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Abstract

With the aim to continue developing a hybridizable discontinuous Galerkin (HDG) method
for problems arisen from photovoltaic cells modeling, in this manuscript we consider the
time harmonic Maxwell’s equations in an inhomogeneous bounded bi-periodic domain with
quasi-periodic conditions on part of the boundary. We propose an HDG scheme where quasi-
periodic boundary conditions are imposed on the numerical trace space. Under regularity
assumptions and a proper choice of the stabilization parameter, we prove that the approxi-
mations of the electric and magnetic fields converge, in the L2-norm, to the exact solution
with order h**1 and h*¥+1/2 resp., where h is the meshsize and k the polynomial degree of
the discrete spaces. Although, numerical evidence suggests optimal order of convergence
for both variables. An a posteriori error estimator for an energy norm is also proposed. We
show that it is reliable and locally efficient under certain conditions. Numerical examples are
provided to illustrate the performance of the quasi-periodic HDG method and the adaptive
scheme based on the proposed error indicator.
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1 Introduction

Photovoltaic cells have been intensively studied in nanoscience and nanotechnology
researchs, due to the possibility of obtaining electrical energy from the sunlight, which is
consider as a green energy choice. This renewable resource of energy can be used in place
of fossil fuels, in order to achieve lower harmful emissions into the atmosphere, a reduced
carbon footprint and fewer air pollutants.

For some decades, the search of new sustainable sources of electrical energy has encour-
aged projects whose main goals consist on improving the capability to collect sunlight of the
photovoltaic cells with periodic surface-relief gratings and increasing the electrical energy
generation. In fact, one of the strategies to increase the efficiency of light harvesting by solar
cells, is the use of plasmonic structures that enhance the intensity of the electromagnetic
field [32]. The key idea is to texture the surface of the metallic back-reflector of a thin-film
solar cell by periodic corrugations of size proportional to the wavelength. Under some con-
ditions [32], this configuration produces an excitement of the electrons placed on the surface
of the metal, generating a wave that propagates through the surface called surface plasmon
polariton (SPP) wave. For instance, this occurs when the propagation constant BSFP of a SPP
wave and the propagation constant 8¢ of the incident wave satisfy gSPP = B¢ 4 2nor,
for some n € Z in the transverse magnetic (TM) polarization, see Sections 2.1 and 2.2
of [32]. In the same direction, multiple SPP waves can be generated by placing a periodic
multi-layered isotropic dielectric material on top of the metallic back-reflector [19]. Fur-
thermore, structures involving different type of materials have been considered in order to
optimize the performance of the cells, see for example [46] and references therein. In those
cases, it is possible to maximize the spectrally averaged electron hole pair density and the
solar-spectrum-integrated power-flux density [4, 19, 37, 45]. This optimization process is
expensive from the computational point of view since the functionals to maximize depend on
the solution to Maxwell’s equations and also on geometric and optical parameters. This fact
motivates the development and analysis of new methods able to reduce the computational
costs. In this regards, some authors have used numerical techniques in order to state and
approximate the solution of boundary value problems, in which the effect of unpolarized or
polarized incident plane waves on the surface of the cell and a wide range of geometrical
and optical parameters in the frequency-domain Maxwell’s equations, have been considered.
Among them, we highlight the exact modal method [23], the moment method (MoM) [33],
the rigorous coupled-wave approach (RCWA) [37, 46], the finite-difference time-domain
(FDTD) method [27], the finite element method (FEM) [5, 26, 35, 36, 42, 46], and hybridiz-
able discontinuous Galerkin (HDG) methods [10, 11, 13, 14, 20, 39, 47]. We focus our study
on the latter.

Perhaps, from the numerical analysis point of view, three main challenges arise from
the model: the complex-valued electric permittivity, the quasi-periodic boundary condition
and the outgoing radiation condition above and below the solar cell structure. Most of the
known studies assume a positive electric permittivity and consider prescribed boundary data.
Under that assumption, in [20] an HDG method to study the three-dimensional time harmonic
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Maxwell’s equations coupled with the impedance boundary condition was proposed, in the
case of high wave numbers. The stability and error estimates for the method were deduced
by employing the constraint k2 < 1. Based on the reliable results showed in the above work
and in [14, 39], some authors considered complex-valued permittivities [10, 35, 47] and not
perfect conducting boundary conditions. More precisely, in [47] a high-order HDG scheme
for Maxwell’s equations augmented with the hydrodynamic model, for the conduction-band
electrons in noble metals, is stated. The radiation conditions can be handled by boundary
element methods [24], absorbing boundary conditions (ABCs) [38], Dirichlet-to-Neumann
(DtN) tecniques, based on Fourier expansions [1] and by the perfectly matched layer (PML)
technique, [8, 15, 41].

Inspired in the application described above, in this work we consider a problem in which
the time harmonic Maxwell’s equations are defined in a bounded domain € C R3 occupied
by one period of a bi-periodic structure, illuminated by an incident electromagnetic wave. Our
heterogeneous domain €2 corresponds to the disjoint union between the region 2,4, occupied
by an isotropic dielectric material with positive real relative permittivity and a metallic region
denoted €2,,,, whose relative permittivity is a complex-valued number with negative real part,
see [10]. On the top and bottom boundaries of the unit cell, we consider Dirichlet type
conditions and impose quasi-periodic conditions on the vertical walls of 2. Quasi-periodic
conditions can be added to the system of equations defined in symmetric or asymmetric
domains with periodic characteristics, see Sections 3.1 and 3.3 of [26] and Section 2 of [48].
These kind of boundary conditions differ by a complex exponential factor or Bloch phase,
on the parallel walls of the domain. In order to carry out an a priori error analysis of our
3D problem subjected to Dirichlet and quasi-periodic conditions, we based on the analysis
developed in [10]. Even though we are not considering exactly the original model since we
impose Dirichlet boundary condition at the top and bottom walls instead of dealing with the
outgoing radiation condition, this “simplified” problem posses several challenges that must
be addressed first. Therefore, we consider the analysis that we will present in this manuscript
constitutes as a key stepping stone towards the goal of studying the full model.

On the other hand, the change of material across the non-smooth metallic interface, might
produce singularities near the corners. Moreover, as previously discussed, the magnitude of
electromagnetic field is high near the metal surface due to the plasmonic effect. Therefore, in
that region, the finite element mesh must be fine enough to capture this phenomena accurately.
This can be efficiently achieved by an adaptive scheme able detect where to localize the mesh
refinement based on an error indicator.

