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Abstract

A classical approach for the analysis of the long-time behaviour of Markov processes is to
consider suitable Lyapunov functionals like the variance or more generally ®-entropies. Via
purely analytic arguments it can be shown that these functionals are indeed non-increasing
in time under quite general assumptions on the process. We refine these classical results via
a more probabilistic approach and show that dissipation is already present on the level of
individual trajectories for spatially extended systems of infinitely many interacting particles
with arbitrary underlying geometry and compact local spin spaces. This extends previous
results from the setting of finite-state Markov chains or diffusions in R" to an infinite-
dimensional setting with weak assumptions on the dynamics.

Keywords Interacting particle systems - Phi-entropy - Time-reversal - Martingale
representation
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1 Introduction

There are many different techniques to study the long-time behaviour of Markov processes
that excel in different situations. One very common and powerful technique is the use of
Lyapunov functionals, i.e., functionals that are monotone in time. An example of such a
functional is the variance

Var, (f) :=E,[fA1-Eulf1% feL*(w),
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where p is an invariant measure for some Markov process (X;);>0 with semigroup (P;);>0.
If we now fix an observable f and consider the function

[0,00) 5t + Var, (P, f) € [0, c0),

then it is easy to see that this is non-increasing and under some further assumptions one
can even show that it is strictly decreasing for all non-constant observables f. This whole
viewpoint is purely based on functional analytic arguments and one does not even need to
speak about the underlying Markov process itself to carry out the corresponding calculations.
Looking at this result from a different perspective, we observe that on average the process
(P, f(X1)?);0 is non-increasing. However, the purely analytic approach does not provide
us with any insight on the behaviour of this process on the level of single trajectories. Of
course, in general we cannot expect that every trajectory of this process is non-increasing, but
we can hope that the process exhibits some stochastic form of monotonicity, such as being
non-increasing in conditional mean, i.e., a supermartingale. From a probabilistic standpoint,
these limitations of the purely analytic tools are somewhat dissatisfying. Consequently, we
seek to enhance this coarse approach by applying a more detailed, probabilistic technique
that allows us to extend these results to a trajectorial level, by which we mean results on the
behaviour of single realisations of a stochastic process. By doing so, we uncover more of the
underlying probabilistic mechanisms governing the decay of variance, or more generally, the
decay of ®-entropies. For this, we will first briefly recall the notion of ®-entropies and then
explain our main results and ideas with the help of the simple example of a continuous-time
Markov chain on a finite state space. The rest of the article is then devoted to extending these
ideas to the setting of spatially extended systems of infinitely many interacting particles as
e.g. considered in [13].

1.1 ®d-Entropies and Their Decay Under Markovian Dynamics

Let ® : I — Rbeasmooth and convex function defined on a not necessarily bounded interval
I C R. Let (E, B(E)) be a Polish space equipped with its Borel o-algebra and assume that
W is a probability measure on (E, B(E)). The ®-entropy functional is then defined on the
set of p-integrable functions f : E — [ by

Ent? (1) = [ 0(dn - ( /| fdu) = B, [0()] - (B, [£]).

By Jensen’s inequality one can immediately deduce that the ®-entropy functional takes its
values in Ry U {+o00}. Moreover, Entfj( f) vanishes if its argument is constant and if ® is
strictly convex, then the converse is also true. For special choices of ® one can recover the
classical variance and relative entropy functionals since we have

Ent’”" = Var,, Ent}”""®" = h(|u).

Now let (X (#));>0 be a Markov process on our Polish space E with associated semigroup
(Py)r>0 acting on Cp(E; R), the space of continuous and bounded real-valued functions on
E. Let us assume that there exists an invariant probability measure 1 and denote by .Z the
generator of the semigroup (P;);>o with domain dom(¥) C Cp(E; R).

By invariance of 1 and Jensen’s inequality one can now deduce that for all f € Cp(E; R)

Ent} (P, f) = E, [®(P, )] — © (B, [P f1) < B, [PO(f)] — @ (B, [f]) = Ent}; (f).
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This tells us that the ®-entropy is non-increasing as a function of ¢ and can be used as a
Lyapunov function. More precisely, with purely analytic arguments, one can even deduce the
following general result about the decay of ®-entropies.

Proposition 1.1 (DeBruijn like property for Markov semigroups, [2]) Let (X(t));>0 be a
Markov process on a Polish space E equipped with its Borel o -algebra B(E) and let (P;);>0
be the associated Markov semigroup with generator £. Assume that  is an invariant prob-
ability measure. Then, for any continuous and bounded function f : E — I and anyt > 0,
it holds that

o Ent}} (P, f) = B, [®' (P /)£ (P, f)] < 0.

This result is classical, but we nevertheless recall its short analytic proof.

Proof The chain rule and the definition of the generator . directly imply that

d
o Ent® (P, f) = E,, [®’(Ptf)E(sz)} =E,[®' (PN Z(P.)].

To see that the left-hand side is actually non-positive, it suffices to observe that the convexity
of ® implies via Jensen’s inequality for conditional expectations

C(Prysg) = P (P(Psg))
for any s, # > 0 and hence for all f we have
Ent] (P f) < Ent} (P, f),
by invariance of u. O

By integrating with respect to the time variable one obtains the following classical corol-
lary, which links exponential decay of ®-entropies and functional inequalities involving
d-entropies.

Corollary 1.2 In the setting of Proposition 1.1, the following two statements are equivalent.
i There exists a constant ¢ > 0 such that for all f € dom(.Z)
Enty (f) < —cE, [®'(/)2[].
ii. There exists a constant ¢ > 0 such that for all continuous and bounded f : E — [
Ent? (P, /) < ¢ ¢Ent®(f).

