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Abstract

Granular gases demand models capable of capturing their distinct characteristics. The widely
employed inelastic hard-sphere model (IHSM) introduces complexities that are compounded
when incorporating realistic features like surface roughness and rotational degrees of free-
dom, resulting in the more intricate inelastic rough hard-sphere model (IRHSM). This paper
focuses on the inelastic rough Maxwell model (IRMM), presenting a more tractable alterna-
tive to the IRHSM and enabling exact solutions. Building on the foundation of the inelastic
Maxwell model (IMM) applied to granular gases, the IRMM extends the mathematical rep-
resentation to encompass surface roughness and rotational degrees of freedom. The primary
objective is to provide exact expressions for the Navier—Stokes—Fourier transport coefficients
within the IRMM, including the shear and bulk viscosities, the thermal and diffusive heat
conductivities, and the cooling-rate transport coefficient. In contrast to earlier approxima-
tions in the IRHSM, our study unveils inherent couplings, such as shear viscosity to spin
viscosity and heat conductivities to counterparts associated with a torque-vorticity vector.
These exact findings provide valuable insights into refining the Sonine approximation applied
to the IRHSM, contributing to a deeper understanding of the transport properties in granular
gases with realistic features.

Keywords Granular gas - Inelastic collisions - Rough particles - Maxwell model

Communicated by Hal Tasaki.

B Andrés Santos
andres @unex.es

Gilberto M. Kremer

kremer @fisica.ufpr.br

Departamento de Fisica and Instituto de Computacién Cientifica Avanzada (ICCAEXx), Universidad
de Extremadura, 06006 Badajoz, Spain

Departamento de Fisica, Universidade Federal do Parand, Curitiba, Brazil

Published online: 27 April 2024 9\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10955-024-03269-w&domain=pdf
http://orcid.org/0000-0002-9564-5180
http://orcid.org/0000-0001-6067-5710

54  Page2of24 A. Santos, G. Kremer

1 Introduction

While it is well known that a hydrodynamic description can be applied to granular gases
[1-3], the derivation of the associated Navier—Stokes—Fourier (NSF) transport coefficients
faces important challenges. To begin with, the spatially uniform and isotropic base state is not
that of equilibrium (as in the case of molecular gases) but either the so-called homogeneous
cooling state (HCS) in the absence of any external driving or a nonequilibrium steady state if
energy is injected to the granular gas by a certain thermostat. In top of that, one usually needs
to leave out some realistic properties of the grains and focus on their most basic features by
choosing a physically relevant model. In the most widely used model, the grains are assumed
to be represented by perfectly smooth spheres characterized by a constant coefficient of
normal restitution, « [4]. Despite that, the derivation of the NSF transport coefficients in this
inelastic hard-sphere model (IHSM) requires the use of nontrivial approximations [3, 5-7].
Those approximations become even more problematic if the hard-sphere model is made more
realistic by assuming surface roughness, so that the rotational degrees of freedom need to
be included in the description. The resulting inelastic rough hard-sphere model (IRHSM) is
characterized by a coefficient of tangential restitution, 8 [8§—16], in addition to . Needless
to say, the NSF transport coefficients obtained from the IRHSM by an extension of the
approximations used for the IHSM are much more involved than in the latter case [17-20].

The importance of exactly solvable models in statistical physics cannot be overempha-
sized, as they play a pivotal role in our understanding of complex physical systems and
the development of fundamental principles. These models function as essential benchmarks,
offering precise solutions that can serve as a reference for more realistic but less tractable
systems Moreover, they are invaluable for testing theoretical concepts, verifying numeri-
cal simulations, and confirming experimental observations. In this context, Maxwell models
applied to the Boltzmann equation serve as essential tools in the development of the kinetic
theory of gases.

As is well known, the original Maxwell molecules interact via a continuous repulsive
interaction potential decaying as r~# with the intermolecular distance r [21-24]. A notable
consequence of this behavior is the independence of the collision rate on the relative veloc-
ity of the colliding pair. Consequently, the velocity moments of the Boltzmann collision
term can be expressed as bilinear combinations of moments of the distribution function of
equal or lower degree, facilitating the derivation of insightful exact results. The extension
of this velocity-independence of the collision rate allows for the formulation of Maxwellian
mathematical models that do not rely on a specific interaction potential [25].

While Maxwell models were originally designed for molecular gases, the exploration of
granular gases has led to the development of the inelastic Maxwell model (IMM), accom-
panied by the derivation of various exact results, particularly focusing on the presence of
fat high-energy tails [26-52]. Within the IMM framework, precise evaluations of the exact
NSF transport coefficients [53—-58] and the Burnett coefficients [59] have been conducted.
Additionally, several rheological properties have been determined [60—71]. The interest in
the IMM extends beyond its mathematical tractability, encompassing its ability to account
for experimental results involving magnetic grains [72].

Since the IMM represents a mathematical model for granular gases much more tractable
than the conventional IHSM, thus allowing for exact results, it is then natural to construct a
Maxwell version of the more realistic IRHSM. In this sense, we recently proposed the inelastic
rough Maxwell model IRMM) [73] and derived the exact collisional production rates of first
and second degree, as well as the most relevant ones of third and fourth degree. In addition,

@ Springer



Exact Transport Coefficients from the Inelastic Rough Maxwell... Page3of24 54

the results were applied to the evaluation of the rotational-to-translational temperature ratio
and the velocity cumulants in the HCS.

The aim of this paper is to derive the exact expressions for the NSF transport coefficients
predicted by the IRMM, namely the shear and bulk viscosities, the thermal and diffusive
heat conductivities, and the cooling-rate transport coefficient, that is, the same coefficients as
previously obtained from the IRHSM by the application of a standard Sonine approximation
[17, 19]. However, in contrast to the approximate treatment in the IRHSM, the study carried
out here unveils an inherent coupling of the shear viscosity to a spin viscosity (associated
with the spin-spin tensor defined below). Likewise, the heat conductivities are coupled to
their counterparts associated with a torque-vorticity vector defined below. Thus, the exact
results derived here can shed light on improvements of the Sonine approximation as applied
to the IRHSM.

