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Abstract

We prove a mean field limit, a law of large numbers and a central limit theorem for a system
of point vortices on the 2D torus at equilibrium with positive temperature. The point vortices
are formal solutions of a class of equations generalising the Euler equations, and are also
known in the literature as generalised inviscid SQG. The mean-field limit is a steady solution
of the equations, the CLT limit is a stationary distribution of the equations.

Keywords Point vortices - Generalized SQG - Mean field limit - Law of large numbers -
Central limit theorem

1 Introduction

The paper analyses the mean-field limit and the corresponding fluctuations for the point
vortex dynamics, at equilibrium with positive temperature, arising from a class of equations
generalising the Euler equations. Consider the family of models

00 +u-Ve =0,

on the two dimensional torus T with periodic boundary conditions and zero spatial average.
Here u = VL(—A)_%G is the velocity, and m is a parameter. When m = 2, the model
corresponds to the Euler equations, and when m = 1 it corresponds to the inviscid surface
quasi-geostrophic (SQG) equation.

One route to understand the behaviour of a turbulent flow is to study invariant measures for
the above equations. Onsager [43] proposed to do this via a finite dimensional system, called
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vortex model. In this model, we consider a vorticity field which is a linear combination of
8-functions concentrated in points in physical space, in formula

N
ZVJBX]-(:),

Jj=1

where X1, X3, ..., Xy are vortex positions and y1, y», ..., YN are vortex intensities. Posi-
tions evolve according to

Xj =Y wVGu(X;, Xp),
ki j

where G, is the Green function for the fractional Laplacian, and intensities are constant by
a generalized version of Kelvin’s theorem. This evolution is Hamiltonian, with Hamiltonian

mzézwmm&xu
J#k
and has a family of Gibbsian invariant distributions indexed by a parameter 8, which reads
L e BHN
ZN
B
The Gibbs measures associated to such a system can be considered as invariant measures for
the flow.
The investigation of the limit as N — oo of the point vortex model was initiated by Onsager,
as described in the review of Eyink and Srinivasan [15], and developed by many scholars. In
order not to overburden this introduction with notation, we postpone the account of existing
results and challenges to Sects. 2.3.1 and 2.4, where we describe also our own contribution.
In this work we investigate the mean-field limit and characterize its (Gaussian) fluctuations
around the limit measure in the case m < 2 and random vortex intensities. The investigation
of such fluctuations dates back to Messer and Spohn [39] for bounded interactions and Ben
Arous and Brunaud [2] for smooth interaction and positive intensities. Central limit theorems
are also contained in the work of Bodineau and Guionnet [3] on Euler vortices (the case m = 2
in the language of the present paper), or the recent series of results with Coulomb potential
and constant charges, see Serfaty and coauthors [33—35,49] and references therein.
In the case m < 2 and intensities of arbitrary sign, the situation is more complex than in the
case m = 2: the invariant distributions do not make sense since the Green function G, of
the fractional Laplacian (—A) 7 hasa singularity which is non-integrable.

We therefore introduce in Sect. 2.3 a regularization of the Green function with a regular-

ization parameter € that goes to 0 as the number of vortices N increases to co. In this way we
recover the original problem, as well as the intrinsic singularity of the potential, in the limit
of infinite vortices. The regularization parameter € is a ultraviolet cutoff in the potential that
controls when vortices are too close to each other, and inhibits an uncontrolled growth of the
energy of the system.
Our problem is fundamentally different from the case of a smooth potential: We prove in
section Sect. 4.1 a uniform (in €) control of the main quantities of the problem, such as the
partition function, which is slowly relaxed as the number of vortices increase. To ensure the
validity of our result, the speed of convergence of € = €(N) must be at least logarithmically
slow in terms of N.
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Under the conditions 8 > 0 and m < 2, and when €(N) | 0, we prove propagation of chaos,
namely vortices decorrelate and are independent in the limit, via a variational principle
associated to the energy-entropy functional. Notice that in the mean field limit of both the
regularized systems and the singular system the overall distribution of pseudo-vorticity 6 is
uniform, due to the fact that on the torus the total pseudo-vorticity is zero (see Remark 3.7 for
comments). But this by itself does not provide a meaningful conclusion. Our proof rigorously
links the particle systems to the variational problem and proves convergence of free energies.
The mean field limit result on the singular system is then a by-product.

We prove a law of large numbers and, in terms of 6, that the limit is a stationary solution
of the original equation. In Sect. 3.2 we prove a central limit theorem. The limit Gaussian
distribution for the 6 variable turns out to be a statistically stationary solution of the equations.
The fluctuations result holds due to a higher order expansion analysis of the partition function,
similar to [21], where the same statement for Euler vortices has been recently proved.

Possible Extensions and Future Work

This paper covers the basic case of uniform distribution of total pseudo-vorticity on the
simplest geometry. Our results should hold as well on every compact Riemann surface without
boundary and zero mean pseudo-vorticity, although we do not dwell upon this line. Extensions
to bounded domains with boundary and to non—uniform limit distributions of total pseudo-
vorticity are on-going works, see Remark 3.7 for further details.

The case of negative temperature, which is considered the most interesting, is far from
being understood. While Kiessling [27] has proved, for the Euler case m = 2, that there is
only one minimiser of the free energy for small negative values of g, the energy profile for
B < 0and m < 2 is much more involved. Indeed, we prove that in this case the free energy
functional is unbounded from below. New and deep ideas are needed to consider this case.
We have included a short discussion in Sect. 2.4.

Structure of the Paper

The paper is organized as follows: in Sect. 2 we introduce the model with full details, we give
some preliminary results and we prepare the framework to state the main results. Section 3
contains the main results, as well as some consequences and additional remarks. Finally,
Sect. 4 is devoted to the proof of the main results.

2 The Model
General Notation

We denote by T, the two dimensional torus, and by £ the normalized Lebesgue measure on
T,. Given a metric space E, we shall denote by C (E) the space of continuous functions on E,
and by P(E) the set of probability measures on E. If x € E, then §y is the Dirac measure on
x. Given a measure u on E, we will denote by u(F) = (F, u) = [ F(x) u(dx) the integral
of a function F with respect to u. Sometimes we will also use the notation E, [ F]. We will
use the operator ® to denote the product between measures. We shall denote by A1, A2, ...
the eigenvalues in non-decreasing order, and by e, es, ... the corresponding orthonormal
basis of eigenvectors of —A, where A is the Laplace operator on T, with periodic boundary
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conditions and zero spatial average. With these positions, if ¢ = ), ¢rex, then the fractional
Laplacian is defined as

)%= 0l pren.

k=1
General Setup
Consider the family of models,
00 +u-vVo =0, 2.1

on the torus with periodic boundary conditions and zero spatial average, where the velocity
u = V1, and the stream function v is solution to the following problem,

(—A) 2y =0,

with periodic boundary conditions and zero spatial average. As above, m € (0, 2] denotes
the order of the fractional Laplacian. The case m = 2 corresponds to the Euler equation
in vorticity formulation, m = 1 is the inviscid surface quasi-geostrophic equation (briefly,
SQG), and for a general value is sometimes known in the literature as the inviscid generalized
surface quasi-geostrophic equation. Here we will consider values m < 2 of the parameter.