2

Note that, in the special case ® : u +— u~, one recovers the Poincaré inequality

Var,(f) = =5 (/. Z P,

which is well-known to be equivalent to exponential L? ergodicity, see e.g. [7]. For a more
detailed review of ®-entropies and further results we refer the interested reader to [2].
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1.2 A Finite State-Space Example for the Trajectorial Approach

As one can see, the results above can be obtained without even mentioning the underlying
stochastic process and just dealing with the semigroup and its generator. While the simplicity
of this method is certainly attractive, it solely provides information about averaged quantities,
i.e., the mean behaviour of the process, but it does not offer any insights into the behaviour
of individual realisations. We therefore want to complement this perspective with a more
refined and probabilistic approach that enables us to derive results at a trajectorial level.

For simplicity, we will first discuss the main ideas for the example of a continuous-time
Markov chain on a finite state space. More precisely, let (X;);>0 be a Markov chain on a
finite set E with irreducible generator .’ and strictly positive invariant measure . Hence,
the corresponding Markov semigroup is given by the matrix exponential (e’ ),0. Denote
the underlying probability space by (€2, A, P) and assume that X ~ u under IP.

It is easy to check that for all bounded f : [0, o0) x E — R such that for all x € E the
partial derivatives 9, f (-, x) are continuous and bounded, the process defined by

t
f(l,Xz)—/ s +2) f(s, Xs)ds, t=0, (1.1)
0

is a martingale with respect to the canonical filtration generated by (X;);>0, see e.g. [14,
Lemma IV.4.20].

If we now fix a finite time horizon T > 0 and consider the time-reversal (Xt)os,fr
of (X;)r>0, where X, = Xr7_;, then under P the time-reversed process is again a time-
homogeneous Markov process with generator #, where

Py =D gy 0,

Y
A short cglculation now shows that, for each bounded g : £ — R and T > 0, the process
(Pr—sg(Xs))o<s<1 is a ((Fy)o</<T, P)-martingale, where F; = o (X7 : 0 < s < 1).
Indeed, we can use the chain rule to calculate

O Pr_g(x) = —LPr_g(x),

so the correction term in (1.1) vanishes. Note that it is crucial to use the time-reversed process
here, since the correction term does not cancel out if one uses the forward process.

By convexity this directly implies that the time-reversed trajectorial ®-entropy, i.e., the
process defined by

C(Pr—sg(X(T —5)), 0=<t=T,

is a submartingale. The submartingale property of this process should be thought of as a
stochastic monotonicity because it tells us that almost surely we have

E[®(Prog(X(T = s)|F| =z @(ProgX(T —1), 0=tr=s=T. (12

This provides us with valuable insights into the behavior of ®-entropy functionals along indi-
vidual trajectories and can be viewed as a trajectorial refinement of DeBruijn’s Theorem,
which we can recover from (1.2) by taking expectations with respect to P. The submartin-
gale property of the backward dynamics can be interpreted as follows: Regardless of our
knowledge about the system’s future trajectory, we expect the ®-entropy to have decreased
in the past. Hence, in a sense, the knowledge of a system’s trajectory does not influence the
DeBruijn-like decay of ®-entropies when looking backwards in time.
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Moreover, we can now apply the standard machinery of martingale inequalities to get
concentration bounds on the fluctuations around the mean. For example, Doob’s classical
submartingale inequality, see [14, Theorem I1.52.1], implies that for all C > 0 we have

]P|: sup ®(P f(nr)) = Cj| =< M

0<t<T

Since the right-hand side does not depend on 7' > 0, we even get a tail bound for unbounded
time intervals

IP’|: sup. @ (P f(n:)) = C

}<f¢qwg
0<t<oo - Cc

An analogous time-reversed martingale structure has been identified in the field of stochas-
tic thermodynamics, specifically in the investigation of the decay of non-equilibrium free
energies under Markovian dynamics, see [15, Sect. 9.1.4]. Exploring the underlying rea-
sons for why the submartingale property appears exclusively in reversed time is a subject
of ongoing research. For readers interested in delving deeper into this topic from a physics
perspective, we recommend the comprehensive review article [15].

The main work is now to establish that a similar argument as in the case of a finite state
space can also be made rigorous to treat infinite-dimensional systems like the interacting
particle systems we consider. To our best knowledge, the first results of this kind, in the
context of diffusions in R”, have been achieved in [4]. More recently, starting with [9],
these results have been extended to more and more classes of Markov processes, including
continuous time Markov chains on countable state spaces, see [10]. The works [11, 16] are
also in a similar spirit.

The setting will be made precise in Sect. 2, but roughly speaking, we consider continuous-
time Markov jump processes on general configuration spaces 2 = €23, where S is an arbitrary
countable set and Q2 is a compact Polish space. We will refer to the elements of S as sifes and
call Q9 the local state-space. In most examples considered in the literature, S is the vertex set
of some graph like the d-dimensional hypercubic lattice Z¢, a tree or the Cayley graph of a
group. This underlying spatial geometry dictates which particles can interact with each other
and we are therefore not in the setting of mean-field systems but in an infinite-dimensional
setting. This of course brings with it its own set of technical difficulties which need to be
dealt with for making the time-reversal arguments work.

The main technical difficulties come from making sure that the time-reversal is again a
well-defined interacting particle system and from obtaining a description of its generator. This
is made possible by assuming some local regularity of the local conditional distributions of the
time-stationary measure . Namely, by the assumption that x is actually a Gibbs measure with
respect to a quasilocal specification that additionaly satisfies a certain smoothness condition.
This condition is e.g. satisfied if the specification is given in terms of a potential ® =
(®p)Bes such that

sup Y Bl [®plle < 00,
X€S pes: Bax

where the notation B € S means that B is a finite subset of S. Note that this condition is for
example satisfied for any translation-invariant finite-range potential, so our theory applies to
a fairly large class of models.
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1.3 Organisation of the Manuscript

The rest of this article is organised as follows. We will first collect the necessary notation and
formulate our main results in Sect.2. Then, as a first step, we investigate the time-reversal
of interacting particle systems in equilibrium in Sect.3 with the main goal of obtaining an
explicit representation of the (formal) generator of the time-reversed dynamics. In Sect. 4, we
will then apply these results to establish pathwise properties of general ®-entropy functionals.