Our study is motivated by the challenge of deriving exact NSF transport coefficients
for granular gases, focusing on the IRMM. Unlike molecular gases, granular gases present
unknown nonequilibrium base states, complicating the derivation process. Existing models
rely on nontrivial approximations, but the IRMM avoids such complexities and uncovers pre-
viously overlooked couplings, thus enhancing our understanding of granular gas dynamics.
This contributes to refining approximation methods in similar models, serving as a valuable
benchmark in both theory and practical applications.

This paper is organized as follows. The IRMM is presented in Sect. 2, where also the nec-
essary collisional production rates are provided, the expressions of the associated coefficients
being found in the Appendix. Next, in Sect. 3, the Chapman—Enskog method is applied to the
explicit evaluation of the NSF transport coefficients. The results are extensively discussed
in Sect. 4, including a stability analysis of the HCS and an assessment of the impact of the
couplings mentioned above. Finally, the paper is closed in Sect. 5 with some concluding
remarks.

2 The Inelastic Rough Maxwell Model. Exact Collisional Production
Rates

Let us consider a granular gas made of spherical particles of diameter o, mass m, and moment
of inertia /. The translational and angular velocities of a particle will be denoted by v and w,
respectively. According to the IRMM, the Boltzmann equation for the gas reads [73]

af

§+V-Vf=J[l"|f,f], ey

where I = {v, w}, dT' = dvdw, f(r,T,t) is the one-particle velocity distribution function
(VDF), and J[T'| f, f] is the bilinear collision operator

r—1

N
JITLIf f]= ﬁ/drz/.dt’f <a;;2 - ) FT1)F(T). P

Here, v is an effective mean-field collision frequency, n = f dT f(T) is the number density,
and @ is the intercenter unit vector at contact. The operator bia expresses the postcollision
velocities as functions of the precollisional velocities, the unit vector @, the coefficient of
normal restitution «, the coefficient of tangential restitution 8, and the reduced moment of
inertia k = 41 /mo? [3, 17, 19]. For a brief description of the collision rules, the reader is
referred to Sect. 2.1 of Ref. [73].
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The range of the coefficient of normal restitution is 0 < @ < 1, where « = 1 corresponds
to a perfectly elastic collision (in the sense that the normal component of the relative velocity
just changes its sign upon collision). In the case of the coefficient of tangential restitution,
therange is —1 < B8 < 1, where 8 = —1 defines smooth particles (the tangential component
of the relative velocity is preserved after a collision) and 8 = 1 corresponds to perfectly
rough particles (the tangential component of the relative velocity just changes its sign upon
collision). Only if « =|B|= 1 is the kinetic energy conserved by collisions. As for the reduced
moment of inertia, k = 0 refers to a concentration of the mass at the center of the sphere,
K = % means a uniform mass distribution, and k¥ = % if the mass is concentrated on the
surface.

Given an arbitrary function W(T'), we define its average value as

1

(D) = ;/dl“ () £(I). 3)
In particular,
u=(v), 2=, (4a)
=", =t r=laim (4b)
! 3 s r 3 s 5 i r)s
Ty =n(w V), Tij= nm<Vi Vi = §V25ij>’ (dc)
1, nl
Q;j =nl “’iwf_gw 3ij ), Q=7((V~w)w), (4d)
I

@ =75 (VY. &=5 V). a=ata. (de)

Here, u is the flow velocity, V = v — u is the translational peculiar velocity, 7; is the trans-
lational granular temperature, I1;; is the (traceless) stress tensor, and q; is the translational
heat flux vector. Note that the pressure tensor is

P,'j =nm(‘/iVj)=l'Iij+nT,6ij. (&)

The quantities 77, I1;;, P;j, and q, are defined in the same way as in the case of smooth
particles. However, the rotational degrees of freedom make it necessary to define additional
quantities like the mean spin vector €2, the rotational granular temperature 7}, the (traceless)
spin-spin tensor £2;;, and the rotational heat flux vector ¢, . The mean granular temperature and
the total heat flux are 7" and q, respectively. Finally, the asymmetric quantity Y;; represents
the couple stress tensor [74, 75], while Q can be seen as a torque-vorticity vector.

The collisional production rate of an arbitrary function W(T') is

1
JV] E;/dl" vIJIT|f, f]

v

o [ari [ara [ @@ raeosay (b - 1) v +va). ©

In Ref. [73], it was proved that the collisional production rates associated with the quantities
defined in Egs. (4) are 7 [v] = 0 and

—v T [0] = po1101 R, —v_lj[ninj] =YY, (7a)

g [Zy2] = T+ 2 ool b
3 = x20120T7 + x0T, (7b)
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o [1 K

-7 ng] = ZX02|20Tz + x0210277, (7¢)
S| Lo 4

- J |nm | V;V; — §V 3ij ) | = Yop0llij + ;1/f20|029ij, (7d)

: 1 K

—v7 7 |nl (a)iwj - ng&jﬂ = Zlﬁomoﬂij + Y0210282; (Te)
_ , m 4

—717 [n5V2V] = propoas + “ea2 Qg Q). (7f)
a0 1 1 2 K

—vlg nszV] = ‘/’1(2)\]2qr + ¢§2)|12Q + Z‘/’l2\30‘lt7 (7g)
a1 _ _

717 (5000 | = 7510+ 7 e )

It should be noted that in Eqs. (7b)—(7h) it has been assumed that £ = Y;; = 0 (see below).
The explicit expressions for the 17 coefficients in Egs. (7) can be found in the Appendix.
The cooling rate ¢ is defined as

/dl" (mV?+10?) JIT|f, f1=—6¢nT. ®)
Thus,
= o (Xzo 20 + E)(02 20) T, + i)(20 02 + xozj02 ) T, 9
2T 120 77 K02120 ) 207 A20 o

3 Chapman-Enskog Expansion
3.1 General Scheme

The hydrodynamic balance equations of a granular gas are [3, 17, 19]

Din+nV-u=0, (10a)
mnDu+V -P =0, (10b)
1
D,T—l-?(V'q—i—P:Vu)—i-T{:O. (10c)
n
In the above balance equations, D; = d; + u - V denotes the material time derivative.