2.1 Generalities on the Model

We start by giving a short introduction to the main features of the model (2.1).

2.1.1 Existence and Uniqueness of Solution

The inviscid SQG has been derived in meteorology to model frontogenesis, namely the
production of fronts due to tightening of temperature gradients. It has become an active
subject of research since the first mathematical and geophysical studies about strong fronts
[13,23,24], see also [8,45]. The generalized version of the equations bridges the cases of
Euler and SQG and it is studied to understand the mathematical differences between the two
cases.

Regarding the existence, uniqueness and regularity of solutions to (generalized) SQG
equations, a local existence result is known, namely data with sufficient smoothness give
local in time unique solutions with the same regularity of the initial condition, see for instance
[5]. Unlike the Euler equation, it is not known if the inviscid SQG (as well as its generalized
version) has a global solution. There is numerical evidence [7] of emergence of singularities
in the generalized SQG, for m € [1, 2). On the other hand see [10] for classes of global
solutions. Finally, [6] presents a regularity criterion for classical solutions.

The picture for weak solutions is different: existence of weak solutions is known since
[44], see also [36]. For existence of weak solution for the generalized SQG model one can see
[5]. Global flows of weak solution with a invariant measure (corresponding to the measure
in (2.2) with 8 = 0) as initial condition has been provided in [42].
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2.1.2 Invariant Quantities
As in the case of Euler equations, equation (2.1) can be solved by means of characteristics,
in the sense that if 6 is solution of (2.1) and u = V=19,

X =ul, X,),
X(0) =x,

then, at least formally,
d .
Eg(t’ X:) =000, X¢)+ X, - VO(t, Xy) = (0,0 +u - VO)(t, X;) =0,

therefore 6(z, X;) = 6(0, x). This formally ensures conservation of the sign and of the
magnitude (L°° norm) of 6.

Equation (2.1) admits an infinite number of conserved quantities, for instance of L? norms
of 8. We are especially interested in the quantity

10113, = f 162, )I* €(dx),
T
which is, for m = 2, the enstrophy. Another important conserved quantity is
[ o nwen tan = -2y Foik,,
T

which is, however, unlike the case m = 2, not the kinetic energy. Formally, corresponding
to these conserved quantities, in analogy with the invariant measures of the Euler equations
[1], one can consider the invariant measures

e—ﬁ\l(—m*%eu2—ane<r>u2

1
Hpaldo) = — 12 do, 22)

B
witha > 0 aconsant connected to the variance of the intensities. The invariant measures (2.2)
are classically interpreted as Gaussian measures with suitable covariance (see Remark 3.5).

2.2 The Point Vortex Motion

The central topic of this paper is to give results about the mean-field limit of a system of
point vortices governed by (2.1). Mathematical results about the general dynamics of point
vortices [38] and about the connection with the Euler equations [48] are classical, we refer
to the general survey on point vortices [19] for an overview.

Consider now a configuration of N point vortices located at xy, x2, .. ., x5, with respective
intensities y1, ¥, . .., YN, that is the measure

N
0(0) =Y y;dx;
j=1

as the initial condition of (2.1), one can check that, at least in the sense given in Remark 2.1,
the solution evolves as a measure of the same kind, where the “intensities” y; remain constant
(a generalized version of Kelvin’s theorem about the conservation of circulation), and where
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the vortex positions evolve according to the system of equations

{X" =LsnV G X X0,y 2.3)
X;(0) = xj,

where G, is the Green function of the operator (—A) % on the torus with periodic boundary
conditions and zero spatial average. The effective connection between the equations and the
point vortex dynamics has been discussed in [20,46], see also [9,17,18]. In particular, when
m > 1, there are no collisions, and the solution of (2.3) is global outside of a set of initial
conditions of Lebesgue measure zero, see [19,46] for a proof on the plane, and [17] for a
proof on the torus.

Remark 2.1 (Notion of solution) We wish to explain in which sense a combination of point
vortices Y j vjdx; can be understood as a solution of (2.1), at least when m > 1. In principle
the weak formulation of (2.1) for a combination of point vortices 6,

d
<[ oo = f u(t, %) - Vo (x) 0, (),
tJr, T,

is not well defined, due to the self-interaction term appearing on the right hand side. Indeed,
if0, =3 vj8x; ) thenu(r,x) = 3, y; VG (x, X;(1)), and

/T u(t, x) - Vo (x) 0, (dx), = Y yime VG (X, Xp) - Vo (X,),
2 j.k

which is singular when j = k.
If on the other hand we define K, (x,y) = V+G,,(x,y) when x # y, and O on the
diagonal, and define the dynamics (2.3) as

N

Xj =Y wkn(X;, X0, j=12....N,
k=1

by the non-collisions results in [17,19] it follows that outside a set of initial conditions of
Lebesgue measure zero, the dynamics defined through K, and the one defined in (2.3) are
the same. If then we neglect the self-interaction term in the transport velocity u, in other
terms if we set

N
w(t,x) =Y yiKn(x. X;(0),
j=1
then the weak formulation above is well defined and a superposition of point vortices is a
solution of equation (2.1).

The motion of vortices is described by the Hamiltonian

1
N yN
Hy(™, XY) = - Zy,ykcm(x,», X5), (24)
J#k
where XV = (X1, X2, ..., Xy) and vV = (y1, v2, ..., vw)-
A natural invariant distribution for the Hamiltonian dynamics (2.3) should be the measure

1
u @xVy = — e PHVENY BN (V) 2.5)
p
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where here and throughout the paper we denote by ¢ the normalized Lebesgue measure
on T>. Due to the singularity of the Green function on the diagonal, which diverges like
Gn(x,y) ~ |x — y|""2, the density above is not integrable and thus the measure ug does
not make sense (unless intensities are all positive).