2 Setting and Main Results

Let (20, Bp) be acompact Polish space equipped with its Borel o -algebra and A a probability
measure on (2, By), which will serve as our reference measure. We will consider Markovian
dynamics on the configuration space Q2 = Qg , where S is some countable set whose elements
we will refer to as sites. In most applications this will be the set of vertices of some graph,
e.g. Z or a tree. We equip 2 with the product topology and corresponding Borel o -algebra
F. Note that F coincides with the product o -algebra ®,csBp. For A C S we will also write
QA = Qé for the set of partial configurations. We will also equip 2a with the product o -
algebra and the probability measure Ao = ®ycaro. For A C S, let F be the sub-o-algebra
of F that is generated by the projections w — wa € Qa for A € A, where we write €
to signify that a set is a finite subset of another set. For A C § and (partial) configurations
nac € Qac and Ep € Qa, we will write £anac for the configuration that is defined on
all of S and agrees with nac on A€ and with €5 on A. For a topological space E, we will
denote its Borel o-algebra by B(E) and the space of continuous real-valued functions on
E by C(E). The space of non-negative measures on E, or more precisely on 5(E), will
be denoted by M (E) and is equipped with the topology of weak-convergence. The subset
of probability measures, i.e., non-negative measures with total mass equal to one, will be
denoted by M (E). The total variation distance on M (E) will be denoted by |- |y -

2.1 Interacting Particle Systems and Gibbs Measures
2.1.1 Interacting Particle Systems

We will consider time-continuous Markovian dynamics on €2, namely interacting particle
systems characterised by time-homogeneous generators . with domain dom(.Z) C C(2)
and the associated Markovian semigroup (P;),>o on C(£2). For interacting particle systems
we adopt the notation and exposition of the standard reference [13, Chapter I].

In our setting, the generator ¥ is given by a collection of transition measures
(ca (-, d&))aes in finite volumes A € S, i.e., mappings

Q30 ca(n, déa) € M(Q4).

These transition measures can be interpreted as the infinitesimal rates at which the particles
inside A switch from the configuration na to £a, given that the rest of the system is cur-
rently in state nac. The full dynamics of the interacting particle system is then given as the
superposition of these local dynamics,

Zf) = ng Lf Eanac) — fF(mIca(n, dén). 2.1

AES
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In [13, Chapter I] it is shown that the following conditions are sufficient to guarantee well-
definedness.

(L1) For each A € 2 the mapping
Q350> ca(n, dsn) € M(Q4a)

is continuous.
(L2) The total rate at which a single particle switches its state is uniformly bounded, i.e.,

sup Z sup ca(n, 2a) < 0.
xes Asx ne2

(LL3) The total influence of all other particles on the transition rates of a single particle is

uniformly bounded, i.e.,
M := sup Z Z(S},cA < 00,
YES Asx y£x

where
8yca == sup {llea(, ) — ca(&, iy = mye = Eye}.

Under these conditions, the core of the operator . is given by

D) :=1feC@: fll:=)_8(f) < oo} :

xe§

where for x € §

8(f)=sup [f(n)— f(E)I

n.&: nye=6c

is the oscillation of a function f : € — R at the site x. In addition, one can show the
following estimates for . and the action of the semigroup (P;);>¢ generated by .. We will
need these later on.

Lemma 2.1 Assume that the generator £ satisfies (L1) — (L3) and denote by (Py);>0 the
semigroup generated by L.

i. For f € D(2) we have Py f € D(R2) forallt > 0 and
1P fIll < exp (M —&)r) I fIIl-
ii. Forall f € D(R) it holds that
1-Z flloo < | sup Z sup ca(n, Q2a) | ILFII-
xeS Asx neQ

The constants are explicitly given by

M = sup Z ZS},CA < 00,

xe§ A>x y#x

e = inf inf Z Z ca(n, En) + Z ca(g, éa)

XES N, Nye=Cxe Ny FLx Aox \Enifrt Enfran
Sx=Cx Sx=Tx
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Proof Combine the results from Proposition 3.2(a) and Theorem 3.9.(d) in [13, Chapter I].
O

For our purposes, the mere well-definedness of an interacting particle system is not suf-
ficient and we need to assume some more regularity. All the additional assumptions we put
will be used to make the generator of the time-reversal well-defined.

(R1) Foreach A and n € 2 the measure ca (17, d€a) is absolutely continuous with respect
to the reference measure Aa (d€a) with density ca (1, ).
(R3) For each A € 2 the map

Qx Qa3 8r) > caln,a) €R

is continuous with respect to the product topology.
(R3) The total rate of transition for a single site is uniformly bounded from above

sup Y sup lea(, )l < 00.
xes Asx ne

(R4) The condition (L3) is satisfied, i.e.,

sup Z Z(S}L‘A < 00.

xes ASX y#x
(R5) There exists an R > 0 such that for all A € Z¢ with |A| > R we have

sup  ca(,6a) =0.
7)€Q,§A€QA

We will comment on where and why we need these assumptions and their connection to the
classical conditions (I.1)—(LL3) at the end of Sect.2.1.2, after we have stated our assumptions
on the local conditional distribution of the time-stationary measure ji.

2.1.2 Gibbs Measures and the DLR Formalism

We will mainly be interested in the situation where the process generated by . admits a
time-stationary measure . with a well-behaved local representation, namely that p is a Gibbs
measure with respect to to a sufficiently nice specification y. Let us therefore first recall the
general definition of a specification.

