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Abstract

We re-examine the combined semi-classical and mean-field limit in the N-body fermionic
Schrodinger equation with pure state initial data using the Husimi measure framework. The
Husimi measure equation involves three residue types: kinetic, semiclassical, and mean-
field. The main result of this paper is to provide better estimates for the kinetic and mean-
field residue than those in Chen et al. (J Stat Phys 182(2):1-41, http://arxiv.org/abs/1910.
09892v4, 2021). Especially, the estimate for the mean-field residue is shown to be smaller
than the semiclassical residue by a mixed-norm estimate of the two-particle reduced density
matrix factorization. Our analysis also updates the oscillation estimate parts in the residual
term estimates appeared in Chen et al. (J Stat Phys 182(2):1-41, http://arxiv.org/abs/1910.
09892v4, 2021).
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1 Introduction

In this article, we consider the following N-particle mean-field Schrodinger equation

Y i
1ho; v, = Y Z Ay N+ N Z V(xi —xj)¥n.
Jj=1 i#] (1.1
1 N
YN0 = 7 det{ej(xi)}l-,j:p

where {e j}?’:l is a family of orthonormal basis in L2(R3) and A, ; 1s the Laplacian on j-th
particle. The initial data in (1.1) is in the form of a Slater determinant, which stays in the
antisymmetric subspace L2(R3M) of L2(R3) with [|¢y oll2 = 1, where

L2RWN) = {vn € LR © Y (a(ys - s X ()
= (signm)Yn(x1,...,xy) forallmr € SN}.

In the above formulation, Sy is the symmetric group.

Note that the number of the terms for interaction is of order N2. Hence, with the mean-field
constant 1/N in front of the interaction, we could think that the size of interaction energy is
of order N. Since we are interested in the regime where the size of kinetic energy is similar
to the size of interaction energy, we have from Tomas—Fermi theory that h>N>/3 = N. This
gives h = N~1/3, For more details, we refer to [5, 6, 8].

As it is difficult to solve the Schrodinger equation in (1.1) numerically when the number
of particle N is large, we aim to derive its corresponding effective evolution equation. In fact,
we consider the k-particle reduced density matrix where its corresponding integral kernel is
given by

V;{;Ii)l(xh Ces XK YL s VE)
N!
~(N=k)!

/dxk-H e dXN YN D1 s Yk Xk 1 - XNDVUN (X1 ooy Xk Xk 1 -2 o5 XN,

(1.2)

where 1 < k < N. Moreover, we denote the expectation of the one-particle observable as
follows,

TrOyﬁ,?, = (YN, OVn,:) = /dxl cdxy Un (e, X, XN (OWN ) (1, X2, o XD,

The one-particle reduce density matrix of the initial data given in (1.1) is oy =
29;1 lej) (e, where its corresponding integral kernel is wy (x; y) = Zj-v:l ej(ye;(x).

1.1 Short Review of Mean-Field Limit, N - oo

It is well known that the Hartree—Fock equation

ihd; oy, = [ — KA+ (V% pys) — Xi, CON,t],

1
PNt = NCUNJ(X;)C) (1.3)
1
X; = NV(X — Yoy (x;y)
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is used to approximate the Schrodinger equation in the mean-field limit. Here we use the
conventional notation [A, B] := AB — BA for commutator of operators.

The mean field limit result for fixed & has been given in [17] for short time. Under the
scaling i = N~1/3, the rates of convergence in the trace norm and the Hilbert—Schmidt norm
are obtained for arbitrary given time in [8] when the initial data is an approximation of the
Slater determinant. Later on, the case with mixed state initial data has been considered in [7,
10]. Furthermore, for Coulomb and Riesz potentials, the rate of convergence is obtained in
[40, 41]. We refer more references on this topic to [6, 19, 37-39] and the references therein.

1.2 Short Review of Semi-classical Limit, . — 0

The Vlasov equation can be obtained via semi-classical limit of the Hartree or the Hartree—
Fock equations. It has been first investigated in [32] by using Wigner measure for smooth
potentials. Recently, the rates of convergence in the trace norm as well as the Hilbert—Schmidt
norm has been studied in [11] with regularity assumptions on the mixed state initial data and
a class of regular potentials. The k-particle Wigner measure used in the [11, 32] reads

W](\/k’)t(xlapla-'-sxkvpk)
N 1/(d )®k ®) +h +ﬁ h h
= X — VI eees X — Vi X1l — =V ev.s X — —
k Yy )/N’, 1 2y1 k 2yk 1 2)’1 k 2)71<
e_i Zf:] Pi)i , (1_4)

Some of the recent developments in the semi-classical limit are the following: One can find
results for the inverse power law potential in [43], for the rate of convergence in the Schatten
norm in [30], for the Coulomb potential and mixed states in [42], and for the convergence in
the Wasserstein distance in [28, 29]. Relativistic fermionic system has been studied in [16].
Further analyses of the semi-classical limit can be found in [1-3, 6, 20, 34].

1.3 Combined Mean-Field and Semi-classical Limits

Narnhofer and Sewell, and Spohn independently derived Vlasov equation (1.8) from the N-
body Schrédinger equation (1.1) with & = N~1/3,in [36, 46]. Without assuming i = N ~1/3,
a rate of convergence was obtained in [25] in a weak formulation. The rate of convergence
of the combined limits was studied in [22-24] by using the Wasserstein (pseudo-)distance.
Under a generalized Husimi measure framework, the authors in [13] obtained the convergence
for regular potentials. Recently, the combined limit for the singular potential case with regular
mixed state initial data was obtained in [14].

It is well-known that the Wigner measure in (1.4) is not a (proper) probability measure, as
there might be some point having negative sign. (We refer, e.g., [12, 26, 27, 33, 45] for further
references on Wigner measure.) It has been shown that the Husimi measure, the convolution
of the Wigner measure with a Gaussian function, is a nonnegative probability measure [15,
18, 48]. In particular, from [18, p.21], given a specific Gaussian coherent state, the relation
between the Husimi measure and Wigner measure is given by the following convolution: for
any 1 <k <N,

o NN =D (N =kt 1)

(k) h
® = - Wi« g", (1.5)
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where

k
2=t q;* + sz)

1
h — —
G"(q1. p1, - G Pr) = T eXP< 7

The Wigner transform of Hartree (or Hartree—Fock) equation shares the structure of Vlasov
equation, see [9, Eq. (6.15)] for example.

