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Abstract

We study the macroscopic transport properties of the quantum Lorentz gas in a crystal with
short-range potentials, and show that in the Boltzmann—Grad limit the quantum dynamics
converges to a random flight process which is not compatible with the linear Boltzmann
equation. Our derivation relies on a hypothesis concerning the statistical distribution of lattice
points in thin domains, which is closely related to the Berry—Tabor conjecture in quantum
chaos.

Keywords Kinetic transport - Lorentz gas - Boltzmann equation - Floquet-Bloch theory -
Berry-Tabor conjecture

1 Introduction

In 1905, Lorentz [33] introduced a kinetic model for electron transport in metals, which
he argued should in the limit of low scatterer density be described by the linear Boltzmann
equation. Although Lorentz’ paper predates the discovery of quantum mechanics, the Lorentz
gas has since served as a fundamental model for chaotic transport in both the classical and
quantum setting, with applications to radiative transfer, neutron transport, semiconductor
physics, and other models of transport in low-density matter. There has been significant
progress in the derivation of the linear Boltzmann equation from first principles in the case
of classical transport, starting from the pioneering works [12,25,46] for random scatterer
configurations, to the more recent derivation of new, generalised kinetic transport equations
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that highlight the limited validity of the Boltzmann equation for periodic [13,39] and other
aperiodic scatterer configurations [40].

In the quantum setting, the only complete derivation of the linear Boltzmann equation in
the low-density limit is for random scatterer configurations [19], which followed analogous
results in the weak-coupling limit [20,45]. The theory of quantum transport in periodic poten-
tials on the other hand is a well developed theory of condensed matter physics. The general
consensus is transport in periodic potentials without the presence of any disorder is ballistic,
that is particles move almost freely, with minimal interaction with the scatterers; there is no
diffusion. In this paper we propose that this picture changes in the low-density limit, where
under suitable rescaling of space and time units the quantum dynamics is asymptotically
described by a random flight process with strong scattering, similar to the setting of random
potentials in the work of Eng and Erdos [19]. Our work is motivated by Castella’s important
studies [14-16] of both the weak-coupling and low-density limits for periodic potentials
in the case of zero Bloch vector. Castella shows that the weak-coupling limit gives rise to
a linear Boltzmann equation with memory [14]. The low-density limit on the other hand
diverges [17], and only the introduction of physically motivated off-diagonal damping terms
leads to a limit, which for small damping is compatible with the linear Boltzmann equation.
As we will show here, the case of random or generic Bloch vector does not diverge in the
Boltzmann—Grad limit, without any requirement for damping, but the limit process differs
significantly from that described by the linear Boltzmann equation. Our results complement
our recent paper [28] which establishes convergence rigorously up to second order in pertur-
bation theory. The aim of the present paper is thus to give a derivation of all higher order terms
and identify the full random flight process, conditional on an assumption on the distribution
of lattice points in a particular scaling limit. A rigorous verification of this hypotheses seems
currently out of reach.

We will here focus on the case when the particle wavelength £ is comparable to the poten-
tial range r, and much smaller than the fundamental cell of the lattice. This choice of scaling
means that a wave-packet will evolve semiclassically far away from the scatterers, but that any
interaction with the potential is truly quantum. This is a scaling not traditionally discussed in
homogenisation theory in which one usually assumes the characteristic wavelength is either
much larger than the period (low-frequency homogenisation) or of the same or smaller order
(high-frequency homogenisation); see for example [4-6,8,18,26,27,30,42,43]. Our scaling
is also different from that leading to the classic point scatterer (or s-wave scatterer, Fermi
pseudo-potential), where the potential scale r is taken to zero with an appropriate renormal-
isation of the potential strength. In contrast to the setting of smooth finite-range potentials
discussed in the present paper, periodic (and other) superpositions of point scatterers are
exactly solvable [1-3,24,29,31].

Our set-up is as follows. We assume throughout that the space dimension d is three or
higher. Consider the Schrodinger equation

ih
2—3,W(t,x) = Hp W (t, x) (1.1)
T
where
hZ
Hy) = -2 A+ X Op(V), (1.2)
8w
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A is the standard d-dimensional Laplacian and Op(V) denotes multiplication by the L£-
periodic potential

V@)=Y W x—b), (1.3)

bel

with W the single-site potential, scaled by » > 0, and £ a full-rank Euclidean lattice in RY.
We re-scale space units by a constant factor so that the co-volume of £ (i.e. the volume of
its fundamental cell) is one. (One example to keep in mind is the cubic lattice £ = Zd.) The
coupling constant ). > 0 will remain fixed throughout, and # is a scaling parameter which
measures the characteristic wave lengths of the quantum particle. We will assume throughout
that & is comparable with the potential scaling r.

We assume that W is in the Schwartz class S(Rd) and real-valued. This short-range
assumption on the potential is key—a small wavepacket moving through this potential should
experience long stretches of almost free evolution, followed by occasional interactions with
localised scatterers. One could also consider adding an external potential living on the macro-
scopic scale although we will not pursue that idea here.

We denote by

1
H)® = —a A 1 Op(W) (1.4)
the single-scatterer Hamiltonian for the unscaled potential W with 4 = 1. Its resolvent is
denoted by G, (E) = (E — H. )ILOC)_l, and the corresponding 7'-operator is defined as

T(E) = »Op(W) + A2 Op(W) G;.(E) Op(W). (1.5)

Rather than consider solutions of the Schrodinger equation directly, we instead consider
the time evolution of a quantum observable A given by the Heisenberg evolution

A1) = Upp(t) AU (—0). (1.6)

Here Uy 5 (t) = e_%H’”t is the propagator corresponding to the Hamiltonian Hj, ;.

Let us now take an observable A = Op(a) given by the quantisation of a classical phase-
space density a = a(x, y), with x denoting particle position and y momentum. The question
now is whether, in the low density limit » = & — 0 and with the appropriate rescaling of
length and time units, the phase-space density of the time-evolved quantum observable A(r)
(i.e. its principal symbol) can be described asymptotically by a function f (¢, x, y) governed
by arandom flight process. Eng and Erdds [19] confirmed this in the case of random scatterer
configurations, and established that the density f (¢, x, y)is a solution of the linear Boltzmann
equation,

(0 +3 V) 1029 = [ [E0.50fCx0) = 209 5. 9)]d
fO,x,y) =a(x,y)

(1.7)

where X (y, y’) is the collision kernel of the single site potential W (x) and y" and y denote the
incoming and outgoing momenta, respectively. The collision kernel is given by the formula

(. y) =47 1T (y. y)1*8 (Allyl* = 21117 (1.8)
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where the T-matrix T (y, y’) is the kernel of T (E) in momentum representation, with E =
%H y||2 (“on-shell”). The total scattering cross section is defined as

ot (y) = / =,y dy. (1.9
Rd

Solutions of the linear Boltzmann equation can be written in terms of the collision series

fi(t,x, y) = Zf% x,) (1.10)

with the zero-collision term
@ x, y) =ax —1y, y)e ol (1.11)

and the (k — 1)-collision term

k
0, x, y) = /(Rd)k /Rk 8(y — yl)a( - u /yj’yk>

1

J:
k
Zu)dudyl dy, (112

xpLB(u yl,...,yk)zS(
j=1
with
k—1

AU TR 19 —He—"fﬁmm [120). 540 (1.13)
i=1 j=1

The product form of the density ,0 ) shows that the corresponding random flight process
is Markovian, and describes a pamcle moving along a random piecewise linear curve with
momenta y; and exponentially distributed flight times u;.

The principal result of this paper is that, for periodic potentials of the form (1.3) and using
the same scaling as in the random setting [19], there exists a limiting random flight process
describing macroscopic transport. The derivation requires a hypothesis on the fine-scale
distribution of lattice points which is discussed in detail as Assumption 1 in Sect. 6.

Theorem 1 (Main result) Under Assumption 1 on the distribution of lattice points, there
exists an evolution operator L(t), distinct from that of the linear Boltzmann equation, such
that for any a € SR x RY) we have

|Up1.(tr' =) Op, (@) Up,p.(—tr'=4) — Op, ,(L(1)a)|lus — O (1.14)

where Op,. j,(a) is the Weyl quantisation of the phase-space symbol a in the Boltzmann—Grad
scaling and || - ||\us is the Hilbert—Schmidt norm.

The precise scaling of the quantum observable Op, ;(a) is explained in Sect. 2. The
limiting evolution operator L(¢) is given by the series
oo
Liya(x,y) = f(t,x, )=y P x ), (1.15)
k=1
where f® coincides with flflé) fork =1,

f(l)(t,x, y)=alx—ty,y) e oy (1.16)
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but deviates significantly at higher order. For k > 2, the (k — 1)-collision term is given by

k

k
1
(k) —_ E _ _E Ly
S = k!e 1/(Rd)k/u§"08(y ye)a(x ujy],ym>
m= >

j=1

xpéfn)(u, Visenns yk)S(t — Zuj> dudy;---dy;, (1.17)
j=1

with the collision densities

k
k k 2 —u: .
pon @, 1.y = g @y v oy [ e Ee00 (1)

i=1

Here
k—1
ok (1,0 =8Iy 1P = 31y j5007) (1.19)
j=1

and ggj; are the coefficients of the matrix valued function

1 " ' _
GO,y ....y) = W%---%(D(@ - W) 1exp(u~z)dZ1 -odzg, (1.20)

where D(z) = diag(zy, ..., zx) and W = W(y,, ..., y,) with entries

_— =7 (1.21)
—2miT(y;, y;) G # )).

The paths of integration in (1.20) are circles around the origin with radius strictly greater
than r9p = kmax |w;;|. The matrix G(k)(u, Y1, ..., Y;) is in fact the derivative 9, - - - 0y,
of the Borel transform of the function F(u) = D@)~! — W)~!. We furthermore note
that the above formulas are independent of the choice of scatterer configuration £, as in the
classical setting. For the one-collision terms we will furthermore derive the following explicit
representation in terms of the Lorentz—Boltzmann density (1.13) and J-Bessel functions,

1T (y2, ¥1)

Ty | [T T 1y T s 301 )

(1.22)

2 2
pfl)(u, Y, Y2) = pﬁB)(u, Yi.¥2)

and

2
PP, y1,y2) = p B @, y1, y2) [Jo(@rluruaT (yy, y)T 30y yDI2)| (123)

The remaining matrix elements can be computed via the identities

2 2

P i, w2,y y2) = P\ (ua, ur, yo, ¥1), (1.24)
2 2

PSP, uz, yi, y2) = p\3 (2, u, ya, 1) (1.25)

A notable difference with the solution (1.12) to the linear Boltzmann equation is thatin (1.17)
there is a non-zero probability that the final momentum y, is equal to the initial momentum

ym *
The paper is organised as follows. We will first explain in Sect. 2 the precise scaling
needed to observe our limiting process and state the main result. In Sect. 3 we recall the
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well-known Floquet—Bloch decomposition for periodic potentials and in Sect. 4 we recall an
explicit formula for the T -operator in our specific setting. Section 5 explains the perturbative
approach to calculate the series expansion for the time evolution of A(¢). This is followed
by a discussion of the main hypothesis in this study in Sect. 6 which in brief can be viewed
as a phase-space generalisation of the Berry—Tabor conjecture for the statistics of quantum
energy levels for integrable systems [7,37]. In Sect. 7 we provide an explicit computation
of terms appearing in the formal series, and in Sect. 8 we prove that the series is absolutely
convergent provided A is small enough. In Sect. 9 we take the low-density limit using the
formulas from Sect. 7 and show how the limiting object can be written in terms of the 7'-
operator described in Sect. 4. In Sect. 11 we establish positivity of this limiting expansion and
derive the formulas for (1.17). A key observation is that the one-collision term is distinctly
different from the corresponding term for the linear Boltzmann equation. We conclude the
paper with a discussion and outlook in Sect. 12. The appendix provides detailed background
of the combinatorial structures used in this paper.

