p r
W =y | DUk — i)+ D7 B AN(T Aut — Au) 45)

i=1 j=1
witha; > 0,8; > 0,i € I, j € J, and y; satisfying
V4 r
e<n<QC-of D ai+IAIPD B
i=1 j=l1
for some small ¢ > 0. This method with constant y; in the case H; = R” and

‘H, = R™ was studied by Censor and Segal in [8]. Its special case with U; and T},
i € 1, j € J,being subgradient projections was studied by Censor et al. [10]. Denote

6 := —min{e¢ ming;, emin B;} > 0.
2 { iel je]ﬂj}

Similarly as in Sect. 5 we easily see that (45) can be written in the form

P r
A = Xk g Zvl{‘(U,-xk x5+ ZM’;(VJ'X,C —x5,
i=1 j=1

where by = i (O i +HIIAI2 X B)) € e, 2—el,vf =aim /i = 8 > 0,i €1,
wi=BilAIPv/i =8 >0,j€J,and > F_ vi+>"_ pj = 1. Because 2U; —1d
and2V; —Idare QNE, i € I, j € J, Corollary 5.1 yields the weak convergence of xk
to an element of F. Note that this result covers [8, Theorem 4.2] and [10, Theorem 6].
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Example 6.4 Denote U :=>""_, o;jU;, where ; > 0,i € [,and >/ ;o = 1, and

,
Vs ldt Y I (AN~ 1A,
=1

where u; > 0, j € J, and Z§-=1 wj = 1. We analyze the convergence of sequences
generated by the following three methods:
Y = U, ViU, Vi .. U VYK, (46)
with an arbitrary vy e Hyand A € 10, 2],
VM = U vk (47)
with an arbitrary v e H; and A € 10, 2[, and
Wkt = Uy, viuk (48)
with an arbitrary u® € H1, where iy = k(modp) + 1. Special cases of these methods
were studied by Xu [12], where the operators U; and T; were supposed to be metric

projections onto closed convex subsets C; € Hj and Q; C H», respectively, i € 1,
jedJ.

(a) Define a sequence x¥ by

k+1 V,xk, if kis even,

T [ Ui x*, if k is odd, “9)

with x? = 4. Note that (49) is a special case of a block-iterative procedure (40)

with
| A ifkiseven, |0, ifkisevenori # iy,
M —[1, if k is odd, i _[l,ifkisoddandizik, and
k _ | mj,ifkiseven,
Hi= 0, ifkisodd.

Clearly, Iy < I is (2p)-intermittent, and J;y € J is 2-intermittent. The operator
V is a cutter and satisfies the DC principle as a convex combination of cutters
satisfying the DC principle (see Theorem 4.1). Therefore, the weak convergence
of x* to a point x* € F follows from Corollary 5.1. For u* given by (48) we have
uk =x%* ie., {uk},fio is a subsequence of {x* J o - Consequently, u* defined by
(48) converges weakly to x*. Note that this result covers [12, Theorem 3.5].

(b) We easily see that the sequence {yk},‘iio defined by (46) is a subsequence of
{u* J oo defined by (48) provided that y% = u®. Therefore, y* converges weakly
to x*. Note that this result covers [12, Theorem 3.3].
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(c) Define a sequence x* by

k1 _ [ VAxk, if k is even, (50

Uxk, if kis odd,

with x° = 1. Note that (50) is a special case of a block-iterative procedure (40) with

Ny — A, if k is even, ok 0, if kis even, nd uk = wj, if k is even,
k= 1,ifkisodd, ¢ = | o, if kisodd, and pj = 0, ifkisodd,

iel,je J. Weeasily see that [y € I and J; C J are 2-intermittent. The operators
U and V are a cutters and satisfy the DC principle as convex combinations of cutters
satisfying the DC principle. Therefore, the weak convergence of x* to a point x* € F
follows from Corollary 5.1. For v¥ given by (47) we have v¥ = x%, i.e., {vk},‘?io isa
subsequence of {xk},‘:"zo. Consequently, v* defined by (47) also converges weakly to
x*. Note that this result covers [12, Theorem 3.4].

Example 6.5 Consider the following method:
W = Uy g Vi gt (51)

where u® € H; is arbitrary, o, fr € g, 2 — €] for some small ¢ > 0 and {ik},fozo cI
and {jx}72, S J are almost cyclic controls. Wang and Xu [13] studied a special case
of iteration (51) with p = r, ax = «, Br = 1 and iy = jr = k(modp) + 1. Define a
sequence x* by
M+ [ Vi X5, if k is even, (52)
| Ui g X%, if k is odd,

with x0 = u°. Clearly, (52) is a special case of a block-iterative procedure (40) with

Ak=[ak’ if k is even, k=[0,ifkisevenori;éik, and

Br, ifkisodd, "I T |1,ifkisoddandi = i,

k_ | L ifkisevenand j = ji,
Hi= 0, ifkisoddor j # ji.

Obviously, Iy := {ix} € L and J; := {jk} € J are intermittent. Therefore, the
weak convergence of x* to a point x* € F follows from Corollary 5.1. For u* given
by (51) we have uk = x%* e, {uk},fio is a subsequence of {xk},fio. Consequently,
u* defined by (51) converges weakly to x*. Note that this result covers [13, Theorem
3.2].

7 Conclusions
In this paper we proved that a family of strongly quasi-nonexpansive operators having

a common fixed point and satisfying the DC principle is closed under convex combi-
nations and compositions (Theorems 4.1 and 4.2). Basing on this fact we proved the
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weak convergence of sequences generated by two block-iterative methods employing
strongly quasi-nonexpansive operators satisfying the DC principle (Theorem 5.1 and
Corollary 5.1). The first of these methods refers to the common fixed point problem,
and the other one refers to the split common fixed point problem. Both results enable a
comprehensive study of the convergence behavior of methods for variational inequal-
ity problems over a subset of common fixed points of quasi-nonexpansive operators
satisfying the demi-closedness principle.

Open Access This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original author(s) and
the source are credited.
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