Definition 2.2 A specification y = (ya)aes is a family of probability kernels y5 from Q«
to M (2) that additionally satisfies the following properties.

i. Each y, is proper, i.e., for all B € Fxc it holds that
ya(Bl) =1p().
ii. The probability kernels are consistent in the sense thatif A C A € S, thenforall A € F
yaya(Al) = ya(Al),

where the concatenation of two probability kernels is defined as usual via

yAyA<A|n>=/QVA<A|w)yA(dw|n).
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For the existence and further properties of Gibbs measures with specification y one needs
to impose some conditions on the specification y. One sufficient condition for the existence
of a Gibbs measure for a specification y is quasilocality, see e.g. [5] or [6]. For the following
sections we will need to assume some more regularity for the specification y. In particular,
these assumptions will guarantee that y is quasilocal.

(S1) For each A € S and n € €, the probability measure ya (d&a|n) is absolutely contin-
uous with respect to the reference measure Aa (d€a) with density ya (+|n).
(S2) Forall A € S, the map

Qx Qa3 &) = yaalnac) € [0, 00)

is continuous (with respect to the product topology).
(S3) The conditional densities on the single spin spaces are uniformly bounded away from
zero and infinity, i.e.,

0 < & < inf inf y(ne|nee) < supsup yx (nelnee) <87 < 0.
xeSne xeS neQ

(S4) We have

sup Z ZSy)/A<OO,

xes§ Asx: ca>0 y#x

where
Syva = sup {llya(@éaln) — ya(dEalD)llpy  nye = §yel

Remark 2.3 Now that we have stated all of the conditions that we need, let us briefly comment
on why and where we need them.

i. Assumption (R3) clearly implies (L.2) and together with (R4) ensures that the interacting
particle system is well-defined.

ii. Assumption (R1) and (S1) allow us to write down the local transition density of the
time-reversal and (S3) makes sure that we are not performing a division by zero.

iii. The further regularity assumptions (R3), (R5) (S3), (S4) and the continuity assumptions
(R2) and (S2) make sure that the local transition densities of the time-reversal also give
rise to a well-defined interacting particle system.

iv. The quantity in (S4) is similar to the classical Dobrushin uniqueness condition, see [6].
However, we only need it to be finite and not strictly smaller than one.

Example 2.4 One particular class of models to which our theory can be applied to are spin
systems for which the specification y is defined via a potential ® = (®p)pes that satisfies

sup Y |B| @5l < o0,

xes Box
and where the rates are of the form

exp (—ﬂ D B:BAD CDB(SA'?AC)) . i Al =1,

s otherwise.

ca(n, éa) = i

Instead of these single-site updates one could also consider updates in larger regions with a
bounded diameter. Then the rates satisfy (R1) — (R5) and the specification satisfies (S1) —
(S4), as one can see by using similar arguments as in the proof of [5, Lemma 6.28]. Note that
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this class of examples includes models with long-range pairwise interactions (Px,y}), yezd
that satisfy

1Pl ~ X = IT®

for some o > d.

2.2 The Time-Reversal of an Interacting Particle System

In the notation of above, assume that © € ¢ (y) is Gibbs measure for a quasilocal specification
y, i.e., assume that p satisfies the DLR equations

w(f) = nyalfl)

forall A € S and bounded measurable functions f. Further assume that x is time-stationary
with respect to the Markovian dynamics with generator .. Denote the semigroup generated
by .Z by (P;);>0 and the corresponding process on 2 by (1(¢));>0. As discussed in Sect. 1.2,
for each fixed T > 0 the process (n(T — t))o</<r is again a time-homogeneous Markov
process and under some suitable assumptions its associated semigroup has a generator 2.
But what does this generator look like? For general Markov processes it is not possible to
give a closed form expression, but in our case we can use the special structure of .Z as the
superposition of local dynamics in finite volumes. In each of these finite volumes, it is clear
how the time-reversal with respect to u should look and we can hope that we can again
write .2 as the superposition of finite volume processes. With this Ansatz, the probabilistic
intuition dictates the educated guess
YaEalnac)

Ca(n, En) = calanae, na) ————— (2.2)
ya(malnac)

for the transition densities appearing in the generator of the time-reversed interacting particle
system. However, at this stage, it is not obvious that the generator of the time-reversed system
is again of the form (2.1) and has precisely these rates. For Markov processes on finite state
spaces this is an easy calculation but we have to put in some more work, which will be carried
out in Sect.3. We obtain the following result that extends results from [12] to a much more
general setting.

Proposition 2.5 (Time-reversal generator) Let the rates of an interacting particle system with
generator . satisfy (R1) — (RS) and assume that | is a time-stationary measure for the
corresponding Markov semigroup (P(t));>0 on C(R2) that is generated by £ such that u is
a Gibbs measure with respect to a specification y that satisfies (S1) — (S4). Then, the time-
reversed process has a generator 2 whose transition densities (with respect to the reference
measure Ag) are given by

yaalnae)

A, En) = caléanac, na) .
ya(malnac)

The proof of this can be found at the end of Sect. 3.

2.3 Trajectorial Decay of P-Entropies

With this auxiliary result at hand, we can then obtain the following result, which describes
the dissipation of general ®-entropies on a trajectorial level. Before we state the theorem,
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let us introduce some further notation to express the main equation in a cleaner way. The
Bregman ®-divergence associated with @ : I — R is defined as

div®(plg) := ®(p) — D(q) — (p — )®'(q), p.qel.