In this paper, following the ideas in [13], we study the equation for Husimi measure.
Instead of using the classical definition of Husimi measure in (1.5), we consider the following
generalized k-particle Husimi measure, which is given for example in [18]: Forany p, g € R
and Yy € Lﬁ(Rm ), the k-particle Husimi measure is given by

m\ (@1 pr Gk P = (U a () 0alfl 0 alf D un).
(1.6)

Here a*( fqh’ ») and a( fqrf ) are standard creation- and annihilation-operator respectively!
with respect to the coherent state quf p given by

h o -3 y—dq lp.y
fq,p(y) =h 4f<ﬁ)eh )
where f is any given real-valued function satisfying || f|l» = 1.
Remark 1.1 As stated in [18], the k-particle Husimi measure m N) describes how many

fermions are within the k-semi-classical boxes of length VI centered at the phase-spaces

(q1s p1)s -5 (Grs Pr)-
Remark 1.2 If f(x) = 7—3/*¢~1*"/2_[15] shows that the k-particle Husimi measure m( )

coincides with the mg,c), in (1.5).

1.4 Main Result

Let ¥ ; be the solution to the Schrodinger equation in (1.1) and denote the one-particle

Husimi measure of itby my ; :=m ( ) . From [13, Proposition 2.1], we obtain the following
identity:

0.1 (@. p)+ D Vgmn(a, p) = Yy - (B Im(VgaCf] )V alf )
1
~an

- [ dwndirdwadinagadps (1,00 7,w@) " an
1
/ ds VVN(Sul + (1 —-s)w; — wz)yN t(ul’ Uz; wi, wa),
0
where

h )\ %2 h
(S, D ST, GD) = £ O G f py (w2 f ).

Remark 1.3 The two-particle reduced density matrix in (1.7) is given in (1.2).

I Definitions of creation- and annihilation-operator is provided in Appendix A.
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Our aim is therefore to obtain the convergence from my ;, in weak sense, to the solution
of Vlasov equation m; as follows:

dmi(q, p) = —p - Vemi(q, p) + Ve(V x0:)(q) - Vpymi(q, p),

1.8
=0 Zmo(% p)’ ( )

where o; = [ dpm;(q, p) and the initial data mo(q, p) is the one-particle Husimi measure
of ¥y 0 givenin (1.1).
The following assumptions are needed in this paper.

Assumption H1 1. (Interactlon potential) V € LY(R3) and V(—x) = V (x). Furthermore it
holds f dp(1 + |p| )|V(p)| < 00, where V is its Fourier transform of V.

2. (Coherent state) f € H L(R3) N L®(R?) satisfies Il fll2 = 1, and has compact support in
Bp, foragiven Ry > 0.

3. (Initial data) m converges weakly to mg in L' (R?). Furthermore, it satisfies

qudp(lplz + lghmu(g, p) < oo (1.9)

uniformly for all N.
4. (Initial data) wy, the one-particle density matrix of ¥y o satisfies

sup Ie'”™, wnlllte < CNA,
per’ 1+ 1Pl (1.10)

AV, on]lir < CNA,

where || - ||; is the trace norm.

Remark 1.4 The assumptions in (1.10) can be explained by the nature of the semi-classical
structure. More details can be found in [8] where mean field limit has been studied.

With the assumptions presented above, our final goal is to obtain the following theorem:

Theorem 1.1 Let my ; be the one-particle Husimi measure defined in (1.6) with yx ; the
solution of Schrodinger equation (1.1), and suppose the aforementioned assumptions hold
and my is the solution of Vlasov equation in (1.8). Then, for any given T > 0, (my_;)NeN
converges to m; weakly (*) in L ((0, T) x R3 x R3) for arbitrary 1 < p < oo.

Remark 1.5 Asaconsequence, [47, Theorem 6.9] implies, for¢ > 0, that Wi (my ,, m;) — 0
as N — oo, where W is 1-Weisserstein distance.

For convenience, we use the Fock space formalism, which will be briefly introduced in
Appendix A. By using Husimi transform given in (1.7), the Schrodinger equation for ¥y ;
can be rewritten into the Vlasov type equation for m y ; with residual terms. More precisely,
from the computations in [13], we have

amn (g, p)+p-Vgmn (g, p)
1 (1.11)
(271)3 /d%VV(q — 420N (@)MmN (4, P) + Vg - R+ V- R+ V) - Run,
where oy ;(q) 1= f dpmy (g, p), the kinetic residue R, the semi-classical residue Rs and
the mean-field residue R, are given by

R = hIm(Vea(f]' ) Wn i, a(f) )N,
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1
Roi= oo [ awdndusdudandps (10,0 77,w) "

1
[[ ds VV (sut + (1 — s)wy — wn) — VV(g — qz)}yﬁl(ul, w2 wi, wo),
0

—\ ®2
R i= s [ dundusdusdundaadpa (10177, 0)

(2m)3
VV(Q_QQ)[VN,(M] u; wi, wz)—yN,(bn wl)y (uz; wz)].
(1.12)

Remark 1.6 The three terms—Xkinetic residue 7%, semiclassical residue R, and mean-field
residue Ry,—arise due to the following reasons: The kinetic residue R is bounded by the
kinetic energy estimate. This term’s name reflects its connection to the kinetic energy used
in establishing the bound. The semiclassical residue R is proven to be small by oscillatory
integrals that appear due to the Husimi transform. Similarly, the estimate of mean-field residue
Rm is transformed into the factorization of two-particle reduced density matrix, which is a
characteristic of mean-field behavior. Thus, its name denotes its association with mean-field
properties.

Under the assumptions of Theorem 1.1, the estimate of the kinetic residue R can be
obtained exactly the same as in [13]. (In the updated arXiv version of [13], the oscillation
estimates have been corrected, with which the estimates for the residue terms from BBGKY
hierarchy as well as the main result still hold true.) In this paper we give a better estimate for
R in the following proposition.

Proposition 1.1 Under the assumptions 1, 2, and 3 in H1, the following estimate holds

H/dp‘ﬁ(p, -)‘ < Ch3. (1.13)
LT (R3)
As a consequence, the following holds:
’/dqdpw(q)mp)v -R(q, p)‘ ht. (1.14)

where C depends on ¢, ¢, f.

The proof will be listed in Sect. 2.
In addition, we obtain the following two propositions for the other two residues:

Proposition 1.2 Under the assumptions 1, 2, and 3 in H1 and let ¢, ¢ be test functions, then
the following inequality holds:

‘/dqdprp(q)rb(p)vp “Ru(q. p)| < Cha 3D (1.15)

where % < ay < 1, and C depends on ¢, ¢, f.

Detailed proof will be given in Sect. 3.

Proposition 1.3 Assuming H1, let ¢, ¢ € Cg° (R3) be test functions, then the following
inequality holds:

'/dqdmo(q)qs(p)vp Rum(g. p)| < CRI@1=D+3 (1.16)
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where % <aj <1, Cdependson ¢, o, f.

Detailed proof will be given in Sect.4.