Equations (10) are formally exact but they do not make a closed set unless constitutive
equations expressing the pressure tensor P, the heat flux q, and the cooling rate ¢ in terms
of gradients of the hydrodynamic fields (n, u, and T') are proposed. The form of the NSF
constitutive equations (to first order in gradients) is

Pij = nTt(O)(Sij — nAijkeViue — mpV -, (11a)
q=—AVT — uVn, (11b)
¢ =¢0 -V, (11¢)

where the superscript (0) denotes quantities in the absence of gradients, 7 is the shear viscos-
ity, 7 is the bulk viscosity, A is the thermal heat conductivity, u is a Dufour-like coefficient
that will be referred to as the diffusive heat conductivity [3, 76, 77], and £ is a cooling-rate
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transport coefficient. In Eq. (11a),
2
Ajjke = 8ikdje + 808k — 550‘51(@- (12)

Although the spin-spin tensor 2, the partial heat fluxes q, and q,, and the torque-
vorticity vector Q do not enter into the hydrodynamic balance equations, Eqs. (10), they
are intrinsically coupled to P and ¢, as will be seen below.

Moreover, multiplying both sides of Eq. (1) by w; and integrating over I', one gets the
following balance equation:

nD;Q2; + V;Yij = —nveorjo1 2, (13)

where use has been made of Eq. (7a). This shows that, in a homogeneous state, 9,2 =
—Vo1j01€2, so that lim;_, o, £(¢) = 0. As we will see later, & — 0 even in the presence of
hydrodynamic gradients to NSF order.

Our main goal is to derive the exact expressions for the NSF transport coefficients within
the IRMM. To that end, we assume that the VDF depends on space and time only through the
slow hydrodynamic fields (#, u, and T'), and apply the Chapman—Enskog expansion method
[3,17,19].

In the method, one introduces a bookkeeping parameter €, which is used as a small
parameter, so that

VoeV, f=FfO4ef® 2@ o) (14a)
D, =D + DV 4 2P 4. (14b)
Thus, the Boltzmann equation, Eq. (1), decouples into a hierarchy of equations of orders

k=0,1,2,.... To make a qualitative contact with the case of hard spheres, we will assume
v o n+/T; and, therefore, the collision frequency must also be expanded as

v=1O pep® 4 2, 4. 15)
where
0 T(l)
v ny/ T,( ), D = v(o)tio. (16)
270

3.2 Zeroth-Order Distribution

The zeroth-order Boltzmann equation is
© £ v® - (b ©) ©)
D, () = dry | do 5 — 1) @) (). a7
4mn af

This shows that the zeroth-order VDF f ) is the local version of the HCS VDF. Thus,
according to the results derived in Ref. [73],

710 =1, TO =1,T, (18)
where
2
r,:2—r,:]+9, 0=h++V1+h2, (192)
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_ K X02102 — X20]20

8 X20(02
14+« 14+x1—a?
= [ -1 -1 - ﬂ)} . (19b)
2k (1 + B) 2 1+
Moreover, the zeroth-order cooling rate is
0 p© K 4
é“( ) 27 |:<X20|20 + Zxozno) T+ (;szoz + X02|02> Tr]
1 v©® 1—-B% sk
—- 1—a?42 0 (f 1) : 20
61+0 [ R T 0
Note also that, in the HCS,
0 0 0
Q0 =1 =17 =9 =q” =q” =Q” =0. @21

3.3 First-Order Distribution

The integral equation for the first-order distribution function £ is
© M) " o
(D +2) O == (D" + V.V - D) fO
2t T

(1 0)
=A-VInT+B - Vinnt+C;jViu;+EV - u+|:§(1) M]Tan“’)
V

(22)
where
L bl
crOry == o [ars [ a5 (12 - 1) [FO@) O + O rOr)]
(23)
is the linearized collision operator and
A=-T (VBT + av) 1o, (24a)
B= (V + = ) fo, (24b)
Cij = <8v, Vi — 56,-; dv ~V) I, (24c)
_1 ©)
=3 Ov-V+aTor) [, (24d)
Tor f© = —% @ - V+0,-0) fO. (240)
The solution to Eq. (22) has the form
fO=A.-VInT+8B-Vinn+C;jVju; +EV -u, (25)

where the vectors A and 1B, the traceless tensor C;;, and the scalar £ are the solutions of
a set of linear integral equations [17, 19]. Whereas in the case of the IRHSM one needs to
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solve those integral equations by a Sonine approximation, the main advantage of the IRMM
is that it is not necessary to get any explicit expression for £ (or, equivalently, .A, B, C; j
and &) since, as shown below, one can exactly obtain the transport coefficients by just taking
velocity moments in both sides of Eq. (22).

From Egq. (23), it follows that

fdr v LFOT) = —m Oyl 71w (26)

for the functions W(TI') in Egs. (7a) and (7d)—(7h). On the other hand, from Egs. (7b) and
(7¢), we have

2 4
/dl“ {%}V2 } £FOT) = nv© {X20|20 - ;Xzomz} TV, 27
F@ 7 X02120 = X02(02

where we have taken into account that Tt(l) + T,(l) = O since T is a hydrodynamic variable.
From Eq. (9), we obtain the following expression for the first-order cooling rate,

©) 4 7
W0 L _ dxeo0 kxoeo | T 58
¢ [m}(o) + X20/20 . Xx02102 + 1 2T (28)

where we have taken into account that v(? / @ = T,(l) /27T [see Eq. (16)].
As we will show below, Egs. (26) and (27), together with the collision integrals in Egs. (7),
allow us to derive exactly the NSF transport coefficients within the IRMM.

