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Abstract The generalized concept of ‘dynamic’ buffer capacity fy is related to elec-
trolytic systems of different complexity where acid—base equilibria are involved. The
resulting formulas are presented in a uniform and consistent form. The detailed calcula-
tions are related to two Britton—Robinson buffers, taken as examples.
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1 Introduction

Buffer solutions are commonly applied in many branches of classical and instrumental
analyses [1, 2], e.g. in capillary electrophoresis, CE [3-5], and polarography [6]. The
effectiveness of a buffer at a given pH is governed mainly by its buffer capacity (f),
defined primarily by Van Slyke [7]. The f-concept refers usually to electrolytic systems
where only one proton/acceptor pair exists. A more general (and elegant) formula for § was
provided by Hesse and Olin [8] for the system containing a n—protic weak acid H,L
together with strong acid, HB, and strong base, MOH; it was an extension of the fi-concept
from [9]. The formula for §§ found in the literature is usually referred to the ‘static’ case,
based on an assumption that total concentration of the species forming a buffering system
is unchanged. The dilution effects, resulting from addition of finite volume of an acid or
base to such dynamic systems during titrations, was considered in the papers [2, 10], where
finite changes (ApH) in pH, affected by addition of the strong acid or base, were closely
related to the formulas for the acid-base titration curves. The ApH values, called
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‘windows’, were considered later [11] for a mixture of monoprotic acids titrated with
MOH; the dynamic version of this concept was presented first in [10].

Buffering action is involved with mixing of two (usually aqueous) solutions. The
mixing can be performed according to the titrimetric mode. In the present paper, the
dc

dpH
the solution being titrated (titrand, D) of different complexity, with concentrations
[mol-L™"] of component(s) denoted by Cy or Cyy, is titrated with V mL of C mol-.L™!
solution of: MOH (e.g. NaOH), HB (e.g. HCI), or a weak polyprotic acid H, L or its salt of
M,H,_,L (m=1,...,n), or H,,,LB,, type as a reagent in titrant (T) are considered. This
way, the D + T mixture of volume V;, + V mL, is obtained, if the assumption of additivity
of the volumes is valid. It is assumed that, at any stage of the titration, D 4+ T is a mono-
phase system where only acid-base reactions occur. The formation function 7z = 7i(pH)
[12, 13] was incorporated, as a very useful concept, into formulas for acid-base titration
curves, obtained on the basis of charge and concentration balances, referred to polyprotic
acids.

formula for dynamic buffer capacity, f, = related to the systems where V; mL of

2 Definition of Dynamic Buffer Capacity

In this work, the buffer capacity is defined as follows:

dc
=|— 1
b= o 0
where
\% C-V
c= =C 9 (2)

VotV T VotV

denotes the current concentration of a reagent R in a D 4+ T mixture obtained after addition
of V mL of C mol-L™! solution of the reagent R (considered as titrant, T) into Vo mL of a
solution named as titrand (D). From Eqgs. 1 and 2 we have:

de dV _C-Vy

Pv=lav apm| = (Vo + V) ‘de

(3)

The buffer capacity f§y is an intensive property, expressed in terms of molar concentrations,
i.e., intensive variable. The expressions for 1 in Eq. 3 will be formulated below.

3 Formulation of Dynamic Buffer Capacity

Some particular systems can be distinguished. For the sake of simplicity in notation, the
charges of particular species X; will can be omitted when put in square brackets,
expressing molar concentration [X;].

System 1A: V mL of MOH (C, mol-L™Y) is added, as reagent R, into Vy mL of K,,..
H,_,L (Co, mol-L™!). The concentration balances are as follows:
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q
M] =CV/(Vo+ V); K] =m-CoVo/(Vo + V); ; - COVOV @
Denoting:
HL] =K [H]' - [L]; b = K- [H]; fi = qbi
2. by
Jj=0
o= [H]—[OH] = 10?1 — 1oPH-PKw ()

and applying the formula for mean number of protons attached to L™" [2]

in the charge balance equation

q
ot M] + [K] + > (i —n)[HL] =0 (7)
i=0
we get, by turns,
c-v Co- Vo G-V
. =(n—n)- 8
v T e rv s Ty Y (®)

(n—m—n)-Cy—u

V="