In the case of an a posteriori error indicator for Maxwell’s equations, one of the main
challenges are the non-coercivity of the bilinear form and the low regularity of the exact
solution. Residual based a posteriori error estimates for Maxwell’s equations in electromag-
netic scattering problems were introduced in [7, 34]. The author in [34] showed how an a
posteriori error indicator can be derived using an adjoint equation approach and also the
fact that there is a limit on the maximum diameter of the elements in a grid, imposed by
the non-coercivity of the bilinear form. Later, [43] proved the reliability of the residual error
estimators on Lipschitz domains, which had been proposed and analyzed in [7]. In [28],
the authors derived an hp-type a posteriori error estimate for the time-harmonic Maxwell’s
equations and, in [31], carried out an a posteriori error analysis for the time-dependent
Maxwell’s equations. For the steady state coercive Maxwell’s equations, the authors in [13]
provided a computable residual-based a posteriori error estimator, which is independent of
the regularity parameter of the solution and it is based on the error measured in terms of a
mesh-dependent energy norm. On the other hand, by using hierarchical basis, [6] proposed
a hierarchical error estimator for quasi-magnetostatic eddy current problem discretized by
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means of lowest order curl-conforming finite elements on tetrahedral meshes. They provided
a saturation assumption in order to guarantee the reliability and efficiency of the estimator.

In this manuscript, we extend the residual-based a posteriori error estimator for the coer-
cive Maxwell’s equations, developed in [13]. We will establish reliability and local efficiency
of the error estimator proposed for our HDG scheme, by using approximation properties of
continuous functions, Helmholtz decompositions, the Scott-Zhang interpolation operator and
a standard localization technique, based on element and face bubble functions [2]. Moreover,
in the context of discontinuous Galerkin methods, it is crucial the use of a continuous approxi-
mation of a discontinuous piece-wise polynomial function [29, 30], sometimes called Oswald
interpolant inspired in the work by [40] for piecewise linear approximations. This interpolant
has been employed in the deduction of a posteriori error estimators for HDG methods [3, 12,
16, 17]. In our case, we modify this operator in such a way that it preserves quasi-periodic
boundary conditions (see Appendix A.2).

The rest of this paper is organized as follows. In Sect.2 we define the truncated domain
and introduce the boundary value problem. In Sect. 3, we propose an HDG method and prove
itis well posed. Then, we briefly describe the stability analysis and the error analysis for the
method. The residual-based a posteriori error estimator for our HDG method is developed
and analyzed in the fourth section. Finally, in Sect.5 we show some numerical results by
using uniform refined meshes and adaptive refined meshes.

2 Problem Statement

Through the manuscript we will use standard simplified terminology for Sobolev spaces
and norms, where vector-valued functions are bold-faced. In particular, if O is a domain
in R3, ¥ is an open or closed Lipschitz surface, and s € R, we set H*(O) := [H* (O,
H! (%) := [H*(Z)]? and their corresponding norms || - l|s.0 for H* (O) and H* (O); and ||- |5, »
for H*(X) and H*(Z). In the case s = 0, we write L?(0), L?(0), L>(£) and L*(%) instead
of HY(0), H°(0), HO(X) and H°(X), respectively; and in the notation for their norms, the
first subindex will not be included. For s > 0, we write | - |;, o for the H*- and H®-seminorms.
From ahead, P, (O) denotes the space of complex-valued polynomials of degree less or equal
thank > 0, Py (O) := [Pr(0)]? and by (-, -)p and (-, -)30, we denote the L2(©) and L?(30)
inner products, respectively.
In addition, we introduce the following spaces

H(dive; 0) :={w € L>(0) : V - (ew) € L*(0)},
H(div?; 0) := {w € L*(0) : V - (ew) = 0},
Ho(div; ©) := {w € H(div; O) : w - n|30 = 0},
Hy (div; O) := {w € H(div; O) : w - n|y = 0},
H(curl; O) := {w € L2(0) : V x w € L?(0)},
Ho(curl; O) := {w € H(curl; O) : w x n|30 = 0},
Hy (curl; O) := {w € H(curl; O) : w x n|y = 0},

where ¥ C 00O and n denotes the outward unit normal vector to dO. For a vector-valued
function w defined on a face F, we denote by w' := (n x w) x n and w" := (w - n)n its
tangential and normal components, respectively. It follows that w := w’ +w” and w’ x n =
W X n.
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Fig. 1 Example of a domain Q: a dielectric region Q4 placed on top of a metallic backreflector 2;,

Furthermore, to avoid proliferation of unimportant constants, the expression A < C B, for
some C > 0 independent of the meshsize, will be replaced by A < B.

Now, let us characterize our simply connected domain 2 := (0, L) x (0, L) x (0, M),
with L, M > 0 with polyhedral connected boundary I' := 'y UT, UT'3 UT'y UT'g U I'T.
Here,

[ :={0,y,2):y€(0,L), z€ (0, M)}, Fpi={(L,y,2):y€(0,L),z€ (0, M)},
F3:={(x,0,2):x €0, L),z€ 0 M), Ts:={xL2):xe(L)ze 0 M)
I'p:={(x,y,0):x€(0,L),y €(0, L)}, I'r:={(x,y,M):x € (0,L),y € (0, L)}

In applications arising from solar cell modeling, €2 corresponds to one period of a bi-periodic
array, where the unit cells are joined through quasi-periodic boundary conditions, which are
imposed on the vertical walls of €2, I'1-I"; and I'3-T"4. In this phenomenon, after the sunlight
illuminates the top boundary I't, outgoing and evanescent waves are generated, below the
bottom boundary I'g and above I't, as well. In this work we assume that the data on I'g and
't are prescribed, but we consider quasi-periodic boundary conditions on I'{-I"; and I'3-T'y4.

The domain €2 is divided in two subdomains. A dielectric region 24 with permittivity
€4 € RT and a metallic region 2, with electric permittivity €,, € C, satisfying Re(e,,) < 0
and Im(e,,) > 0, as it was shown in Fig. 1.

Given J € H(div’; Q) and § € y, (H(curl; Q) N H(div?; Q)), where y; denotes the
tangential trace operator, we look for E and H such that

VXE=iwuyH, in €, (1a)
VxH=J—-iwec€E, in Q, (1b)
Exn=g, on I'gUTT, (1c)
E(L,y,z2) = ¢“FE(0, y, 2), ye€©,L),z€0,M), (1d)
E(x,L,7) = ¢PLE(x,0,2),  x€(0,L),z€ (0, M), (le)

where E denotes the electric field, H the magnetic field and J the current density, which
satisfy an implicit e’ dependence of time at frequency w > 0. The other parameters are the
permeability of free space (i, the electric permittivity of free space €p, the electric permittivity
€, the relative permittivity €ge, the free-space wavenumber « := w, /€0, the free-space
wavelength 1o := 2m/k and the intrinsic impedance of the free space 1y = +/io/€0-
Furthermore, uo = 47 x 1077 Hm™!, ¢y = 8.854 x 10~!2 Fm~!, n denotes the outward
unit normal to I" and the permittivity is defined as € = ¢, in 2,,, and € = €4 in Q4. According
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to the theory that appears in Section 1.3 of [35], the solutions of (1) exist and have the form
of a plane wave. A plane wave is defined as an electromagnetic wave whose polarization,
A, satisfies the property A - («, B, y) = 0, for ¢ := ksinfcos¢, f := ksiné sin¢ and
y = kcosf, with 8 € [0, 7] and ¢ € [0, 27]. Based on the form of the solutions it is
possible to characterize the quasi-periodic boundary conditions, which in this problem were
added by the Eqgs. (1d) and (le).