By using a similar idea in the estimate of the semi-classical residue term, as shown in
Lemma 4.1, the estimate of the mean-field residue term can be reduced to the corresponding
quantities involving

2 1 1
Vﬁ,,)t(ul, uz; wi, w2) — Vﬁ,,),(ul; w]))/,(v,),(uz; w2)

2
= 1&,;(”],”22 wi, w2) — N (U1 won ; (U2; wr)

+ [on s wi) = ya)) ey w) o (uas w) (1.17)

1 1
+ ya s w) [on (as w2) — v ) (uas wo)]

=T1+T1T+ T3,

where wy ; is the solution to Hartree—Fock equation. The terms with 7> and 73 can be
estimated by the trace norm and Hilbert-Schmidt norm of V]ill)z — wp,;, respectively. To
control 77, we provide a bound of the following mixed norm estimate for two particle density
matrix

2\ 2
(/dwldul |:/dw2‘V}i}%)t(wlaw2§ul»w2)_wN,t(wl;ul)wN,t(w2§ wz)‘] ) . (L.18)

In [8], the convergence with respect to the trace norm and Hilbert-Schmidt norm of the
difference between y](vk)t and w%‘?z are obtained separately with the help of Wick’s theorem
for k > 2. However, in the current framework the mixed norm estimate as listed in (1.18)
needs extra efforts. We trace the strategies given in [8] to reduce it to the estimate of the

expectation of the number operator A/ along the quantum fluctuation.

The above estimates show that in the sense of distribution Rg ~ h%’ and Ry ~ h%’ ~
N ’%’, from which one can observe that the semi-classical and mean field residue terms are
not of the same order in the combined limit N~ = 43 argument.

This paper is arranged as follows: we prove the estimate for semi-classical residue in
Sect. 3, followed by the estimate for mean-field residue in Sect.4. Then we conclude the
proof of Theorem 1.1 in Sect.5. In the appendices, for reader’s convenience, we list some
basic notations and known estimates.

2 Estimate for Kinetic Residue
In this section, we provide the estimate for R in Proposition 1.1.

Proof of Proposition 1.1 Note that

‘ / dp|R(q, p>}‘ <h / dplIVaal £l ) Wn llllaCfl )Wyl

1
2

2
< [hz [ dp(Vea(f] )N . vqa<fq"%p)wN.,>] [ f dpmy.i(q. p)]

1

_ |2 n h 23
=|h" | dp(Vealfy )N, Vea(fy )N | on,
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1
= [ﬁ% /dpfdwdu V,f (L\/_ﬁq) Vv, f (”\;ﬁq) e%Mw-M(q}N,,,a;;au\vN,g} ’ Q]%,’[(q)
2
= @n)} [fﬁ“/dw v r (’i;{’)

2 -3 w—q\[?
<h /dwh 2 Vf(W)

This implies, by using Hodler inequality, that

5 4
. i\3
(/dq’fdp IR(q,p)I‘ )

— ? 3
<2 |:/ dgdw B3 Vf (wﬁq) (‘I’N,t’az}aw‘I’N,z)i| |:/ dqgi,’,(q)]

< CRIV Wy g Ny.)? < Ch2.

2
(YN, a:)aw‘I’N.t>i| QK/A,;(CI)

2
(Un.ss a::)aw‘IJN,t)i| Qﬁ/q,(‘])-

|

2 T

o

< C, which is a direct

In the above estimate, we have used the fact that || oy || s <
7 UL®(0.T:L3 (R3))

result from Appendix B. Moreover, we obtain

‘/dqdp P(@)d(P)Vy - R(q, p)‘
5 4
. 1\5
< ||V¢||L5<Rs)</dq ‘/dpqs(p)vz(q,p)‘ )

5 4
N i\s
< IVl s bl e g, (/dq Vdpm(q,p)}‘ )

< Ch2.

3 Estimate for Semi-classical Residue

In this section, we will estimate the semi-classical residual term under the assumption with
V € W% (R3) in Proposition 1.2, with which give us the insight to compare the rate between
semi-classical and mean-field residuals.

Proof of Proposition 1.2 First, recall that

1 h o ®2
Rei=s [ dwidurdwadundadpn (17, 77, )
1 (3.1
[/0 ds VV (sup + (1 — s)wy — wn) — VV(g — qz>] YA 2wy, w)).

Since ¢ (q), ¢(p) are test functions, we see that

‘ f dgdp ¢(@)p(p)V) - Rs(q, p)‘

1
- @n)?

—\®2
[ ©@aan® 6@ V0 [ quidudusaus (57, 57, w)
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1
|:/ ds VV(sm + (1 =5w — w2) —VV(g — qz):| V}ilz,)r(ul’ uz; Wi, wa)
0

— # ®2 wp —q up—4q
= Qnh)y f(dq) dpdwiduidw) ¢(q)Vp<p(P)f< NG )f( NG )

e%p{w]—ul) / durdps eiﬁpz.(wg—uz)f <w2 —q2 7 u —q2
Vh vh

1
[/0 ds VV (sup + (1 —s)w; —wp) — VV(g — qz):| yli,%),(ul, w5 Wi, W2)
= ‘ /(dq>®2dpdw1duldwz $(@Vpp(p) f (w‘ _ ") f (”‘ _ ")

Vh vh
lhl"(uﬂ—ul) ’f <w2 —qz> 2 |:/‘1d vV( e ) ) VV( )i|
e - = s suy —S)w] —wy) — q9—q2
Vi 0
J/A(,z,),(ul, w2; wi, w)

)

where we applied the fact that (27 h)38, (y) = fe iﬁ”'(”_»")dp. Then, inserting =VV (g —w»)
and we have

< ’ /(dl])®2dpdw1du1dw2 @Ve(p) - f (“”J%q) f (”:;{’)
. _ 2
e T Pr(wi—u1) ‘f <w2\/ﬁq2>‘

1
|:/ ds VV(sul + (1 —-sHwy — wz) —VV(g - LU2)i| Vjs,z,)t(ul, wa; wi, W)
0

+ ‘ /(dq)®2dpdw1du1dw2 o(@)Vo(p) - f (wl\/_ﬁq> f <”l\/_ﬁq>

_ 2
/ (wz«thzﬂ [VV (g —w2) = VV(g = )] vys (ur, wa; wi, wa)

eiﬁp'(wl*'ll)

=: I+ Js

where we used integration by part in the second to last equality.

Before advancing, recalling (B.4), we split the integral and obtain the following estimate,
Yay € (% s 1),

‘ / dpV(p)eh

:'/ dpC X+ X )Ve(pefremw

(wi—u)eQ?  (wi—u1)e(Qy2)

< é X +ﬁ(lfa2)s ;
(w1 —bu)EQ%z

where C depends on ||@ || ys+1,00 and supp ¢.

(3.2)

Now we want to estimate the term /g and Jg separately. We begin by estimating /g,

/dqdpdwlduldwz d(@)Vo(p)f <w1\/—ﬁq> f <u1\/_ﬁq>e%p-(w1—u1)

I =h
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1
(faaetr @) [ [ as wviour+a=smn = u) - vvig - o)
J/Js/z,),(ul,wz; wl,le)‘.