C+ua
Vot Vey, nom=m-C+C
C+ua
1 n (10)
= —m)-Co+C) - Vyo—m——Cp -V, -
((n—m)-Co+C) 0oy Co Vo,
Differentiating Eq. 10 gives:
dVo+V) dv
dpH  dpH
1 da 7 (C+o) —n- g
=—((n-mCy+C)- Vo ——5-——Co Vo~ i ot
(C +a)* dpH (C+a)
(11)
Applying the relation:
bz dz dH]_ 0 [H] - dz (12)
dpH d[H] dpH d[H]

for z = o (Eq. 5) and 72 (Eq. 6), we get [2, 12]:
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do
dpri =~ ™10+ (1H] + [OH) (13)

d—:—lnlO Z(;—z -fif; (14)

d j>i=0

and then from Eq. 11 we have:

dv Vo In10 g,
dpH (Cta) ((("m)'co+cCO';l'fi>'([H]+[OHD

+Co-(C+a)- Z G — i) ff,)
j>i=0
Note that [H] 4+ [OH] = (¢ + 4Kyw)"? [12] (see Eq. 5), where Ky, = [H][OH].
System 1B: When V mL of HB (C, mol-L™") is added into Vo mL of K, ,H,,_,,L (Co,
mol-L™1), we have [B] = CV/(Vo+V). Then C is replaced by —C in the related formulas,
and we have:

(i+m—n)-Co+a

V=VW-
C—u (16)
_v —(i+m—n)-Co—o (n—m—n)-Cy—ua
- —C+a - —(C—ua)

As we see, Eq. 16 can be obtained by setting —C for C in the related formula. Applying it
to Eq. 15, we get

dV. Vy-1n10 9.
ool (g_ia)z (((n—m)-CO—C—CO-;z-f,)-([H]—i—[OH})

—G(c-n- Y o—z‘>2-ﬁﬁ>

Jj>i=0

(17)

System 2A: VmL of C molL™' MOH is added into Vo mL of the mixture:
Ko Hip i Ly (Cors i = 0,..m; k= 1,...P); Hyom Lty B (Cos mye = 0,..qx — g
k = P+1,...,Q), HB (Cp,) and MOH (C). Denoting —n,—charge of L(;’)”‘, we have the
charge balance equation:

[
o+ [K] + M] = [B] + ) > (j — mo)[HiLi] = 0 (18)
k=1 j=0
where:
P
@ CorVo > mCoVo
HL ] = =1,...,P,P+1,...Q): [K]=*&L 1
Z[j(k)] V()+V(k ; s Ly + ) 7Q)7[} V()+V (9)
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CV + Cy, Vo
M= ol (20)
o+ V
9
> mCorVo + CoaVoo
B] - k=P 1 (21)

Vo+V

The presence of strong acid HB (Cy,) and MOH (Cj,) in the titrand D can be perceived as a
kind of pre-assumed/intentional “mess” done in stoichiometric composition of the salts.
Denoting: [HL,] = Ki-[HI“[L]; b = Kia-[H]', and

4k

El Ml SKE-H S

b  _ i—0 i—0 ;
Ji =5 = = == E i+ fii (22)
> by Z HLwl Y Kj-H Y by =
Jj=0 Jj=0 j=0 j=0
we have:
A In10 Eqk G— i) fi (23)
e _ ) N
dpH N K
j>1i=0

Introducing Eqgs. 19-23 into Eq. 18 we get, by turns:
P Q
>~ mCocVo > mCoVo+CoaVo o
= CV + C V k=p+1 Ls
k=1 (A4 P .
- —m)[HiLy] =0
VRV T ety VotV +2_ 2 (= m)HLy)

aVo+ oV + kaC()kVo + CV + AgVy — Z myCorVo — an CoVo
=1 k=pt1 =1

+ Zﬁk - CoVo=0
k=1

P [9]
1
Vo—i—V:Vo'(Z nk—mk COk+Z(nk+mk)'C0k_A0+C>'

=1 k=P 11 Ctua
Q —
> - Cok
B VAR o 24
0 C+a (24)
v Vo-n10 (& Q
—=— ny — my) - Cox + (e +my) - Cox
dpH  (C+a)’ (Zl k:ZP;rl
0 qx
PIC DM EE C) - (IH] + [OH)) (25)
+(CHa)- ZCOk Z G—i) ﬂf,g)
Jj>i=0

where
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Ao = Cop — Coa (26)