3.3.1 Mean Spin Vector and Couple Stress Tensor
Here we prove that o) = Ti(j]) = 0. Suppose that QM and Tl.(jl) existed; then, by symmetry,
one should have
Q@Y = VT + ¢, Vn, (29a)
T,-(jl) = Gijke Ve, (29b)

where ¢1, ¢2, and gijxe would be the associated transport coefficients. By dimensional

analysis, g1 o< n/+/mT, g2 o /T /m, Gjjxe & ny/T /m. Therefore,

T
PORQM = ¢ © [—gNT T (517 _ §2> Vn] . (30a)
n
(]
0) (1 ¢
D' )Tl.(j) = —Tgijkévkue« (30b)

In Eq. (30a), use has been made of the property
© © o (I 3
D VT:—V[; T]:—; ~Vn+ VT ). G1)
n

The key point is that, as can be easily checked from Egs. (24),

® © 0
/dl’ {wiv,}A"(r) =/dI‘ {wiv,}B"(r) = /dl" {wivj}cke(r)

_ © _ © Oy —
_fdr{w,»vj}E(r)_/dr{wivj}w T =0. (32
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As a consequence, multiplying both sides of Eq. (22) by @ or w; V;, integrating over I, and
using Egs. (7a), (26), and (30), one gets

5129 = 1v @101, (33a)
siT
(§2 - 7) ¢ = v Pgp1101, (33b)
;(0)
Sijkt—~ = sijkev Q. (330)

The solution of those homogeneous linear equations is the trivial one, i.e.,
S1=62=Gijke = 0. (34

Therefore, 1) = Ti(jl) = 0, thus justifying the assumption made in Egs. (7b)—(7h).

The observation that both the mean spin vector and the couple stress tensor vanish to NSF
order in the IRMM contrasts with expectations based on the micropolar fluids framework [74,
75,78, 79]. This contrast is likely attributed to the low-density regime where the Boltzmann
equation is applicable and the absence of boundary effects in the NSF description [75].
However, in the case of dense gases, a dependency does emerge, with the stress tensor
correlating with the anti-symmetric part of flow velocity and mean spin gradients, and the
heat flux linking with the curl of the mean spin vector [80-83].

3.3.2 Stress and Spin-Spin Tensors

Now we turn to the first-order translational temperature Tt(l) , stress tensor l'[;}) , and spin-spin

tensor Ql(]l) First, we need to make use of the integrals

for (22 o for [ o
ol oo e
/ dr ’l"wv’lj Ckz(r)=—nr,T{Ag“}. (35d)

Multiplying both sides of Eq. (22) by m V2 /3 and integrating over ', one gets

4 T p(D O
0 1 1
P01V 0@ <X20\20—;X20\02>Tt( = %TV : u—i{z“)—v(o) nT. (36

The same result is obtained by multiplication of both sides of Eq. (22) by Iw?/3.
Since, on physical grounds, Tt(l) must be proportional to 7(V - u)/v©, it turns out that
D;O)Tt(l) = %[Tt(l)/T]Dgo)T = —%;(O)Tt(l). Thus, T,(l) is given by

T ="y .y, G37)
n
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where

-1
_ mlmr 00 ¢ (e — X220 e (38)
L O A AN I A

is the bulk viscosity introduced in Eq. (11a). Combination of Egs. (28), (37), and (38) yields
the cooling-rate transport coefficient introduced in Eq. (11c), namely

¢© 4 x20(02 K X02]20 b
= |:"(0) + X20120 — Tl — X02102 + | (39)

7 4 2nT Jv©°
Next, from Eq. (22) one obtains
(1 @1, 4 Y]
;. ..’ + =2 Q. _ .
DO it H(© V2020 i f1#20|02 il = Ve, { I’l'L'tTA,jkg} C4o0)
Q; Y021028;;” + F V02120
Both H;}) and Ql(]]) must be proportional to n7T A;jx¢ Vi, so that Dt(o)l'[g}) = _%;@)HS’
and Dfo)QE}.) = —%g(O)Qf}). We then write
v = —nAijkeV. QY = —no AV (41)
ij = TNRijkeVkue, ij = TNQBijkeVile,

where 7 is the shear viscosity introduced in Eq. (11a) and ngq is a new transport coefficient
here called spin viscosity. Inserting this into Eq. (40), we obtain the set of linear equations

4
VO 0120 — %;(0) O ¢’2(0\02 . [ 7 } _ [nr,T} @)
U(O)%fwzo VO Y00 — 1c@ | e 0

whose solution is

K Y2120

ne=-7 ; (43a)
4 Yogj02 — 3¢ @ /0@
_nyT 1@ Yoo - (43b)
1T o | PR TR0 Yooi02 — 3@ /v© .

3.3.3 Heat Flux and Torque-Vorticity Vectors

Let us now consider the first-order translational (q;) and rotational (q, ) contributions to the
heat flux (q = q; + q,), as well as the torque-vorticity vector Q.
The needed integrals are

2V, 2 57 (1 + 2az0)
7 5 nT“t,
/dl" 3RV p AT === 1 35 (14 2a10) 8y, (44a)
LV o) T (14 2bgo)
ny2y; 5ta
2 l T2 1d20
/dr I2v, VB =-" m” 3t.a1 | 5. (44b)
%(V - W)w; 7,boo
%vzv %VZV
/dr fo?V 1 E) =/dl" To?V 3 Tar fO)
LV o) A
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2V
= / dT { f&*V  } Cpe(T) =0. (44c)
LV 0w
Here,
3 (v4) (V2w?) ((V-w)?)
=1, = =1, by =371, (45)
TS T VAR T )

are cumulants associated with £©. Their expressions within the IRMM can be found in Ref.
[73].! The cumulants are finite only if the coefficient of tangential restitution  is larger than
a certain «-dependent threshold value By («) [73].

