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Abstract The superconductor to normal metal transition
driven by the in-plane magnetic field is investigated for Al
nanofilms. Taking the Pauli breaking mechanism (with no
orbital effect) into account, it is shown that the critical field
oscillates as a function of the nanofilm thickness. This effect
is discussed in terms of the quantization of electron energy
caused by the confinement of its motion in the direction per-
pendicular to the film. The analysis of the critical field in the
context of Clogston–Chandrasekhar limit is also included.
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1 Introduction

The superconductivity in nanoscale systems strongly devi-
ates form that observed in the bulk. One of the most
prominent manifestation of the interplay between the quan-
tum size effect and the superconductivity was predicted in
1963 by Blatt and Thompson [4]. The authors of Ref. [4]
studied superconducting properties of metallic nanofilms
and found that the energy gap oscillates as a function of
the nanofilm thickness. It was shown that this phenomena
is directly related to the quantization of the electron energy
resulting from the confinement of its motion in the direction
perpendicular to the film. Due to technological difficul-
ties in the preparation of uniform metallic films (which are
typically polycrystalline and contain a large number of
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defects), the experimental confirmation of the thickness-
dependent energy gap oscillations has been reported only
recently [10]. In Ref. [10], the oscillations of the critical
temperature as a function of the number of atomic mono-
layers have been found for ultra-thin Pb films grown on
Si(111) substrate. This experiment reopens an extensive
research concerning the interplay of the superconductivity
and the quantum confinement in nanoscale systems [1, 3,
11, 14, 18, 19, 22]. The study of the superconductivity in
Pb nanofilms has been extended by Eom et al. [8]. By the
use of the scanning gate microscopy, Tc oscillations in the
epitaxially grown crystalline Pb films have been measured
in the thickness range 5 − −18 ML [8]. Very recently, it
has been observed the superconductivity in a single Pb and
In atomic layer [20, 23]. For Al nanofilms, the increase of
the superconducting energy gap with decrease of the film
thickness has been reported in Ref. [7]. Our recent theoret-
ical calculations [21], which take into account an influence
of the electron density and the surface roughness, allow to
reconstruct experimental data [7] and show that the experi-
mentally observed thickness dependence of the energy gap
can be well fitted in the regime of the oscillatory behav-
ior of the energy gap. Recently, the growing attention of
the scientists has attracted the effect of the quantum con-
finement on the superconductor to normal metal transition
induced by the magnetic field. It has been theoretically
predicted [17] that decrease of the energy gap as a func-
tion of the magnetic field has the form of jumps which
are related to depairing in the subsequent subbands. The
oscillations of the perpendicular upper critical field in thin
lead films have been reported by Bao et al. in Ref. [2].
An interesting effect has been also found in amorphous Pb
nanofilms [9], for which the increase of the critical temper-
ature after application of a parallel magnetic field has been
observed.
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Motivated by these experiments, in the present paper,
we investigate the superconductor-normal metal transition
driven by the in-plane magnetic field. We show that the crit-
ical field oscillates as a function of the nanofilm thickness
and is higher than the Clogston–Chandrasekhar paramag-
netic limit [5, 6]. We also discuss the thermal effect on
the superconductor-normal metal transition. The present
paper is organized as follows. In Section 2, we introduce
the theoretical model based on the Bogoliubov-de Gennes
equations. In Section 3, we discuss the results, while the
summary is included in Section 4.

2 Theoretical Method

The spin-generalized Bogoliubov-de Gennes (BdG) equa-
tions have the form
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where Uσ
i and Vσ

i are the spin-dependent electron-like and
hole-like wave functions (σ =↑↓), Δ is the superconduct-
ing energy gap, and Ei is the quasi-particle energy. The
Hamiltonian Hσ

e is given by
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e = 1
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where s = ±1 corresponds to the spin σ =↑↓, m is the free
electron mass, μB is the Bohr magneton, μF is the chemical
potential, and A is the vector potential.