2 Microlocal Boltzmann-Grad Scaling

The phase space of the underlying classical Hamiltonian dynamics is T(RY) = R? x RY,
where the first component parametrises the position x and the second the momentum y of the
particle. Given a function a : T(]Rd) — R, we associate with it the observable A = Op(a)
acting on functions f € S(R?) through the Weyl quantisation

Op(a) f(x) = /md) a(tx+x),y) e((x —x') - y) f(x)) dx'dy, 2.1)

where we have used the shorthand e(z) = >z, The Weyl quantisation is useful to capture
the phase space distribution of quantum states. In the case of free quantum dynamics, with
A = 0and h = 1, we have for example the well-known quantum-classical correspondence
principle

U1,0(2) Op(a)Uy,0(—1) = Op(Lo(1)a) 2.2)

with the classical free evolution [Lo(t)a](x, y) = a(x—ty, y).Itis convenient to incorporate
the scaling parameter 4 > 0 in (1.2) by setting

Opy,(a) f (x) = h™""2 /T o (3(r +x).5) en((x —x) - y) (&) dx'dy  (23)

27
with e;(z) = e & . Note that we have Op,(a) = Op(Dya) for Dyja(x,y) =
2 a(x, h y). We refer to Dy j, as the microlocal scaling. In particular, (2.2) becomes

Un,0(1) Opy,(a)Un,0(—1) = Op;,(Lo(1)a), (2.4)

The mean free path length of a particle travelling in a potential of the form (1.3) is
asymptotic (for » small) to the inverse total scattering cross section of the single-site potential
W [35,40]; the total scattering cross section in turn equals rd=1 up to constants. In the
low-density it is natural to measure length units in terms of the mean free path lengths
or, equivalently, in units of !=¢. We refer to the corresponding scaling D, defined by
D, ja(x,y) = rd(d_l)/2a(rd_1x, y) as the Boltzmann—Grad scaling, and the combined
scaling

D, pa(x,y) = rd(d_l)/zhd/za(rd_lx, hy), 2.5)
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as the microlocal Boltzmann—Grad scaling. We define the corresponding scaled Weyl quan-
tisation by Op, , = OpoD; ;. The quantum-classical correspondence (2.2) for the free
dynamics reads in this scaling

Un.o(tr'=) Op, (@ Upo(—tr'=) = Op, ,(Lo(t)a). (2.6)

The key point here is that we require an extra scaling in time relative to the mean free path. The
challenge for the present study is thus to understand the asymptotics of A@tr'=?) asin (1.6),
for every fixed 1 > 0, with initial data A = Op, ; (@) and a in the Schwartz class S(T(Rd))
(i.e. a is infinitely differentiable and all its derivatives decay rapidly as ||x||, || y|| — ©00). The
question is, more precisely, whether there is a family of linear operators L(¢) so that

|Up 1. (tr' =) Op, (@) Up,s.(—tr'=4) — Op, ,,(L(t)a)|lus — O 2.7)
in the Hilbert—Schmidt norm, defined as
IXllus = (X, X)ilg, (X, Y)us =Tr(X" ). 2.38)
To understand (2.7), it is sufficient to establish the convergence of
(B, A(tr'~)ns — (b, L(t)a) 2.9)
with A(7) asin (1.6), A = Op, ;(a), B =Op, ;,(b),anda, b € S(T(]Rd)). The inner product
on the right hand side of (2.9) is defined by
(f.8) =/ fx, y)glx, y)dxdy. (2.10)
T(RY)

We direct the reader towards [28, Appendix A] for an explanation of how (2.9) can be
reformulated as a statement about solutions of the Schrodinger equation. As mentioned
previously, we will here restrict our attention to the case when r is of the same order of
magnitude as &, i.e. r = h cg for fixed effective scattering radius cg. By adjusting W, we may
in fact assume without loss of generality that co = 1. This is precisely the scaling used in
[19] for the case of random potentials, although in a slightly different formulation in terms
of Husimi functions for the phase-space presentation of quantum states.

3 Floquet-Bloch Decomposition

Floquet—Bloch theory allows us to reduce the quantum evolution in periodic potentials to
invariant Hilbert spaces H, of quasiperiodic functions v, satisfying

Y(x+b)=ebd a)y(x), (3.1
forall b € £ where @ € T* = R?/L* is the quasimomentum and
Lf={keR? | k-beZforalb e L} (3.2)

is the dual (or reciprocal) lattice of £. We denote by H,, the Hilbert space of such functions
that have finite L?-norm with respect to the inner product

(V. 9la Z/Tllf(XW(x)dx, (3.3)
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with T = R¢/L. We define the corresponding Hilbert—Schmidt product for linear operators
on Hy by

(X, Y)us,e = Tr(X"Y). (3.4)
For a given quasi-momentum « € T*, consider the Bloch functions
pp(x) =e(tk+a)-x), kel (3.5

and define the Bloch projection Ty : S(]Rd) — Hy by

Mo f(x) = Y _(9f, ) ¢f (x) (3.6)
kel*
with inner product
(.0 = [ Torgmar. G7)
Rd
Note that, by Poisson summation,
Mo f(x) =) e a)f(x—b), (3.8)
bel

and hence that by integrating over @ € T* one regains f(x). The kernel of I, is thus
Me(x, x) =Y e(b-a)sy(x —x'). 3.9)
bel

Instead of (2.9) the plan is now to consider the convergence
(B, MaA(tr'™")us — (b, L(D)a) (3.10)

for typical «. The advantage is that we are working in a Hilbert space with discrete basis.
One can then obtain information on (2.9) by integrating over «. In fact we will argue that the
right hand side of (3.10) is independent of & for almost every a.

4 The T-operator for a Single Scatterer

Recall from (1.5) that the T -operator for the single scatterer potential W is defined by
T(E) = »0p(W) + 2> Op(W) G,.(E) Op(W) 4.1

in the half-plane Im E > O where the resolvent G, (E) is resonance-free, and then extended
by analytic continuation. The Born series for G, (E) leads to the formal series expansion

T(E) = 0p(W) Y (AGo(E) Op(W))". 4.2)

n=0

Using ¢y (x) = e(y-x) as a basis for the momentum representation, the free resolvent Go(E)
has the kernel

sy —y")

Go(y, ¥  E) = (py, Go(E)py) = —————,
YUTE =Ly

4.3)
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and similarly Op(W) has kernel {py, Op(W)g,/) = W(y — y). The T-matrix is defined as
the kernel of 7' (E£) in momentum representation, i.e.,

T(y,y. E) = (py. T(E)py). (4.4)
It will be convenient to set E = %Hy 1%+ iy, with Re y > 0, and define
1
V() =T (y. ¥y 5lyI> +iy). &gy = —. (45
’ Syl =3 1y'1% + iy
The corresponding perturbation series is
o0
TV(y.y) =Y ATV (3. y). (4.6)
n=1
where the 7)) are defined by
T/ (yo. y1) = W(yo — 1) 4.7
and forn > 2
T ($o: ) =/ W(yo =30 Wt — ¥n)
(Rd)n—l
n—1
X(]_[gy(ymy,-)) dy;---dy,_;-. (4.8)

j=1

The analytic continuation of 77 from Rey > 0 to the boundary Re y = 0 is obtained via
the integral representation

Tny(yO’ yn) = (_2771)"_1 /”7I {/ doni W()’o - yl) o W(yn—l - yn)
R L iy

n—1
xe[Ze,- (%nyon2 — 3y 1%+ iy)} dy; - --dyn,l}del cdf, .
j=1

4.9)

The choice y = 0 is referred to as “on-shell”. We drop the superscript if y = 0, i.e.,
T(y,y) =Ty, y), T,(y,y) = T°(y, y). The T-matrix T (y, y’) is then related to the
on-shell scattering matrix via

Sy, y) =8y —y) —27is (FIy1* = S1Y'1%) T(y. ¥). (4.10)
The unitarity of the S-matrix is equivalent to the relation, for || y|| = ||y¥'|,
T(y.y)—=T(y.y) = —2ni /R S8 (ZIIP = 31y"1P) T, YT (5 y")dy". (4.11)

This in particular implies the optical theorem

1
ImT(y,y) = _Eztot(y)~ 4.12)

We will now prove that the integrals defining (4.9) converge uniformly in Rey > 0 in
dimensions d > 2. For f € SRy and S C {1, ..., k} we denote by fs € SR the
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partial inverse Fourier transform of f in the variables y; fori € S:

fsrso ) = /de f@ .z []‘[e(zk -m} []‘[(S(z,- - y»] dz; - dz.

ies igs
(4.13)
We use the notation (x) = +/1 + x2 and (x) = /1 + | x|%.
Lemma1 Ler f € S(RY). Then,
‘/R SO ye (=301l = - = 36l yel?) dy, - dy,
< 2%~ 07 sup I fslp (4.14)
SCc{l,..k)

Proof We partition R* into 2% regions according to whether |6;] < 1 or |6;| > 1. Take
S c{l,...,k}and assume that fori € S, |6;| > 1 and fori ¢ S, |6;] < 1. We have that

/de FO1 -y (=2010y 12 = - = L6cllyell?) dy, - - dy,
N Js@ M) He<l97lllﬂ‘ll2) e(—le-uy. +e.—1,7.||2>
Rk JRdk 15 -5 Nk Ll 2V i 7 Yi i i i
le
X [He(_;gi”yi“z)ﬁ(_}’i - ’h)i| dp, ---dn,dy, ---dy,. 4.15)
i¢S

Therefore, using the identity

’ /]R e (=36 1yil?) dy;| = 161177 (4.16)
we obtain
1 2 1 2
‘/de f(yl,...,yk)e<— Oy ill7 = = 3Okl yill )dyl---dyk
< (]'[ |9i|*d/2>||fs||y. (4.17)
ieS
Taking a supremum over all 2% regions we see
‘/de Fryoe (=301l 17 = = 36llyel®) dyy - dyy
< min{1, |0y~/?} - min{1, |6c]~*} sup || fsllLr. (4.18)
Sc{l,...k}
The result then follows since
min{1, 16;17%/*} = (max{1, 6;|h~*/? (4.19)
and max{l, x} > %(x). O
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Let us apply this Lemma in our situation, in particular to the inner integral in (4.9). For
multi-indices a,  we define
B B 1 o 1 o
xﬂ:Xll'”xdd’ Dd=D;l=(ﬁax1) (73 )

2mi " An

and the norm

I fllmn,p = sup IxB(D* £)@)llLr. (4.20)

Jee|<
IBI=N

Proposition 1 There exists a constant C4 depending only on the dimension d such that for
all yy, y, €RL, W e SRY), 0 e R Rey > 0,

‘ /(Rd),,f. W(yo =y Wy, 1 =y

n—1
xe[zej(%uyw —3ly; 17 +1y>} dy;---dy,
j=1

=27 (01 4+6p—1)y (6 >—d/2 e By >—d/2. (4.21)

< CilWl3gi2.a+1.1€

Proof The exponentially decaying factors can be pulled outside immediately. We then want
to apply Lemma 1. Let S = {sl, ...,8} C{l,...,n — 1} and consider the norm || fs| ;1

where f(yq,...,¥,—1) = W(yo -y W(yn,l — y,) with yy and y, constant. By
definition we have that