This is precisely the difference between the value of @ at the point p and the value of the first-
order Taylor expansion of ® around g, evaluated at p and is non-negative, since we assumed
that ® is convex. Bregman divergences are sometimes also referred to as Bregman distances,
despite not being a metric since they are in general not symmetric and do not satisfy the
triangle inequality. They are however still useful for applying techniques from optimisation
theory in more general contexts, e.g. in statistical learning theory [1]. As an example, consider
the classical entropy function ® : u — u logu. Then the associated Bregman divergence is
given by

. p
div®(plg) = plogp — plogq + p — q = plog (3) +pr—9q

Note that we now have to be careful with the probability space and filtration we are working
with, since we are talking about results on a trajectorial level.

Theorem 2.6 (Trajectorial decay of ®-entropies) Let (2, A, P) be a probability space on
which the interacting particle system (1(s))s>0 is defined. Denote the generator of the inter-
acting particle system by £ and assume that its rates satisfy (R1) — (RS) and assume that
under P we have no ~ u, where [ is a time-stationary measure for the corresponding
Markov semigroup (P;);>0 on C(R2) that is generated by .Z such that p is a Gibbs measure
with respect to a specification y that satisfies (S1) — (S4). Let I C R be an interval and
® : [ — R be a continuously differentiable convex function. Then, for any f € D(R2) such
that f(2) C I, and T > O, the process defined by

L/ (s) == ®(Pr—sf(nr—)), 0<s<T, (2.3)

isa ((ét)oftg, P)-submartingale, where ét =om(T —s): 0 <s <t). Its Doob—-Meyer
decomposition is given by

L) = M®7 (1)
t

+ / >

0 Aes

X (Pr—s(fEanac(T — s)IPr—s f(n(T — $))Aa(dér)ds. 24)

fg ea(T — s), Ea)div®

The proof of this theorem can be found at the end of Sect.4. While one can recover the
classical DeBruijn-like decay of ®-entropies as stated in Proposition 1.1 by taking expecta-
tions, let us stress that Theorem 2.6 gives us a much more precise description of the process.
Indeed, the submartingale property provides us with information on the behaviour of the
process in conditional mean, and not just on the level of ensemble averages. So we can
actually say that, irrespective of the current state and future trajectory of our system, we
expect that the ®-entropy process has decreased in the past. Furthermore, the submartingale
property allows us to make use of the strong machinery of (sub)martingale inequalities and
thereby derive new results on the pathwise deviations from the ensemble average. Indeed,
from Doob’s submartingale inequality, see [14, Theorem I1.52.1], we immediately get the
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following explicit concentration bound for the trajectories:

Jo @(H)du

VC>0: ]P’|:sup Lq”f(z)zcj|§ c

0<t<oo

This allows us to bound the probability of ever seeing large pathwise deviations from the
ensemble average, as described by DeBruijn’s Theorem.
For the sake of concreteness, let us write out the result from Theorem 2.6 explicitly for one

of the simplest cases, namely the trajectorial decay of variance, corresponding to ® : u > u2.

Corollary 2.7 (Trajectorial decay of variance) In the setting of Theorem 2.6, we have that,
forany f € D(Q) and T > 0, the process defined by (Pr—s f(n7—s))%, 0 < s < T, is
a ((ét)O§t§T7 P)-submartingale, where _C’;, =om(T —s): 0<s <t).Its Doob—Meyer
decomposition is given by

. t
(Pr—sfr—s)* =M’ (1) + /0 >

AES
X [fEanac(T = 5)) = f((T = )I* ha(dEn)ds.

/ eam(T —5),€n)
QA

2.4 Outlook

Even though we were able to show the trajectorial decay for the relative entropy under quite
general assumptions on the dynamics, these results are not fully satisfactory in the context
of statistical mechanics. The usually more interesting Lyapunov functional in this setting is
the so-called relative entropy density, as e.g. considered in [5], which is not only defined
for measures v that are absolutely continuous with respect to . Therefore, it would be
much more natural to work with this functional A (-|u) : /\/l’i”” (2) — R instead and one can
show that is also a Lyapunov function for interacting particle systems under quite general
assumptions, see [8], but it is somewhat unclear how to even formulate conjectures about the
trajectorial properties of this functional, since one cannot naively evaluate it pointwise.

As we already saw in the case of a continuous time Markov chain on a finite state space,
the main ingredient for this type of result is to obtain an explicit description of the generator
of the time-reversed process. Another class of processes that could be of interest and is not
covered by our results are systems which evolve continuously on their single spin spaces,
as opposed to our pure-jump processes. The first example that comes to mind are of course
systems of (infinitely-many) interacting diffusions, e.g. indexed by Z¢. We expect that, if
a given system of interacting diffusions admits a Gibbs measure as an invariant probability
measure, then a combination of the techniques in [9] and this article should yield analogous
results—of course under some suitable regularity conditions on the coefficients.

3 The Time-Reversed Interacting Particle System and Its Generator
The main goal of this section is to prove Proposition 2.5, thereby establishing that the gen-

erator of the time-reversal is indeed given by .Z. For this we will need to establish some
regularity properties for the transition densities as defined in (2.2).
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3.1 Upper and Lower Bounds for the Conditional Densities

Since we will need to deal with quotients involving the conditional densities YA on arbitrary
finite subsets A € S, we will need to lift the upper and lower bounds from (S3) to this more
general case. This is essentially the content of the following lemma.