In our calculations, we neglect the orbital effect and con-
sider the superconducting nanofilms in the clean paramag-
netic limit. This approximation is justified for the nanofilms
with the thickness less than the magnetic length aH =√
�/eH|| - the use of the Clogston–Chandrasekhar param-

agnetic field for Al, HCC = 3 T gives aH = 14.6 nm.
If we assume that the system is infinite in the x − y plane
(Lx, Ly → ∞), the quasi-particle wave function can be
expressed as
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where σ̄ denotes the opposite spin. In (3), the index i has
been replaced by kx, ky, ν, where kx and ky are the free elec-
tron wave vector components in the x and y direction while

ν labels the quantum well states in the z direction. The order
parameter Δ(z) is given by
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2π

∫
dk‖ k‖

∑
ν

{u↑
ν (z)v↓∗

ν (z)
[
1 − f (E↑

ν )
]

+ u↓
ν (z)v↑∗

ν (z)f (E↓
ν )}, (4)

where g is the electron-phonon coupling and f (E) is the
Fermi–Dirac distribution. The summation in (4) is carried
out only over these states for which the single-electron

energy ξσ
kxkyν satisfies the condition
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where d is the nanofilm thickness. The system of (1)–(4) is
solved in a self consistent manner until the convergence is
reached. As a result, the spatially varying energy gap Δ(z)

is obtained.
We define the spatially averaged energy gap as

Δ̄ = 1

d

∫ d

0
Δ(z)dz. (6)

For each nanofilm thickness, we determine the chemical
potential by using the formula
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In the calculations, we adopt the hard-wall potential profile
as the boundary conditions in the z direction.

3 Results

In this section, we discuss the superconductor to normal
metal phase transition driven by the in-plane magnetic field.
We consider Al nanofilms in the thickness range 1 − 5 nm
which is less than aH = 14.6 nm and guarantees that the
paramagnetic approximation used in the paper is satisfied.
The calculations have been carried out for the following val-
ues of the parameters: gNbulk(0) = 0.18 where Nbulk(0) =
mkF /(2π2

�
2) is the density of the single-electron states at

the Fermi level, �ωD = 32.31 meV and the bulk energy
gap Δbulk = 0.25 meV. The Fermi level in the bulk
μbulk is treated as a fitting parameter [16], and its value is
determined based on the experimental results [7], μbulk =
0.9 eV.

In Fig. 1a, we present the critical in-plane magnetic
field Hc,|| as a function of the nanofilm thickness d for
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Fig. 1 a In-plane critical magnetic field Hc,|| and b chemical potential
μ as a function of the nanofilm thickness d. The inset presents the
spatially averaged energy gap Δ̄ as a function of the thickness d

different temperatures. In our calculations, the value of
Hc,|| is defined as the field for which the spatially aver-
aged energy gap Δ̄ drops below 0.01Δbulk. Figure 1a
shows that the critical field oscillates as a function of
the film thickness. It strongly increases for certain spe-
cific thicknesses and then exponentially decreases until the
next enhancement of the critical field appears. The “tooth-
like” thickness-dependence of the critical field is directly
related to the quantization of the electron energy result-
ing from the confinement of its motion in the direction
perpendicular to the film. If the motion of electron in the
z direction is reduced to the nanometer scale, the Fermi
sphere transforms into series of parabolic subbands whose
energy decreases with increasing nanofilm thickness. Since
the Cooper-pairing in the phonon-mediated superconduc-
tor is determined by the number of the electron states in
the energy window [μ − �ωD, μ + �ωD] (�ωD is Debye
energy), one can observe the enhancement of the energy gap
each time, the subsequent subband passes through the Fermi
surface. The spatially averaged energy gap as a function of
the nanofilm thickness is presented in the inset of Fig. 1a.
For ultra thin nanofilms in the parallel magnetic field depair-
ing effects related to the orbital effect can be neglected and
only the Pauli breaking mechanism determines the value
of the critical field. Therefore, the oscillatory behavior of
the energy gap induced by the quantum confinement results
in the thickness-dependent oscillations of the critical field
presented in Fig. 1a. In the bulk, the paramagnetic (Pauli)
limit is given by Clogston–Chandrasekhar (CC) [5, 6] for-
mula - HCC = Δbulk/(

√
2μB), which for Al is equal to

HCC = 3 T. Note that the value of HCC is comparable
to the calculated critical field only for nanofilms with the
thickness for which Hc,|| reaches its minimum (see Fig. 1).