1 =
I fsl. /R o

x |:l_[e(y,- ~x,~)dyi:| ’ []‘[dy,} |:1_[dx,-:|. (4.22)

/RM W(yo =y - Wt = 3)

ieS i¢S ieS
Letm = (my,...,my) € Z So and put |m| = my +--- +mg. We define the multinomial
coefficient
N\ N!
m)  myl-mg! (N —my — - —mg)!
and use that
N d
N N i
OV <Al + o+ D = Y (m) [T 1x0m 4.23)
lm|<N j=1
to bound (4.22) above by
d+1 d+1
Ifsller = 3 (m ) ) (m )
S1 Sk
mg) |<d+1 mgy |<d+1

/an D ’ [1_! }/“ Wo=y0) - W1 —yn)  (424)
x [l_[em 'xi)dyz} ‘ [ndy } [H - ldx,:| :

ieS i¢S ieS
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Integrating by parts with respect to y; for i € S and pulling the absolute value inside the
integral yields the upper bound

k
I7sher = </Rd(x)_d_ldx> Z (dm_:l)”' Z (dm_t:)

lmy, |<d+1 Iy, |<d-+1
X
/Rd(n—l)

[HD;'?]W(J’O =¥ Wt — ¥
ieS
Using the triangle inequality, the y; integral can be bounded above by a sum of []; ¢ 20mil
terms of the form

dy;---dy,—y. (4.25)

/Rdwl) l0oo =y -+ nm1 Dy = yu)ldyy - dy,_y
= [y 000 =31 = = 300100 i G Dy (420

where each g; is a derivative of W of order < 2d + 2. Pulling absolute values inside tells us
that (4.26) is bounded above by

leollLe=ll@illr - Nlgn—1llp1- 4.27)
‘We have that

loollLee < sup  sup
la| <2d+2 yeR?

D;‘ /Rd W(x)e(—x - y)dx

(4.28)
= sup s | [ x W@ e-x x| < IWliao
la|<2d+2 yerd | /R
For the L' norms we similarly have
ol = sup [ 105 [ wiwex - yax| ay
loe| <2d+2 JRY R?
= sup / /x"‘W(x)e(—x~y)dx dy (4.29)
lae|<2d+2 JR? |JR?

_d_ld) <d+l)/ Dx™W (x)| dx.
< (L) & (400 el

m<d+1

Note that Di’x*W (x) yields a sum of up to 2m terms each of which is of the form
x*“DPW(x) where |a| < |ee| and [m| < |m|. Hence, using the identity

3 (d"; 1) oMl — (24 4 1)+ (4.30)
|m|<d+1
we obtain
loill 1 < (/R <y>*”’*‘dy> @d + D W laar2.d+1.1- 4.31)

Finally then, combining these bounds with (4.25) and applying (4.30) we obtain

k+n—1
I fsll < (x)"dx @d + DEDEED yyn e (432)
R? T

@ Springer



Quantum Transport in a Crystal. . . Page 130f46 16

This proposition shows that

00 n—1
1T (3o Yl < Q)" Ch WISy 12 a1 1 ( /0 (9)~4/2 de) (4.33)

forallRe y > 0, provided d > 2. Therefore, the series (4.6) converges absolutely, uniformly
forall Rey > 0, if

o0 —1
|A|<<2ncd||wnzd+z,d+1,1 / <9>—f’/2d9) : (4.34)
0

5 The Perturbation Series

We set H, = Hj ;, U, (t) = Uj ,(t), and note that

Hyy =hHy e, Upa(t) = U, g2 (ht). (5.1
The first term in (2.7) thus can be written

Uy n2 (thr'=) Op, () Uy jp2(—thr' =),

which is the quantity of interest for this work. To simplify notation, we will write in the
upcoming discussion A for /A% and ¢ for thr'~=¢ and later re-substitute when taking limits.
Furthermore, we can declutter our expressions by passing to the so-called interaction picture,

Us.()Uo(=1) Op, ;(a) Uo()U)(—1).

After the relevant calculations we then simply replace a by Lo(t)a due to (2.4). Because
of the gauge invariance of A(¢) in (1.6) under the substitution Hy ; — Hp ; + E for any
E € R, we may replace the potential V by V — f ¢V (x)dx in the following. This means that
the potential now has the Fourier series

Vy=r? Y W(bye-x), (5.2)
beL*\{0}

with W(y) = f W(x)e(—x - y)dy. Thus we may ignore in the following expansions all
terms with W(O); but note that we have not assumed here that W(O) =0.
We proceed using Duhamel’s principle. In particular one has that

t
Uy (t) = Up(t) — Zﬂi}\/ U, (s) Op(V) Up(t — s) ds. (5.3)
0

Iterating this expression yields a formal perturbative expansion for U, (1)Up(—t) and
Up(t)U, (—t). After multiplying these two series together one obtains as in [28, §5] the
formal perturbative expansion

Tr[Mq Uy (1) Uo(—1) Op, (@) Uo(1)Ur(=1) Op,. 1, (b)]

= > @IV T,(1) + 0 (™), (5.4)
n=0
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with Zy(t) = Tr[I1g Op, ,,(a) Op, ;,(b)] and for n > 1

L) = Y (=D Ten(®). (5.5)
=0

For 1 < £ <n — 1 we have, with the shorthand P = £* + «,

Zen (1) =r"'n’ Z Wrpo, .- rpn)/ /0<r|< -<sg<t

Lses Pn=Po€EP O<sy<--<Spq1<t
non-consec

-1

x e( = 3sullpol® + 3 ) (sj — 50l 1P + 5 sellpell® = S seqrllpe + r‘l“nnz)
j=1

.
e(% > i —sigolp; +r R + S sallp, + 1 n||2)
j=t+1
x a(=n, h(p, + 3r*='n) b, h(p, + $r*""n)) ds dn,
(5.6)

where
n—1

Wo -y =W, =y (5.7)
j=0

and the summation “non-consec” is restricted to terms with p; # p; ;; recall the comment

after (5.2). We make the variable substitutions ug = sy, u; = sj41—s;forj =1,...,£—1,

anduj =s; —sjyiforj=£€+1,...,n—1and u, =s,. Let Ly ,(¢) denote the simplex
D) = {u = (uo, ..., up) € REF" |

up+ - Fug—y <t, ug =0, gy +--- +up <t} (5.8)

and let dtu = [ 1. du;. Then

Ty ="t Y W(rpo,.‘.,rpn)/Rd/D "
¢,n(t

Pis-sPp=PoEP
non-consec

— n
e(% Zu,(npznz—npjnzw% > u,-(np,-+rd‘1n||2—||pg+r"“n||2>)

j=t+1
xd(—n,h(pg—i- 1pd= 111))19(17 h(pn 1yd=1 >)dj‘udn.

The terms Zy , (t) and Z,, , () have an analogous representation.
As in the case of the T-matrix, it will be useful to embed these quantities in an analytic
family by extending to complex energy. To this end, we define for Rey > 0,

7,0 =r"ht Y W(rpo,...,rpn)/Rd/D .
l,n

Pis-sPp=PoEP
non- COHQCC

-1

Xe<% Y uidlipel® = Ip;I7 +iy)

Jj=0

(5.9)
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n
+3 > e+l = llpe+ 1 + iy))
Jj=t+1

xa( —, h(m + %rd_]n>) }5(;;, h(p” + %rd_ln>) dtudy. (5.10)

In the following, we will drop the superscript y in the case y = 0.

We wish to consider the limit of this quantity as # = r — 0, uniformly for Re y > 0. The
first simplification we make is to replace the second argument of a and b by hp, and hp,
respectively which incurs an error of order r4. Recall now that, in view of (2.9) and (5.1), we
are interested in the quantity h_Z”Izn(thrl_d). Since h =21 prd pd (prl=dyn = pd=—npn — pd
we see forh =r

h=2"T) | (thr' ™)

2—d
_d E: r%y
=r Ht,l,n
P1o- P =PoEP

non—conseoc
(r 4 (Spol® . 31pal?) . rpos - o 7 py) (L + O, (5.11)

where

om0 =m0 [ |
o ]Rd DLM(f)

—1 n
xe(—zuj(éj—&—i)/)Jr Z uj(gj_glJrier(yj_yZ)'")) (5.12)
j=0

j=t+1
x a(—n, y) b(n, y,) drudy.

Using the definition of @ and b and integrating over 7 yields

H,‘,’g,,,(é,yo,...,yn)=W(yo,...,yn)//
Rd Dl.n(’)

-1 "
Xe<_zuj(fj_3§£—iy)+ Z uj(éj—g[_|_iy)> (5.13)

=0 j=t+1
1
XAZ,n(yOs~"ayn7u)d u,

where

n

Az.n(yo,--wyn,u)=/Rda(x— > uj(yj—yg),yg)b(x,yn)dx- (5.14)

j=t+1

We recall here that we are working in the interaction picture. To return to the original lab
frame, we replace a by the evolved symbol (i.e., replacing x by x — ty,), so that

n
a<x — Y uily; —yz),yz>
j=t+1
becomes

a(x—(t— z": Llj)_)’g_ z": “jijyl)'

j=t+1 J=t+1
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One can interpret this as corresponding to a classical trajectory in which the particle initially
has momentum y,, undergoes straight line motion for time (+ — u¢4+1 — - - - — u,), and then
experiences n — £ collisions separated by straight line motion for times u ; with momenta y ;
forj=¢+1,...,n.

6 The Poisson Model

We note that the momenta p j in the summation (5.11) are of order !, and that for r — 0
{p € P:lipl® < r 2} ~ vol(B)) r (6.1)

where Bf is the d-dimensional unit ball. This means that the average spacing between con-
secutive values of the set {|| p||> < r—2: p € P} is of the order 2. Thus (5.11) measures
correlations between the || p ; ||? precisely on the scale of the mean spacing. Starting with the
influential work of Berry and Tabor in the context of quantum chaos [7], it has been conjec-
tured that the statistics on this correlation scale should be governed by a one-dimensional
Poisson process. Rigorous results towards a proof of this conjecture are mostly limited
to two-point statistics, where the problem reduces to a variant of quantitative versions of
the Oppenheim conjecture [9,23,34,36,38,44]; results on higher correlation functions are
obtained in [47].

Assumption 1 We assume in the following that in the » = h — 0 asymptotics of (5.11)
the lattice P = L£* + o with L fixed (arbitrary) and « random can be replaced by a Poisson
process in RY with unit intensity.

This assumption should be thought of as a generalisation of the Berry—Tabor conjecture
on the Poisson distribution of energy levels of quantum systems with integrable classical
Hamiltonian. We assume both that the lengths of lattice vectors (which represent the energy
levels) behave as if they belonged to a Poisson process, and that the angular distribution of
the lattice vectors is uniform on the (d — 1)-sphere and independent of the length (on the
correct scale).