Let us introduce in (1) the change of variable u := 65/2E, vi= i/cué/zH. By a Lagrange
multiplier p, we impose the incompressibility condition V - (eE) = 0, which can be deduced
from the second equation. For a more detailed description of (1), we refer to [35]. Then, we
obtain the following problem: Find u, v and p such that

v—Vxu=0, in Q, (2a)
Vxv—ikleu+eVp =, inQ, (2b)
V. (eu) =0, in €2, (2¢)

uxn=g, on 'gUTI'T, (2d)

u(L,y, z)=e""u(0,y,2), y€(©,L),z€ 0, M), (2e)

ux,L,z) =ePru(x,0,z), xe(0,L),ze 0 M), (2f)

p=0, onT, (22)

where f := ilch(l)/2 J, g = e(l)/zg and € is the complex conjugate of €. In order to simplify

notation, we define I'g := I'g U 't and FQP =TMUlLbuUI'sUTly.
Now, let us introduce the spaces

HP (curl; Q) := {w € H(curl; ) : w|r,= e “bw |, W |, = ePlw |r3] ,
H%]:(curl; Q) = {w e H® (curl; Q) : w x n = 0] ,

Xop := H (curl; @) N H(div): ©),

Xgp = {w € H® (curl; Q) NH(div%; Q) : w x n, = g] ,
12

endowed with the H(curl; 2)-norm, ||[W|lH(curl:@) := (||w||?2 + |V % w||g2) . With respect
to the existence and uniqueness of the solutions of (2), we have the following Lemma.

Lemma 1 If k%eq is not an eigenvalue of V. x Vx in Qq, then (2) has a unique solution
(v, u, p) € H(curl; Q) x Xgp x HY ().

Proof By tailoring the proofs showed in Section 5 of [9], we can guarantee the existence
of a unique solution, when g = 0, for the following variational formulation: Find (u, p) €
Xop x Hj(€) such that

(Vxu,Vxwg —«*(eu, wg = (f, W,

_ 3)
(€Vp,Vg)g =&, Vg)q,

for all (w, q) € Xgp x H)(Q).

In the case g # 0, we have that if g € y;(H(curl; Q) N H(divg; 2)) then, there exists
a unique ¢ € H(curl; Q) N H(divg; 2), such that y; (9) = g. Moreover, by noting that
u — ¢ € Xgp is a solution of (3), we can conclude the uniqueness of u; from which the
existence and uniquenes of the solution of (2) is deduced. ]
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3 The HDG Method

Let us begin by setting a shape-regular simplicial tetrahedrization 7 of €2, such that each

K € 7, is completely contained in €2;, or 4. Then, 7,” and ’Z;ld will denote the sets of
tetrahedra lying in €2,, and 24, respectively. Furthermore, we define 97, := {0K : K € 75}
and &, := &5 U &r, where &; and &r denote the interior and boundary faces induced by 7j,
respectively. Due to the definition of I", we will denote by £y and Eqp the set of faces lying on
I'g and I"gp, respectively. We assume 7j, does not have hanging nodes. Moreover, let us also
suppose conformity between the discretization of the periodic boundaries I'1-I"; and I'3-T"4.
More precisely, if F; = {(0, y, z)} is a face of ', we assume that > := {(L, y, z)} is a face

of . Similarly for I's and T'4. In addition, we set | - |7, := (-, .)1,{12 and || - laz;, == (-, )57 »

with
Gogo= Y, Gk ez = Y Dok

KeT, KeT,

where (-, -)p and (-, -)g denote standard L2-complex inner products over regions D C R3
and G C R?, respectively.

For a vector-valued function w, we define the tangential jump across F' € & by [W]F :=
wh xnt +w™ xn . If F € &, we set [W]F := w x n. We will drop the subscript F,
when there is no confusion. Let us now explain the jump operator acting on a face of a
quasi-periodic boundary. If F C I'1, we define [w]qp := (€ *Lw x n) Ir, +(w xmn)|p,.In
other words, if w is quasi-periodic on I'f, then [w]qp = 0. Similarly, if ' C I'3, we define
[wlop = (e'PLw x n) Ir; +(w x n) |r,. For a scalar-valued function p, the jump across a
face F € &; is denoted by [q] := g™ — g~ whereas for a boundary face F € &, we write
lq] :==q.

Considering the above tetrahedrization of Q, we define the following approximation spaces

Qri={q eL*(Q) :q |k € P(K), ¥ K € T;},
Mj = {o € L*(Ex) s 0 lr € Pu(F), ¥ F € &},
Vy={we L2(Q):wl|xkePr(K), VK € Th}.

M i={peL?E):plrePu(F).(p-1)[F=0,V F €&},
g . . _ yial — LiBL —
MQP = {p EMZ © P, =e* Piry> Pir, =ef Pirys Pir, Xn_PMZg}

where Pyy: is L2-projections over M.
The HDG scheme associated to (2) seeks the approximation (v, uy, pp, ﬁ;l, Dn) € Vi x
Vi x Qp X Mép x My, of the exact solution (v, u, p, u’|gh, plg,), satisfying

(Vh7 W)E - (Uh, V x w)'Z’h - <ﬁ;l’ W X n>()'Th = 0, (43)

Vi, V x 2)g, + (V2 x 0}y — % (ewp, 2)g;, — (P, V - (€2)) 7,

+ (Ph,€z-m)yg, = (£, 2)7, (4b)
—(eup, Vg)g, + (€u] -, q)a7;, =0, (4c)
(n x ¥, p)y7 =0, (4d)
(e - m, 0)az\r =0, (4e)
(Bi- 0)r = 0. (40)
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fi)r\all w,z,q,p,0) € Vi, x V x Qp X Mgp x My, where the numerical fluxes /V\z and
eu;, defined on 97, are given by

n XV, :=nxvj,+ ), —u), (4g)
e/u\Z ‘n:=eu) -n+ 1,(pp — Dh)- (4h)

The stabilization parameters t and 7,, are complex-valued that satisfy Re(t) > 0,Im(7) <
0, Re(t,;) > 0 and Im(z,) > 0. These conditions ensure well-posedness of the scheme in
agreement with Section 3 of [10].