For majority part of the thickness range, the calculated criti-
cal field is several times higher than HCC . Such observation
for the Pb nanofilms has been recently reported in Ref. [15]
in which the experimentally measured critical field HC,|| has
been much higher than the paramagnetic limit HCC . The
discrepancy of the calculated critical field and HCC results
from the deviation of the energy gap Δ̄ from its bulk value.
It indicates that the Clogston–Chandrasekhar formula has to
be reformulated and for nanofilms has the form HCC(d) =
Δν(d)/(

√
2μB), where Δν denotes the expectation value of

energy gap in the superconducting subband ν which in our
case does not depend of ν (Fig. 2). In order to show which of
the subbands participate in the Cooper pair condensation, in
Fig. 2, we present the quasi-particle energy E as a function

of the wave vector k|| =
√

k2
x + k2

y for nanofilm thicknesses

corresponding to the first two maxima of the critical field
from Fig. 1a.

We can see that for the nanofilm thickness d = 1.1 nm
[Fig.2a] the enhancement of the critical field corresponds

Fig. 2 Quasi-particle energy E as a function of the wave vector k||
for the film thickness a d = 1.1 nm which corresponds to the first
enhancement of the critical field and b d = 1.8 nm which is related to
the second enhancement of the critical field
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Fig. 3 (Color online) Spatially
averaged energy gap Δ̄ as a
function of the magnetic field H

and temperature T for the
nanofilm thicknesses a
d = 1.1 nm, b d = 1.7 nm, and
c d = 1.8 nm which correspond
to the first maxima, minima, and
the second maxima of Hc,|| in
Fig. 1a. The first- to second-
order transition is marked by the
dashed vertical line

to the Cooper pairing of electrons from the subband ν =
2. By analogy, the analysis of Fig. 2b allows to conclude
that the second maxima corresponds to the condensation of
electrons from the subband ν = 3. It should be also noted
that the amplitude of Hc,|| oscillations in Fig. 1a decreases
with increasing nanofilm thickness and converges to their
bulk value HCC for sufficiently thick nanofilms.

To analyze the thermal effect in the superconductor to
normal metal transition, in Fig. 3, we present the spatially
averaged energy gap as a function of the magnetic field and
temperature. The results in Fig. 3 have been calculated for
the nanofilm thicknesses (a) d = 1.1 nm which corresponds
to the first maxima, (b) d = 1.7 nm corresponding to the
minima, and (c) d = 1.8 nm which is related to the sec-
ond maxima of Hc,|| in Fig. 1a. We can see that the range of
parameters (H, T ) for which the film exists in the supercon-
ducting state strongly depends on the nanofilm thickness.
It has been found that the initial behavior of Hc,||(T ) at
the temperature close to Tc can be well estimated by the
formula Hc,||(T ) = AHc,||(0) [1 − Tc(T )/Tc(0)]1/2, where
Hc,||(0) and Tc(0) denote the zero temperature critical field
and the critical temperature for H = 0 while A is a fit-
ting parameter. Note that, in contrast to the orbital limit
with no Pauli effect, the slope of Hc,||(T ) at critical tem-
perature Tc is infinite. In this range, the transition at Hc,||

is of second order. In the Pauli limit, the second-order tran-
sition is suppressed with decreasing temperature and below
Tc(T )/Tc(0) = 0.56 it becomes the first-order [12, 13]. In
Fig. 3, the first- to second-order transition is marked by the
dashed vertical line.

4 Summary

The quantum size effect on the in-plane paramagnetic criti-
cal field is investigated with the use of the spin-generalized
Bogoliubov-de Gennes equations. It is shown that the crit-
ical field oscillates as a function of the nanofilm thickness
which is explained in terms of the electron energy quantiza-
tion induced by the confinement in the direction perpendic-
ular to the film. It is found that the zero-temperature critical
field in the nanofilms tends to be higher than the Clogston–
Chandrasekhar paramagnetic limit which is in agreement
with recent experiments [15]. The validity of the CC for-
mula can be restored by the use of the thickness-dependent
energy gap.
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