Assumptions of this kind have previously been used in modeling spectral correlations of
diffractive systems, see for instance [10,11,32]. To formulate Assumption 1 in precise terms,
define jg , (1) via the relation

h=2" 7 (thr' =)
2—d
=r'E > H (PGlpol? L 3Ipal?). rpos - py) (6.2)

Py Pr=PoEP
non-consec

where P is a Poisson point process in RY with intensity one, and [E denotes expectation. Then
Assumption 1 should be understood as

lim A" /Rd/ﬁ* DX 0T ahr D = T ahr' D ]de =0 (6.3)

r=h—0
n=1¢=0

forallRey > 0, r > 0. Similarly, it is a conjecture that

lim A" N (=D[Z), (thr! =) = T/ (thr' =] =0 (6.4)

r=h—0
n=1£=0
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Fig. 1 Scatter plots of (%;, 6;) in the strip [R — AR, R) x [0, 1) for R = 7 x 100% and R = 7 x 5002,
respectively, with AR = 104, For large R we expect the point set to be modelled by a Poisson point process,
cf. Assumption 1

for Lebesgue almost every «, and indeed for a satisfying a mild diophantine condition as in
[36,38]. Statement (6.4) is more subtle than (6.3), though the implication (6.4) = (6.3) would
require uniform upper bounds for dominated convergence; cf. [28, Sect. 12]. Statement (6.3)
is the only heuristic assumption made in this study.

As an illustrative example, fix & = (v/2, 4/3) and consider the sequence (A;, 6;);jeN of
elements of the set {(=||n + |2, % arg(n + o)) € R>o x [0,1) | n € Zz} arranged in
increasing order according to the first component where 0 < argz < 2 is the polar angle
of z. Our assumption is concerned with the distribution of points (;, 8;) restricted to a strip
[R— AR, R) x[0,1) for AR > 0 fixed and R — 0. Due to the choice of normalisation, a
strip of this form contains roughly AR points. Broadly speaking, the points contained in the
strip should behave more and more randomly as R increases—see Fig. 1.
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16 Page 18 of 46 J. Griffin, J. Marklof

Fig.2 A scatter plot and histogram for the sequence (1,1 — A;, 6;) for R =7 x 5002 and AR = 10*. The
surface superimposed on the histogram is the density of the conjectured limiting distribution under Assumption
1

The Berry—Tabor conjecture, and by extension our assumption, is more readily expressed
in terms of the gap distribution. Consider the sequence (A;4+1 — A;, 6;) for all points in the
window [R — AR, R) x [0, 1). The Berry—Tabor conjecture states that in the limit R — oo,
the sequence of gaps A; 1 — A; has an exponential distribution with mean 1. Our Assumption
1 then implies that in the limit R — oo, the sequence of pairs (;+1 — A, 6;) is distributed
according to the product of an exponential distribution with mean 1 and the uniform distri-
bution on [0, 1)—see Fig. 2.

Let 7 = ZZZO(—I)eJZ ,,- The principal objective of this paper is to now prove that the
limit

o0
1. 2 . —2\n 1-d .
hzlrrg();:l( Tirh ™) T (thr! =) (6.5)
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exists for A > 0 sufficiently small but fixed, every ¢t > 0 and Re y > 0, and to evaluate the
limit at y = 0. The convergence is stated in Proposition 5 and explicit formulas for the limit
are discussed in Sect. 11.

Now, in order to take the expectation value of the sum over the momenta in in (5.11), with
P a Poisson point process, one needs to keep track of terms where the various p; and p ; are
equal or distinct. This is best done through the notion of set partitions, which are presented in
detail in Appendix A. We denote by I1(n, k) the collection of set partitions F = [F1, ..., Fi]
of the set {0, ..., n} into k blocks Fi, ..., Fy. Let us then define, for a given set partition
Felnk),EcR y,,....y, eR?

Hy p & 31 ) = H G ©) (3. 30, (6.6)

where ¢ (£) is the embedding ¢ : R¥ — R"*! defined by & = (&1, ..., &) > (x0, ..., Xn)
where (x; = § <= j € F;),and tp(yy, ..., y;) is the vector analogue (f : (Rd)k —
(R 1 See Sect. A.3 for details.

‘With this we can write

2—d
o HL TGl 3 palP). rpo. - py)
P1s-s Pp=PoEP

0
non-consec

n+1

2—d
=> Y > HL G S pe?) ey py).

k=1 Fello(n.k) py,....py€P
distinct

(6.7)
Note that fore = (1,1,...,1) € R¥ andany w € R
H/\ pE+oe yp,....y)=H' p(E.yp, ...y (6.8)

This decomposition allows us to compute the expectation over P. Specifically, Campbell’s
theorem yields, for P a Poisson process with intensity one,

2—d
E Y HL GRS e?) ey rpg)

Pi:-- PrEP
distinct

2—d
— /(Rd)k H o (PGP S rynery) dyy -y ©9)

—d
= /W)k H LSy, 3 yel?), s 3 dyy - dyge

Due to its translation invariance, th[  1s determined by its values in the / th coordinate plane

¥l = {x € R¥ : x; = 0}. It will be convenient in our calculations below to fix / so that
£ € F;. We define the corresponding Fourier transform of sze  restricted to =+ by

GKZ’E(O’ yl» ey yk) = /EL H[},,[,E(gv J’1, ceey yk)e(_g ° 0) dLgv (610)
where @ € £+ and d+& = ]_[];: 1 d§ ; denotes the standard Lebesgue measure on L. For
J#
£ € ' we then have
H, o &y yi) :/p Gl p(0.y1,. .. y)e&-0)d"0. (6.11)
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Define the (k x (n + 1))-matrix A, g by

0 ifi=lI

—1 ifje F;N[0,¢—1]
1 ifjeFNK+1,n]
0  otherwise.

(Ag,p)ij = (6.12)

In particular (Ag r)i¢ = Oforalli =1,..., k. In view of (5.13) and (6.10) we find in the
case y = 0 that

Grer (.31, 30) = WD - 30)) Arer 0. y1. ... yp) (6.13)
with
A r@, 31,30 = / Apn(r sy w) 80 — Ay pu) dtu,
N t)
(6.14)
and
k -1 n
50 — Arruy =[] 5(@ +Y ujl(eF)— Y ujl(je E-)). (6.15)
i=1 j=0 Jj=t+1
(¢F;
Thusif £ € F;
k
Hior &, y1, .0 y) = Wer (..., yk))/ e(ZGi(éi - Sl))
ST
XA 0 r@,y1, ..., y)d"0. (6.16)
More generally, for Re y > 0, we have the formula
Ht},,z,g@’ Yoo Yi) = WUp(Y1s -5 Y1)
k
X /i G(Z [91'(&' —&) +i|9i|y]>-/4t,€,£(0, Yiseeos yk)dL0~ (6.17)
z i=1
il

Our task is now to determine the convergence of

¢}

S @rirh =2y 7 chr' =)
n=1
00 n n
=Y erin Y=ty Y / PRUCCIINERS /) 6.18)
=1 =0 k=1 Fell,(n,k) R '
k
x /EL e<Z [0:¢& — &) + i|9i|y]>2t,i,ﬂ(rd0’ Yooy d0dy; - dyy
i=1
il

as r = h — 0 and calculate the limit.
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7 Explicit Formulas
In this section we provide more explicit formulas for :Zl;, ¢,r(@,yy,...,y;). The main results

are the expression (7.12) for general @ and (7.15) for § = 0. We assume that F is some set
partition into k blocks with £ € F;. We define

L(E)={ie{l,....k}\{l} [ FN[0,€—1] # ¥},

. (7.1)
L(B)={ie{l,....k}\{l} | FN[€+1,n] #0},
and similarly
I*(FH)y={e{l,...,k}\{I} | FN[£+1,n] =0}, (72)
Ij(E):{ie{l,...,k}\{l}|Fl-ﬁ[0,£—l]:(()}. ’
We also write
Jo=I-NI* Jy=I.NnI{, J=I1_NI,. (7.3)

Note that J_ (resp. J) contains indices corresponding to one-sided blocks of the partition,
i.e. blocks, all of whose elements are less than or equal to (resp. greater than or equal to) €.
The set J contains indices corresponding to blocks which are not one-sided, i.e. they contain
elements both less than and greater than £. This provides a complete categorisation of blocks
F;:

{1,...,k}={l}UJ_UJLUJ. (7.4)
Let us furthermore define
pi = pier =1F0[0,0 =1,  vi=vr=I[FN[Kn]-1 (71.5)
Combining (5.14) and (6.14) we have

.71;,13,5(9, Yoo Vi)

k
= alx—=) (yi—y) uj, Jﬁ)b(x, ypdx
/D/Z.n(l) /Rd < ; Z !

= je F;N[L+1,n
il JERNL ]

k
xl_[(S(G,-—l— PRI uj>dLu. (7.6)
i=1

= je FiN[0,¢—1 je FN[e+1,
2 JEFN[ ] JEFiN[e+1,n]
First we can freely integrate over all u; for j € F;. This yields a factor of

—1 i n vy
(t =X jmo,jgm U5 (= Xjmert, jgr Ui+

ity

(7.7)
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where (x); = max{0, x}. If we use the convention (x)(}r = 1[x > 0] then, writing r; =
ZjeF,ﬂ[O,K—l] ujands; = ZjeFian]‘nJ u j, we obtain

;thKF(a Yisoo s Vi)

/u \/\m </R" (x - Z(J’z I)St’J’l)b(x J’1)dx>

iely

(t =i N =Y ey, s
% Z el_ "t +' ‘ Z el Pt/+ 1—[ Ai_(ri)S(@i +r)dr
mrtvp!

iel_

(7.8)

< [T AFG08@ — sy dsi [ A7 AT (50080 +ri — si) dr; dsi.,

iely iel
with
ri
“(r) — _ ) R
A7 (i) —/Rwa<r, > u,) [T duj= i (7.9)
20 jeFN[0,6—1] JEFN[0,6—1]
and

S.
A,-*(sz‘)z/R\,i+18<sl~— > u,») I1 duj = (7.10)

>0 JEF;N[{+1,n] JeFN[{+1,n]
In other words

;lzzp(a Vieeoi Y0

/u l/l,+| (/]R" <x— Z(}’z }’1)91,)’1>b(x J’1)dx>

iely

(= Dier T =Yy, DY "
5 el z+' | Dier, S+ I %8(9i+ri)dri (7.11)
v ieg Mi
erSVI
X ]_[ —5(0 siyds; [ [ 5(0 + ri — si) dr; ds;.
zeJ+ ! ieJ itV
Integrating over r; fori € I_ = J_ U J and s; fori € J yields
Aer @, 31,90
- /m (La(x= X008 - X000 - s Yo,y ax)
R0 el ieJ
i
(7.12)
— D) 6—) si—6) =Y 6i—> s
patvr! el ieJ N icl, iel ),
(- 0) (9 )+ (si — 0)Y's)”
X 1_[ ! H | 1—[ VUV ds
ieJ_ ieJy ieJ

When @ — 0 note that the integrand vanishes unless p; = 0 for alli € J_ and v; = 0 for
alli € J4, that is to say that a partition F only contributes in the limit if the only one-sided
blocks are singletons. This motivates the definition of Q(n, k) C {0, ..., n} x I1o(n, k) as
the set of marked partitions (¢, F) such that every block F; not containing ¢ either (i) is a
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singleton or (ii) contains at least one number strictly less than £ and at least one number
strictly greater than £ (cf. Appendix A.2).
The support of A; ¢ £(0, y;, ..., y;) as a function of @ is contained in the domain

ezt | —1<6<0VielJ_,0<6 <tViell (7.13)

and is continuous in this domain in a sufficiently small neighbourhood of the origin. Putting
0 = 0in (7.12) yields

A rO,y. ...y = /R"‘ (/ <x - Z(y, yl)sisyl>b(x,.)’1)dx>

iel

Hitvr [l. +v,

+ ieJ_UJy z€J

Mz'vl
(7.14)

In other words, for (¢, F) € Q(n, k) we have

k
2t,g£(0,y1,...,yk) = /]Rk (/Rda<x — Zuj(yj -y, yl>b(x,y1)dx>
>0 j=1

k Mt+vt

x(l‘[

)5(1/!] + -+ up —t)du, (7.15)
wilv!

whereas for (¢, F) ¢ Q(n, k) we have that :Zl,,g,E(O, Vi Y1) =0.