Using | D2V |1~ < C, (3.2), the definition of y @ with Cauchy-Schwarz inequality, we have

3 _ w; — g uy—q
I,<Ch? | d dw;d X +hle)s ‘ ( ) ( )’
f 7 16| / w) ul((wlul)m? ) (M=) (M

2
(s = g1+ wn = 1) [ dwalyiZ) . wss . wo)

3 wi] — Uiy —
<Ch? [d dwid p(—as ‘ ( i (J> ( | q) '
2 / ! |¢(‘1)|/ e ((wl—u)l()eﬂ‘;f * ) f Vi f JVh

1 1

2 2
(lur — gl + w1 —ql) (/ dw2||awzaw|1ﬁN,r||2> (/ dw2||awzau1¢’N,t||2>
= C|:is,l + is,2:|7

where we use i, 1 to be the term with Xy, —u1)eQ? » and i to be the other one.
Due to the symmetric property, we can reduce the estimate for i ; into the following

) e

i <2Ch%/dq |¢(q>|/dw1du1 X

(w1 —u1)eQy?

2
/ dw; ”awgawl I//N,t I

upr—q

Vh

3
<chd ||f<
/dwl f (““J%") 'WN,,,a:,lNawlw,,)

< CRERzR3 3 /dwl(w,t,a;l/\/awlw,> < CRlt3+3-6, (3.3)

)wul —q|||Loo|sz;§2|/dq 16(0)]

Similarly, noticing that ¢(¢) has compact support, one obtains the estimate for the term
w| —q uy—gq
f( )f( )"Wl_‘ﬂ
vh Vi

(")

15,2,

is2 < 2Ch? / dg ¢ (q)] / dwduy b1 02

2
/ dw2”aw2awl \[fN,t I

<aent3td [an x ip@ial [ ag o) [ awnt-e

|| <Ry

2
/ dws @, Y|

34341 _ 3. _ _
< Ch2+2+2h(1 a2)sh2h 6 < Ch(l a2)s—1
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To balance the order between i 1 and i 2, the term s is chosen to be

1
(= [Hem b
1—op

where oy € (% 1). Therefore, we have

I < Chit3—1) (3.4)

Now, to estimate Js, we recall the estimate in (3.2) and obtain

_ w; — g uy—¢q
Js < C’/(dq)®2|¢(q)|/dw1du1 X 4hlTes f( )f( )

i (w1 —u1)eN}? Vh vh
2
wy —
/dw2 f< zﬁqz)‘ |w2—L12|)/1£;2,)1(M1,w2; wr, wa)
_ wp — g uy —4gq
< [aip@i [awman ( x pnoe ‘f( )f( ) ’
(w1 —up)eQ? vh JVh

~ ~ 3.1
/dq|f<q>|2h2h2|q|/dw2|yﬁi<w.,wz;ul,wzw

SChz/d ()/d d X +R(—e2)s ' (wl—q> (“1—61)‘
q 1ol | dwidu; et f 7 f NG

1

1
2 2
( / dwznawzawlwtuz) ( / dwznawzaulmnz)

= C|:js,1 + js,2]-

The estimate for js | can be exactly done as in (3.3) for is 1, the same for js» as in i 7.
Therefore we obtain the same rate for J; as in (3.4) for I;. This completes the proof. O

Remark 3.1 The key step in the estimates of semi-classical residue is in (3.3), with which the
computational bugs appeared in [13] can both be fixed by the same technique.
4 Estimate for Mean-Field Residue

In this section, we will estimate the mean-field residue by first showing in Lemma 4.1 that
the estimate for mean-field residue term can be reduced to the estimate for the term

2 1 1
Ty = v @ v i w) 4.1)
where we denote

TVl -y @y w) = /dy @ yiwn ) =y O wy O )|

Then, we prove the estimate for (4.1) in Proposition 4.1 and finally summary the estimation
for the mean-field residue in Proposition 1.3.

@ Springer



109 Page120f26 L.Chenetal.

_1
Lemma4.1 Let ¢, ¢ € Cgo(R?’). Then,for% <ay<lands = ’732((01”_0[?))—‘ we have

‘ / dgdp o(@)¢(p)Vp - Rm(q, p)‘

1

3, 1,3 2 1 1 2\?2
< CIVV | pol3t3Ci=D+3 (/dwldul [TO) — m‘&@y&ﬂwﬁwﬂ]) :

(4.2)
where the constant C depends on ||¢|co, [|V@|lws.c, supp @, || fll poonp1, Supp f-
Proof Recall that, in (1.12), we defined the mean-field residue such that
1 h R ®2
Ron = oy | dwndurduzduzdgadpo (S, ) 17, )
4.3)

2 1 1
VVi(g — qz)[y,(v),(ul, uz; wi, wy) — VI(V),(ul, w1))/( )(uz, wz)]

Then one obtains

‘ / dgdp o(@)¢(P)V)y - Ru(q, p)‘

= G )3 f (dgdp)®* (dwdu)®* ¢(q)Ve (p) - (f,f,,(w)fh (u)) V(g —q2)

[VN Ly, w2 wi, wy) — )/N ,(u1, wl))/N (u2; wz)] ‘

®2 .
dgdwdu)®? < (u> (M_q>> < d \v4 . %P'(Uﬂ*lll))
/( adwan® (7 (“22) r (“ f Po@)VH(p) - o

VV(g — q2) (/ dps e%m‘(wr””) I:V,E,Z,),(ul, uz; Wi, wp) — )’N)t(ul wl))’N)t(ML wz)] ‘

— _ _ 2
o (52) () (25)

(/ dp¢(@)Vo(p) -e%”l'““l—“l))

1
" (27wh)3

V(g = a2) [y was wi w2) = v G w) vl s wo) ]|,

where we use the weighted Dirac-Delta function in the last equality, i.e.,

1

@nhy / dpa e FPH) = 5y, (). (44)

Now, splitting the domains of w; and u; into two, namely, with the characteristic functions
. ay . .
X(wl—ul)eﬂ‘;ll and X(wl—ul)e(ﬂ‘;‘ ) whose domain €2, is defined in (B.3), we have

_ _ 2
< ‘/(dq)%(q)/dwlduldwzf(wlﬁq)f< )‘f(“’z ‘”)

(/dp X e%”"w"“”Vqs(p))-VV<q—qz>

4]
(w —u1)€Qh
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1
[J/N ((uy, wos wy, wy) — VN),(’/H wl)y,i,}(wz; wz)”

— _ _ 2
+‘/(dq)@w(q)/dwlduldwzf(wi/ﬁq>f< ! q) ‘f<wz m)‘

(f dp X eép'<w""')V¢<p>> -VV(g —q2)

LIk
(wi—up)e(§2y )¢

2 1 1
[V;f,),(m, w2; Wi, W) — Vziz),(ul; w1)y§;,),(w2; wz)] ’
=: I + Jn.