To overcome this difficulty, we consider a regularization of the Green function, which we
will introduce in detail in the forthcoming Sect. 2.3, which gives us a regularized Hamiltonian
dynamics (2.7). Before explaining the details, we finish the setup of our model: In terms of
invariant distributions, we want to consider a problem slightly more general and consider
vortices with random intensities.'

For this, let v be a probability measure on the real line with support on a compact set
K, C R. The measure v will be the prior distribution on vortex intensities. A natural
invariant distribution for the regularized Hamiltonian dynamics (2.7) with random intensities
is

1 B pe
upeldy N dx"y = i e WD (@ @x M) BN @y, 26)
B.e

where ¢ is the normalized Lebesgue measure on T and Z 2’ . 1s the normalization factor.

Note that in the above formula for the measure we have scaled the parameter 8 by N1,
which corresponds to the mean-field limit scaling. There are several different scaling limits
for the N point vortex model, and their respective limits as N — oo give insight into
different phenomena:

In his pioneering work [43] , Onsager studied the microcanonical ensemble and predicted
the occurrence of negative temperature states when the energy of the system exceeds a
critical value, which was further investigated by Joyce and Montgomery [37]. Their claim
that negative temperatures would exist in the usual thermodynamic limit was invalidated by
Frohlich and Ruelle [16] in the case of a neutral point vortex Hamiltonian.

The study and comparison of different scaling limits continued, in special cases, with
contributions of Lundgren and Pointin [31,32] and many others, see e.g. the survey [19].
Specifically for the Euler case m = 2, the inhomogeneous mean-field thermodynamical
limit was investigated by Lions and coauthors [11,12,30] and by Kiessling and coauthors
[26,28]. Their results build upon the work of Messer and Spohn [39] on Lipschitz continuous
interactions, which was extended by Eyink-Spohn [14] to the (quasi)-microcanonical setting,
working with a regularized Dirac measure on configuration space.

Mean-field limit results of point vortices with random intensities can be found in [29,40,
41]. The analysis of fluctuations can be found in [3,4] and in the recent [21].

2.3 The Regularized System

As pointed out, a difficulty for mean-field limit results is posed by the singular interaction
among vortices. In fact, the techniques developed in [39] for bounded interaction fail to
control the partition of the invariant distributions as N — o00. To overcome this difficulty,
we consider a regularization of the Green function. To define it, notice that we can represent
the Green function for the fractional Laplacian through the eigenvectors,

G, ) = 3 2y L er(0en ().
k=1

! The quenched case, namely the case with fixed intensities, will follow as a by-product, see Remark 3.6.
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60 Page 8 of 27 C. Geldhauser, M. Romito

Given € > 0, consider the following regularization of the Green function,
ot m
Gme(x,y) =Y X 2 Mg (x)er(y).
k=1

Here, we have regularized the fractional Laplacian so that the new operator D,, . reads
Dy = (=A)"/2 e=€A and the eigenvalues change from A2 to A2 e€% We remark that,
as long as G, ¢ is translation invariant and non-singular on the diagonal, the exact form of
the regularization is not essential for our main results.

If we replace G, by G ¢ in (2.3), the motion is still Hamiltonian with Hamiltonian Hj,
given by (2.4), with G,, replaced by G, ¢, namely

1
Hy ™, XN = 2 3 vinGh (X, Xo). @7
J#k

2.3.1 Mean-Field Limit of the Regularized System

At fixed €, the interaction among particles is bounded, and it has been shown already by
Messer and Spohn [39] that (ué{ ¢)n=1 has limit points. To characterize the limit, consider

the free energy functional on measures on (K, x Tp)",

B
F(w) = E® @ ) + T (), (2.8)
where £ is the relative entropy and
Y () = // / Hy pw(dyr, ..., dyn,dxi, ..., dxy). (2.9)

is the potential energy. One can see that ,ugf . 1s the unique minimiser of the free energy, and
this can be carried to the limit.

Given an exchangeable measure p on (K, X T»)N with absolutely continuous (with
respect to powers of v ®¢) marginals and with corresponding bounded densities, by convexity
and subadditivity we can define the entropy £ and thus the limit free energy functional,

1
Fo) = Ex) + 38 f f HS (1, y2. 51, 52) map(dyr, dys, dxy, dxy), - (2.10)

where ;1 is the two dimensional marginal of .

As in [40, Theorem 11], all limit points of (,ug N=>1 are minima of 5, and if F§, has
a unique minimum, then the limit is a product measure.
The mean-field equation, or, in other words, the Euler-Lagrange equation for F§_, reads

1
oy, x) = Ee‘ﬁm("), 2.11)

where Z is the normalization constant, and v, is the averaged stream function, thatis ¥, (x) =
f YGm,e(x,y)p(y,y)v(dy) £(dx). Moreover, the function pg = 11is a solution, with stream
function ¥y, = 0.If ;o = (Pov ® 0)N is the product measure corresponding to py, it follows
that F5 (o) = 0. If B > 0, i.e. the inverse temperature is positive, then limit free energy
Fg, is non-negative, and g is the unique minimum.
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2.4 Negative Temperatures

In the case m = 2 (Euler’s equation), Kiessling [27] has proved that there is only one
minimiser for small negative values of §, and thus propagation of chaos also holds.

Here the energy profile when § < 0 is much more involved. Indeed, when 8 < 0 and
m < 2, the relative entropy fails to control the potential energy term (as in the case m = 2)
and the free energy functional is unbounded from below. Moreover, the infimum of the
regularized functionals converges (consistently) to —oo. If we turn to our solution v ® ¢ for
negative B, we can see that, at least when 8 is sufficiently negative, this is not even a local
minimum.

To be more precise, consider the functional

Feol) = E(ulv ® )
1
36 f / / / HE (7% x2) (1. x0)p (v2, 32 v (dyrdyn) €52 (dxidxa),

where u is a probability measure on K, x T, and £ is the relative entropy. Define ]?go
similarly, with the original Hamiltonian (2.4) that replaces the regularized Hamiltonian. The
variational principle for F§, can be read on product measures as a variational principle for
the “one point vortex” marginal p with respect to the above defined functional £, fore > 0.
The functional f’go plays a similar role for the unregularized problem.

Proposition 2.2 [fm <2 and B < 0,
inf 2 (1) = —oo.
Moreover, inf ﬁgo(u) } —oo.

Proof The idea is to construct a measure u = w(x)v ® £(dydx), with w a non-negative
function, with mass one, such that w € L?(T,) for some p > 1, and w ¢ H~™/2(T,). The
condition w € L?(T,) ensures that the relative entropy £(u|v & £) is finite, while,

2
/ / f / V172G (x1, x2) pdyix)p(dysxa) = ( / yv(dy)) I _y =+oc.