Lemma 3.1 Let y be a specification that satisfies (S1) and (S3). Then, there exists a constant
C € (0, 00) such that for all A € S we have the estimate

e 18 < inf ya(nalnac) < sup ya(alnac) < e
ne2 neQ
This constant is precisely given by C = |log §|.
Proof For this, fix an enumeration iy, .. ., iy of the elements of A and introduce the notation

ljoicd = {ij.ije1, ... ik}, 1<j<k
With this notation at hand, we can use the chain rule for conditional probability densities to
write
k
yaalnae) = [ | Vi 0 10t e ac), 3.1)
j=1

where Vi i 10 10y, iMac)  is the  marginal  density of the measure
Viri 10Ny ,i;1100 41, ac) With respect to the site ;. But, using consistency of the speci-
fication y, we have

Vin,i 1 (Mi; NG i 1mac) =/)/[il,i_,-](dg[il,i_,-]|77[i_,~+|,ik]77A"))/i_,-(77i_,-|§[i1,ij,l]n[ijﬂ,ik]nA“)a

which is, by assumption, upper bounded by § ! and lower bounded by 8. In conjunction with
the representation (3.1) this implies the desired upper and lower bound where the constant
C is explicitly given by C = [log(d)|. O

As a corollary we now get the following estimate for the quotients that appear in the
definition of transition density of the time-reversal (2.2).

Lemma3.2 Let A € S and y be a specification that satisfies (S1) and (S3). Then, for all
A E S, neQandép € Qa, we have

0 < 2011 o Yalalna) - ocpa
T ya(malnae) T

3.2 The Switching Lemma
Now that we can be sure that the densities as in (2.2) are actually well-defined and we are
not performing a division by zero, we can start showing that . is indeed the generator of

the time-reversed process. The main technical tool will be the following lemma.

Lemma 3.3 Let the rates of a well-defined interacting particle system with generator £
satisfy (R1) and assume that p is a time-stationary measure for £ and  is a Gibbs measure
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with respect to a specification y that satisfies (S1) and (S3). Then, we have for all bounded
and measurable f,g : 2 — Rand A € S that

/Q v/QCA@%SA)f(w)g(SAwAC)M(dCU))\A(dSA)

:/Q /QGA(w,SA)f(waAc)g(w)/L(dw))LA(dgA), 3.2)

where

yaéalnac)

A, En) = caléanac, na) .
ya(alnae)

To keep the notation for conditional expectations in the upcoming proof simple, we will
denote integration with respect to u by E[-].

Proof As a first step, note that for fixed A € S and £p € Q2 the maps
QLowt> gléawac) eR, Q3w f(Eawac) €R,

are Fac-measurable. Therefore, we can use that y is the local conditional distribution of u
and the definition of the rates ¢ to obtain the p-almost-sure identity

EleaC,6a) f()gEa-ac)|Facl(w)
= géawac)E[ca(-, Er) f()IFac] (@)

= g(SAwAf)/Q vYaGalwac)ea(Cawae, Ea) f(Cawac)ia(dia)
A
Zg(EAwAc)/Q yaEaloac)iaEawae, Ea) fCawac)Aa(din).

If we now integrate over £, exchange the order of integration (via Fubini) and apply the
same arguments in reverse— with f taking the role of g and vice versa—we get

fQ Efca (- £n) f()g(En-ac)|Facl (Mia(dEs)

_ fQ E[eaC. ) f(Ca-ac)g()Fac] (Mra(dCn).

By integrating both sides with respect to «, exchanging the order of integration, and applying
the law of total expectation we obtain

/Q /Q (@, £2) f(@)g(Enwa i de)ha dEn)
- / / en(@. £8) f(Camac)g(@)p(dw)ha(dLs).
Qr /o

as desired. ]

3.3 Regularity of the Time-Reversal Rates

To make sure that . is actually the generator of a well-defined interacting particle system
we now show that the collection of transition measures (Ca (-, -))aes satisfies the three
conditions (L1)—(L3).
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Proposition 3.4 Let the rates of an interacting particle system with generator £ satisfy
(R1) — (RS) and assume that | is a time-stationary measure for £ and such that 1 is a
Gibbs measure with respect to a specification y that satisfies (SI1)—(S4). Then, the transition
measures (Ca (-, d&éA)) aezd With A -densities given by

yaGalnac)

ca(m,Ea) = caEanac, na)
ya(malnac)

satisfy the conditions (L1)—(L3).

Proof Ad (L.1): This follows from the continuity assumptions (R2) and (S2), together with
assumption (S3) and Lemma 3.2.

Ad (L2): Note that for fixed A € S, €A € Qa and n € Q we have by Lemma 3.2 and
assumption (RS)

yaalnac 1
lea(m, Ea)| = |caEanae, na) ———————| < —eRea(Eanac, na).
ya(alnae) )
So we get
R R 1
sup 2 (7, ©4) = sup / En 0, E)a(dEn) = <o sup / eaEanac. na)ka(dEn)
ne neR JQa neR JQa
1 g
< cevsupllea(®, oo -

ne

Therefore, assumption (R3) implies that (L.2) is also satisfied.
Ad (L3): Fix A € S, y € S and two configurations 7!, n? that only disagree at y. Then, for
any £p € Qa we have
|ea (n', 8a) — ¢a (0, &a)]

va (Ealnhe
ca (Eanpe. 1)) (17?)

va (nylnje)
va (Ealnhe) _ra (alnic)
va (nkInke)  va (niInke)

va (Ealnic)
—ca (Eanae, 13) — 5%
a (baniae a) va (0 Inke)

< lca (Eanhe, nk)

va (Ealnic)

va (nA1nc) [ea (Eanae na) = ca (anae n3)] -
ATAC

To estimate this further, we will have to make a case distinction over whether the site y
is contained in A or not. If y is contained in A, then we can naively use Lemma 3.2 and
assumption (RS) to obtain the rough estimate

en (1. 8a) — éa (P En)| <42e®  sup  lea (n£n)] < KD
8 neQ.EneQa s

In the case where y is not contained in A, we can (and have to) be a bit more precise. Via the
elementary algebraic rule

1
ac—bd:5[(61—b)(c+d)+(a+b)(c—d)],
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and Lemma 3.2 plus assumption (RS) one obtains

va (Ealnie
‘CA (“;:A’ZIAm HIA)‘ x)

va (naImae)

va (Ealnhe) A (alnie)
va (nhlnke)  va (nAlnae)

