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Abstract Recently, it was argued that quantum phase tran-
sitions in frustrated two dimensional antiferromagnets can
be radically different from their classical counterparts with
as a highlight, the “deconfined critical points” exhibiting
fractionalization of quantum numbers due to Berry phase
effects. However, field theoretical descriptions rest on a
naïve coarse graining of the microscopic lattice model as-
suming order parameter fluctuations on small scales to be
smooth. We have developed a novel renormalization ap-
proach for such systems which incorporates fluctuations on
small scales in a natural way, and is fully respecting the
underlying lattice structure and the frustration mechanism.
According to our findings, another profound phenomenon is
around the corner: a fluctuation induced first order transi-
tion.

Keywords Quantum criticality · Antiferromagnetism ·
Fluctuations

1 Introduction

Since the discovery in 1986 of high-Tc superconductiv-
ity in layered cuprates, quantum phase transitions in two-
dimensional antiferromagnets have been the subject of in-
tense research [1]. While doping the CuO2 layers with
charge carriers, long-range magnetic order is destroyed and
superconductivity is induced, magnetic frustration which is
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present in the parent compounds has been argued to lead to
a stabilization of different paramagnetic ground states like
RVB spin-liquid [2] or valence-bond solid (VBS) states [3].

Novel scenarios for phase transitions between Néel or-
der and these exotic phases beyond the Landau–Ginzburg–
Wilson (LGW) paradigm have been suggested [4, 5] jog-
gling fundamental concepts. The Heisenberg model on a
square lattice with antiferromagnetic nearest neighbor cou-
plings J1, frustrated by ring exchange or antiferromagnetic
next-nearest couplings, J2 serves as a prototype for study-
ing magnetic quantum-phase transitions. On a field theoreti-
cal level, the description of the long-wavelength dynamics
of the d dimensional antiferromagnet in the vicinity of a
ground state with collinear long-range Néel order is gov-
erned by a non-linear σ model (NLσM) in d + 1 dimen-
sions, as first noted by Haldane [6], where the coupling
constant controlling the strength of the quantum fluctua-
tions can be tuned by the frustration in the original lattice
model.

For sufficiently strong frustration, quantum fluctuations
will eventually destroy long-range magnetic order leading
to a quantum phase transition into a paramagnetic (PM)
phase. In the absence of long-range Néel order, topologi-
cal Berry phases which occur naturally in the spin-coherent
state path integral representation and augment the NLσM
are no longer negligible. Remarkably, the interference of
Berry phases of proliferating topological excitations (mono-
pole tunneling events) can give rise to ground-state degen-
eracies corresponding to a translation-symmetry breaking
by dimerization and formation of valence-bond solid (VBS)
phases [6, 7].

The Néel-VBS transition has been argued to be in a novel
quantum criticality class that does not fit in the standard
LGW paradigm. Intriguing data on this transition was ob-
tained in simulations of the S = 1/2 quantum XY model
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frustrated by ring exchange [8, 9]. The transition was inter-
preted as a second-order one; this possibility was predicted
by the theory of the deconfined critical point and suggested
to be generic for a variety of experimentally relevant two-
dimensional antiferromagnets [5]. However, in a more care-
ful finite-size analysis of the XY case, it was demonstrated
that the Néel-VBS point represents an anomalously weak
first-order transition [10]. Frustrated Heisenberg antiferro-
magnets which cannot be studied by quantum Monte Carlo
simulations due to the infamous “sign problem,” have been
considered in exact diagonalization studies [11], however,
because of the limitations to very small lattices, it has not
been possible to study phase transitions in detail.

Whereas numerical simulations or exact diagonalization
studies are not capable of giving us conclusive answers on
the nature of quantum phase transitions in frustrated Heisen-
berg antiferromagnets, effective field theories capturing the
long-wavelength dynamics like the NLσM suffer from an
intrinsic shortcoming: they rest on a naïve coarse grain-
ing assuming fluctuations of the Néel order parameter to
be smooth on small scales and incorporate the frustration
mechanism only in a very crude way. In essence, all kinds
of frustrations act on the level of the continuum field the-
ory in the same way: they serve as a knob for tuning the
coupling constant controlling the strength of the quantum
fluctuations.