Now, we multiply both sides of Eq. (22) by {2 V2V, £&?V, 1(V - @)w}, and integrate
over velocity. The result is

0 30300, + 2psonal2q” — Q]
D 1 a1+ 1 Sesea” +eilng +¢1,Q"
QW ¢glz)|12Q(l) +¢§22)“2q51)
nTt gfz (1 + 2az) T2q, Strax
= — o o (14+2ay1) ¢ VT — W 3t.apy ¢ Vn. (46)
7 (1 4 2bgp) 7+boo

The solution to Eq. (46) has the structure

q; T hs My
gVt =—{tr VT —{ ur ¢ Vn, 47
QW ro 1o

where, by dimensional analysis, {A;, 1, g} nT/v(O) and {uy, pr, Lo} TZ/U(O). Asa
consequence,

)\.[ )\.[ T

POl tvr=—1x @ (ZVT + an> , (48a)
Ao Ao "
Mt 3 127

DOy, Vi = —5 1w tOwvn. (48b)
%) 1o

Equation (46) then yields the matrix equations

_tt)\t I’ZTT[ 1 5"«—t (1 + 2020)
why | = (u“’)@ - 2;<0>|) 3 (1 +2a1) |, (492)
RY) " 7 (1 + 2boo)
_Mt T 3 -1 T Stiax TrAs
wr | =— (”(O)d’ -3¢ ‘0)'> A Z= | 3nan | +¢© [ o ||, @9
n 2 2m
L Lo 7+boo AQ

1 Note that, in the notation of Ref. [73], arg = aég), ap = a{tl)), and byg = %a(()%)) + aitl)).
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where | is the 3 x 3 unit matrix and

30130 %§030|12 —%%0\12
H 2)
= %‘;012\30 ‘Pg)uz ‘pélz)uz . (50)
0 P22 P
Equation (49a) provides the thermal heat conductivities A; and A,, as well as the ther-
mal torque-vorticity conductivity Ap. Then, the diffusive (heat and torque-vorticity)
conductivities u;, i, and 11 are obtained from Eq. (49b).

4 Discussion
4.1 Summary of Final Expressions

To summarize, in the NSF constitutive equations, Egs. (11), the zeroth-order translational
temperature and cooling rate are given by Egs. (18) and (20), respectively, the bulk and
shear viscosities are given by Eqgs. (38) and (43b), respectively, and the cooling-rate transport
coefficient £ is obtained from Eq. (39). The thermal and diffusive heat conductivities are
A= TA + 1A and = pu; + pu,, respectively, where A; and A, are given by Eq. (49a),
whereas 1, and 1, are obtained from Eq. (49b). In Eqgs. (49), the zeroth-order cumulants (a>,
a1, and bgp) have exact explicit expressions [73]. In all those results, the relevant coefficients
Xijlkes Wijlkes Qijikes (pflz)‘lz, §0§212’ ¢§]2)|12’ and @?2)“2 can be found in the Appendix.

It is noteworthy that the first-order stress tensor I1)) turns out to be intrinsically coupled
to the first-order spin-spin tensor Q(, as Eq. (40) shows. Thus, the derivation of the shear
viscosity 7 requires the parallel derivation of the spin viscosity ng introduced in Eq. (41),
this new transport coefficient being given by Eq. (43a). This remark is important because the
coupling between [TV and QY is usually ignored in the approximate derivation of n for the
IRHSM, where a standard Sonine approximation is employed [17, 19].

Analogously, Eq. (46) shows that the first-order partial heat fluxes qt(l) and qﬁl) are intrinsi-
cally coupled to the first-order torque-vorticity vector Q(1). The latter vector is characterized
by the transport coefficients 1o and w o [see Eq. (47)], which are obtained from Eqs. (49a)
and (49b), respectively. While the coupling between q,(l) and qﬁl) is taken into account in
the approximate derivation of A and p for the IRHSM [17, 19], the coupling to Q(l) is not
accounted for.

In order to nondimensionalize the coefficients, it is convenient to take as a reference the
shear viscosity and thermal conductivity of a gas made of elastic and smooth spheres at the
same translational temperature as that of the HCS of the granular gas. More specifically, we
take

SntT 15 4no
= <~ = —-—- . 51
=370 0=, (5D
Thus, the dimensionless transport coefficients are
n Mb nQ
== = ng=—, (52a)
1o 1o 10
A g Ao Ko
W= = LKy =22 = . (520)
Ao (T/mx” "2 a’ "¢ (T/m)no

Note that the cooling-rate transport coefficient £ is dimensionless by construction.
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Table 1 Special limiting cases

Coefficient Pure smooth (IMM) Quasismooth limit Pidduck model
B=-01 B— -1 (@a=p=1)
. 24 6 (1+x)2(3 + 10«)
K I+l +a) I+a0)@—a) 145003 + 5¢)
8 1+« 2
- 0 ; ( )
5(1 —a?) 20k
£ 0 0 0
5k (1 2
77;3 0 0 B k(1 + k)
(1 +56)(3 + 5¢)
. 16(17 — 18« + 9a2) L Palx)
A Diverging
(14 a)9a — 1)(5 + 6a — 3a?) P3(x)
N 16(1 — &) (41 — 30a + 9a?) o
m Diverging 0
(14 a)29a — 1)(5 + 6a — 3a2)
4
A% 0 Divergi -
0 1verging 75
[,L*Q 0 Diverging 0

The polynomials in the expression of A* in the Pidduck model are P3(x) = 75(14 + 125« + 802 4 225k3)
and Py (k) = 2(689 + 4850« + 8630«2 + 58503 + 1125«

4.2 Special Limits

The (reduced) transport coefficients n*, nj;, &, ng, A*, u*, )L’fQ, and pL*Q are displayed in Table 1
for some special limits: pure smooth particles (8 = —1), the quasi-smooth limit (8 — —1),
and the conservative Pidduck case (¢« = B = 1). In the case of pure smooth particles,
the rotational degrees of freedom are irrelevant and the results are obtained by formally
setting & — 0. This allows us to recover previous results [53]. In the quasismooth limit, the
zeroth-order cumulants diverge, what produces the divergence of the transport coefficients
associated with the heat flux and the torque-vorticity vector, whereas those associated with
the pressure and spin-spin tensors take finite values. Finally, in the Pidduck model [84], the
total kinetic energy is conserved by collisions, the model having been used for polyatomic
gases [80, 84-87]. Even in that case, the couplings IT <>  and q <> Q still hold, as made
evident by the nonzero values of n¢, and )‘*Q’ respectively. Interestingly, A’b is independent
of the reduced moment of inertia « in the Pidduck model.