System 2B: V mL of C mol-L ™! HB is added into V,, mL of the mixture: Ko Hoy—m L
(Cors me = 0,...,m5 k = 1,....P); Hpy 1, Ly B (Cors mie = 0,...qx — mi; k = P+1,...,Q),
HB (Cy,) and MOH (Cy,). We have the balances Eqgs. 18 and 19, and

CorVo
M) = 7)
o+ V
Q
> mCouVo + CoaVo + CV
k=P+1
B] = 28
B] — (23)
Introducing Egs. 19, 27, 28 into Eq. 18 and applying Eqgs. 13, 22, 23, 26 we obtain:
v Vo-Inl0 - -
— (ng — my) - Cox + (i 4 my) - Cox
dpH (C—a) <<k21: k;—l
— A —C— ZCOk Zl Jii-) - ([H] + [OH]).. (29)
—(C—-a) ZCOk Z (Gi—i) fkifkj)
j>i=0

System 3A: VmL of C mol-L™! M,,H,_,L is added into Vo mL of the mixture:
Kmankfka(k)(COk; ny = 07“',”](; k= 1,“'7P); an+ka(k)Bmk(C0k; my = 0»--,(1]( — Ny,
k = P+1,...,Q), HB (Cy,) and MOH (C). From charge

q
o« + [K] + +ZZ(] ) [HLg) + > (i — n)[HL] =0 (30)
=1 j=0 j=0
and concentration balances, Eqs. 19 and 21 and
4 cv
S L =3y (31)
/=0 0
mCV + Cop Vo
M=— 32
M) =T (32)

after introducing Eqgs. 19, 21, 31, 32 into Eq. 30 and applying Egs. 6, 13, 14, 22, 23 and 26,
we obtain:

M~

~
Il

V()—I—V:VO'(—
1 k=P+

Q
(nk my, C()k Z (nk+mk C0k+(n— )C+A0)

0 (33)
| > Cor =i+ C

m—m-n)-C—uo

Vi
Yo (n—m—ﬁ)-C—oc

and then
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dav Vo -In 10 P Q
o g ((Z me—m) -Gt 3 (et m) - Cog
nem—3Yi-f)-C—u k=1 k=P+1

Q

_ZCOk'ii.fki_F (ilf,—n—l—m 'C—Ao)
i=1

k=1 i=1

)
-(c. i (j—i)z-fiﬁ—k[H]+[OH]>—<<n—m—ii-fi> ~C—oc>

j>i=0

(ZCOk Z(;—z Sfidfig — C- Z(]—l ff;))

j>i=0 Jj>i=0

(34)

System 3B: VmL of C mol-L™! H,1»LB,, is added into V, mL of the mixture:
Kmank—ka(k)(COk; my = 0,...,I’lk; k= 1,...,P); an+ka(k)Bmk (C()k; my = 0,...,qk — Ny,
k = P+1,...,Q), HB (Cy,) and MOH (Cy,). Applying Egs. 19, 27, 31 and

Q
Z my - CoxVo + CouVo +m - CV

B] — k=P+1

Vo+V
in Eq. 30, we obtain:

Vo+ V=V,

P 0 Q
—Z(nk—mk)-COk— Z (nk+mk)-C0k+Zﬁk-C0k+A0+(n+m—ﬁ)-C
=1 k=P+1 k=1

n+m—-n)-C—uo

(36)

P Q
V0+V—V()'< anfmk Cox — Z (nk+mk)~C0k+(n+m)-C+A0>
k=1 k=P+1

o

1 Zflk~C()k—ﬁ~C
=1

. v, -

(n+m7ﬁ)-Cfoc+ 0 (n+m—n)-C—u

Then applying Eqs. 6, 13, 14, 23 and 24 in 37, we have:
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dv Vo -In10 P Q
dpiH = Oq (Z - Cor + Z (nk -+ mk) - Cox
((n+m72i'.ﬁ)~cf ) Py k=P
i=1

Y qk q
—(n+m)~C—A0—ZCOk-Zi-fki+C-Zi-fi>
k=1 i=1 i=1
-(c- S Gy -fd§+[H]+[OH]>
j>i=0

(ZCOk Z(]—l Jiifig = C- Z(J—l fxﬂ)

Jj>i=0 Jj>i=0

(38)

In all cases it is assumed that f,y > 0; for this purpose, the absolute value (modulus) was
introduced in Eq. 1. An analogous assumption was made for the static buffer capacity (f3).