This proves that inf ]:’go(u) = —oo. If [yv(dy) = 0, it is sufficient to modify p =
o(Y)w(x)v®£(dydx) with a density on the y component so that f yo(y)v(dy) # 0.If the
infimum is taken only over smooth (in the x component) densities, it is sufficient to consider
a sequence (U, = w,(x)v ® £(dydx), with w, smooth and convergent to w in L”. Finally,
by monotone convergence, fgo (w) fgo(u).

It remains to construct a suitable function w. For m < 2, by Sobolev’s embeddings we
know that L?(T) is not embedded in H~"/?(T) for all p € [1, 53). Indeed, there exists
infinitely many non-zerou € L”\ H —m/2 with p e, miﬂ). Consider one such function u.
If u > 0, then we take u (normalized to have mass 1) as w. Otherwise, consider the positive
and negative part u, u_ of u. Both are in L”, and at least one, say i, cannot be in H /2.
We take u (normalized to have mass one) as . ]

We then prove that, at least for 8 negative enough, the measure v ® £ is not even a local

minimum. Notice that we still have ﬁ;o (v ® £) = 0 for all € > 0. The computation below is
similar to [30, section 5.3].
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Lemma23 Lete > 0and B < 0. Then uo = v ® £ is not a local minimum fogo (as well
as of (2.10)) for B < Bo, where

~1
Bo = —rf e </V2V(d7/)> .

Proof Let ¢ be bounded and with zero average with respect to v ® £, and set p;, = 1 + tg,
so that p;v ® £ is a perturbation of 1 for ¢ small. We have

~ 1 _m 1 -
féo(m:/ptlogptv(dy)adxwEﬂrzn(—A) 124 G117

where ¢(x) = f y@(y, x) v(dy). Expand the entropy around # = 0 and choose ¢ = yej, to
get

- - 1
Fe(or) = F(0o) + 59(1 + ﬁ/ﬁo) +o(r?).
Thus g cannot be a local minimum. m]

Remark 2.4 As a final remark of this section, we wish to emphasize that the result of Propo-
sition 2.2 shows that two different divergences characterize the problem under consideration
in the paper. The first is the divergence of the configurational canonical partition function
(and in turn of the problem in the definition of (2.5)). This is induced both by the power
law singularity of the Green function, and the fact that vortex intensities can have differ-
ent signs. Nevertheless, when 8 > 0, the free energy functional is bounded from below
and our approach allows to capture the mean equilibrium of vortices through a vanishing
regularization of the interaction.

The second divergence, the one of Proposition 2.2 of the free energy functional, emerges
when 8 < 0 and basically originates again from the power law singularity of the Green
function (but not from the choice of signs in the intensities). Indeed the construction of
Proposition 2.2 shows that, when m < 2, entropy fails to control potential energy, unlike
what happens in the borderline case m = 2.

3 Main Results

In this section we illustrate our main results, that is convergence of distributions of a finite
number of vortices and propagation of chaos, and a central limit theorem for the point vortex
system under the assumption of positive temperature § > 0. Our results are asymptotic
both in the number of vortices and the regularization parameter €, and thus they capture the
behaviour of the original system (2.1). The results hold, though, only if the regularization
parameter is allowed to go to zero with a speed, with respect to the number of vortices, which
is at least logarithmically slow.

3.1 Propagation of Chaos
We know from Sect. 2.3.1 that, at finite €, propagation of chaos holds and the limit distribution

of a pair (position, intensity) is the measure v ® £. This is also the candidate limit when €, N
converge jointly to 0 and oo.
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Our first main result is convergence of distributions of position and intensities of vortices
in the mean-field limit. The proof is based on identification and minimization of the limiting
energy.

Before stating the main result of the section, we start with the definition of some relevant
quantities. Set

Iy =1{pe L' (K, xT)V): plogp € L'((K, x T)V)}.

Clearly Mg ¢» as a density, is in . Define also the (relative) entropy Ey on Zy as

Ex(p) ://...//pw’v,xN)logp(yN,xN) VBN @y Ny 6@V (@x ),

where we recall that yV = (yq, ..., yy) and xV = (x1, ..., xn).
If N >2and u € P((K, x D)), define the potential energy for the non-regularized
system (compare with (2.9)) as

KN(M)=/f~--/ Hy GV o) u(dy™, dx™).

where Hy has been given in (2.4). Set finally for p € 9y, in analogy with (2.8),

Fn(p) =En(p) + %’CN(P)~

Notice that .7-",6\,, Fn are convex, since £y is convex and the potential energies are linear. We
readily verify that F}, is lower semi-continuous for the weak topology of L', therefore /Lg c
is the unique minimizer of the problem

min {ffv(p) pe @N,/pr,xN) vV (dyN) €8N (dxN) = 1}.
Let us define the following sets,
Ex ={n € P((K, x TZ)N*) : u exchangeable},

Doo = {1t € Eoo : TN 1 absolutely continuous wrt (v ® 0)®N forall N > 1},

where N, is the set of positive integers. Set moreover, for i € P,

o1
Eoo() = ngnoo NSN(T[NIJ«)a

where 7y is the projection onto the first N components (or any N different components, by
exchangeability). The limit, possibly infinite but non-negative by the Gibbs inequality, exists
by a standard super-additivity argument.

Define for u € &0,

1
Ko () = 5 f/ // V1V2Gm e (X1, X2)mopu(dyr, dxy, dya, dxz),
and likewise Ko in terms of G,. Finally, set
Féo = € + BKS, Foo = Ex0 + BKoo.

Theorem 3.1 Assume m < 2 and B > 0, and fix a sequence ¢ = €(N). Assume there is
C > 0 large enough (depending on v and B) such that

e(N) L0 as Ntoo, e(N)=>C(ogN)y =n. 3.1)
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60 Page 12 of 27 C. Geldhauser, M. Romito

Then (ug ey )N=2 converges, in the sense of finite dimensional distributions, to the unique
solution of the following variational problem,

min Foo(R) = min Fo(R).
ReP« Rebo
The unique solution is (v ® £)®™+, and propagation of chaos holds.

We remark again that, even though we work on the simple geometry of the torus (thus
with uniform total distribution), the previous result is highly nontrivial because it proves
convergence of the variational problems (and not the trivial convergence of minima).