8 Decay Estimates

In this section we prove Proposition 3 which establishes the absolute and uniform convergence
of the series defining (6.18). The proof will be similar in spirit to that of Proposition 1, and
the key ingredient is the following decay estimate.

Proposition2 Let a,b € S(T(Rd)). There exists a constant Cq p g such that for all W €
SRY),t>0,Rey >0, r >0,
k
‘/Rd k W(zg(yl,...,yk»e(Z[ei(%uyinz =3Iyl +i|ei|y]>
(RY)

i=1
i#l

x Aep(r0, yy, .y dyy - dyy (8.1)

k k

! —27|6; —d/2
< Capat)" IWila 42,4411 (1_[ W) (He e r).
i=1 ' i=1

i#l
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Proof We first write

k
M&ﬂhw~JWR<ZI@@MNL—ﬂwW%H@WD

‘ Rk

i=1
i#l
X 2Z,Z’E(rd0, yl’ ey .Vk)dyl .. dyk
(8.2)
k
< e 2 X lly mmguh“”ypw<%§:&mwﬁ)
R i=1
x Arep (0. y1, ..y dy, - dyy
where we have used the shorthand 6; := — Zf:u £l 0;. The inner integral can be treated
using Lemma 1, so all we must do is compute the relevant norm appearing inside the Lemma.
LetK ={1,...,k}and S = {51, ...,s,} C K. Weneed to compute the norm || fs|| .1 where
FO1 s ) =WEED - YD) A p (799, 310 3. (8.3)

We have

st = [,

x|:1_[e(yi.x,-)dyii|‘ [] d» |:1_[dx,-:| (8.4)

ieS ieK\S ieS

/RL”S‘ W(LE(yl,...,yk));\l,,z,E(rdG,yl,...,yk)

and, more explicitly,

WNU:AM

vWﬂhwwnD/m/ﬂWnﬁkmh)

RAISI
vy
‘ ( rY 0= (si—r 9)) (t—rdZO,-—Zs,)
patvr! el icl iels ies /+
(8.3)
(r9> (ﬂm+ (si —ron’
<] [ el B Gy
ieJ_ iey iel L
x []_[e(yi (X — ﬂfi))d.)’i] ds dﬂ‘[ I1 dy,-][]_[dx,}
ieS ieK\S ieS
where we write
g, ieJ
nz{r Le (8.6)
S ield.
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We pull the integral over n and s outside the absolute value and bound || fs|| ;1 above by

/Rd(k+l)

x [He(yi~xi)dyi]’|: I1 dy,}[l_[dxi]dn

/ W(EWe oo 3 a0 30 B(—1. 31)
RAISI

ie§ ieK\S ieS
v (8.7)
x/m ‘ ( dZO—Z(s,—rQ)) (z S EDI )
R M- \)[ ieJ_ iel ieJy iel +
(o) (rde)+ (si —riopls ”'d
l_[ wi! l_[ ! 1_[ wilv;! §.
ieJ_ iely ieJ

This can be bounded above by

AT K
[J]! Zl:[,u,'v, ~/R"(k+”

x[]‘[e(yfxi)dy,}‘ [T av []‘[dxl} dn (8.8)

ieS ieK\S ieS

/ WGEW1e - 30 @@ 30 5=, 31)
RIS

where we use the convention fi; = (u;)+ = max{0, u;}. As in the proof of Proposition 1
we bound this above by

AV [ it d+1 d+1
11 [l_[ nw} 2 (m ) 2 (mk>
|ms, |<d+1 lmg, |<d+1
Lo []‘!x"’} Lo Wiy atn 3 a3
x []_[ e(y; -xi)dyl} ’ [T d []_[(x,-)dldx,} dy. (8.9)

ieS ieK\S ieS

Integrating by parts with respect to y; for i € S and pulling the absolute value inside the
integral gives the upper bound

1K it P
t t 1
7 {]_[ ,,ﬁ.,} (/d<x)_d—1dX> 3 <dm+ 1> Y (dm+. )
" Loy HiVie R I, |<d-+1 51 Imy, | <d-+1 5p
/Rd(kﬂ)

If] # 1, each y; appears 2| F; | times in the product of W, @ and b, except for y, and y, which
appear 2| F;| 4 1 times (due to their appearance in @ and b). If [ = 1, then each Y, appears
2| F;| times, except for y; which appears 2| F;| 4 2 times. Either way we can find a constant
¢4 such that the number of terms inside the absolute value can be bounded above by

dy;---dy,dy. (8.10)

[]_[ D}'i’} WE(D1, - )@, y) b(—=n, 1)
ieS

d d+1 d+1
ey IR R
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Applying the triangle inequality yields a sum of terms of the form

/Rd(kﬂ)

DMo> N5 - M) = @10 — M)+ Pu(Wy—y — M), (8.12)

SUp(yy, -5 yi))am, y)b(=n, y;)|dy, ---dy, dyg (8.11)

where

each g; is a derivative of W of order < 2d + 2 and a and b are derivatives of a and b with
respect to the second argument of order < d + 1. Define the map« : {0, ...,n} — {1,..., k}
implicitly dependent on F by « (i) = j if i € F;. We then have that

CUEY, - YD) = 1Y) = Yiet)) P Victn—1) — Yietw))- (8.13)

By the definition of Q(n, k) we have that k (0) = k(n) = 1. Fori = 2, ..., k, we define the
partial inverse

« '@y =min{j € {1,...,n— 1} | k(j) = i}.

Fori = 2,...,k, the first factor of ®(tr(y;, ..., y;)) in which y; appears is then by
definition

1) Viee1)—1) — Yi)-

We define K C {1, ..., n} to be the image of k ' ({2, ..., k} \ {{}). Equation (8.11) can thus
be bounded above by

[T leile

(8.14)
K|
X /Rd(k-H) a(m, y)b(=n, y;) 1_!¢i(yk(i—l) — V@) ‘dyl ~-dygdy.
1=
Make the variable substitutions y,. )y = ¥.i—1) — Y«() to bound this above by
1K
[ I1 ||¢,-||Loo] (/ la(n. y)b(=n, y’)|dydy/dn> []‘[ ||go,-||L1]- (8.15)
el \K R i=1
As in (4.28) we have that
l@illee < [Wll2d+2.0.1 (8.16)
and as in (4.31) we have that
loillr < ( /R , <y>*‘“dy> @d + DT Wihai2,ae1.1- 8.17)

Combining with the fact that the functions & and b are Schwartz class implies that there exists
a constant ¢, p 4 such that

. ., MK gt i
sl = ¢ pal Wlhaszar2 T Hﬁi,ﬁi,|Fi| . (8.18)
L

=
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We then use the fact that

wi +1 ielJ_
vi +1 iely
wit+vi+2 iel
wit+vi+1l i=lI

|Fi| =

so in particular fori € Jy ori € J_

1 |Fil 1 |Fl
or

wil o IF!

vil |F!

respectively. Fori € J we have

12
U _IEF -2

wilvi! = !
and for i = [ we have
U _ Rl ik
wilvt T E|!

For simplicity we bound all of these uniformly by

2
|Fi] olFil
|Fil!

Using the fact that |J| + Zle(/li + V;) = n — k + 1 thus yields

n—k+1 k | F;|4+3 -
n n i
I fsllp < Cabd T IWl2442,a41,2 Hip — 20
[ [ F; !

i=1
Finally, observe that, since Zf: L 1Fil = n + 1, we have that

k k
1_[2\Fi| — 2n+1’ 1_[ |Fvi|d+3 < 2(Vl+1)(d+3).
i=1

i=1

This completes the proof.
This upper bound allows us to ensure convergence of the series (6.18).

Proposition 3 Lera, b € S(T(RY)), W € S(RY), t > 0 and set

—1
R= (2n Cabd <r>||W||2d+z,d+1,1max{1, / <9>—"/2d9}) .
R

Then the series
o0
> @mirh™H" JY ()
n=1

in (6.18) converges absolutely for all |A| < R, uniformlyinRey > 0,0 <r

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)
<1
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Proof First of all, by integrating over # we can obtain from Proposition 2

Z(zmm) Z Z >

0=0 k=1 Fello(n,k)
k

x /Ele<2[9i(%||yi||2—%||J’1||2)+i|9i|7’]>

= (8.28)

)

/ Werp(yis -5 i)

Ao rr®0. ., ...,y d0dy, - -dy,

n

00 k
<D 4+ DRTARN W 2a42,041,)" Z Z (]‘[|
k=1 Fell,( i=1

n=1

where
A = C,.p.g max {1, / (6)_d/2d0} )
R

We can replace the set I1,(n, k) by the set of all partitions of {1, ..., n} into k blocks to
obtain the upper bound

k 1 1 n4+1 krl+1
Z 1_[|F‘|’ RRCES Z mymy,..omi) T (n4 D
Fello(n,k) “i=1 ' " S myAeAmp=n+1 et )
(8.29)
Inserting this into our upper bound yields
oo pntl
(8.28) < Z(zﬁAMW)||W||2d+2,d+1,1)n7 (8.30)
o (n—1)!
which converges for 2w A[A ()| W ll2d42,d+1,1 < e! by Stirling’s formula. ]

9 The Microlocal Boltzmann-Grad Limit

In this section we combine the results of Sects. 7 and 8 to prove Proposition 4 which establishes
the limit of the full perturbation series. Given (¢, F) € Q(n, k), let Ct 5 bethesetoff € =+
with ith coordinate 6; ranging over B

Reo if F;j = {j}withj < ¢
Rso if Fi = {j} with j > ¢
0 if ¢ € F;

R if £ ¢ F; and |F;| > 1.

9.1

For (¢, F) € Q(n, k) we define

Dz£<y1,-..,yk>=/ e(Z ||yi||2—%||yz||2)+i|e,»|y]>dlo, 9.2)

~

i#l
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which converges for Re y > 0 and can be extended (in the distributional sense) by analytic
continuation to Re y > 0. In other words, we have that

k
Dl p iy = [ | dl iy 9.3)
{t,
with
—&7(y,y) if Fj = {j} with j < ¢
A p (0 3) = 5 % {870, itF = {(jjwithj>¢ (94

gr(y,y) —g"(y,y) if|F| > 1,
with g7 as in (4.5). Note furthermore that

gy, y)—g"y.y) 1 Y
i - 2
2 T (G112 = S0y IR) 2

— 8 (IyIP = L1y17), 9.5

asy — 0.