First, considering the term Jp,,, by the change of variable \/ﬁéz = wjy — q2, wWe obtain

wl—q M]—q
m — d
! ’/dq(’)((’)/dwl '”def( Jh )f( N )
(h%quz | f @)l qu—wz+fqz>>

( / dp % V¢<p>e%1"<w'—"”>

(wi—up)e(Q;he
(VN,(Ml,wz,wl,wz) VN),(“l wl)Vg,)t(wz;wz))‘

wi —q Uy —q
/ ( 7 )f ( NG )

’/ dp X Ve(perrn
(w1 —up)e@ye

3
< cnvvnmhf/dq |¢(q>|fdw1du1

lwi—u1 |<2R VR

/dWZ’VN,(Ml w2; W, W) — VN)I(MI wl)VN (wz;wz)’-

where we have used that supp f C Bpg,. Recall again from Lemma B.4 that we have

’/ dp X TP =g ()| < [Vl ys.oe BT, 4.5)

(wy—up)e(Qy)e

for s to be chosen later. Hence, together with Holder’s inequality we get

1

)

m < CIVllwsos [TV [ o h3HIe0s
wp — g Uy —q
dq le(q)] /dwldm X f( )f( )
/ wi—u1|<2R VR vh NG
1

2
</dw1du1 [T = 7 @ vl s wl)] X )

lwi—q|<Ri1VA,

1
3 - - - - j
< Cllglree IV@llwse | VV || o B2 T 700S (f?fdwlcml~ x If(w)f(u)lz)
|y —it1|<2Ry
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1
2 2
/dq(/dwldul (TP} = i) @ v s wn | X >
lwi—q|<RIVR

1
2
< Cll@llr IV llwsol|VV || oo B3TA7DS ( / dwdiiy | f (@) f (i) |2)

1
h% fdél X (/ dwiduy [']I‘(l)|y(2) (D &)
[g11< R

2\ 2
N,t VNJ ® VNV,‘(”U wl):l >

3
< Cllpl IVllwso [TV [l H1ma0s+3 ( [ dwanr [1012

1
2\ 2
1 1
—va ® vl wl)] )

L.Chenetal.

Now, we focus on I,,. Using the fact that ‘f dp eihp'(w'_’“)Vqﬁ (p)‘ < IVl 11, we obtain
the following estimate:

In S CIVAILHIVV L0

1
2\ 2
w)p —gq uy—4q
dq lo(@)| fdwldul X X f( )f( )‘
./ [wi=ur <A ) —uy | <2R1VR Vh Vh
h%/dézlf(éz)lz (fdwldul (TPl = vl

%
CIP b
N,t_yN,t®yN,t|(ul’wl) X
lwi—g|<RIV

3 o
< CloliLe Vel IVVIiLeh? ﬁ3fdw1du1

/dq (/ dwydu [’Jl‘(l)| &= e

5 3
YNt T VN, ® YN, ’(MIQ wl)] X
' ' ! lwi—q|<RiVR

>
rol—

~ -2
X |f () f (1))
iy ity | <13 B <2Ry

<K

[STE

< CllgllL= IVl [V V| zoeh? /dﬁndﬁl

X If@fank

=i |<H 2
/dgl X (/dwldul [T = v @ v
!

2
GI<RI N T YN @ Vi (s wl)] ) ,

[

h

=

which together with

w w m ~ 1
/dwl |f<w1>|2fdu1 X P SN o I 12y 72
|y —ii) | <R 2

implies immediately that

3 1
In < Cllglie VOl [VV | peeh?T 212+

[T

1
2\ 2
2 1 1
x (/ dw;du; [T(“|y§,,), AR MICIE w1)] )
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To balance the order between I, and J,,,, s is chosen to be

3(a1— )
2(1 —ay)
for a; € [0, 1). Therefore, we obtained the desired result:

'qudp ©(@)¢(p)Vp - Rm

3 1 3
< Clplr IVellwso | VV || oo B3T2 @7 20F2

1

2\ 2
(/dwldm [T(1)|y(2) )/15,1),(8))/ |(u1,w1)]) . .

[ Next, we want to bound the term with the ‘mixed’-norm, i.e.,
2
/dwldul (1012, — i) © v wn)] 4.6)
The following proposition provides the estimate of (4.6):

Proposition 4.1 Let y(k) be k-particle reduced density matrix associated with Wy ;, wn 1 be
the solution of the Hartree—Fock equation in (1.3). Suppose the assumption for Theorem 1.1
holds. Then the following inequalities hold for all t € R:

(1)

lyy: — @nillas < C. 4.7)
and
lyss — onllm < CVN. (4.8)
Furthermore, it holds that
1
M1, o 2
dwiduy [ TV|yy) —onv @ oy, || wizw)) <CN (4.9)

where C depends on t but is independent of N.
The proof of Proposition 4.1 requires the following results from [8], namely:

Lemma 4.2 [8, Lemma 3.1] Let dT"(O) be the second quantization of any bounded operator
0 on L>(R%), i.e.

dr'(0) := /dxdy O(x; y)aiay.
For any ¥ € F,, the following inequalities hold
HdF(O)‘PH < [ONN Y] (4.10)
If furthermore O is a Hilbert-Schmidt operator, we have the following bounds:

Hdr(ONIH <10 lus N2 @, 4.11)

H / dxdy O (x; y)ayay, ¥ | < [|O|lus |V 2@, (4.12)
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‘ / dxdyO (x; y)a*a*\DH <20lus IV + D2 4.13)
Finally, if O is a trace class operator, we obtain
HdF(O)‘I’ <201, (4.14)
”/dxdyO(x; Vaxay V| < 2[ 0|7, (4.15)
H/dxdyO(x y)a*a*\IJ <2\0|l7rs (4.16)

where ||O||1r := Tr|O| = Trv/ O*O.

Lemma 4.3 [8, Proposition 3.4] Suppose the assumption for Theorem 1.1 holds. Then, there
exist constants K , ¢ > 0 depending only on potential V such that

Tr|loy .., €7¥]) < KNRC(t)

sup
perd 1+ 1p]

Tr|llon.:. hV]| < KNRh C(2).

Lemma 4.4 [8, Theorem 3.2] Let Uy (t; s) be the quantum fluctuation dynamics defined in
(A.6) and N be the number operator. If the assumptions in Lemma 4.3 hold. Then for&y € F,
with (Ex, N*Ex) < C for any k > 1, we have the following inequality:

IV + Dty 5 0 || < Ck, ). 4.17)

Remark 4.1 Here in this paper we only need the result for initial data &y = Q where 2 is the
vacuum state give in Appendix A.

Now, we are ready to provide the proof of Proposition 4.1.