4.3 Coefficients n*, n;, ¢, and g,

The NSF transport coefficients related to the pressure tensor, the cooling rate, and the spin-
spin tensor are plotted in Fig. 1 as functions of the coefficient of tangential restitution for
several values of the coefficient of normal restitution. Here, and in what follows, we assume
a uniform mass distribution in each particle, i.e., k = %

Figure la and b show a dependence of #* and 1 on « and § qualitatively similar to that
observed in the case of the IRHSM within the standard Sonine approximation [17]. For a
fixed o, n* exhibits a local maximum at a certain value of 8. As « decreases, the maximum
grows and moves toward smaller values of 8. In the case of 1}, however, the magnitude
of the maximum decreases with decreasing «, with the exception of @« = 1. Moreover, as
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Fig. 1 Plot of a the reduced shear viscosity n*, b the reduced bulk viscosity n;, ¢ the cooling-rate transport
coefficient £, and d the reduced spin viscosity —n}‘z versus the coefficient of tangential restitution B for
o =0.5,0.6,0.7,0.8,0.9, 1. The arrows indicate increasing values of «. Here, the particles are assumed to
have a uniform mass distribution (k = %)

roughness increases, 77, becomes less and less dependent on cr. In what concerns the cooling-
rate transport coefficient &, Fig. 1c¢ presents a nonmonotonic dependence on both « and
similar to that observed in the IRHSM with the standard Sonine approximation [17].

The new transport coefficient &, which is discarded in the standard Sonine approximation
for the IRHSM, is displayed in Fig. 1d. The most remarkable feature is that, in contrast to
n*, ng is negative. To better grasp the consequences of that, imagine the simple shear flow
geometry V;u; = y8;,0;,, where the shear rate y is assumed to be positive. Then, according
to Eq. (11a), (V, V) < 0, that is, particles moving with Vy, > 0 tend to have V, < 0, and vice
versa (second and fourth quadrants on the xy plane). On the other hand, Eq. (41) implies that
<wx a)y> > (), so that the projection on the xy plane of the angular velocity of the particles
tends to lie on the first and third quadrants. This is consistent with the orthogonality condition
(V- ) = 0 implied by Y/’ = 0 [cf. Eqs. (29b) and (34)].

Figure 1d shows that the magnitude of n¢, grows quasilinearly with 8. Moreover, at fixed
B, | ng | increases with decreasing «. All of this represents a smoother and more regular
dependence on « and 8 than in the cases of the coefficients 1, 1, and &.
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Fig.2 Plot of a the reduced thermal heat conductivity A*, b the reduced diffusive heat conductivity u*, ¢ the
reduced thermal torque-vorticity conductivity )‘*Q’ and d the reduced diffusive torque-vorticity conductivity
/L*Q versus the coefficient of tangential restitution g for « = 0.5,0.6,0.7,0.8, 0.9, 1. The arrows indicate
increasing values of «. Note the vertical asymptotes signaling the threshold values Bg(«) below which the
coefficients diverge. Note also that, in panels ¢ and d, absolute values are taken and the dashed lines refer to
negative values. Here, the particles are assumed to have a uniform mass distribution (k = %)

4.4 Coefficients A, i1, Ag, and U

Now we turn to the coefficients related to the heat flux and the torque-vorticity vector, as
displayed in Fig. 2. Except for « = 1, the shapes of the curves of A* and u* (see Figs. 2a
and b) differ qualitatively from those obtained from the IRHSM with the standard Sonine
approximation because of the divergence of the IRMM coefficients at = Bo(«). As said
before, such a divergence is induced by that of the HCS fourth-degree cumulants [73]. This
implies a breakdown of a hydrodynamic description, in analogy with what happens with the
IMM [53, 59, 88].

Figure 2c and d show that the transport coefficients associated with the torque-vorticity
vector Q (which is ignored in the standard Sonine approximation of the IRHSM) have a
dependence on « and 8 much more intricate than the heat-flux coefficients. In particular,
both )Lz) and UZ may attain negative values for intermediate and small values of 8. This
effect takes place even at @ = 1, in which case A* and u* remain finite for all «.
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Fig. 3 a—c Plot of kj (dashed lines) and le (solid lines) versus the coefficient of tangential restitution B for
aa=1,ba =0.9,and c @ = 0.8. The vertical dotted lines in panels b and ¢ signal the divergence of kﬁ‘. d
Loci B = By («) (solid line), kj = le (dashed line), and A* = u* (dashed-dotted line) in the plane « versus

B. Here, the particles are assumed to have a uniform mass distribution (x = %)

4.5 Instability of the Homogeneous Cooling State

Depending on the values of «, 8, and «, the HCS can be unstable versus long-wavelength
perturbations. A standard linear stability analysis of the NSF hydrodynamic equations for
the IRHSM [18, 20] can be straightforwardly extended to the IRMM. According to it, the
critical wave number below which the HCS becomes unstable is k. = max{k_, k| }, where

_ nm¢© _ 3nc©
T ST 2y 9

While k£ < k signals the appearance of vortices, a clustering phenomenon is present if
k < k). The wave number k| is not well defined if 8 < Bo(«) since both A and u diverge in
that region because of the divergence of the HCS cumulants.