The proof of convergence of finite dimensional distribution will be given in Sect. 4.2.
Corollary 3.2 Under the same assumptions of the previous theorem, if we are given
(FN, X{V, R F%, Xﬁ,’) random variables on (R x 'JI‘z)N with distribution MI’XGN, then

| N
= DSy
k=1
converges in probability tov ® £, as N 1 0.

Proof Let g € C(K, x T»). The previous theorem and symmetry of vortices ensure that
Blery X1 = BleY. xV1 — [[ et 0 viay) ean,

2
Efg(T), XM)g(@@y, XMH1=Elg(TV, xM)g@Td, X)) — ( / f gy, x) V(dy)ﬁ(dx)> ,

therefore

1 N N N 242
E[(ﬁ ;gw XM —/f g(y,x>v(dy)z(dx)) ]
_ 1 N wny2g , N—1 N N N N
= By X[+ — =B, x{)gry, X))

2
—2E[g(T'}, X{V)]// gy, x)v(dy) ddx) + (// gy, x) U(dl/)e(dx)>
— 0,

and in particular convergence in probability holds. O

Remark 3.3 It is elementary to verify that convergence in the Corollary above implies imme-
diately convergence of the empirical pseudo-vorticity,

1 N
_ N
= 2 Oy
j=

to v(y)¥, with v(y) = f y v(dy). This yields a law of large numbers for the empirical
pseudo-vorticity.
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3.2 Fluctuations

Finally, we can analyze fluctuations with respect to the limit stated in the previous theorem,
namely the limit of the measures

tv=vNoy —v®1L)

to a Gaussian distribution. To this end define the operators &, ¢ as

Gp(x) = /T G, V)P E(dy),
2
EP(y,x) 5=V/K /T Y Gu(x, o', y) vdy)e(dy).
v 2

The operator ¢ provides the solution to the problem (—A) 7 = ¢ with periodic boundary
conditions and zero spatial average, and extends naturally to functions depending on both
variables y, x by acting on the spatial variable only. The proof of the following theorem will
be the subject of Sect. 4.3.

Theorem 3.4 (Central limit theorem) Assume m < 2 and B > 0, and choose € = €(N) as
in (3.1). Then ({N)N=1 converges, as N 1 0o, to a Gaussian distribution with covariance
I — B + BTo®) ™' &, in the sense that for every test function ¥ € L*(v ® £), (¥, £n)
converges in law to a real centred Gaussian random variable with variance

0o = (I — BU + BT EW — V), (¥ — ¥)),

where
Po = / Vody), o= / Wy, 1)v(dy) £(dx). (3.2)

Remark 3.5 Asin Remark 3.3, we can derive a central limit theorem for the empirical pseudo-
vorticity 6. Indeed, VN (On —v(y)¥€) converges to a Gaussian distribution with covariance
Foo(I+BT %) ™", in the sense that for every test function ¥ € L2(0), (v/N(Oy —v(p)d), ¥)
converges in law to a real centred Gaussian random variable with variance

Goo(Y)?* = ool + BTocD) ™ (¥ — V), (¥ — ).

The Gaussian measure obtained corresponds to the invariant measure (2.2) of the original
system (2.1), when one takes ¢ = 1/ 'so.

Remark 3.6 (Quenched results) The above results hold also in a “quenched” version, namely
if intensities are non-random but given at every N. For instance, consider the result about
convergence of finite dimensional distributions of vortices and propagation of chaos (Theo-
rem 3.1) For every N, fix a family F?V = (y}V )j=1,2,...,n and consider the quenched version
of (2.6),

Hph " (@xNy = RO ) 8N (g,
; re{.N
Zﬁgg
If there is a measure v, such that
| X
5 ZayjN—xv*, N 1 oo, 3.3)
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and, due to our singular setting (in view of Lemma 4.3), if

N

1

‘NE ')’ —/yzv*(dw‘Gm,eN(o, 0)—0 N1too,
j=1

. . . r{,N
then the k-dimensional marginals of p ﬁ"é converge to (V. ® Z)‘X’k, for all £k > 1. Under the
same assumptions, the law of large numbers also holds. To obtain the central limit theorem,
one needs to assume some concentration condition on the convergence (3.3).

Remark 3.7 (Extensions to non-trivial geometries and distributions) At this stage it is possible
to illustrate the difficulties related to the extension of the resulted presented here to non-trivial
geometries (manifolds with boundary) and to non-trivial limit distributions.

In a general planar domain we expect that the boundary, as in the case of Euler vortices
[38], has an effect on the motion (2.3) of vortices and thus on the Hamiltonian (2.4). Namely
we expect the Hamiltonian acquires an additional term,

H = % > vinGm (X, Xi) + % Y viem(Xj, X))

J#k J
where G, — g, is the free Green function of the fractional Laplacian on the plane. To carry
over the results given here on the torus, several properties of G, , g, amd of the corresponding
regularized version are needed and are subject of a work in progress. We believe that this
should be possible under the condition of neutrality of vortices, namely E,[y] = 0, where
v is the prior on intensities. Without neutrality, again, the cornerstone of our techniques,
Lemma 4.2, becomes ineffective and the control on the partition function will result much
weaker.

4 Proofs of the Main Results

Prior to the proof of our main results we state some preliminary results that will be useful in
the rest of the section.

Lemma4.1 Ler f € L3(T) with zero average on Ty, then

) L2
/Telfm e — e | < 1 f1Rs.
2

Here the norms || - |12 and || - ||;3 are computed with respect to the normalized Lebesgue
measure £ on T».

Proof Using the well-known inequalities
| —(1 +ix — 3x)| < |x P,
1.2
72" —(1 = 3] < |xP,
the proof is elementary. O

In the proof of our limit theorems we will streamline and adapt to our setting an idea from
[4]. The key point is to give a representation of the equilibrium measure density in terms of
a Gaussian random field. Here the condition 8 > 0 is crucial.
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Lemma4.2 Let (x1,x2,...,XN) € TN be N distinct points, and let y1, y2, ..., YN € K.
Then

i N
e BHIN N gy [eﬁ X7 Upexy) ] o B BCm OO TN v}
where Upg ¢ is the periodic mean zero Gaussian random field on the torus with covariance

BGm.e, and Ey, . denotes expectation with respect to the probability framework on which
Ug, e is defined.

Proof The proof is elementary, since by definition of the random field Ug,, the ran-

dom vector (Ug ¢(x1), Uge(x2), ..., Uge(xn)) is centred Gaussian with covariance matrix
(BGm,e(xj, xk))j k=1,2,.,n- Notice finally that by translation invariance, Gy e(x,x) =
Gi.e(0,0). m}

Lemma 4.3 Assume there are a sequence of i.i.d. real random variables (Xy)k>1 such that
there is M > O with 0 < X < M for all k, and a sequence of complex random variables

(Yi)i=1 suchthat BYy — L, a.s. and |Yi| < M for all k. Set S, = % 22:1 X, S =E[X].