In a recent paper [12], we have developed a novel
renormalization approach that circumvents the naïve coarse
graining procedure and fully respects the underlying lat-
tice geometry and the microscopic frustration mechanism.
It combines the systematic treatment of all corrections in
order 1/S on the level of the conventional first-order spin-
wave theory (SWT) with the merits of a renormalization
approach, which goes beyond any finite order in 1/S by an
infinite iteration of differential steps, successively eliminat-
ing the spin-wave modes of highest energy. As a result, we
obtain an improved description of the phase transitions. In
particular, the possibility of a fluctuation induced first-order
transition which is not accessible on the level of the NLσM
[13] is included in a natural way.

2 Spin-Coherent State Representation and
Renormalization Approach

The key idea of our renormalization approach is a novel
kind of path integral quantization, which explicitly keeps
the fields from both sublattices and makes it possible for
us to treat the effects of umklapp on an equal footing with
the spin-wave interactions. To demonstrate the workings of
the approach, we stick to the simplest frustration mechanism
realized in the aforementioned J1 − J2 Heisenberg model
on a square lattice. Fluctuations are treated in a coherent

spin state path-integral representation of the model, where
a spin state corresponds to a unit vector �n. In the absence
of fluctuations, one expects collinear Néel order to be sta-
ble for α = J2/J1 < 1/2 and spins would assume the states

|�nA/B〉 = |±�ez〉 ∧= |S,±S〉 on the two sublattices, A and B.
Using the standard Trotter formula, we obtain an action in
imaginary time τ (discretized in intervals of duration �τ)

[1]. We start from a stereographic parametrization of coher-
ent states and expand the discrete imaginary time action in
terms of the complex stereographic fields a and b (see [12]
for details).

To leading order in 1/S, the fluctuations are controlled
by the bilinear part S0 of the action that represents free
magnons. We also retain the quartic contribution Sint to the
action, which represents magnon interactions and contain
the renormalization of single-magnon parameters of relative
order 1/S. The single-magnon contribution in terms of the
stereographic fields a, b and their complex conjugated ā, b̄

is given in momentum space by
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∑
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with exchange couplings Γ +
k = J+

k − J+
0 + J−

0 ,Γ −
k =

J−
k = 2J1[cos(kx)+ cos(ky)] and J+

k = 2J2[cos(kx + ky)+
cos(kx − ky)]. Here, the primes denote a time shift τ →
τ −�τ and �φk = φk −φ′

k for φ = a, b. The dimensionless
parameter g represents the strength of quantum fluctuations.
It assumes the value g = 1 in the unrenormalized model and
turns out to increase under renormalization.

Diagonalizing this bilinear action, one easily obtains the

magnon dispersion εk = Sg

√
(Γ +

k )2 − (Γ −
k )2. For α < 1/2,

the low-energy spin-wave excitations are characterized by
an isotropic dispersion εk = c|k| + O(k2) with a spin-wave
velocity c = 2

√
2gSJ1

√
1 − 2α. Likewise, the exchange

couplings generate spin stiffness ρ = S2J1(1 − 2α) for low-
energy modes. For strong frustration (α > 1/2), the stiff-
ness becomes negative and the spin-wave velocity is ill de-
fined due to the presence of unstable modes in the center of
the BZ (see Fig. 1). From the diagonalization procedure, we
also obtain the correlators of fields from the same sublattice
or from different sublattices taken at the same time or shifted
by one time step [12].