‘CA (EAUIN, UIA) —ca (SAUZN , ’IZA)|

1 |
=5 ‘CA (EMJAU. 77A>‘

1
ya (nh1nhe) va (nk Inke) ‘
x ‘m (éAln]Ar) ~¥a (SAMZAL) ‘m (n]A\nlN») +va (nilni«)

va (Ealnic)
va (N2 1nie)

1 1
< ﬁeZRK(C)K(y) ‘VA (EAln]Ac) —ya (EAIUZA<)| + geR ‘CA (EM/IN, nlA) —ca (Ewi( . ﬂzA)|-

‘CA (EM‘N . n'A) —ca (EMZAm ni)‘

Now, by integrating this pointwise difference of the densities over £, we obtain via all of
the other assumptions that

sup Z ZﬁyéA < 00.

xes§ Asx y#x

But this is precisely (L.3) and the proof is finished. O

With these two intermediate results at hand, we can now show that & is indeed the
generator of the time-reversal of (1;),>0 (with respect to the time-stationary measure ().

Proof of Proposition 2.5 Tt only remains to show that for all f, g € D(Q2) we have

/f(w)fg(w)u(dw)=/ (ff) (w)g(@)u(dw),
Q Q

since then the claimed time-reversal duality follows from Lemma A.4.

For this, we first note that it suffices to show that the duality relation for the generators
holds for all local functions f, g : 2 — R. Indeed, if it holds for all pairs of local functions,
we can then extend it to functions with bounded total oscillation by using the estimates from
Lemma 2.1 and dominated convergence. Therefore, let f, g be two local functions and let
A & S be sufficiently large such that both f and g only depend on coordinates in A. By first
applying Lemma 3.3 and then using that p is time-stationary with respect to the Markovian
dynamics generated by ., we see that

| r@2s@uao - [ (£f@)g@nado
Q Q

- /sz /QCA(“”SA)[-’C rgEamac) = [ g(@)1p(dw)ra(dEn)

ANA#£D

/Q 2(f - ) @p(dw) =0,

which finishes the proof. O

4 Trajectorial Decay of ®-Entropies

In this section we use the time-reversed process and a martingale argument to prove Theorem
2.6.
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4.1 The Time-Dependent Martingale Property

The main technical tool will be the following lemma which can be seen as an extension of
[14, Lemma IV.20.12] to our setting.

Lemma4.1 Let £ be the generator of an interacting particle system (1(s))s>0 Such that its
transition rates satisfy (L1) — (LL3) and let i be a time-stationary measure with respect to L.
Then, for all f : [0, 00) x Q — R such that

i. f(,n) e (0, 0)) forallny € Q and
ii. forall T > 0 it holds that

sup |[ILf(z, Il < oo,
0<r<T

the process defined by

1
f(t,n(t))—/0 (05 + ) f (s, n(s))ds

is a martingale with respect to the filtration G, == o(n(u) : 0 <u <1t).

The proof of this lemma is not difficult but hard to find in the existing literature, we therefore
give it in some detail.

Proof For functions f as above, we define

M(s) == f(s.n(s)) — /0 O+ L) f @ n@)du, 5 >0

and denote by (P;);>(o the Markov semigroup generated by (95 + .£). Then, for s < ¢, the
Markov property and the elementary identity

d
—P =P +2)= (0 +2L)P,

dt
o]

N t
= PHf(s,n(S))—/0 (8u+§f)f(u,n(u))du—/ Py—s @y +2) f (s, n(s))du

give us

t
E[f(f,n(t))—/o 0 +2) f (u, n(u))du

s t d
= Pz—sf(s,n(S))—/O (8u+$)f(u,n(u))du—/ EPu—sf(s,n(S))du

= Flsan(s) — fo (Ou + 2) f (. n(u))du.

This shows that the process (M (s))s>0 is indeed a martingale. ]

This abstract tool now lets us establish the analogue of the first step in the case of a finite
state space considered in Sect. 1.2.

Proposition 4.2 Let (2, A, P) be a probability space on which the interacting particle system
(n(s))s>0 is defined. Denote the generator of (n(s))s>0 by £ and assume that the rates satisfy
(R1)—(R5) and assume that under P we have n(0) ~ w, where ( is a time-stationary measure
for the corresponding Markov semigroup (P;);>=0 on C(S2) that is generated by £ and that
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W is a Gibbs measure with respect to a specification y that satisfies (S1)—(S4). Then, for all
f € D(R)and T > 0, the process defined by

Prsf(T =s)), 0<s=<T,
isa ((QA,)QEIET, P)-martingale, where Qt =o(T —s5): 0<s <1t).
Proof Note that by Lemma 2.1 we can apply Lemma 4.1 to the function
[0.T] x 23 (s, m) = Pr—s f(n).
But since we have by the chain rule
o Pr—f = ~ZPr—f.

the correction term cancels out and we obtain the claimed martingale property. O

4.2 Trajectorial Decay of P-Entropies

With this preliminary result in place, we can now come to the proof of our main result.

Proof of Theorem 2.6 Submartingale property: By Jensen’s inequality and Proposition 4.2
we immediately see that the process >/ (t))s>0, as defined in (2.3), is a submartingale.
Doob—Meyer decomposition: Here we want to apply Lemma 4.1 to the function

g:[0,T1x Q2> (s,n) > ®(Pr_s f) € R.
Via the chain rule we see that
058(s, ) = . D(Pr_ f()) = =@ (Pr s f()N L Pr s f ().
Applying the generator . for fixed s € [0, T] yields
Les,m =Y fg a(n, Ea) [®(Pr—s fEanac) — ®(Pr—s f())] ha(dEn).
A

AES

By putting these two ingredients together and using the previously introduced notation for
the Bregman ®-divergence we obtain

G+ Do = X [ atr 60w Pros fEanse)| Prcf () (dEw).