We notice that, since the test function p belongs to Mgp, (4d) implies the quasi-periodicity
of the numerical ﬂux?ﬁl. In fact, taking p # OonI'; UT'; and p = O otherwise, we have that

(n ¥, p)rl +(n x ¥}, p)rz =0,

forall p € Pi(T'1), due to the fact that p|, = el p|r, - Now, if we denote by ¢ the bijective
mapping that transforms a face in I'; into its corresponding face in I'(, it holds

0=(n x?ﬁl,p)r] +<(n x?;q)o<p,emLp>r :<n X V), + (n x%)owe_i“L,p>r ,
1 1

for all p € Py (I"1), from which,

—iaL —iaL
0=mxV,+@xV)ope "“)|r, =nxV,|r, +n X V,e " “"|p,.

Remark 1 We emphasize that W, and v}, are “single-valued” on any face F € &,\Eqp. More-
over, for faces in £qgp, the numerical fluxes are also single-valued, but in a “quasi-periodic
sense”, namely, [W, Jop = 0 and [V}, Jop = 0.

The authors in [10] analyzed the well-posedness and provided the error estimates for
an HDG scheme similar to (4), but considered a prescribed boundary data g in the entire
boundary I'. In our case, quasi-periodic boundary conditions are imposed on the vertical
walls. This quasi-periodicity is imposed strongly on the space MgQP for the numerical trace
u), and implies the quasi-periodicity of the flux V}, as it was explained before. These facts
make possible to cancel out the contribution of the terms on I'y and I'; (I'3 and I'y4), during
the deduction of the stability estimates of the scheme. Therefore, the same error analysis
performed in [10] holds for (4). Even more, the analysis in it implies the following result for
s € (0, 1) and s < r chosen as in section 3.2 of the same reference.

Corollary 1 Let (v, u, p) € HxT1(7,) x HvH(7;) x H» (7)) and (Vi un, pp. W, Di) €
Vi xV, xQp x Mép x My, be the solutions of (2) and (4), respectively, forly, Iy, [, € [0, k].
If T and v, are purely imaginary, s € (0, 1) and s < t, there hold

in{s,1/2} (11 I I
Iv =Vl S A2 (B Vi 7, + B a2+ BP0, )
y 1 ] l
le—wn)liz, < & (K18l 1.7 + Bl 1z + B pliyenz;)
when |t| and |t,| are of order one. If |t| is of order h=' and |1,| is of order h, then

+min{1,¢ +min{0,7—1 +min{s+1,7

I ! 1
v —villz, <A Vi1 +h Nulyt1,7;, + A Nl 7,

l in{l,7 1 in{s,r—1 1,+1 in{s,r—1
le —wp) 7, S AV y] g g 4 RS g g gl R

In addition, if T and t, are not purely imaginary, then there exists hy > 0 such that for all
h < hg, the same result holds.
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Remark 2 The numerical experiments reported in [10] show an experimental order of con-
vergence better than the one predicted by the theory. More precisely, for smooth solutions
and stabilization parameters with modulus proportional to one, the experimental rate of con-
vergence is h**! for the L2-error of the approximations of u, v and p.

4 A Posteriori error analysis

In this section assuming that | 7| and |7, | with modulus proportional to one, we propose ‘under
some circumstances’ a reliable and locally efficient error estimator for the energy-type error
Ep = IV =il + IV x (@ —up)|lz +h~"2
V2, =)o
—1/2 1/2 —~
+h N (on — P o, + V(P — Pz, + llu—uy
7 + Ilp = pall,-

ks

(&)

According to Remark 2, the order of convergence of Ej, is h¥ when the solution is sufficiently
smooth.

We base our analysis on the techniques presented in [13], but keeping in mind that, in
our context €2 is occupied by an heterogeneous material because the relative permittivity is
a complex-valued function.

Let us begin by defining the global error indicator:

=Y ("%Jr 5 n%,ﬁﬂ%,ﬁn%,g) Y

KeT, FCoK Fe&;

where ng, nr.1, nr.2, nr,3 and nr 4 correspond to the local a posteriori error indicators,
specified as follows.
For each K € 7j,

k.1 = hilf —€Vpp +x2ewy — V x (V x wy)||x. (62)
nk2 = hg|V-f+Kk*V-w — V- €Vpyll, (6b)
and for F C 0K,
e = hp Plle 2y — @) x| p, (6¢)
e = hy 2 1e? (pn — Pl e (6d)
nr3 =l =V x up) x| (6e)

Moreover, for each F € &,

(6f)

1/2
NF.4 = hF/

]
e+
on

In order to state the main result, we denote by ITy and Ilq the L2-projections over Vj,
and Qy,, see [18].

F
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Theorem 1 Let (v, u, p) € H(curl; Q) x Xgp X H(l)(Q) and (Vj,,uy, ph,ﬁ;l, Pn) € Vp x
Vi xQpn XM%P X My, be the solutions of (2) and (4), respectively. Then, there exist C1, C2 > 0
such that

En<Cim AN Can < Ep+osce + 0sCy.f,
where oscy := Z osc(f, K), osc(f, K) := hg||f — IIyf| g, oscy.¢ := Z osc(V -f, K)

KeT, KeT),
and osc(V -f, K) := hg ||V -f —Tg(V - )] k.

In the forthcoming sections we will derive a sequence of results that will lead to the proof
of Theorem 1. We will employ approximation properties for discontinuous functions and
bubble functions.

4.1 Reliability

One of the main tools, usually employed in the context of DG methods is the conform-
ing approximation of a piecewise polynomial function. In this direction, we obtained the
following lemmas by using Proposition 4.5 of [25] and Theorem 2.2 of [29].

Lemma2 Letw € V, and g be the tangential trace of a function in V§, := V;, NH(curl; ).
Then, there exists W¢ € V§, with w° x n|p, = g, such that

Iw — Wl < IR Iwlleng, + 1772w x n =) |lg,, (7a)
IV x (w—w)ll7, < IR 2 [Wlllgng, + 172w x n =) g, (7b)

Moreover, there exists W& e Vi, with tangential trace g on Ty and quasi-periodic conditions
on I'gp, such that

lw — w7, < I8 [w]le, + 182 [Wlgpllege + I1A2(W x n =By, (Tc)
IV x (w—=w®) |z <172 [wllle, + 1872 [Wlgpllege + 127> (W x 0 = B) 1<,
(7d)
In addition, let g € Qy,. There exists q° € Qj := Q; N H(l)(Q), such that

IV~ 497 < 1h7lqllle, S 1872 0l (7e)
for any singled-valued function o defined over &y, such and o|r = 0.