Proposition4 Let a, b € S(T(RY)), W € SR?), t > 0, || < R with R as in (8.26), and
Rey > 0. Then

oo
li ik =) T (thr' =4
h;‘ﬂo’;( S N AC T

o0 n 9,6
=Y @rin' . Y (=D /(Rd)k WED1 - Y1) 00
n=1

k=1 (¢,F)eQ(n.k)

x A p© y . y)D) p (s y) Ay dyg

Proof In view of the uniform convergence of the series in n (Proposition 3), it is sufficient
to establish convergence term by term. Now

h" 7 (thr! =)

ZZ Z /2i</deW(‘E(y1»~-w)’k))

k=1 Fell,(n.k) 9.7
k

x e<z [6: (A 1lyi 1> = Ly, 1%) +i|9,-|y]>,4,,g,£(rdo, Vi Yy dy; ~--dyk) dte.
i=1
il

Due to the uniform decay 1‘[1.#,<9,»>—d/ 2 guaranteed by Proposition 2, the outer integral
converges uniformly in » > 0 (and Re y > 0), and we can therefore take the limit » — 0
inside. Relations (7.12) and (7.15) tell us that the only-non zero terms come from the marked
partitions (£, F) € Q(n, k) and for 0 € Cj 1. O
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10 The Collision Series

The main result of this section is Proposition 5 which specialises Proposition 4 to the case
of y = 0. Let us define

n—1

Lo - ¥) = (200" [[ Ty ¥4, Toyo) =1, (10.1)
j=0

Ton(Yos - Y) =Te(¥os o YO Tt Vs - -5 Yo)

n—1

—1
= Qriy' D [ TGy [T 050 yj50) (10.2)
j=0 j=t

n
and form € 7. ,,

n—1

-1
Tenm(Yos - yp) = Q)" (—l)l l_[ Tn;(¥j, yj+1) 1_[ vaj (,Vj, .)’j+1)~ (10.3)
j=0 j=t

Note that

3 AT, G 30 = Ten(Yor o ). (104)

n
meZ’

Define furthermore

ROO= Y > / Aer©. y1 ... )

d
n=k—1 ¢, Hyeamp * E*
XTpn(E(Y1s s Y) 0k(Yy, .., yi) dyq -+ -dy,. (10.5)

Note that in (10.5) for k > 1 only terms with n > k contribute.

Proposition5 Leta,b € S(TRY)), W € SRY), r > 0, |A| < R with R as in (8.26). Then

o0

lim > @rirh ™" T, (thr' =) =Y RO ). (10.6)

h=r—0
n=0 k=1

Proof We begin from the result of Proposition 4. Let (¢, F) € Q(n, k) and let (¢, F') €
Q(n', k') be the corresponding reduced marked partition. Order the blocks of (¢, F) such
that the following three conditions hold:

() |Fi|> 1fori=1,....k —1,
(2) L€ Fy,
B) |Fil=1fori =k +1,....k

Define iy, ..., i, so that F; = {i;} for j = k' +1,...,n. We can then write
K —1 -1 n n

8(A¢,pu) = ( I 5<Zuj11(j eF)— Y ujl(je FJ))( [ s(ul-j)).
i=1 j=0 j=t+1 j=k'+1

(10.7)
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By first integrating over Uiy s+ Uiy and then relabelling the remaining u; variables with
the indices 0, . .., n’ (preserving their order) we obtain

/ Ao (e (s sy 1) 8(Ag pu) du
DZ n(t)

= / A (P15 oo Yio), ) (A prue) dtu, (10.8)
D// ”/(I)

or in other words

Ao r @3y, 30 = A 0, 31, v (10.9)

Furthermore, by (9.4) every non-singleton in F contains indices both to the left and right of
£, so every such term yields a delta function and we see that the distribution Dy r is given
by

k
[ derite. yl‘)>.

i=k'+1

k-1
Dep(yi... ) = ( [Ts8GIy - %nykfnZ))(

i=1
(10.10)
|12

This allows us to replace instances of ||y, ||~ with ly; 1% for any j =1,...,k — 1. Let

ozjl<"‘<ju<£:ju+l<"'<ju+v+1:”

be the list of elements of {0, ..., n} that lie in non-singleton blocks. Fori = 1,..., u +v
we define m; = jjy1 — ji — 1 as the number of singletons between j;1| and j;, and set
M; = my + ...+ m;. Thus M, = M is the total number of singletons in F. From the
definition (9.4) one can see that

k (= )M K'+M,, K+M
[T a/rivwyd = W( [T ¢ v )( I1 gV(J’k/»J’D)-
i=k'+1 =k'+1 i=k'+M,+1
(10.11)
Combining the above with the definition of the 7-matrix allows us to obtain
Lo WOEG oo 3D G50 [T o
_k/+l
Sy Do )
= L s ey wy! Y ee ey 7
QaM Jpa ELYy Yi)wr Yy Yk
k/+Mﬂ K+M
x( [T 20w y»)( [T 20w ) H dy;.  (10.12)
i=k'+1 i=k'+My+1 i=k'+1

Due to the Dirac delta functions appearing in wy, fori € [k’ + 1, k" + M,,] we can replace
gy, y;) with g(y; , y;) wherei_ is defined to be the largest non-singleton element smaller

than i. Similarly, fori € [k'+ M), + 1, k" + M] we replace g(y;/, y;) with 8(yi, . y;) where
iy is defined to be the smallest non-singleton element larger than i. This allows us to conclude
that (10.12) is equal to

(=DM (=¥
QriM (27_”)”/77& n',(my+1,..., mM+1)(LE(J’1,---vyk’))wk/(.)’u---,yk/)- (10.13)
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Now use the fact that M + n’ = n and M, + £’ = £ we can write

(=DM (=Y (=1
QrdM QriyY ~ Qi)

(10.14)

and so

o0
li 2mirh 2 T, (thri—d
h:}ioz( wirh =" T, (thr' =)

_ZZ Z Z JFmt. +7I1n/ AtZF(O Vieeooa V) (10.15)

n=0 k=1 (¢, F)eQ(n k)meZ

X Do, mi41,omy+D CEY 15 oo YO)) @y, -, y) dyp - --dyy

where on the right hand side we now write k, £, n instead of k’, £/, n’. The result then follows
by changing the summation variables m ; — m; — 1 and using (10.4). O

11 The Limit Process

In this section we derive explicit formulas for RO (1), assuming throughout that k > 1. These
show in particular that R® (#) can be expressed as the (k — 1)-collision term with a real and
non-negative kernel. The main results are equations (11.15) and (11.26) which together yield
the formula (1.17), as well as equations (11.17) and (11.28) which respectively yield the

expressions (1.22) and (1.23) for p(z) and ,0(2) in terms of Bessel functions.

Let us write R®) (1) = R(k) () + R( (t) where ’R(k) (z) R( « (1) are as in the definition
of R® (1) (10.5), with Q(n, k) replaced by Qq(n, k) and Qo (n, k), respectively.

11.1 Diagonal Terms

This is the case 0, £ € F} and so

k
1
YN _ (v —
Ra'= (k —1)! /JRZO /(Rd)k+l a<x ;”J(J’, » yl)b(L )
oM@, i,y 8+ +up — 1) dxdy; - -dyy du (11.1)

with the function

:011)(“ Yisooos Vi)

=oc(yiH¥0 Y, Y Tz,noi(yl,...,yk))]_[

n=k=1(¢, F)eQan.k)

,u1+‘)l

. (11.2)
Mz")z

We have here used the symmetry of the integrand under permutation of the indices of the
y; with i > 2, and taken an average over all ordered partitions in Q) d(n, k) rather than the

original sum over the unordered partitions in ﬁd(n, k).
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We now apply the bijection (¢, f}) — (i*, f)’) in (A.9) (Lemma 4), which, together
with the relation

TenCr s YD) =T p+ O YD) T p - -5 ¥i)),s (11.3)

yields

p“)(u Yiseeos Vi)
k \F\ 1

771(LF()’17~-~aYk))1_[ (|F| o

2

o0
=o 0| Dl Y
n=k— H(

1 n,k)

(11.4)

Next we use the bijection f} — ( f} ’,m) (A.7) to non-consecutive ordered partitions
ggc (n, k), which yields

k |Fi|—1

> % mf(yl,.--,yk»]"[(';' 5

n=k—1 F el,(n.k)
—

- Z Z G ICITE /o))

- =
k i ilm— p :
(1_[ u,‘-F‘HFl l(—2711T()’iayi))F""> (115)
) o 1)) ’ ’
— A\ (il + | Film — D!
with |F; |, = Z/EF mj.
We identify m € Z” 0Wlth m, ..., m®)e ZLF(;‘ X - X Zf(’)“.Foreachi we then use
the identity B B
oo
(n+p—D!
Z fmy+---+mp) = Zﬁf(ﬂ) (11.6)
mi,...mp=0 =0 P :
with p = | F;| to write
k  |Fij|+|Film—1 . ‘
(1—[ . (—2mT<y,-,yi))'Ffm>
] 1 1)
=\ (Bl + Film — D!
00 IFlu=1 5 imoo o\
:H(Zui ‘( FZmTl(y',,yz)) ) (11.7)
i=1 \ =0 pl(Fi| = D!
k u| il—1 e~ 2miu; T(y;,y;)
= 1‘[ ( i ) (11.8)
, (IFi| — D!

This yields in view of the optical theorem (4.12),

k
:011)(” Yisoos Vi) =0k (¥, - -, yk)l—[e_uiE‘O‘(yi)
i=1
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00 k |Fi]—1 2

Ml
Z Z %(tg()’p---’J’k))il:[lm

—_— nc
n=k l_F)EEI)D (n,k)

X

(11.9)

When k£ = 1 we are summing over partitions into 1 block. Note that ggc (n, 1) is empty

unless n = 0, in which case EEC(O, 1) contains only the partition [{0}]. Formula (11.9)
therefore yields

oy, yy) = e 1Tl (11.10)
When k > 2, using the results in Appendix A.4, we can write (11.9) as
k
pfli)(u, Yoo Vi) =0k (Yys -y yk)|g§ﬁ)(u, Viseoos yk)|21_[e*”"2‘°‘(y"). (11.11)
i=1

Here gﬁ) is the 11 coefficient of the k x k matrix-valued function (recall (1.20)),

1 _
GP@, y.,....y0 = W9§~~y§(m(z> — W) exp(u - 2) dzy - - - dzg,

(11.12)
with the diagonal matrix D(z) = diag(zy, ..., zx) and the matrix W = W(y, ..., y;) with
coefficients

0 L
wij=1"_ =7 (11.13)
2T (y;, y;) G # ).
If we extend the definition of (11.11) to
) k
k k —u; ,
P, Y1, ) = oy |8 Ly Ly [ Ee 00,
i=1
(11.14)

we see that, by symmetry under the permutation of indices, the function (11.1) can be written

as
1 k
(k)
Ry'() = — / / a(x -
d k![; ngo (Rd)kJrl

X0 W, y1s s YO 8y 4 -+ up — 1) dx dy; - dy du, (11.15)

k
Y ujly; —y1>,yz)b(x,yg)

j=1

which yields the diagonal part of the expression (1.17).
In the case k = 2, Eq. (A.28) yields an explicit formula in terms of the J;-Bessel function
(assuming here u1, uy > 0),

g7 i up) = —2n\/g(T(y1, YT (2, y )2 TG iuaT (yy, y)T (32, y1)'72).
(11.16)
We conclude
,Oﬁ)(uh U2, 1, ¥2) = AT (y1, y)T (3. y)l 02(yy, yp) e 1 Ea )12 Z0y2)
X% |1 (47 iuaT (3. y)T (320 1)) (11.17)
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This formula can also be obtained directly from the combinatorial expression (11.9): note
that for n even the only E) € EI)EC (n,2)1is

E =0{0.2,4,....n=2,n},{1,3,5,....n — 1}]; (11.18)
and for n odd a "¢(n, 2) is empty. Hence

pll)(””’ U2, y1. ¥5) = wz(yl, yy)e~ u1 ot (¥1)—u2 0t (¥2)

m, m—1 2
x 47T (3, y )T (o y )" —1—2——| . (11.19
Ef 7T (1 y)T 02y e | - (119)
By shifting the summation index this can be written
Pﬁ)(ul, U2, ¥1. ¥2) = 02(y1, ¥2) e~ Bot(¥1)—u2 ot (y2)
5 o0 5 uqnug/t 2
x4 T (1, y2)T (y,, =47 T (y1, y2)T (¥2, vt
1, y)T (2 M)mg( 7T (31, YT (y20 y1) mi(m + 1!
(11.20)