Proof of Proposition 4.1 The proof of the inequalities (4.7) and (4.8) follows by modifying
Theorem 2.1 of [8]. In particular, from Eq. (4.3) in [8], we obtain

1 1
||y( ) — wnllas < CIN2Uy (t; 0)En |,
1
v = onalite < CVNINU(E: 0)En I,

by choosing the appropriate operator O as discussed in [8]. Our results for (4.7) and (4.8)
are obtained by applying Lemma 4.4 and taking the assumption that ||(N + 1)én| < C.

Therefore, it remains to prove for (4.9). As remarked previously, the trace norm and
Hilbert-Schmidt norm of the difference between y and a) , are obtained separately with
the help of Wick’s theorem for £ > 2 in [8]. For our term, however, we do not directly use
Wick’s theorem to compute (4.9) as each terms requires similar but still unique method when
taking the estimation.

Simplifying the notation R; := Ry, ,, where Ry, , is the Bogoliubov transformation
given in (A.4), we have, from the definition of a 2-particle reduced density matrix and (A.4).
that

)’N,(Xl,xz Y1, y2)

= (En, Uy (t: OOR}ay, ay, ax,ax, Rily (15 0)En)

IM dy,
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= (&y, UN(1;0) Ria - FRARF A RiRyax, Ri Ry ax, Ry (t; 0)én)

17y2
= <%—Nv Z/[;‘:](t; 0) (a*(ut,yl) + a(\_’t,yl)) (a*(ul,yz) + a(\_/t,yz))
(aQuy ) +a* (Vi) (a(uey) +a* (V) Un (5 0)EN)
= <§N7 Uy (t;0) |:a(\_/t,y1)a(\_’f,yz)a(ul,xz)a(ut,xl) +a(Vi,y)a(ry,)a* (Vi x)ay x)

+ a1 y)a(r y,)au )a* (Vixy) +a(ry)aly,)a™ (Vi )a™ (Ve xy)
+a(Ve,y, )a*(ut,yz)a(ut,xz)a(ut,xl) +a(ve,y, Ya* (uy,y,)a* (Vi xy)a(uy )
+ a1 y)a* (U y))a(ue )a* (Vexy) +a@r y)a™ (U y,)a™ (Vex)a™ (Ve xy)
+ a*(ut,yl Ya(Ve,y,)a(uy x,)a(uy ) + a*(ut,yl )a(\_’t,yQ)a*(\_ft,xz)a(ut,xl)
+ a* Uy y)a(Vr y))a(us )a™ (Vex) +a* (U y)a(ry,)a™ (ex)a™ (Ve xy)

+ a*(ut,yl )a*(ut,yz)a(ut,xz)a(ut,xl) + a*(ut,yl )a*(ut,yz)a*(vt,xz)a(ut,xl)

+a* (ug,y)a" (g, y,)ay, ) a* §r ) +Fa™ (U, y)a™ Wy, y)a* Vi o )a* (i )]UN(I; O)EN>,
(4.18)

where we use (A.4) in the third equality. Therefore, we obtain, using the fact that (v, ,, u; y) =
0, (u x, \_ft,y) =0, (Vi x, ‘_ft,y) = a)N,t(y; x), and CAR,

/dX1dde21dzz 01(x1; 21) O2(x2; 22) (yﬁ)t(m,zz; X1, x2) — oN (213 X)oN 1 (223 xz))

= /dxldxzdmdzz 01(x1;Z1)02(x2;zz)<$N,U}f/(t;0)[a(\7r,x1)d(uz,zl)a(Vt,xz)a(ut,zz)

+ a(\_’t,xl)a(ut,zl)a*(ut,xg)a(ut,m) + a(‘7t,x1 )a(ut,zl )a*(ut,xz)a*(‘_’z,zg)
+a*(Vr 2 )a(rx)a* (e x,)auy, )
+a* (Vi 2)a(Vy )" (V1. 2))a" Uy ) — @™ (U )a (Vs 2 )a(Vr xy)auy )
+a* (U x)aur z)a* (Ve z,)a(V x,)
+ a*(ut,xl )a*(\_’t,zl Ya(Ve xy)auy z,) + a*(\_’t,zl )a*(ut,)q )a*(‘_/t,zz)a(\_/t,xz)
+a*(u x)auy z)a* (s x)au; z,)
+ a*(ut,xl)a(ut,zl)a*(ut,xz)a*(‘_/t,zz) + a*(ut,xl )a*(‘_/t,zl)a*(ut,xz)a*(‘_/t,zz)
+a* (Vi 2)a(Vr v )a* (Vi 2)a (Ve xy)
—a* (Vi z)a(Vy x)a (s 5)a (Ve ) + a* W x)a* Vy ) )a™ W xp)a (g, z,)
—a;z)a(Vyx)a* (Vi 5)a(V x,)
— Vi Ve,2000 (Ve 2 )a Uz 20) + (Vi xys Ve,z00 (Ve xy)a (U z,)
Uz, 7y Uy xz)a(‘_’t,xl)a(ut,m) + (ut,zl s ut,X2>a*(‘_]l,Zz)a(‘_]t,x1) - (ut,zl s ut,xz><\_’t,x1 s Vt,zg)
Vi 1,x1s Vi, 21 )a*(ut,xz)a(ut,u) + (V¢ X1 \_’t,z1 a*(ut,xz)a*(‘_/t,zz)
1,x25 Vt,zl )a*(ut,xl )a(ut,zz) 1,x25 \_’t,z1 a*(ut,xl)a*(\_’t,zz)

)

)

)

—

( )

-V (Vi )

— (uy, z19 Ut,xo a*(ul,xl )a(ut,zz) (uy, 71> Wt xz>a*(ul,x1 )a*(‘_/t,zz)
— (v ( )

( \7 )

—+

102> Vi, a*(‘_/t,zl)a(\_’t,xl) + (Vix05 Vi,24 a*(\_’t,zz)a(\_’t,xl)

+ (Vs x2»Vt [ a*(ut,xl)a(ut,zl) X27V[,Z2 a*(‘_/t,zl)a*(ut,xl)

= (Vroxrs V1,208 (V1,20)8 (Ve x0) = (Vi e,z ) (Ve \_’z,zz)]UN (r; O)EN>
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16 16
=Y Ai+) Bj+C. (4.19)
i=1 j=1

Using the fact that |lu;[lop, IVellop < 1, [IVellus < /N, llonllr = N and the assump-
tion [|€x] < 1, we do the following estimates for the first term from {A,-}ili | and {Bi}}il
separately.

|A1]

= /dxldxde1dzz (§N,U1T1(t;0)/dmd77/1 gy V(1 X1) O1(xn; 20U (215 n)

/ dadny @y, ay, vi(m2; x2) 02(x2; 22)ur (225 15)UN (15 0)En)

= f dmdny(gn, Uy (1 0)ay, a(ve Orue (m1; -))a(ve O2u; (5 m5))ay, Un (25 0)éw)