The estimates (7a) and (7b) were proven in Proposition 4.5 of [25], whereas the proof of (7¢)
can be found in Theorem 2.2 of [29]. The results in (7c) and (7d) are consequence of (7a)
and its proof will be postponed to the appendix (Appendix A.2).

In addition, we will employ the Scott-Zhang interpolant I1gz : Hll9 () - QN Hll9 (2),
where H} (Q) := {¢ € H/(Q) : ¢]p = 0} with®» C I'. Note thatif ¢ € H}(Q) then [Tsz¢ €
Qj,- In the literature, it is known that it satisfies the following approximation properties [cf.
[44]].

Lemma3 Let K € 7, and F € &,. Forany ¢ € Hll9 (2), there hold
¢ —Mszollk S hkldl ok
1/2
I — Mszgllr < h* 161w

where wx ‘= U{K' € T, : K' NK # @} and wp :=U{K' €T, : K' N F # 0}.
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Now, we are in position to prove an upper bound for the L? and broken H'- error on the
pressure. As we will see, this bound depends on some of the terms of the error estimator and
also on the L2-error of the electric field. For the sake of simplicity in the exposition, from
now on we assume that g is the tangential trace of a function in Vj. Otherwise, oscillatory
terms related to g would appear.

Lemma4 For (v,u, p) € H(curl; Q) x X(gzp X H(l)(SZ) and (Vi, Wy, pp, Wy, pp) € Vj x
Vi x Qp x Mép X My, the solutions of (2) and (4), respectively, there hold

Ip = pulls S IV — pliz, + 1Y% (pr — P)lloT» (8a)

IV —pllz S Y nka+ Y nra+k2lle@—uwyllz, + 1572 (pn — Pi)la-
KeT, Fe&;

(8b)

Proof By the discrete Poincaré inequality ( [18], Corollary 5.4) and the fact that py, is single-
valued and vanishes at the boundary, we have that

lp = pullz, S UV — pllz, + 1A~ [pallle, + 1A~
SV — pw)llg, + 1k~
SIV(p — p)llz, + 1B~

from which (8a) follows. Now, in order to bound ||V (p — pp)|l7,, we employ the result in
Lemma 2. More precisely, for p, € Qj, there exists p; € Qj, such that

IV(pn — P75, S Y2 (o — B o, - )

On the other hand, by substituting f [cf. (2b)] in (4b) we obtain the next error equation

2 phller

[pn — Pullle, + 1A= (pn — Bi) ler

Y2 (pn = )l

(V=vi,Vx2)g, +(V' =V, zxn)7, — K (e(u—wy), 2)7;
+(@EV(p = pn) D)7, + (Ph — D> €2 -M)y7;, = 0
vz € V. (10)
Let¢ :=p—p; € H(])(Q), by taking z := VIlgz¢ in (10), it follows that

—i?(e(u —up), VIIszd) 7, +@V(p — pn), VIIsz) 7, +(pn — Ph, €VIsz - )y, = O,

since V x VIIgz¢p = 0 and (v/ — ’V\Z,Vl'lszqﬁ x n)y7, = 0. Then, if we rewrite
(V(p — pn), V)7, by using the above expression and the Green’s identity of H(div,; 7j),
we obtain that

(V(p = pn). eVe)7, = (V(p — pn), eV(p — lsz¢)) 7,
+ (V(p — pn), €VIlszd) 7,
= (V(p — pn), V(¢ — llsz9)) 7,
+ 1 (e —wy), Vsze)T,
— {ph — Pn. €VIlsz¢ - )y,
=—(V-(€V(p—pn), ¢ —sz¢)7,
+(€V(p — pn) -n, ¢ — Ilszo)aT,
— (V- (e(u —wy)), Msz¢) 7,
+ 1 (e —up) -m, Tsz¢)57;
— (€(pn — Pn)» VIsz¢ - m)y;,.
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Moreover, by Eq. (2b), we deduce that

(V(p— pn), €Y7, = (V- £ + 7V - (ews) = V - €V py), Tz — $)7;
+(€V(p — pn) -n, ¢ — lszd)s7,
— kX (V-e(u—wy), d)7
+ Kk (eu—wy) - n, Tsz¢ — $)a7,
+ k% (eu—wp) - n, ¢)a7;, — (€(ph — Ph). VIlsze -, )y,

= (V£ 4+k*V - (ewy) — V- (€Vpp), Msz¢ — p) 7,

+ (€V(p — pn) -n. ¢ — Msz9)o7, + k7 (e(w —wy), Vo)1,
+x*(eu—wy) - n, Tsz¢ — $)oz, — (€(pr — Ph),
VIsz¢ -m — VIIQ¢ - n)yr;. (11)

where H% is the Lz—projection over Py (7).

Now, let us bound each term on the right hand side of (11). We apply the Cauchy-Schwarz
inequality, the approximation properties in Lemma 3, inverse inequality and the continuity
of €V p -n, which is derived from the second equation of (2) and the fact thatf € H(div?; Q).
More precisely, for the first term, it holds

(V- £+ &>V - (euy) — V- @Vpy), sz — )7,
ShIV-E+k7V - (ewy) = V- €Vpn)llgllglh.z,
and for the second term,
(€V(p —pu)-m, ¢ — Nszhaz, S h'*1EV(p — pu) - nlaz ¢l 7
S IRP[EVpn - nlle, gl g
Similarly, we derive the following bounds for the third, fourth and fifth terms
K —wy), Vo)1, S K lle(— w7, 117
i (e(u—wy) - m, sz — ¢)o7, S € lle— w7, 61,7,

(€(pn — Pn), (VIsz¢ — VIIG) -mhaz, S Y I1€(ph — Pi)llak (VTTszep — VIIQ) - mllsk

KeT,
— ~ —1/2
< Y 1€ — Bllaxhy P IVIsze — VIIQ$llk
KeT,
—=3/2 = ~
< 3 nPIE(on — Pillax IMsze — M elix
KeTy,

S Ih2&(pn = Pillaz; 1,75 -
By replacing all the above bounds in (11), noticing that
IV(p =PI S 1V — pi). €V 7| + [(V(ph — ), V)7, .
considering Lemma 3 and using Poincaré inequality applied to ||¢||7;,, we deduce that
IV = il S Wh (V- £+ 1>V - (ewp) = V- @Vpw)) ll7; + 112 [€V py - m]le,
+ i lle@—up)lz, + 172 (pn = B laz, + IV (p1 = Pl
Finally, writing V(p — pp) = V(p — p;) + V(p;, — pnr), using triangle inequality, (9) and

the last expression, we obtain (8b). ]
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In the next result, it is presented an upper bound for the L2-error of the electric field that
depends on the L2-error of an approximation of its curl and the penalty terms. The former
will be bounded later, by a computable quantity.