AES

The claimed Doob—Meyer decomposition (2.4) of the submartingale L%/ now follows from
Lemma 4.1. O
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Appendix A: The Time-Reversal of Markov Processes in Equilibrium

In this section, we briefly summarise some properties of the time-reversal of a Markov process
with respect to a time-stationary measure. These results are classical but not particularly easy
to find in the literature, at least in this formulation.

We start by making precise what we mean by time-reversal of a stochastic process. Recall
that any time-stationary stochastic process (X;));>0 can be extended (in law) to a process
(X¢)—co<t<oco Via Kolmogorov’s extension theorem.

Definition A.1 Let (X;);>0 be a time-stationary stochastic process. We call a process (¥;);>0
the time-reversal of X if

Law((X_/);>0) = Law((¥;);>0)-

The intuition behind this definition is that forward in time the process Y looks like the
process X run backwards. For Markov processes this notion can be characterised in terms of
the semigroups and generators as follows.

Proposition A.2 Let X = (X;);>0 and Y = (Y;);>0 be Markov processes on a compact
topological space E with associated semigroups (1;);>0 and (S;);>0. Assume that X has a
time-stationary measure v and for all f, g € C(E) we have

/ (T, f)gdv = / F(S,g)dv. (A1)
E E

Then v is also time-stationary for Y and Y is the time-reversal of X (with respect to v).

Proof By the duality relation (A.1), v is also time-stationary for ¥ and we can extend it to
a process (¥;)_co<t<oo With Yo ~ v. To show that Y is the time-reversal of X (with respect
to v) it suffices to show that for arbitrary n € N and times 79 < tp < --- < t;, < t,4+1 and
functions fi, ..., f, € C(E) it holds that

Eypov [1X0) -+ fu (Vi) ] = Exgmn [f1(X 1) -+ fu (X))
We will do this as follows. First, we introduce the notation fy = f,+; = 1 and define
functions go, ..., gn+1 and ho, ..., hyy1 by go = hyy1 =1,
-1
g =E | [[ A |, 1=i<n+1
k=0
and

n+1

m@) =By | [] illy—e)|, 0<l=<n
k=I[+1

@ Springer


http://creativecommons.org/licenses/by/4.0/

119 Page 20 of 22 B. Jahnel, J. Képpl

With this notation it suffices to show that the quantity

Q= / g1(x) fit)h(x)v(dx), 0=<I=<n+1,
E

does not depend on /. Indeed, by stationarity of X and Y, this will then imply that
EYQ’VV [fl (Ytl) e fn(Yr,,)] = / h()dl) =
E

=apt1 = /EgnJrldV = Exomv [1(X—r) + fa(X—)]

exactly as we wanted. In order to show that o does not depend on /, we use the duality
relation as follows. For O <[ < n it holds that

o 2/ gl fihidv
E
- /E 1) i Ty i thisn 1V (d)
_ fE i1 81 fI1GO) fiat (i (1)v(dx)

= / gi+1Ji+1hir1dv = op4g.
E
Therefore, ; does not depend on / and the claim follows. O

The duality relation (A.1) for the semigroups can also be verified by checking a similiar
property on the level of generators. The main technical tool for establishing this relation
between the generator of a Markov process and its semigroup will unsurprisingly be the
celebrated Hille—Yosida theorem which we recall here.

Theorem A.3 (Hille-Yosida) There is a one-to-one correspondence between Markov gener-
ators on C(E) and Markov semigroups on C(E). This correspondence is explicitly given

by

i.

dom(¥) = {f e C(E): lziﬁ)l y exists} , and
Zf :=1lim m, f € dom(Z).
t}0 1t

ii.
[ —n
S; f = lim (Id—fi”) f, feC(E),t>=0.
n—o00 n
Moreover,

iii. if f € dom(%Y), then S; f € dom(Z) forallt > 0 and %S,f =28 f=8%2fand
iv. for g € C(E) and ) > 0, the solution to the resolvent equation f — AL f = g is given
by

o0
f:/ e 'S, gdt.
0
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Proof See Theorem 1.2.6 and Theorem 4.2.2 in [3]. O
With this at hand, we can now formulate the time-reversal duality for generators.

LemmaA.4 Let (1;);>0 and (S;)i=0 be two Markov semigroups on C(E) where E is a com-
pact topological space with time-stationary measure v. Let (<, dom(<7)) and (A, dom(A))
be their generators. If for all f € dom(&) and g € dom(A) it holds that

[ @ngav=[ 70 av (A2)
E E
then (A.1) holds. It suffices if (A.2) holds for f, g in a core of the respective generators.

Proof The duality relation implies that for all f € dom(%/), g € dom(Z) and A > 0 it holds
that

[ re-rzeav=[ er-r2pav
E E
Now we canreplace f by (Id—1.2)~! f and g by (Id—)\j)_lg toseethatforall f, g € C(R2)
/ [(Ad — ra) " flg dv = / [dd — A2B) "' g1 f dv.
E E
By iteratively applying this equality we obtain that for all » € N and A > 0 it holds that
f [dd—ra) " flg dv = / [dd — A8) " gl f dv.
E E

For fixed t > 0 we can replace A by ¢/n and use Part ii. of Theorem A.3 to see that

lim [(Id - fgf)—"f] gdv = / gTi f dv
E n E

n—o0
and
t
lim [(Id - f%)_"g} fdv= / fSigdv,
n—oo Jp n E
as desired. O

To sum this up, in order to show that a stationary Markov process Y is the time-reversal
of a stationary Markov process X, it suffices to check that their generators satisfy the duality
relation (A.2).
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