Starting from this action with bilinear and quartic terms,
we implement a renormalization procedure as follows. In
successive steps, the modes of highest energy (an infinites-
imal fraction of all modes) are integrated out. This deci-
mation of modes yields an effective theory for the remain-
ing modes and gives rise to differential flow equations [12].
As flow parameter, we choose l = 1

2 ln(ABZ/ARBZ), where
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Fig. 1 (Colour online)
Evolution of modes under
coarse graining. Each panel
corresponds to the area
|kx | ≤ π, |ky | ≤ π . Red color
represents small, yellow high
positive energy. Black lines are
lines of constant energy, blue
areas represent unstable modes.
Panels a–d: in the Néel phase
the RBZ may become
disconnected first, then always
shrinks to a sphere (here
S = 1/2, α = 0.3,
l = 0,0.25,0.5,1.0). Panels
e–h: in the Néel phase for strong
frustration α > 1/2, initially
unstable modes (blue area) are
renormalized to stable modes
and the RBZ eventually also
shrinks to a sphere (here
S = 1/2, α = 0.55,
l = 0,0.11,0.29,1.30). Panels
i–k: in the columnar phase, after
the elimination of all stable
modes, an area of unstable
modes survives (here S = 2,
α = 0.6, l = 0,0.10,0.20)

ABZ = 2π2 is the area of the original BZ, and ARBZ is
the area of the residual BZ (RBZ) populated by the re-
maining modes. The evolution of the RBZ and the single-
magnon-dispersion is illustrated in Fig. 1 for various para-
meters.

The nature of magnetic order can be identified from the
flow behavior. Three possibilities are observed. (i) The RBZ
shrinks to a circle of decreasing radius ∝ e−l [see Fig. 1,
panels (a–d) and panels (e–h)] while J1,2 and g (as well
as the derived quantities c,ρ,α) converge to positive val-
ues. In this asymptotic large scale limit, our flow equations
match with those derived from the NLσM [13]. Then, Néel
order is present, characterized by these renormalized low-
energy parameters. Remarkably, for sufficiently large S, we
find Néel order to be stable above the classical threshold
α = 1/2. In this region, initially unstable long-wavelength
modes are renormalized to stable ones by spin-wave inter-
actions on small and intermediate scales [see Fig. 1, panels
(e–h)]. (ii) At some finite l∗, fluctuations become so strong
that g diverges and J1,2 vanish. This indicates the loss of
magnetic order due to overwhelming quantum fluctuations.
(iii) For strong frustration, it is also possible that a finite
RBZ of unstable modes remains after decimation of all sta-
ble modes (see Fig. 1, panels (i–k)). This indicates the insta-
bility toward a discontinuous first transition.

The resulting phase diagram is shown in Fig. 2. While the
phase boundary is located at academically small spin values
for small frustration, S reaches physically meaningful val-
ues at larger frustration. We find the Néel phase to reach up

Fig. 2 Phase diagram showing the 2nd order transition line between
the Néel ordered and the PM phase (dashed line) and the 1st order
boundary between the Néel phase and adjacent phases where different
types of ordering are present (solid line). The nature of these phases
cannot be obtained within our approach. Insets: evaluation of the renor-
malized parameters Z∗

φ = g∗/
√

1 − 2α∗ and ρ∗ in the vicinity of the
transitions for S = 1/2 and S = 2, respectively

to α ≈ 0.66 for S = 0.68. For spins smaller than this value,
the Néel phase becomes unstable toward a PM phase via
a second-order transition, whereas it becomes unstable for
S > 0.68 via a first order transition. Since we deal with a
discontinuous transition, the type of ordering in the adja-
cent phase (dark shaded region in Fig. 2) cannot be obtained
within our approach.
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3 Conclusion

We have presented a novel renormalization approach for
frustrated quantum antiferromagnets which fully accounts
for the underlying lattice geometry and consistently cap-
tures the renormalization of the single-magnon parameters
by spin-wave interactions all over the magnetic BZ.

So far, we applied our approach only to the J1 −J2 model
finding generic fluctuation induced first-order behavior for
all spin values except for S = 1/2, where our approach falls
short because of the large S expansion.

In conclusion, our approach provides a powerful tool
to decide for a given microscopic frustration mechanisms
whether small-scale fluctuations drive the system toward a
first order transition or if the effective long-wavelength the-
ory becomes applicable. In the latter case, subtle quantum
interference effects in the vicinity of a continuous transition
may then give rise to deconfined quantum criticality [4, 5].
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