Lemma5 Let (v, u, p) € H(curl; Q) x X%P X H(])(Q) and (vi,, ay, ph,ﬁ;l, Dn) € Vi xVy x
Qn x Mgp X My, be the solutions of (2) and (4), respectively. There holds

P ~
e — w7 SIV x (@ —ud) 7, + 22 (pr — Di)llaz, + 112w, — 1)) x nlly7,
(12)

where ugp is given by Lemma 2 foruy, € Vj,.

Proof Firstof all, thanks to Lemma 2, foru,, € Vj, there exists ugp € Vfl with lthP XN |r,=g

such that
P
lwy — w7, < 102 [uadlle, + 102 [ualopllege + 12" uh x 0 — )<,

Even more, the facts that [} ] = 0 on &7, [, Jop = 0 on I'gp (cf. Remark 1) and W), xn |r,=
g, imply that

lwy = w g < 10T — ]l + 18" [uy = W lqpllege + 14" (wy — ) x nlg,,
therefore, since € is a bounded function, we have that

e, — w7 S 182w, = ) x nllyz; (13)
and, by the triangle inequality

le—w)llz, S lew—ud) 7, + 1A, — ) x a7, (14)

Now, let us see the deduction of a bound for the term ||e(u — ugp) |l7;, . For this purpose,
we will use a Helmholtz decomposition, which will be demonstrated in the Appendix A.1.

Foru —u?’ € L2(R) there exist y € H; > () and u; € Hr, (div®; ), such that
u—ul = Vy +u (15)

and |ju — u,?PH%2 = ||V1p||§2 + ||us||S22 (see Proposition 1). Moreover, according with [21,
Theorem 8.4], since €2 is simply connected and us € Hrg, (div0; Q) there exists a unique
Z € Hr, div®; ) n Hr, (curl; ) such that V x Z = u; and it satisfies

||i||H(curl;Q) S/ lag [l 2. (16)

In the next part of the proof, we bound ||u,||q and ||V || . First, we note that (u — uhQP) X

n |r,= 0, sinceu € X8 p and g is the tangential trace of uhQP. By considering the orthogonal
decomposition (15) and integrating by parts, we note that

lugl% = (g, u—ud’ — Vi) = (V xZu—ud)g — (u,, Vih)g
=@V x@—uX)o+ (u-ul)xn7)r

+(Vou, ¥)g — (- n,¥)r = @V x @—ud))g
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where the first boundary term vanishes due to the fact that u — ugp € Hr,(curl; ), 7 €

Hrgp (curl; 2) and the other terms because u; € Hrgp (divo; ) and ¥ |r, = 0. Therefore,
by the Cauchy-Schwarz inequality and (16), it holds

lusl3 < lugllellV x (@ —ud)q,
thus
P
luslle S IV x (w—ud)l7. (17)

Now, in order to bound ||V | o, we also employ the aforementioned orthogonal decompo-
sition and the addition and subtraction of uy, as follows

P P
VY13 = @—ul’ —ug, Vg = @—uld”, Vi) = (¢ e —wy, +uy, —ud), V),
in order to conclude that,

IVYI3 < 1@ —wp), V)7, + (e — u), V)7, . (18)

Then, taking into account (2c) and (4c), we deduce the following error equation

—(e(u—wy), Vq)7, + ((eu — eu ) n, q)yz;, =0,
for all ¢ € Q. From which, after applying the Green’s identity of H(div; 73), it is obtained
that
(V-e@—w). )7 + ((ew — ewl) -m, q)az, =0 Vg € Q. (19)
Now, if we integrate by parts in the first term of (18), add and subtract (V- e(u uy), sz )7,
integrate by parts (V - e(u — uy), IIsz¥ )7, , use the fact that u € H(le 2) and choose
qg = lszy € Qp in (19), we can get that
(€(a—wp), VY7, = =(V-e(u—up), ¥)7, + (e(u—up) -0, ¥y,
=(V-e(m—w), sz —¥)7,
= (V-e(u—uy), sz¥)7;, + (e —wp) -0, ¥)s7;,
= (V: (ewp), ¥ — Nsz¥)7;, + ((eu — ewy) - n, Mgz ) gop
+ (€@ —up) -0, ¥ — Msz¥) a7\ (Egpuco) »
where in the last step we have made use of the fact that ((eu — euh) n, Hszw>d']’h\gop =0,

due to [Iszy € H1 (Q) the continuity of the normal trace of eu and the fact that euj is
a single-valued functlon We also used the fact that IIsz — ¥ = 0 on Egp U &. By the
Cauchy-Schwarz inequality, the the definition of [-]op and the approximation properties of
the Scott-Zhang projector in Lemma 3, it follows that

(e —wp), V)7, | < [(V - (ewp), ¥ — Msz ), | + [ — wp) -, — Tz )97\ Eqrucn)|
+1((eu — ew)) - n, Msz¥ — Yol + [((eu — eul)) -, Y)gg, |
< IV - (ewp)li7; ¥ — Tz ¥l + e —wp) - nllaz\Egeuen 1V — sz lla7,
_ .
+ ” [(eu — eu)) l’l]]QPHgQP I [[‘/f]]QPHgQP
S (hIV - (eun) 7, + A e = wp) - mllyz\Egruen) ¥ .2

< (M9 - o)z, + 1" few—w -l g, ) W1,
(20)
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where we have made use of the fact that [¢Jop = 0 because V € HllioQP(Q). Taking into
account that eu € H(div; 2), e/lﬁ is single-valued and (4h), we have

Itew, — e -nlle, = Y |Icews — eup) -l

Fe&;

> Wtalpn — BIllE < Ialpn — P)llo; -
Fe&;

I[e(m —up) -n]lg,

2D

Recalling that V - (eu) = 0, taking ¢ := V - (euy,) in (19), by using the Cauchy-Schwarz
inequality, the discrete trace inequality and (4h), there holds

v - (Euh)llth = ((eup —euy) -0, V- (eup))yz, < ll(cup —eup) -nly7;, |V - (ewp)lla,
< [l(euy, — e}y -mllaz, h 2NV - (ew)llz, < B2t (pr — Pi) oz IV - (€un) |7,

thus

IV - eullz, <0~ lwn(pn — D)oz, (22)

Therefore, by using the Cauchy-Schwarz inequality in (18), from (20), (21), (22) and (13),
it follows that

V¥ lla < B2 e (pn — Pu)llaz, + 182w, —T) x nla7;. (23)

Finally, (12) follows by combining (14), (15), (23) and (17). m]

In the following lemma, let us proceed to obtain a computable upper bound for the L>-error
of the curl of the electric field and its quasi-periodic approximation.