Figure 3a—c show k7| and le, where k* = k/7,T/m /v, versus B for « = 1, 0.9, and
0.8, respectively. We observe that, in the case @ = 1, k. = k1, whereas k. = k| in the
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interval —0.203 < B < 0.355 if « = 0.9. This behavior is qualitatively similar to that
found in the IRHSM within the standard Sonine approximation. On the other hand, in the
case o = 0.8, not only k. = k| in the interval —0.494 < B < 0.517, but k. — o0 in the
inner interval —0.283 < B < 0.308. This divergence reflects the fact that A < un/T in that
region, implying the absolute instability of the HCS for any perturbation. It turns out that the
IRHSM with the standard Sonine approximation also predicts a region of absolute instability
but confined to a much smaller region [20].

Figure 3d display the loci 8 = Bo(a), k% = kIT, and A* = u™* in the plane « versus §. In
the region below the locus 8 = By(«), the HCS cumulants and the NSF heat-flux coefficients
diverge; in the region below the locus £} = kﬁ‘, the critical wavenumber is the longitudinal
one (i.e., k} = k"l‘); finally, in the region below the locus A* = u*, k¥ — oo, implying the
absolute instability of the HCS.

4.6 Impact of the Couplings1 « Qandq « Q

As said before, one of the strong points of the IRMM is that it unveils the inherent couplings
IT < Q and q <> Q. It is then in order to assess the impact of those couplings on the NSF
transport coefficients 1, A, and w. On the other hand, the coefficients 1, and & are not affected
by the couplings.

In the case of the shear viscosity, if the coupling IT <> 2 were ignored, then one would
forget the term 2002 Ql(]l) in the first row of Eq. (40). This is equivalent to formally setting
Y0102 — 0 in Eq. (43b), with the result

—1
~ nuT 17O
=0 Y2020 — 3,0 , (54)

where we have used a tilde to distinguish the approximate shear viscosity (77) from the true

one (7).
In the case of the heat-flux coefficients, ignorance of the coupling is equivalent to formally
setting QW — 0 in the first two rows of Eq. (46). Thus, instead of Eqgs. (49), one would have

wh | _ 17T (o 07 [5T (14 2a0)
|:Tr)‘ri|_ 2m (v -2 T) 3. (1+2a1p) |° (55a)

- -1
Mt T( oz 3. 07 noT [Stax © | T
~ | =— o — —¢WI . , 55b
|://Lr:| n (v ZC 2m | 3trann +e Trhr (55b)

where Tis the 2 x 2 unit matrix and

8

= 3030 P30]12

&= 00 KT (56)
4912130 912112

The relative deviations An/n, AL/A, and A/, (where Anp = 77 — 5, AL = x— A,
and Ap = i — ) are plotted in Fig. 4. As can be seen, the approximate shear viscosity
7 underestimates the true value of 5, this effect increasing monotonically with increasing
inelasticity and, especially, increasing roughness. At 8 = 1, the deviation of 7 from 7 ranges
from about 9% for @ = 0.5 to about 8% for o« = 1 (Pidduck’s limit).

In what concerns AX/A and Ap/p, the combined influence of @ and B is much more
intricate than in the case of An/n.Inthe region of high roughness (say 8 > 0.4), both transport
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Fig. 4 Plot of the relative deviations a An/n, b AA/A, and ¢ Ap/p versus the coefficient of tangential
restitution B fora = 0.5, 0.6, 0.7, 0.8, 0.9, 1. The arrows indicate increasing values of «. The dashed lines in
panels b and ¢ represent the values of AA/A and A/, respectively, at § = Bo(«). Here, the particles are
assumed to have a uniform mass distribution (k = g)

coefficients are overestimated if Q is ignored, this effect increasing again monotonically with
increasing inelasticity and roughness. However, at intermediate roughness (say —0.4 < 8 <
0.4), » and [ typically underestimate the true values. As the threshold values Bo(«) are
approached, the relative deviations AA/A and Au/u reach finite values. At § = 1, the
deviations of the pair ():, () range from about (8%,3%) for « = 0.5 to about (6%,2%) for
a = 1 (Pidduck’s limit). Note that, although at @ = 1 both x and [ tend to O in the limit
B — 1, the relative deviation Ap/u tends to a finite value in that limit.

Except for extremely low values of «, the consequences of disregarding the couplings
IT « Q and q < Q are generally not substantial. However, to maintain consistency, these
couplings must be considered.

4.7 Proposal of an Augmented Sonine Approximation for the IRHSM

As said before, the derivation of the NSF transport coefficients in the IRHSM requires the use
of approximations, since taking velocity moments in the kinetic equations for f® and £
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generates an infinite hierarchy of moment equations. In the standard Sonine approximation
[17, 19], the unknown vector functions A and B appearing in Eq. (25) are approximated
by a Maxwellian times a linear combination of V, V2V, and »?V. Likewise, the unknown
tensor function C;; is approximated by a Maxwellian times V; V; — %Vzéi ;- In the light of
the results we have obtained in this paper for the IRMM, we propose here for the IRHSM
the more consistent Sonine approximation

5t T 37T
A— —fu |:VA, (V2— ::1 >V+VA, <a)2— TI >V+J/AQ(V'w)wi|,(57a)

5tuT 37, T

B— —fu [VB, <V2 - = ) V +ys, <w2 - %) V 4y, (V- w)w] , (57b)

12 L
Cij = —fm|ve, | ViV; — §V 8ij | +ve, \wiwj — 3¢ Sij )| (57¢)

where
3

ml 2 mV? Io?
_ _ _ , 58
fu=n <4n21',1:rT2) exp( 27, T 21:,T) (58)

In the standard Sonine approximation [17, 19], one assumes ya, = yp, = yc, = 0. On the
other hand, in the augmented version given by Eqs. (57), the coefficient y¢, couples IT and
€2, whereas the coefficients y4,, and yp, couple ¢, and g, to Q.