< /dmlla*(w01uz(m; -))a,’,‘IUN(t;O)SNII/dn’zlla(vt02ut(-; 1)) ay Un (1; 0)EN |

< / dnn Iv: Ovuy ('l lla, Un (1 )| / a0 1) lay, Uy (1 0)é |

1 1
2 2
< v O1ur s ( / dny Uy s 0>sN||2> Iv: Oy s ( / g Uy (1 0)sN||2>

1
< VNIV llopll Ot s lur lop Ve s 11 O2llop [ llop | (A + 1)2 Un (25 0)E |
1
< N[Oy lus IOz llopll (N + 1)2 Uy (25 0)En .
Additionally, we have

| B1]

= /dxldxzdmdzz O1(x1: 21) O2(x2; 22)(En, Uy (13 0),

(V1,225 V,20)a (V1 )a(Ug, 2 Un (13 0)E)

- /dxldxzdmdzz(%'N,UX;(l;0),/dﬂd’?/ Aty

vi(n; X1) O1(x1; 2D (215 X2) 02 (x2; 22)u; (22; 0 U (; 0)éN)

/dndn’(ézv, Un (t: 0), anay (vi O1wn,: Ozu; ) (n; U (£5 0)éN)

[V 010w, O2usllus IEn NIV 2y (25 0)E |

|
101 llus | O2 lop IN 22y (25 0)EN I

NN

The estimates for the rest of the terms can be done with similar steps After getting the
bound of each terms, we have obtained the following estimates:

16

>

i=1

< NI O1lusl O2llop INUN (15 0)én I,
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16
> Bi| < ||01||Hs||02||0p<N||w+ D2y (1; 0N 1 + VNIV + DUy (15 0>sN||)
j=1

< NO1llusl O2llopll(NV + DUy (; 0)én |- (4.20)
Lastly, the final term is estimated as follows:

ICI

= ‘/dxldxzdmdzz O1(x1: 21) O2(x2: 22)(En . Uy (13 0)
(Vi,xos Vo2 ) Vx> Vi UN (85 O)EN>

= ‘/dxz(gN’u;\}(t;0)(Ole,tO2wN,t)(x2§xz)UN(Il0)§N>

010Nt O20n ¢l |(En . Uy (25 O (2: 0)EN )|
VN[0t 131102l op-

NN

As a summary, we have

16 16
Tr0w) — ons@on0| < |2 ail+ > B[ +IC] wan
i=1 j=1 ‘

< N0t s 1 Oz2llopll (N + DU (1; 0)EN I,

which implies that, for O and O being Hilbert-Schmidt and trace class operators, we get

1

2\ 2
(/ dx;dy; [/ dle)/ﬁ;z,),(m,m;yl,m) —wzv,r(xuyl)wzv,r(m;m)” ) 4.22)

< NIW + DU (85 0)En |-
Applying Lemma 4.4, we obtain the inequalities in Proposition 4.1 as desired. O

Finally, we have the following estimate for the mixed-norm. Since it is one of the main
contributions of this paper, we write it as a theorem.

Theorem 4.1 Suppose the assumptions given in Proposition 4.1 hold. Then, we have the
following estimate

1
2\ 2
(/ dunduy [Ty = v @ v s wp)] ) < CN, (4.23)

where the constant C; depends on potential V and time t.

Proof of Theorem 4.1 Inserting the intermediate terms

2 1 1
V;fz,)t(ul, uz; wi, wz) — V;E;,)t(ulz wl)J/zgl,),(Mz; w2)

2
= 7/1(\/,),(“1, uz; wi, w2) — N (U1 won (u2; wa)

+ [on.i (u1: wy) — V;E;l,),(ulz wi) o, (u2; wo) (4.24)
+ ylf,{)t(ul; wi) o, (u; wy) — Vlizl,),(uz; wy)]
=T +T+T;,
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the estimate in (4.23) is then reduced into the estimates of the following terms.

1
2

2
2 1 1
° (/ dwidu; [T(l)|y;/’)t - a)ﬁv)t ®w5\',)t|(u1; wl)] ) >
1
o llon: — vy llslloy ..
1 1
o s lluslon. — vl

Proposition 4.1 implies immediately (4.23) considering the fact that ||oy ¢ ||1r < N. O

Proof of Proposition 1.3 Direct corollary from Theorem 4.1. O

5 Proof of Theorem 1.1

In this section, we prove the main theorem. As have been mentioned in the introduction.
We will show that, for any T > 0, the sequence my ; is weakly compact and that any
accumulation point m; is exactly the solution of the Vlasov equation. For this purpose, we
need the following lemma.

Lemma5.1 Let my ; be weak solution of the reformulated Schrodinger equation (1.11) and
onN.(q) == fdp mny :(p, q). Then there exists a subsequence of my ; (without relabeling
for convenience) and function m; such that as N — oo

mys —m; in L0, T; LR x RY), s e[l,o0], (5.1
VVkpys— VVsp in L0, T; L' (R%), re(l,00), (5.2)
where p; = fdpmt.
Proof The estimates in Appendix B imply

lmn.ellpoo,7: 1 ®3xR3)) + IMN .l oo 0, 7: Lo ®3xR3)) < Cs (5.3)

where C appeared in this section denotes a positive constant independent of N. And com-
bining interpolation inequality, we have

lmy el Lo 7:Ls®3xm3y) < C, s € [1, 00].

Therefore, (5.1) is a direct consequence of the above inequality and the moment estimates in
Proposition B.1.
Furthermore, Proposition B.1 implies ||| p|*my lLoo0,7: L1 ®3xR3y) < C, together with

(5.3), we arrive at || py ¢ ||Loo(0‘T;LS(R3)) < Cfors € [1, %]. Hence there exists a subsequence
of rhoy ; (which is not re-labeled for convenience) such that

5
pN. — pr in L0, T; L*(RY), se (1, 5}.
Owing to V € W>(R?) and Young’s convolution inequality, we have for a.e. r € (0, T),

IV2V 5 o il ooy < IVAV ooy low il sy < C-
Similarly, we obtain that

||VV * ,ONJ”LOC(O’T;WI.OO(R3)) < C. (54)
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By means of (1.11), we get
dpN.: = at/deN,t(PafZ) =-Vy ~/dppm/v,z(p, 9+ Vg ~/dp73.
It is easy to see that 9;(VV x py ; satisfies the following equation:
(VV xpny) =—Vg- (VV ®s / dp pmy +(p, q)) +V,- (VV ®x /dp 75)

where (4 ® v);j = u; * v; for (u,v) € R3 x R3. Noticing that

5
d : H <cC, 1,2,
H/ ppmy . (p,q) Lo, L5 ®Y) s € |: 4}

we derive for any test function ¢(g) € Wh3R3) and ae.r € (0, T),
’/R" dg Vg - (VV ®*/dppmzv,t(p,q))¢(q)’