Lemma 6 Let (v, u, p) € H(curl; Q) x XéP X H(IJ(Q) and (vp,, ay, ph,ﬁ;l, Dn) € Vi xVy x
Qn x M%P X My, be the solutions of (2) and (4), respectively. Then,

P — — — o~
IV x @ —u)llg S 12 =) x nllyg, + 5713 nka + R IAT @ - u)) g
KeT,
AT wes A R Pl (pn — Pllaz, + V2 pn = Bullaz;
KeT, FedkK
(24)

where u,?P is given by Lemma?2 for uy, € Vp and £ € (0, 1) such that the continuous

embedding

@ Springer



7 Page160f32 Journal of Scientific Computing (2024) 98:7

Hrgp (div?; ) N Hry (curl; Q) — HY(Q) (25)
holds.

Proof Let u}?P € V| be the quasi-periodic approximation of u, with uSP XN |r,= gprovided

in Lemma 2. Let us consider the Helmholtz decomposition of u — u}?P e L2(Q) (Appendix
A.l):

u—ul =Vo+v,, (26)

with [lu — w4 = [Vl + [[v,]%, where ¢ € H;; (%) and v; € Hrg,(div?; Q). In

addition, since (u — u,?P) xn=0onTpand Vg x n|r, = curl|r,¢ = 0, we conclude that
vy € Hp,(curl; Q). Thus, for vy € Hrgp (divg; ) N Hr, (curl; Q) there exists £ € (0, 1)
such that vy € HY(Q) and Ivslle,o S 1IVsllH(curl; @), thanks the continuous embedding

Hrgp (div?; ) N Hr, (curl; Q) — H () (see Remark 8.7 in [21]).
Then, adding and subtracting uy,, it follows that

IV x @—u)Z =V x @-u¥),V x (Vo +v),
= (Vx@—u),V x V)7 +(Vx W —ud), V x v)7,.
For the second term, according to (7d), we have that
(V x (w—ul"), V x vz, < IV x @, —u) 71V x vsll7,
S (I 2l + |1 ualap| g, + 1072 x 1 = @)lley ) 1V x Vsl

SRy —8) x nllyz, IV X Vsll7
27)

where in the last step, we have used the facts that [W],] = 0 on &, [W],Jop = 0 on Egp

(Remark 1) and ﬁ;l x n = gon ['g. Thus, since V x vy =V x (u — uhQP) and apply the
Young inequality, as follows

IV x @—u") % < (Vx @—up), Vx v + 1k, —0) xnl};.  (28)

Now, if we use the L2—pr0ject0r over Py(73), HOV (see [35]), in the first term of (28), apply
the Green’s identity of H(curl; 73), use (2a) and (2b), it follows that

(V x (u=up), V x vo)7,
= (Vx (u—uy),Vx (v, — Iyv))7,
=(VxVx@u—uy),vs — l'[%vs)Th
—{((V x (w—up), (vy = TIYyvy) x n)p, =
= (f—EVp+/c26u— V xV xu, vy — H(\)/Vs)T,,
—((v=V xuy), (Vs — H(‘)/VS) X )57, -
Now, by taking z := H%vs in (10) and applying the Green’s identity of H(div; 7j) to the
fourth term of the obtained equation, we have
0= (v—vy, VxTYvy)7, + (V' =¥, TIYvs x )y, — k2 (e(u —wp), TIYV,) T,

—(p = pu, V - €YV 7, + (p — D, €19V, - )57,
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from which,

0= (v =¥}, IYvy x n)y7, — k% (e —wy), IYv) 7, + (p — i, €TIYVs - M)y,
(30)

thanks to the fact that € is a piecewise constant. Then, by using (30), let us rewrite the second
term on the right hand side of (29), thus

(v—=V xuy), (vs — l'[%vs) X )y,
=(v', vy x m)y7, — (v, H%vx xn)y7, — ((V x up)’, (Vs — H%Vs) X )y,
=(v', vy x n)y7;, — (V},, Hovvs X n)y7;, — K2(e(u —up), H(‘),Vs)n
+(p = Phs €Ty Vs - M)y, — ((V x wp)', (Vs = TIY¥5) X m)5;.

Let us note that the first term on the right hand side vanishes, since vy € Hr, (curl; 2), u,

ugp and ¢ satisfies quasi-periodic conditions. In fact, by using the definitions of v [cf. (2a)]

and v; [cf. (26)], we have that

(V' vs xm)y, =(V, Vs X M)y + (V. Vs X M1y + (V) vy X )rgp
v,V X Mrg, = ((V x w)', vy X n)rg,

(

(

(Vx ', (u—ud) x n)rg — ((V x W', Vo x n)r,

(V xw', (@—u) x n)ror, + (Vx w)', @—ud) x n)r,ur,
(

(V xw), @ —ud®) xn)r, — LV x ), (w—u) xn)r,

+((V xw', (@—ul®) xn)r, — [PV xw), @—u) x n)r, =0.

In addition, if we add 0 = (’V\Z Vg X n)y7;, in the second term, it is obtained that

(v =V xup)’, (v = TIY¥) X M7, = —(F), (TYVs — V) x m)s,
—i?(e(u = wp), YY) 7, + (p = P €TIYVs - M)z, — ((V 3 wp)', (vs = TIYV;) X m)y;.
Then, after replacing the above expression in (29), add 0 = (p — Py, €V - n)y7;, and by
adding and subtracting k2euy, and €V p, in the first term, we can form the residual associated
to (2b), as follows
(Vx@—u),Vxv)y =E—-€Vpy +K2€uh —VxVxu,vy — l'[%vs)Th
—i(e(u —up), Vo)1,
—( ), = (Vxwy), (vy = TIyvy) x m)y,
+(p — P €(vs — TIY¥s) - M)y,
—(V(p = pn). (Vs = TIY¥y) 7,
using Green’s identity and recalling that e (vy — H(‘),vs) is divergence free on each element,
it is obtained that
(Vx@—u),Vxv)y =E—-¢€Vp, +I(2€llh +V xV xuy, vy — H(\);Vs)'fh
—i2(e(u—wy), vy)7,
—(, = (V xwp), (v; = TIyvs) x m)y;

+(ph — Py €(Vs — TIYVy) - m)y,
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Now, if we use (26) to rewrite v in the second term, adding and subtracting vfl in the third
term and taking account the numerical flux (4h), it holds