Equation (11.17) then follows from the series representation of the Bessel function

_ZZZ)/(
Jn(2) = 11.21
@ = (52" ZWHW (11.21)
11.2 Off-Diagonal Terms
Here O € F| and ¢ € F}, and thus
k
(k) _ _ (y. —
Ror®) = G2 2)'/]R" /(Rd)LH <x o 2150 yk)’yk>b(x’y1)
xplk)(u Yoo V)6 +---+up —t)dxdy,---dy, du (11.22)

with the function

k
,O{k)(u, Yisoeos Yp)

00 M1+Vt
=0y ) Y Yo Tenlr G ) ]'[ L7123

n=k=1(¢, F )& Qotr (n.k) '

The argument is identical to the diagonal case, and we obtain
'Olk)(u Vs V) =0k D1s s i) HeﬂuEmt(L‘)
i=1
k \FII L2
Tu@E (15 ¥i)) (11.24)
Z Z 1 K 1_[ (|F | —1)!

n=k—1 F eI (n,k)

In the case k = 1, there is no off-diagonal term as IT I15°(n, 1) is empty for every n.
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Furthermore, for k£ > 2 (again using the results in Appendix A.4),

k
k 2 —u )
PR @y ) = oy yolel Ly Ly [ [e T Ee 00, (11.25)
i=1

with G® (u,yq,...,y;)asin(11.12). Again, by symmetry under the permutation of indices,
(11.22) can be expressed as

k

(k) — _ (v, —
Rofi (1) K, Z /Rk /(Rd)k+1 (x lu](y, yl),ym>b(x,yz)
Jj=
X P (u, yl,...,yk)a(u1+---+uk—z)dxdy1~..dykdu, (11.26)

which yields the off-diagonal part of (1.17).
For k = 2, Eq. (A.29) yields
g% (i u) = —27iT (yy, y,) Jo@nuuaT (31, y)T (yo, y )Y, (11.27)
We conclude

2 _ _
03, uz, yi, y2) = 472 T (y1, y2)I? 02(y1, yp) e 1 @D =12 0 (02)

x| Jo(dm T (vy, y )T (v, y )2 . (11.28)

Let us derive this formula also directly from the combinatorial expression (11.24): for n
odd the only element of EI)‘J)C (n,2)1is

E=010.2.4,....n = 1}.{1,3,5,....n}]; (11.29)
and for n even Egc (n, 2) is empty. Hence

2 _ _
1052)(”1 U2, 1. ¥2) = 02y, y) e u1 Ziot (y1)—u2 Ziot (¥2)

2
‘ ,)2< 27" T (31, y) (T (91, 32T (92, y1)” (11.30)
This can be written
P12 w2, y1. 32) = 472 1T (31, 32) P a(y,. yp) e ) )
0 1 m 2m |2
X| 2 G " (2rie Ty T ) (11.31)
m=0 """

Identifying the summation as a Jo Bessel function yields the result.

12 Discussion

The main conclusion of this work is that quantum transport in a periodic potential converges,
in the microlocal Boltzmann—Grad limit, to a limiting random flight process. Unlike in the
random setting, there is a positive probability that a path of the limit process revisits the same
momentum several times. This is ultimately a consequence of the Floquet—Bloch reduction
to discrete Hilbert spaces. The only hypothesis, Assumption 1, in our derivation is that Bloch
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momenta have asymptotically the same fine-scale distribution as a Poisson point process.
This assumption can be viewed as a phase-space extension of the Berry—Tabor conjecture in
quantum chaos [7,37], which to-date has been confirmed only in special cases [9,23,34,36,38,
44.,47]. In the setting discussed in this paper, present techniques permit a rigorous analysis up
to second order perturbation theory which, perhaps surprisingly, is consistent with the linear
Boltzmann equation as well as our limit process. Thus extending the perturbative analysis to
higher order terms unconditionally is an important open challenge. This would require the
rigorous understanding of higher-order correlation functions for lattice point statistics, and
we refer the reader to [47] for the best current results in this direction.

It follows from standard invariance principles for Markov processes that for large times the
solution of the linear Boltzmann equation is governed by Brownian motion with the standard
diffusive mean-square displacement (i.e., linear in time) [22,46]. Therefore, the work of Eng
and Erdos [19] for random potentials implies convergence to Brownian motion, if we first take
the Boltzmann—Grad and then the diffusive limit. (Note that Erdos, Salmhofer and Yau [21,22]
have established convergence to Brownian motion in long-time/weak-coupling scaling limits
directly, i.e., without first taking the weak-coupling limit to obtain the linear Boltzmann
equation as in [20].) An immediate challenge is thus to understand the diffusive nature of
the random flight process derived in the present paper. Recall that in the classical setting
the Boltzmann—Grad limit of the periodic Lorentz gas does not satisfy the linear Boltzmann
equation [13,39], and we have superdiffusion with a # log t mean-square displacement [41]. A
further challenge is to expand our current understanding to more singular single-site potentials
(such as hard core and/or long-range potentials) and to include background electromagnetic
fields.
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Appendix A: Partitions, Diagrams and Graphs

A.1: Set Partitions
A set partition F = [F1, ..., Fy] of the finite set {0, . .., n} is a decomposition into disjoint
and non-empty subsets F1, ..., Fr. The order in which we list the F; is not relevant (we will

discuss ordered partitions further down). We call F; a block of F, and denote by k = |F| <
n + 1 the number of blocks. We furthermore define v(F) = |F; U--- U F;| — 1. We denote
by I1(n) the collection of all set partitions F* with v(F) = n, and by I1(n, k) the collection
of F € Il(n) with |F| = k. We write F < G, if every subset of G is a subset of unions of
subsets of F. This defines a partial ordering on I1(n). The minimal and maximal elements
of [1(n) are O = [{0}, ..., {n}]and N = [{0, ..., n}], respectively.

We further denote by I1,(n, k) C Il(n, k) the sub-collection of all set partitions where
0 and n are in the same block (Fi, say) and by I15¢(n, k) C Il,(n, k) the sub-collection of
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(¢,E) = (6,[{0,5,11}, {1}, {2,7},{3,8,10}, {4}, {6}, {9}])

Fig.3 Diagrammatic representation of a typical marked partition (¢, F) € ©2(11, 6)

non-consecutive partitions where each subset F; does not contain consecutive indices; that
is [ji — jol # 1forall ji, j € F;.

A.2: Marked and Reduced Set Partitions

Given a set partition F € I1(n) and integer ¢ € {0, ..., n} we call (¢, F) the corresponding
marked partition. Let Q(n) C {0, ..., n} x I1,(n) denote the set of marked partitions (¢, F)
such that every block F; not containing ¢ either (i) is a singleton or (ii) contains at least one
number strictly less than £ and at least one number strictly greater than £. Let furthermore
Q(n, k) C Q2(n) denote the subset where F has k blocks.

These marked partitions are more easily understood diagrammatically. Given (¢, F) €
Q(n, k) first draw n + 1 circles in a horizontal line representing the indices 0, 1, ..., n; then
fill in the circle corresponding to the index ¢; finally, connect indices with lines beneath if
and only if they lie in the same block. An example diagram for a typical partition can be seen
in Fig. 3.

We say that (¢, F) € Q(n, k) is reduced if for every block F; we have either |F;| > 1
or F; = {{}, i.e. the partition contains no singleton blocks except possibly {¢}. We denote
by Q(n, k) C Q(n, k) the collection of reduced marked partitions. From this point forward
when we say ‘singleton” we will mean a block of the form {j} and j # ¢.

Given (¢, F) € Q(n, k) with M singleton blocks we construct the corresponding reduced
marked partition (¢/, F) € ?Z(n — M,k — M) by removing all singletons and relabelling
the remaining elements with the labels {0, ..., n — M} such that the order is preserved. This
process is described explicitly below.

Let

O=ji<...<ju<l=jus1 <...< Jugvy1 =n

be the list of numbers in {0, . . ., n} that lie in non-singleton blocks. Fori =1, ..., u+v we
define m; = j;y1 — j; — 1 as the number of singletons between j; 1| and j;, and set M; =
my+...+m;. Thus M, , = M is the total number of singletons in F. For1 < M, <n
define the map k¢ : {0, ...,n} — {0,...,n'} withn' =n — M4, by

ke (j) = suplji = Mi—1 | ji < j}. (A1)

i>1

If there are no singletons, i.e. (¢, IF) is already reduced, then kg = id. Given a pair (¢, F) we
obtain the reduced marked partition (¢, F’) by setting ¢’ = kp(¢) = u, F' = [F], ..., F],]
with k" =k — M, 1, and

F ={kp(j) | j € Fi}. (A.2)
Given (¢, F) € Q(n, k) the above provides a unique (¢, F') € Q(n', k'). We thus have the

following Lemma.
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(¢, F) = (4,[{0,3,8},{1,5},{2,6,7}, {4}])

Fig. 4 Diagrammatic representation of a marked partition (¢/, F’) € (8, 4). Note that (¢, F’) is obtained
from (¢, F) in Fig. 3 by removal of all singletons

Lemma 2 The map
oo oo
Uem - J@mw xZL). @ EF) = (. E) (i omy)  (A3)
n=1 n=1
is bijective.

Furthermore note that every block F; # {¢} in ﬁ(n) contains at least one number strictly
less than ¢ and at least one number strictly greater than £. Diagrammatically, the reduction of
amarked partition described above then simply corresponds to removing all isolated, unfilled
circles—see Fig. 4.

Assume k > 2 in the following. Define Q4(n, k) C Q2(n, k) to be the set of reduced
marked partitions (¢, F') such that O and ¢ (and therefore also n) lie in the same block i.e.,

Qa(n. k) = {(¢,[Fi, ..., F]) € Qn, k) | {0, £, n} C F; for some i}.

We call this the set of diagonal reduced marked partitions. The corresponding set of off-
diagonal reduced marked partitions is defined as

Qott(n, k) = {(L, [Fi, ..., Fx]) € Qn, k) | {0, €, n} ¢ F; for any i}.

No order of blocks is specified here, so indeed any marked partition in ﬁd(n, k) is either in
Qa(n, k) orin Qo (n, k).

A.3: Ordered Partitions

We introduce an ordering of a partition F by specifying an order in which the blocks appear.
That is, for a partition F = [F}, ..., Fx] we have k! corresponding ordered partitions, which
we write as f} = (F5(1), .-, Fox)); here o € Si (the symmetric group of k elements). We
denote the corresponding set of ordered partitions by I (n, k). We call an ordering canonical
if each F; contains the smallest of all elements in the blocks F; with j > i; in particular
this means that 0 € Fj. This yields a one-to-one correspondence between partitions and
canonically ordered partitions.
Given f) € D)(n, k) we define the embedding LE RF — ]R”H,

(X1, ..., ) = (Yo, ..., yn) Wwhere y;=x; < jeF. (A4)

By abuse of notation, we also define the vector analogue ¢ E: (Rd)k — (Rd)’”rl s

~

(1, xK) > (Yo, ..., ¥,) Where y;=x; < j€F. (A5

For the unordered partition F € I1(n, k) we define the corresponding embedding (r = ¢
— —
where F has the canonical order.
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Let us define
Oo(, k) = {(F1..... Fi) [ [F1, ..., Fi] € o(n, k), O € F1}.