If F, : [—S, M] — R is a sequence of functions such that there is « < % with

o Fy(0) = 1and |Fy(y)| <e™ forall y € [-S, M],
o Bs i=Sup|, <5 n>1 |[Fp(n™%y) — 1| — 0asé — 0,

then
E[F(Sn — HYn] — L,

asn — oo.

Proof Choose B suchthata < 8 < %(1 —2a), fix § > 0 and set
Ay = (nP|S, — S| < 8).

By the Bernstein inequality there is ¢; > 0 such that

PlAS] <e a7

4.1
In particular, nf (S, — ) = 0a.s.. Now,
E[Fy(Sy — $)Yu] = E[F(Sy — )Ypla, ]+ E[F(Sp — S)Yulacl =[]+ o]
First, using the first assumption on F,, and (4.1),
< MO PAS] < Mo man o,
by the choice of §. For the other term, let 95(y) = (y A §) Vv (—§), then (recall that @ < ),

[] = ELF, (0~ %05(n® (S, — S))Yu14,]
= E[(Fn(n7“93(n°‘(Sn -9)) — 1>YnﬂAn] + IE[Y,,ILA;].
By (4.1), E[¥,14.] — L, moreover,
‘E[(an—“ea(n“(sn — 5 - 1)Yn1u,,]‘ < MB;,

and Bs; — 0as § — 0 by the second assumption. The conclusion follows by first taking the
limit in #, and then the limit in §. ]
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4.1 Bounds on the Partition Function

We preliminarily prove upper and lower bounds on the partition function.
Lemma4.4 If € Randm < 2, then nge > 1.
Proof By the Jensen inequality,

Zégv,e > eXp( // //ZV!V/ Wlé(xlvxj)v®N(dy )€®N(de)>

i#j

since the Green function has zero average. O

Lemma4.5 Let > 0. If m < 2 and if (en)N>1 satisfies (3.1), then

1
sup —log ZV < 0.
Nu>p2N g m,enN

Proof By Lemma 4.2,

N .

zy. :/.../e%ﬁFNGmAO) EUﬁ_E[]_[/ e Vw Vi UB ) Z(dxj)]v®N(dyN)
. S JTH
i=1

1
— ejﬂroon,e(O) Zév’

where ', has been defined in (3.2),

1 N
=5 Z y]?, 4.2)
j=1

and

N ,
:/m/e%ﬂ(r,\,—rm)cm,e(m Euﬂ,e[l_[/ VUG E(dxj)] VO gy )
el
i=1v"2

- /_._/e%ﬁ(m—rm)an,e(m VN (g Ny,

By Lemma 4.3 it follows that the integral on the right hand side in the displayed formula

above converges to 1. Indeed, if we set F (x) = exp (% BGn.e (O)x), in order to meet the

assumptions of Lemma 4.3, it is sufficient to find & € (0, %) such that G, ¢ (O)N~% < O(1).
It is elementary to see that

o
Gp.e(0,0) = Zg; = Z;\gi oM a3 2mm) 4.3)

since Ay ~ k, therefore our assumption ensures that sup N>2 ZEA}’V € (0, 00).
To conclude the proof it is sufficient to notice that

B

m€—2

1
log zN

EN

TooGm.c(0) + log sup 2N < N™*Gpe(0) +log sup 27,
N>2

and by the choice of the sequence (ey)n>1, the right hand side is uniformly bounded in N.
O
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4.2 Proof of Theorem 3.1
This section contains the proof of convergence of finite dimensional distributions of the

equilibrium measure (2.6). The key point is the following lemma, which unfortunately, being
based on the Sine-Gordon transformation of Lemma 4.2, only holds for g > 0.

Lemma 4.6 If B > 0, under the same assumptions of Theorem 3.1, for every k > 1,
// f/ viveer(xDex(x)mapy . (dyidyrdxidx) — 0,
where 7'[2#2{61\/ is the “two point vortices” marginal ofM%EN. In particular,
1 1
N’CZV(MIQ{GN) —> 0, and N’CN(MQI,GN) — 0.

Proof We prove the statement for K. The proof of the same statement for IC%v follows
likewise. We have that

! 1
N —1
= W/\/\/Y/ )/1)/2Gm(xl,)C2)M2{€(dyN’de)

= Z:Ak_7 //// Vl)/zek(m)ek(Xz)Mge(dyN,de).
k=1

Y= ///f viyvaer(x1)er(x2) Mﬁ’,e(dJ/N,de),

then, by Lemma 4.2,

Zy I = // // yivaer(xi)ex (x2) e 2PN Gme ©

[l—lefyjyﬂf(xl)] ®N(d]/N)£®N(dXN)
j=1

Set

A simple Taylor expansion yields, since e; has zero average,

Ly Uge(xn)
/1;2 ek(xl)e«/ﬁyl B.e (X1 l(dxy) = O<ﬁ||Uﬂ,€||L1>,
and, since an\{’e > 1 by Lemma 4.4, we have that
1 1 1 _
|Z]€V| < Z/gv,e|zk| 5 Nezﬂroon.f(o) / .../ezﬁ(FN I'o0)Gm e (0) E[”Uﬂ,eniz] U®N(dyN).

If € = €y, by Lemma 4.3 it follows that Z}Y — 0.
To prove that the whole energy converges to 0 it is sufficient to prove that there is § > 0
(small) such that

Zxk *1zV)|
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is bounded uniformly in N. To this end, let M be a constant such that |y| < M, v-a.s., then

iy)?
WU@E@)” £(dx)

/ ex(x) e Vw7 Upe) Z(dx)’ =
T,

er(x)
2

[e.¢]
MP
j : )2
S p!Np/2|Uk|v
p=l

where U ,f is the Fourier coefficient of U 5 . corresponding to e;. Therefore

71 = ‘// // Vlyzek(xl)ek(xz)ezﬁrNGm6(0)

U,
E Hef)// ﬂe(x)] ®N(d N)K®N
—J=l
f Mze%ﬁroon.e(o)

o0

[ MP N 1BON-To)Gc(0) | &N (1 N
E ZW|Uk| ] ez <O @@y ™).
. p=l N

The integral in the formula above converges to 1 by Lemma 4.3 and is independent from k.
We can safely ignore it and we will do so for simplicity. The first term (the exponential in the
formula above) diverges and will be controlled by the choice of the sequence €. We focus
on the relevant term,