It is worthwhile noting that, in the case of hard disks on a plane [19], one has V L @ and
w||Z, so that (V- @)@ = 0 and wiwj — %wz&- i = 0. Therefore, in that case the augmented
Sonine approximation becomes identical to the standard one.

5 Conclusions

Quoting Ernst and Brito [34, 35], one can say that “what harmonic oscillators are for quantum
mechanics, and dumb-bells for polymer physics, that is what elastic and inelastic Maxwell
models are for kinetic theory.” The present paper, in conjunction with Ref. [73], aims to extend
Ernst and Brito’s dictum into the domain of models featuring rough particles, specifically the
IRMM.

Building upon the exact collisional production rates established in Ref. [73], in this work
we have derived the NSF transport coefficients as explicit functions of the coefficients of
normal («) and tangential (8) restitution, along with the reduced moment of inertia (k). The
resulting hydrodynamic constitutive equations, Eqs. (11), encompass the shear viscosity (1),
the bulk viscosity (1), the thermal heat conductivity (A), the diffusive heat conductivity
(w), and the cooling-rate transport coefficient (£). The evaluation of n requires the parallel
evaluation of the spin viscosity ng [see Eq. (41)], whereas the evaluation of A and u requires
the parallel evaluation of the torque-vorticity coefficients Ao and ¢ [see Eq. (47)]. Inter-
estingly, Figs. 1 and 2 illustrate the complex dependence of these eight transport coefficients
on « and B for a uniform mass distribution (x = %).

Our analysis reveals a noteworthy result as both the mean spin vector and the couple stress
tensor vanish to the NSF order, contrary to the case of micropolar fluids [74, 75, 78, 79] and
dense gases [80-83]. This discrepancy is attributed to the low-density regime and the absence
of boundary effects in the NSF description.

While the coefficients tied to pressure and spin-spin tensors remain finite for any « and
B, those linked to the heat flux and the torque-vorticity vector exhibit dependency on the
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HCS cumulants defined in Egs. (45), diverging if § is less than an o-dependent value, Bo (o)
[73]. This divergence, originating from an algebraic high-velocity tail in the HCS distribution
function [34-36], manifests in the breakdown of hydrodynamics if 8 < Bp(«). Beyond this
region, the NSF hydrodynamic framework aids in determining the instability of the HCS
against weak inhomogeneous perturbations. That instability occurs if the wave number of
the perturbations is smaller than k. = max{k_ , k} (see Fig. 3). Remarkably, a dome-shaped
region emerges in the o vs § plane, within which k. — 00, signifying an absolute instability
of the HCS.

Additionally, considering the couplings IT <> Q and q < Q, their impact on the NSF
coefficients is found to be below 10% if « > 0.5 and k¥ = % (see Fig. 4). Nevertheless, a
consistent treatment should incorporate these couplings, even within the IRHSM.

Although, for simplicity and conciseness, this paper presents graphs exclusively for a
uniform mass distribution (k = %), the reduced moment of inertia ¥ serves as an additional
control parameter influencing results. The nontrivial impact of x« on the final outcomes can
be exemplified by the Pidduck limit (¢« = 8 = 1). According to the fourth column of Table 1,
the reduced shear viscosity, bulk viscosity, and thermal heat conductivity take the values
m*, n}, M%) = (1, 00, 1.31), (0.92,0.61, 1.23), (0.91, 0.25, 1.29), and (0.98, 0.21, 1.30)
fork =0, %, %, and %, respectively.

In summary, the IRMM serves as a compelling mathematical model, providing exact
results and offering insights into the intricacies anticipated in the more realistic IRHSM.
Future work aims to explore the exact non-Newtonian properties of the IRMM under simple
shear flow.

Appendix A Explicit Expressions for the Coefficients Appearing
in Egs. (7)

As explained in Ref. [73], we have adopted a specific criterion for coefficient notation.
Firstly, assume that Wy, (I') represents a homogeneous velocity polynomial with degrees
ki and ky relative to V and w, respectively. Thus, a coefficient such as Y i,¢,¢, (With
Y = x, ¢, or ) corresponds to the collisional moment J[Wg,,], linked to a product
like (W;,;, (1)) (¥}, j,(I')) with iy + ji = £y and i + j» = £>. If there exists more than one
Yiiky 16,6, Tor a given J[Wy i, |, each is identified by a superscript. Lastly, Greek letters x, ¢,
and v signify coefficients in J[ Wy, , ] linked to scalar, vector, and tensor quantities Wy 4, (I'),
respectively; additionally, an overline is used if Wy, «, (I') involves the inner product V - @.
The 17 coefficients appearing in Eqs. (7) are given by

48 1 /. _~1+«
©01/01 =3£, Y = 3 <a +28 > , (Ala)
K 3 K
2 B
X200 =73 [@(1—a)+28(1-58)]. xo0= -3 (Alb)
48 B 1682
=2(1-= = Al
Xogjo2 =73 < K>, X02120 TR (Alc)
2 ~ ~
Yaopo =75 (56 — 2a* — 66 + 108 —18%), (Al1d)
P 8> 28 78
==, =22 = (10-L2), Al
¥20(02 G V02120 P Y02102 T5x p (Ale)
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1 - o~ _
93030 =73 (156 — 11&% — 83 + 308 — 26,32) , (A1)
2 2
8p
P20112 =" " @230 = —3 5 (Alg)
1. ~ 28 N ~ 5B
(pg)m =15 [5a+ 108 + 7’3 <10—4a— 118 — 7’3)] (Alh)
_ 1 [_~ ~ B ~ ~1 4+« .
(pf;“z =15 |:5(x +108 + - (20 -3 —78 p )} , (Ali)
28 — B (. 1+« .
®) o)
Y1212 =75, (20 +38). @y = ﬁ<a—ﬁ p ) (Alj)
where
~ l1+a ~ 148 «
= = . A2
* 2 p 2 1+« (A2)
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