That is, we specify that the first block contains 0 (and thus also n); with this convention
there are (k — 1)! ordered partitions in E)O(n, k) for every given F € I1,(n, k). Let 14 (n, k)

denote the set of partitions of {0, ..., n} into k blocks where 0 and » lie in different blocks.
Define D)q)(l’l, k) to be the set of ordered partitions f) = (F1,..., Fx) where 0 € F| and
n e Fy.

Let I_'[)“C(n, k) C I_'[)(n, k) (and equally I_'[)gc(n, k) C I_'I)o(n, k) and I_'[)gc(n, k) C
E)q)(l’l, k)) be the subset of ordered partitions such that all consecutive elements lie in sepa-
rate blocks, thatis j € F; implies j + 1 ¢ F;. Let us take E) € go(n, k) and construct the
corresponding non-consecutive partition; the construction is similar to that of removing sin-
gletons. Let j; < ... < j, be the list of elements j € {1, ..., n} for which j; € F; implies
Js — 1 ¢ F;. Let my € Z>o be the largest integer so that j; + 1,..., js + ms € F;. Then

R . / nc(,,/ n'
n=n"+m +...+m,,/.Wemap£> IS E)O(n,k)tothepalr(f) ,m) € E) n', k) XZZo,
where Fi’ ={s| js € Fi}andm = (my, ..., m,) as defined as above. In particular note that
if F € T1%(n,k) then (F',m) = (F,0). The map F + (F', m) is clearly invertible,

e —— e — — —
and we have the following.

Lemma3 Letk > 1. The maps

o o0

Uneo - J@™enxzy).  Ee (£ m, (A.6)
n=1 n=1

o o0

U ook — (J (¥ k) x Z2),  E = (B m), (A7)
n=1 n=lI

o oo

U Ooon b — J (M@ x2%),  E > (E'm) (A3)

n=1

3
I

are bijective.

The notion of a marked partition (¢, F) naturally extends to an ordered marked partition
(¢, F),and we construct a reduced ordered partition from an ordered partition by preserving
the order of surviving blocks in the construction. The ordered partitions corresponding to
Q(n, k) and ﬁ(n, k) are denoted by Q) (n, k) and g (n, k), respectively. We define the ordered

partitions corresponding to ﬁd(n, k) and ﬁoff (n, k) by
Qan, k) ={(,(F1,..., Fi)) € Q(n, k) 0,¢ € F)
and

Qorr(n, k) ={(€, (Fi,..., Fi)) € Q(n, k) |0 € Fi, £ € Fi.

Whereas there are (k—1)! ordered partitions in Q}d (n, k) for every fixed partition in ﬁd (n, k),

there are only (k — 2)! in goff (n, k) for every fixed partition in ﬁoff (n, k). The notion of
ordering can also be represented diagrammatically, namely, we insist that if i < j then the
line connecting elements in F; is lower than the line connecting elements in F;—see Fig. 5.
In the event that the marked partition contains a singleton, we can attach a vertical line below
to the desired height—see Fig. 6
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(3,({03,6} (L4} {25})= o o o e o o o

(6,({03,6} {25, {L4})= o o o e o o o

Fig.5 Diagrammatic representation showing two ordered marked partitions in Sj)d(6, 3) corresponding to the
same marked partition

Fig. 6 Diagrammatic (3,({0,4},{1},{2})) = o o o ° o
representation showing two l

ordered marked partitions with

singletons in Q)Off(“, 4)

corresponding to the same (3, <{0, 4}, {2}’ {1}>) - 5 ° o

marked partition

—o0
p——o0

Given (¢, F) € Q, with F = (Fj,..., Fy), we define F* = (Ff, ..., F) with
— — — —

F[Jr = F;N[0,4] and F;” = n — (F; N [¢,n]) C [0,n — £]. Recall that F; is either
the singleton {¢} or contains at least one number strictly less than ¢ and at least one number
strictly greater than £. This implies in particular that FijE # () foralli, and thus E) T e T, k)

and f) ~ e II(n — ¢, k). We in fact have the following bijection.

Lemma4 The maps

n—k+1

Qat = | (Tetn, ) x ODo(r—m, k), (& E)— (EY, E7), (A9)
m=k—1
n—k+1

Qo k) > | (Tolm k) x Mo —m, k), (¢ ) (ET, E7),
m=k—1

(A.10)
are bijective.

Proof For (£, f} ) € g(n, k), we have by construction 0, n € F; therefore 0 € F 1+ and
n € n — F;; this in turn implies 0 € F| .

If furthermore (¢, E)) € gd(n,k), then ¢ € F| and thus ¢ € F1+ and £ € n — F| ; the
latter can be written as n — £ € F; . This shows f)“‘ e I, (¢, k) and E)‘ ell,(n — ¢, k).
If on the other hand (¢, f)) € goff(n, k),then £ € Fy.So ¢l € F,:r and £ € n — F"; thatis

n — £ € F, . This means that f)* € My, k) and f}’ € Iy(n — €, k). We conclude that
(A.9), (A.10) have the correct range (Figs. 7, 8).

Now ( f) +, E) ~) are uniquely determined by E) and hence (A.9), (A.10) are injective.
The inverse maps are given by

(1_V>+, E) WEDAFFUm—F),...,FFU®m—F)))

from which we infer that (A.9), (A.10) are surjective. ]
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(6,E) = (4,({0,3,8},{1,5},{2,6,7}, {4})])

E =03} {1}, {2}, {4}) = o

Ef=({0}{3{12L{4))= ¢ ¢ o o 9

Fig.7 Decomposition of an ordered marked partition in ;Q)fo(& 4) into ordered partitions E) S E[)q) 4,4)
and FT e M¢4,4)
— —

Fig.8 Decomposition of an (¢,F) = (4,({0,4,6,8},{1,3,5},{2,71)])
ordered marked partition in

g} 4(8, 3) into ordered partitions
f}f € Eo(4, 3) and
Ftello4,3)

— —

£~ =({0,4},{1,3},{2}) =

O
O

ET=({02,4},{3},{1}) = o

A.4: Graphs and Paths

Let K be the complete graph with & > 2 vertices which we label as 1, 2, ..., k, and denote
by P = igiy - - - iy, (With iy 7# iz41) the path of length n which visits the listed vertices in the
given order. This means that consecutive indices isis+| correspond to an edge. Backtracking
is allowed, e.g. P = 121 is an admissible path. We denote by X (n, k) the set of all paths of
length n, and by X (n, k) the set of such paths that visit every vertex at least once. X (1, k) is
non-empty for n > k — 1. We denote by ;;(n, k) C E(n, k) resp. £, (n, k) C E(n, k) the
subset of paths that start at vertex i and end at vertex j. Fori # j, X;;(n, k) is non-empty if
n>k—1,and Z;;(n, k) is non-empty if n > k.

With an ordered partition f} € D)“C(n, k) we associate a path P(f)) = igi1---iy €
X (n, k) by identifying each block F; with the ith vertex of K,,. That is, iy = i if and only if
s € F;. This yields the following.

Lemma5 The maps

0%0m k) — X, k), E— P(F), (A11)
030, k) — S, k), E = P(E), (A.12)
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O¥@.k) = Sy k). E > P(E), (A.13)
are bijective.

We assign a (k x k) edge matrix W = (w;;) to the graph Ky, by assigning a weight w;;
to each edge ij, and w;; = O to the coefficients on the diagonal. We also assign the diagonal

vertex matrix D(u) = diag(uy, ..., ux) which assigns weight u; to vertex i. The edge weight
of apath P =ig...i, is then defined as wp = wjy;, Wi, - - - Wi,_,i,, and the vertex weight
as up = uj U, - - - u;,_,u;,; the total weight is thus

UPWP = UjyWigiy Uiy Wiy~ Uiy Wiy iy Uiy -

The combinatorics of a path of length n can be understood by means of the matrix
[D(@)W]"D(u), as we will explain now. We define the linear operator £ acting on func-
tions F of C¥ by

1 dzy  d
LF(u) = fk7§-~¢F(z) exp<ﬂ+---+”—"> SLSE A
(2mi) z1 %) 7 zi

More explicitly, if F has the Taylor series

(0]

Fy= Y Cy g -uwl, (A.15)

Vlyeuns V=

then
> C
_ Vlyeeny Vk \)|—1'.' vp—1
EF(u)_v Z ](vl—l)!~-~(vk—l)!u1 L (A.16)
Tseees k=

Thus L£F (u) is the derivative 9, - - - 9, of the Borel transform of F'(u).

Lemma6 Forn > 1,

LY upwp =L ([D@WI"D@),;, (A.17)
Pef,»_,(n,k)
Proof Note that
L Z upwp =L Z upwp, (A.18)
PEE[J' (n,k) PEE,",' (n,k)

since the terms in ), upwp that are constant in u; correspond exactly to those paths that
do not visit vertex /. Equation (A.17) then follows from simple matrix algebra. O

Consider the (k x k) matrix valued function

F) = (1 — [D@)W)~'D@) = M@~ - W)~ (A.19)
We have the series expansion
F) =) [D@WI'D@) = Y Co .yt ul, (A.20)
n=0 Vlyeens V=

with the Taylor coefficients given by (k x k) matrices C,, ... ,, . The first series in (A.20) (and
hence also the above Taylor series) converges absolutely for |u; | < ry ! with ro = kmax |w;;|.

.....
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Summing over n and using the geometric series (note that for the n = 0 term £D(u) = 0),
we then have

£y Y uwpwp=I[LF@) = [LFLj@). (A21)
n=1 pe¥;;(n,k)

After the variable substitution z; +— 1/z;, (A.14) becomes

1
GPu):=LFu)= —— % . 9§(]D>(z) — W)~ exp(u - 2)dzy -+ dz. (A22)
(27mi) .
Let us work out the example k = 2 in some more detail. In this case
—1
— 1
D) — W)~! = ( 21 wu) __ ( 2 wlz) (A23)
—w21 22 Z122 — wWipwyo1 \W21 <11
and hence
1 ! 22 wip dz
GP ) = — ygyg ( exp(u1z1 +uzz2) dzo —.
(27‘[1)2 0 — Zl_]wlzw21 w21 11 P 21

(A.24)

We contract the path of integration in z, to zero, and pick up the residue at z, = zfl wiw2y.
This yields

1 -1 _ dz
GO =5 35(“ Wit ”"2) exp(u1z1 +upzy ' wipwy) = (A.25)
w1 w21 21 <1

. —1/2 1)2
Foruy, uy # 0setz) =iu, /”2/ (—wiaway)

of the square-root so that dz;/z1 = id6 . Then

12 12 4
GO () = 1 1u1/ Uy P (—wipwny) /210 w2
W)= — 1/2 1/2 1/2,.i6
27 Jo Uy “(—wpwzr) /e

1/2¢1% with any fixed choice for the branch

wa iuy
X exp (iu}”u;/z(—w]zwz])1/2(e19 + e*i")) de. (A.26)
Compare this with the classical integral representation for the J-Bessel function,
1 [ i
Jn(Z) — 7/ elzsm@—lnédg — 7/ elzcos@—lnGdQ. (A.27)
21 0 2 0
Thus
1/2 —1/2 1/2 172
gle)(u) = —Ml/ u, P (—wipwa)'? 11(2141/ Mz/ (—wiawa1)?), (A.28)
172172
g3 @) = wiz JoQu,*uy* (—wiawap)'/?), (A.29)
2172
g5y () = way Jo2uy*uy? (—wiawap) 2, (A.30)
—1/2 1)2 1/2.1/2
g2 ) = —u] Ul (—wiwa) 2 1 QulPu (—wiwa) ). (A3D)
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