00 2 00 2
8—m/2p mP P m? 14
ZA [(lewp/zwk |) ]s (Z — BT ()7 )
p:

p=1

where 8o = (§ —m/2) . Since the field Ug ¢ is Gaussian, with covariance BG, e, we claim
that there is ¢ > 0 such that

ENIUS (251 < ¢ p¥ezm=2r=h02p — 111, 4.4)
Set

i 35, V2P =D,
pri

1 p

¢(x) =

p=

then ¢ is an entire function over R and
8—m/2 +N —180 AL BTG (0 Ny2
E A —m/ |Ik|5€ 380 @280 .e()¢(u€)’

1 1
where uN = cMN 2exm=2) By the choice of €y, é\l'v — 0as N 1 oo, therefore there is

¢’ > 0 (independent from N) such that |¢(u )| <c |u |, and
Z)‘a m/2|I,£V| 5 2(m 2-80) 731*00(;,” O <o,
N
by our assumption (3.1).
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It remains to prove (4.4). It suffices to prove the claim on H” for non-negative integers n,
and by the Poincaré inequality,
2
Ll =Y ID*UL 17

loe|=n
Fix a multi-index o« = (a1, r2), then

arrP — % @2
D Uﬂ,e(x)_ Z <h1,,,hp>(k1...kp>

hi+~+hp=a
ky+-A4kp=an

hp -k
(DX DU ) (x) ... (D Dy Up o) (x).

Therefore, since the cardinality of non-negative integers iy, ..., hp suchthathy+---+h, =
oy is (O“;”’ ) < (p +n)*" Jay! (same for the term in «), by the Holder inequality,

]E[”DD[UP ”2 ]< M Z o1 ’ @ ’
BellL2d = 5 oy ! hi...hp) \ki...kp,

hi+-thp=a)
ki+-tkp=az
h
E[ID! DY Ug 26,17 . ELIDY DX Ug 126,17

Notice that Di’l DI;Z Ug,c is a centred Gaussian random field with covariance f D)chl Dg‘ Gme»
therefore,

E[| D! DX Up 1135,1 = /T E[|D}! D Up ()71 £(dx)
2
=Qp- 1)!!/ E[| D! DY Up . (x)[*17 £(dx)
T

— (2p— D /T BDY D Gy o) (x. ) E(d)
2
< CPG%(M*Z)P*(H/C)P(ZP — DN

We additionally notice that

2 2
Z o] o2 §p2n,
hi...hp ki...kp

hi++hp=a)
kit thp=a
and that
+ n n 2”
> <
oplap! n!
la|=n
Claim (4.4) now follows by putting all the above inequalities together. O

If R € &, by Hewitt-Savage’s theorem [25], there is a measure 7 € P(P(K, ® £)) such
that

R= / WO ), 4.5)

and if R € P, the same representation hold for a probability measure 7 on the cone of
non-negative, mass one functions in L! (K, x Tr,v®4¥).
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We notice the following facts:
o If R € Y, then

Ky (v R) = Z // Vi¥jGm.e(xi, x)maR(dyi, dy;., dx;, dx )
i#]
= (N — DKL (R),
and likewise for Ky in terms of KCxo.
e &y is lower semi-continuous for the weak topology of LY(K, x D).

o If R € &, then R € Y if and only if £ (R) < oo (see for instance [47]).
e If R € & and ey | O, then

I e
N’C,\iv (N R) 1 Koo(R). (4.6)

Proof of Theorem 3.1 Fix a sequence €y | O as in the statement of the theorem and set
VN = g
Step 1: existence of limit points Existence of limit points is trivial, since K, x T is
compact. For the rest of the proof we consider a limit point vy, of (vy)n>1, and a sequence
(Nj) j>0 such that UN; = Voo in the sense of convergence of finite dimensional distributions
Step 2: convergence of entropy We have that

—00

1
Eoo(Veo) < liminf —En; (vy;) 4.7)

Indeed, fix k > 1, then by super-additivity of the entropy, if N; = ajk +b;, with0 < b; <
k — 1, then

1 1
aj
N ——&(mvN;) < ijk(ﬂkvzv,) + ]51; (b, vN;) < Nijfzv, (vN;)-

since by the Gibbs inequality entropy is non-negative. By first taking the limit j — oo, we

have that aﬁ’ — % and, by semi-continuity,

1 1
=& (Mrvoo) < liminf —Sk(nkwv ).
k j—o Nj

By taking the limit as k — oo and the definition of £, one gets (4.7).
Step 3: voo € Po- To this end it is sufficient to prove that £(vs) < oo. Indeed, by (4.7)
and Lemma 4.6,
o NI Y
Eoo(Voo) < liminf FjgN_; (VNJ') = hjnig(l)f Fj]:Nj (VNj) < 00.

J—>00

Step 4: Ko (Vo) = 0. By exchangeability, if R € &5, has the representation (4.5),

1 _m
Koo(veo) = Z)‘k ’ // // viveer(x)ex(x2) maR(dyr. dyz, dxy, dxz)

1 o, 2
=3 [ ([[ rawnar.an) maw.

(4.8)

By Lemma 4.6,

// // yiveer(x1)er(x2) moveo(dy1, dya, dxy, dxz) = 0,
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thus Koo (Veo) = 0.
Step 5: v is a minimizer of Foo in Do (as well in &). Let R € 8. If R ¢ Do, then
by (4.8) Ko (R) > 0, therefore co = Ex(R) < Foo(R) and R cannot minimise. Let then

R € 9. By steps 4 and 2 and since vy is the unique minimiser of ]—'GA:j ,
F s < liminf — 7" (uy ) < liminf —Fo Ty R
00(Voo) = €0 (Vo) =< ?/,rgg; ij N; (vy;) = firgloré ij N (n; R).

Finally, by the definition of £ (R) and (4.6), the lim inf on the right hand side in the formula
above is equal to Foo (R). In conclusion Foo (Vog) < Foo(R).