4 Britton—Robinson Buffers (BRB)

Two buffers proposed by Britton and Robinson [14], marked as BRB-I and BRB-II, are
obtained by titration to the desired pH value over the pH range 2—-12 [15]. The D (V=10
mL) in BRB-I, consisting of H;BO3; (Cy;) + H3PO4 (Cyz) + CH3COOH (C3), is titrated
to the desired pH with NaOH (C) as T; in this case, Cy; = Cp = Co3 = 0.04 mol-L™,
and C = 0.2 mol-L™". The D in BRB-II, consisting of H;BO;3 (Cy;) + KH,PO4 (Cyn) +
citric acid HsL 3 (Co3) + veronal HL 4, + HCI (Cy,), is titrated to the desired pH with
NaOH (C) as T; in this case Co; = Cor = Co3 = Cos = Co, = 0.0286 mol-L™!, and
C = 0.2 mol-L™". For BRB-I we have the equation for the titration curve:

(3—ﬁ1)~C01+(3—ﬁz)-C02+(1—ﬁ3)~C03—0(

V=V- Cra (39)
(see Fig. 1), where:
i = (3 x 10342473 | 9 5 (257-2H 4 1133-PH) /(1(3424-3pH | 1(257-2pH
101330 4 1) (40)
fiy = (3 x 102177IPH | 5 1(1959-2pH | 1(1238—pH) /() (2171=3pH | 1(19-59-2pH
101238-PH ) (41)
iy = 10+76-H /(10+76-PH 4 1) (42)

For the BRB-II buffer we have the equation for titration curve
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12 f’
10 /

/ 2
- 1-BRBA
pH 6 - - 2-BRBHI

Fig. 1 Curves of titration of BRB-I and BRB-II with NaOH. For details see the text

BRB-I, BRB-II
(a) 0.05
0.04
'.\".,\
B 0.03 ! - 1-BRB
v \ 2 ) |- 2-BRB-I
0.02 N
1 o4
VTS
0 i
0 2 4 6 8 10
V, mL
BRB-I, BRB-II
(b) 0.05
0.04 \
B 0.03 \2 - 1-BRB-
) . - o
Y 0.02 1 ; 2 -BRB-II
\ 4 /
S e N
0 i

pH

Fig. 2 The plots of a i, vs. Vand b By vs. pH relationships obtained for BRB-I and BRB-II. For details see
the text
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B—m)-Cu+Q2—m) Cop+(B-13) Cos+ (1 =) Cos+ Cop —

V=V-
0 CH+ua
(43)
see Figs. 1, 2), where n; . and n, . and:
( Figs. 1, 2), wh (Eq. 40) and 75(Eq. 41) and
ﬁ; — (3 % 1014,2873];)}1 12 1011.1572pH 4 106.397pH)/(1014.2873pH 4 1011.1572<pH
108 ) (44)
ﬁ4 _ 107,437pH/(107A437pH + 1) (45)

The formulas for 7; (i = 1,...,4) and 75 in Eqs. 39 and 43 were obtained on the basis of
pK; values found in [16-20].
Note that

3
D (=) fufy = fafio + 4fiafio + Fiafeo + fiafr + Hfiafia + fuafio;
j>i=0

(46)
2 1
S° = fuig = fafio + 4iafio + fiafias > (=) - fidfy = fiafho-

j>i=0 J>i=0

5 Final Comments

The mathematical formulation of the dynamic buffer capacity f5y concept is presented in a
general and elegant form, involving all soluble species formed in the system where only
acid—base reactions are involved. This approach to buffer capacity is more general than one
presented in the earlier study [2] and is correct from a mathematical viewpoint, in contrast
to the one presented in [21]. It is also an extension of an earlier approach, presented for less
complex acid-base static [8] and dynamic [10, 12] systems. The calculations were
exemplified with two complex buffers, proposed by Britton and Robinson [14].

The salts specified in particular systems considered above do not cover all possible
types of the salts, e.g. (NH4),HPO, or potassium sodium tartrate (KNaL) are not examples
of the salts of K, Hy,—m,Lx) or Hym LtyBu, type. However, in D, (NH4)>HPO, (Cy) is
equivalent to a mixture of NHj3 (2Cy;) and H3PO, (Cy;), whereas KNaL (Cyy;) is equivalent
to a mixture of NaOH (Cy;), KOH (Cy;) and H,L (Cyy).

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
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