<con| [appmvstr.a],, ., 196@ 1,

LY(R3

For the second term, applying Proposition 1.1, we have

|/dq vy (Vv &/dpﬁ)@(q)\ < C(V)||/dp7€||L§(R3

< CRIVO@) L3 ®3)-

)||V<P(£I)||L3(R3)

The estimates above show that

19:(VV s pn o)l (5.5)

1.3 <
L®O0,T;W™ 2 (R3)
The inequalities (5.4) and (5.5) allow us to apply Aubin-Lions lemma (e.g. in [4, 31]) to
infer that (5.2). We mention here that the application of Aubin-Lions lemma is proceeded in
a sequence of growing balls, and the convergent subsequence is obtained through diagonal
rule. O

Proof of Theorem 1.1 With the help of (5.1), (5.2), Propositions 1.1, 1.2 and 1.3, we can take
limit N — oo in the weak formulation of the reformulated Schrodinger equation (1.11).
More precisely, for any ¢, ¢ € C(‘)’O (]R3) and n € C8°[0, T), my; satisfies the following
equation

T
/0 dt/dqdpmzv,z(p,q)[azmp(q)fb(p)+p~n(t)Vq<p(q)¢(p)

1
~ Gy WV AN e(@) - Vp$(p)]

T
_ /0 dt (1) f dqdp (Vo(@) ¢ (p) R+ 0(q) Vo (p) (Rs + Run))

- U(O)/dqu‘P(Q)¢(P)mN,O~

Since the sums and products of functions of the form 1 (t)¢(q)¢ (p) are dense in C3° ([0, T') x
R3 x R?), we have showed that the limit of the subsequence is a weak solution of the Vlasov
equation. On the other hand, the assumption 1 in H1 implies that V € W2, from which
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one obtains that the Vlasov equation has a unique weak solution as in [21, Theorem 1.1].
Therefore, the whole sequence my ; converges weakly. Hence the proof of Theorem 1.1 is
completed. O
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Appendices
Appendix A: Second Quantization

The Fock space formalism and some results from Bogoliubov theory for the proof of this
paper are listed in the following.? In particular, as in [9], we will introduce the fermionic
Fock space over Hilbert spaces as the following direct sum:

Fa=CoEPLIRM).
n>1

By convention, we say that the vacuum state, denoted as Q2 = {1, 0,0, ...}, belongs to C.
Forall W = {yy ™}, .y € F, and ™ € Lg (R3"), we define the number of particle operator
on the n-th sector by (N'KIJ)(") =ny®,

As in [9], the creation and annihilation operators acting on ¥ € F, is defined as follows:
for any f € L*(R?)

. n —1.] _
(a*(f)‘lj)()(xl,---,xn) = E 7(\/5) FONY D, X X - Xa),
i=1

(@(HW) et xn) =0+ 1 /dxmw<"+l>(x,x1, LX),

2 See [35] for more pedagogic treatment on the topics.
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where ™ e L?(R3") for any n € N. Additionally, for convenient purposes, the creation
and annihilation operators will be represented by its operator-value distribution, a} and a,
respectively, so that

a*(f) = /dxf(X)ax, a(f) = /de(X)ax-
Therefore, the canonical anticommutator relation(CAR) is written as
{a,tv ay} = (Sx:ys {a;ka a;k} = {ay, ay} =0,

forany x,y € R3.
Observe that for given any W, ® € F,, it holds that

(W, N ) :/dx(axlll, a, ®).

Therefore, we write the number of particles operatoras A" = [ dxafay. Similarly, the integral
kernel of the k-particle reduced density matrix is written as follows:

YO, s v ) = (W, ay, ...aydy ...ax V). (A.1)

Moreover, the Hamiltonian acting on W € F, can be written as

w2 1
Hy = E/dxvxa;kvxax + IN / dxdy V(x — y)agajayas, (A2)
where V is the interaction potential. We will denote the operator of the kinetic term as
K= hZ/dxvxa;:vxax. (A.3)

As presented in [8, 44], for any ¢ > 0, there exists a unitary transformation Ry, , : F, —
F, such that
RT}N.’(IXRVNJ =a(u,y) +a* (),

L . ) (A4)
Ryy,axRyy, = a” W x) +a(Vix),

where v, , := Z;-V:l [ej ) (ejlandu; =1~ Zj:l lej.¢)(ej.¢|, for any orthonormal basis
fej )., C LA(R?).
Then, for ¢ > 0, the solution of the Schrédinger equation is given as

Wy, = e TN Ry, Q= Ry Uy (t; )R, (A5)

where Ry, , is a unitary Bogoliubov mapping and Uy is the quantum fluctuation dynamics
defined as follows,

Un(t;s) == R, e RHNEIRy, (A.6)

Appendix B: A Priori Estimates
In this appendix, we present in this section a sequence of estimates from [13] that will

prove useful to our calculation. First, we have the following properties of k-particle Husimi
measures from [13, Lemma 2.2]
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Lemma B.1 Letmg\l,(’)t be the k-particle Husimi measure as definedin (1.6). Then, the following
properties hold:

. mg\l,()t(q, D, -, qk, Pk) IS Ssymmetric,

k N(N—=1)---(N—k+1
- S @adp)®my (@, p. . i, pr) = HENEKED,
(k—

1
2
3. ﬁfd%dpk m;{,{?t(q, Ds-osqks k) = (N —k+ 1)mN,,1)(q, Dy s Qk—15 Pk—1),
4. 0 < m%{?t(q, Py qks Px) < L ace.,

where 1 <k < N.

From [13, Lemma 2.6] and [13, Proposition 2.3], we have the following estimate for the
kinetic energy as well as the moment estimate of the 1-particle Husimi measure respectively:

LemmaB.2 Assume V e W1 (R3), then the kinetic energy is bounded as follows:
W Sy < (W w4 2, (B.1)
N O N
where K is defined in (A.3) and the constant C depends on ||VV | .

Proposition B.1 Fort > 0, we have the following finite moments:
/ dgdp (g| + [p)mu (g, p) < C(L+17), (B.2)

where C > 0 is a constant that depends on initial data f dgdp (lq| + |p|>)mn(q. p).

Next, we will present the oscillation estimate from [13, Lemma 2.5] which will be used
frequently in our proof:

Lemma B.3 (Bound on localized number operator) Let ¥y € fEEN) such that Yy = 1,
and R be the radius of a ball such that the volume is 1. Then we have

_3
[ dadstown e ratantn < Com,
where X is a characteristic function.
LemmaB.4 (Estimate of oscillation) For ¢ € C3° (R3) and

SZ =X € R ;o max |x; § h 5 B3
ll h()lds.’(n every a S (O, 1), NS N, and_x S ]R \Q s

‘ / dpe%p"‘w(m‘ < CRUI=s, (B.4)
R3

where C depends on the compact support and the C*-norm of ¢.
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