Step 6: conclusion The functional F, is convex, non-negative, and Foo(1t) = 0 only for
= v @ L. Therefore each limit point v, is equal to v ® £. O

4.3 Central Limit Theorem

We finally turn to the proof of Theorem 3.4 on the fluctuations of point vortices. First of
all we notice that it suffices to prove convergence of the characteristic functions over test
functions ¢, with € C LK, x T»), namely to prove that

E,y. [eiViM)] s e 30w

This is because random measures can be interpreted as random distributions (see for instance
[22] for more details on the argument). To this end fix ¥ € C (K, x T»), set for brevity
Ly(y) = f Y (y, x) £(dx) and ¢ := ¢y — £y For a function a € C(K,), define

1 N
My(@) =+ Y a)).
j=1

Let (¢x)k>1 and (G k)k>1 be the Fourier coefficients of ¢ and G, with respect to the basis
of eigenvectors eg, €3, . . . . Straightforward computation yields

G kv (y9r)*

_— 4.9)
I+ IBFOO Gm,k

Goo(§)? = / V) =7+ 1812 g0 — B Y
k=1

where y has been defined in (3.2). By using Lemma 4.2,
E v [el:n] = VN My (Ey) =) 3 BTN G e 0,0)
. Z;;V .
€

E [eﬁ POy ¢(Vj»xj)+VjUﬂ,e(Xj)i| VN (dy V) (BN (dx Ny,

N
Ug.

where 'y has been defined in (4.2). With the positions

f\,((ﬁ(w,xj#ijﬁe(xj))

A?’/(¢) = / e £(dxj),
. o

2
—ﬁ & (v )+yiUpe

BY(¢) :=¢
DY(¢) == ALY (¢) — BY(9).

L2
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we have the following expansion,

N N
[1AY @ = ]_[B (¢)+Z<HA (¢))-D§Vj(¢)-( ]_[ B! (¢)>

j=1 j=k+1
Set also

Ex(y) = ei«/ﬁ(MN(@w)ﬂ/_/)7
N
L) = f f 2PN TG (00 ENW)EU,SE[HBZ(@} v @y™),
j=1

and

g(y) = / / e 2PN T)Gme 00 Fy ()
N k—1

N
~EW€[Z (1"[A£V,<¢>>D <¢>< [ BZ-@))] vEN @y,
k=1 j=k+1
then we have that
E » [ei(‘/fs’?N)] — L e%ﬁroocm.e((),o) <£(¢) + g(¢)>

Hﬂ{e Z/]j\/e

A similar formula can be obtained for Z fBVE therefore

By (e = L) +6W)
Hp.e L£(0) +6(0)
and it is sufficient now to prove that
LOD o g 9D

— —0,
L(0) L£(0)

as N 1 o0o,e =€(N) | 0, forall ¥.
We first prove the convergence of the ratio £(¥)/£(0). Let (Ug e .x)k>1 and (¢x)r>1 be
the components of Ug  and ¢ with respect to the eigenvectors ey, ez, ..., and set g,i =

A;W 2 e €Mk, By Plancherel, independence, and Gaussian integration,

Eyg. [ 1_[ B, ((b)] = Euﬁg[ 2 i 1905 HV]U‘“”LZ(O}

o0
1 2
S8l Ty, [ o HTWUZ P20y (90 Up 0 }
k=1
Bef My (véy)? )

_ MN(H‘PHLZ(Z) 1—[ ( e 20+ATNgD

a +5FNgk)2

Thus we have

ee}

1
L = — | , 4.10
W) (}1:[1 = ﬂroogz> o(¥) (4.10)
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with

Lo(¥) 1=/~~/FN(FN —Te) EN(Y)

o SEMy o

1
) e—%MN(HrbIIZ ) 2B X o Arya

2o’ e vEN (dy™),

and where Fl is defined by

LBXG,.c(0,0) lo—o[ B3k -1
Fy(X) =e2 m,e (l—l—iX) .
k=1 1 +:381§Foo

At this stage it suffices to prove that Lo(y) — e’%"m(‘/’)z as N P ooande = €(N) | 0, for

all .

We preliminarily prove that Fy meets the assumptions of Lemma 4.3. Indeed, set

Bk
Ck =TT e
I+ B¢ I'o

then, by using the elementary inequality log(1 + x) > x — %xz,

oo
210g Fiy(x) = BGin,e (0, 0)x — ) " log(l + cxx)

k=1

< <ﬂGm,e(0, 0) - ZCk>x . %(ch)xz
k=1 k=1
0 0 2

< (BGnc0.0) - ch>x + %(ch) 2,
k=1 k=1

Since

0<D ek <B) 8 =BGne0,0),
k k

both assumptions of the lemma hold if there is @ < % such that G, (0, 0) < N%. By (4.3),
it is immediate to see that our choice of € = €(N) is sufficient to ensure the assumptions of
Lemma 4.3 for Fy.

To conclude the proof of convergence of Lo (), it is sufficient to prove convergence in
expectation of the other terms in Lo (). First,

1 2 1 2
Ly _1
IR | HI8 g,

and

o SEMy o

1 1 G kv 91)>
egﬂZk:l THAT NS 2B T

e k=1 THpTooGypy 1
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converge a.s. and in L! by the strong law of large numbers. The first term is obviously
bounded, the second is bounded since MN(y¢k)2 <I'nMpn (¢,%) and

i BMy (v i) g5

T AT = 2 MVOD) = My (115,

k=1

Using the smoothness of ¢, we can pass to the limit in the sum. Finally, by the Central Limit
Theorem for i.1. d. random variables,

1 _
EN(y) —> exp ( -3 / Ly () v(dy) — wz).

By recalling the explicit form of o (1) given in (4.9), we conclude that £o (/) converges

_1 2
toe 2000(w) .
We turn to the analysis of G(v)/£(0). By Lemma 4.1,
3
L3(l):|
3

1
N N3/2 (1 + Eug [11Ug, elle)])

(1+ Gm,e(0, 03),

N3/2
since
Evy Up.elljagp)] = fT : E[Ug.(x)*] £(dx)
:/T 3B2G . (x, x)? £(dx) = 382G . (0,0)%.
>
Therefore,

G < f / 2PN =T) G (00 ZEUﬁe[ID BN @y

S T(H-Gme(o 0)3)Go,

where we have set for brevity

1
%o ::/._./ejﬂ(FN—Foo)Gm.e(Oyo) VBN (4N,

It is easy to see that by Lemma 4.3, Go — 1. Moreover, since

I SRS MY Sy )
k=1 1+ ﬂroogk
and by (4.10) we finally have that
g(l//) 1 3 G, .(0.0 Go
<71+G 0’02 ,Boom,e(y) .
£0O) ~ «/ﬁ( m,e( )2)e £0(0)
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So it is sufficient to choose € = €(N) so that

L
N

(14 Ge(0,0)3)ePTxGnc 00 _ g

Using (4.3), we see immediately that it suffices to choose 6—%(2—m) < clog N, with ¢ small
enough.
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