(Vx@m—uy),Vxv)y =E—-€Vp, +K26uh —VxVxu, vy — H(‘),VS)Th
— K2(€(u —uy),u— uSP)T,,
+ (e —wy), Vo), + (pn — Pir €(vVs — TIYVs) - m)y,
+ (t(@), — ), vy — H%VS)aTh
+ (vl — (V x up)’, (Vs — l'[%vs) X )y, .
Since —k2(e(u —wy), u —u )7, =~k 2@ —up) |3 — k2@ —wy). wy — )7,
from the above equality we obtain that
e 2 —up)|F + (V x (@—w), V x v)7;
={f—-€Vpy +K2€llh —VxxVxu,,vs— H(‘),vs)fh
— e =), w —u)g, (31)
+ i (e —w), V)7, + (ph — Pis €(Vs — TIYVs) - My,
+ (r(@), —u}), v, — H(‘)/Vs)a'fh + (v, = (V x )", (vg — l'IOVvs) X 057, -

In what follows, we bound each term on the right hand side of (31), by applying the
Cauchy-Schwarz inequality, the definitions of the error indicators (6a), (6e), the relation
(4g), the approximation properties of 1'[% and the inverse inequality, we have

*:
— 2 0 —1 0
(f—eVpn +xew, =V x Vxwy, v = TIyv) 7, < Y hg'ngalve — Ty vslix
KeT,
-1 14
<Y g nka K lvsllex
KeT,
-1
<hMvsllea Y nxs
KeT,
*:
e~ 0 14 —1/2
(T @, —uj), vy — TIYvi)az, S A Ivslleq 1P e @), — oz,
*:

v — (V xup), (vg = TIvy) x m)yz;, = (n x (v — V x wp), vy — N9 V)97,

0
< > Imx v =V xu)llak lIve — T vs llax
KeT),
—1/2 0
< Y Imx =V xwp)llak kg2 lvs — D4 vlik
KeT,
—1/2
sy (hk Pivelex Y nx(vh—qumnF)
KeT), FedK
—1/2 —1/2
< Z (hK Plvsle.x Z il nF,s)
KeTy FedK
-1
S vllea Y D nes
KeTy, FedK
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*:
(e —up), 0y — u}?P)Th < le(a —wp) 7wy, — u;?P”Th
S A2 e —wp) 7 Iy —T) x nllyg;,
*.
(€MYvs-n—vy-1), i — Pi)oz, S hT V2 Ivslleq llpn — Pullazs -
*.

(e(u—up), Vo)1, < lle(u—w)l7 Vel

v 12

S le—uwp) g, (W2t (pn — P)lloz, + 112y —0)) x nlly7;,) .

Where in the last inequality, we have used (23) for ¥ in place of ¢. Using Young’s inequality
in the above equations and replacing in (31), we get

2
e —upllz +(V x @—w), V xv)g, S lle@—wplF + (A1 Y 0k
KeT,
2
2
+ (B e @, iz )+ (YD DD ks
KeT, Fedk

2
+ (1215 on = Bl
2 2
+ (102 =) xnllg, )+ (n 720 = Bullaz; )+ vl g

According with the continuous embedding, we rewrite v, by using (26) and (23), we have
P
Vsl S IVl + 1V x v,lE = lu —w = VolZ, + 1V x (@ -,

S IVl + e — a1 + 1V x @ —u?)|2
< (0P n = Bllaz)” + (12 @y — ) x nllag; )
+lle—up)li% + ey —ud) i + 1V x @—uX)|%
< (P n = B lloz)” + (1@ =) x nllaz)” + lle — ),
HIV x @ —u")3%
thus

le@—upliZ +(V x @—wu), V x v, < 8 llem—up)ll
2

2
(W ]+ (1@ - wlr)
KeT,
2
+ (

WU D s |+ (Pl —Ph)IIaT,,)

KeT, FeoK
12 2
17"/ (wy, — @) x nllyT;,)

2
— - p
+ (W 2lp = Balaz )+ IV x (@ = uZD) .
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Finally, replacing in (28), we conclude

2
P - —
19 ¢ (= u) 1, < 102y =) < nl, + (570 30 nk
KeT,
2
+ (H I @ — g, )
2
- ~ 2
AR D ea |+ (P llwon — P leT)

KeT, FeoK

2 3 N 2
+ (102 @y =) x nllon,)” + (H 1o = Pallaz, )
+ 8% e —uy)||7; .
Then, choosing $ small enough and using the fact that 0 < i < 1, (24) is deduced from the
last inequality. O
Lemma7 Let (v, u, p) € H(curl; ) x X&, x Hy() and (Vi Wy, pi, W), pr) € Vi x Vi X
Qn x MgQP x My, be the solutions of (2) and (4), respectively. There holds

-1/2

IV xuy = villg, S A2y, —0)) x nllyz,. (32)

Proof By testing (2a) with w, apply the Green’s identity and subtracting (4a), we obtain the
next error equation
V=V, W) —(u—uy VXxWwg — @ —a),wxn)yz =0 Yw eV,

apply the Green’s identity to the second term and using again (2a), it follows

V=vp. W7 —(Vx@=—uy), w7z +(@—uw) wxn)yz — @ —&,wxn)z =0

(V xuy —vh,w)q;, — ((u;l —ﬁ;l) X n, w>3771 =0.

Afterwards, by defining w := V x u;, — v;, applying the Cauchy-Schwarz inequality and
the inverse inequality ( [18], Lemma 1.46), we obtain (32). ]

Finally, gathering together all the previous results, we deduce the following upper bound
for the error in terms of the error estimator and the index ¢ appearing in the continuous
embedding (25).

Corollary2 Let (v,u, p) € H(curl; Q) x X%P X H(])(Q) and (Vi Wy, pp, W), pp) € Vj X
Vi, xQp x MgQP X My, be the solutions of 2 and 4, respectively. If the stabilization parameters
satisfy |t| and |t,| to be proportional to one, then

Ep Sh '+ o+ 1% 408 + 118 + 0,
where the terms on the right hand side have the following form n = ZKeTh nK.1,
. 3y . . 9 .
m = Zke’[h nK.2 My = ZKET;, D Feok NF.L Ny = Zke’[h D Fesk MF2 M3 =
9.

ZKGT;, > Feok NF.3 and ny = ZFESI\I‘ NF 4.

The above estimates imply that error estimator is reliable, i.e., E; < n when ¢ = 1. This
happens, for instance, when I' = I'( (see for instance Section 3.4 [22]). In our setting I is
the union of two disjoint sets I'g p and I'y, therefore it is not possible to guarantee £ = 1 in

(25). However, the numerical experiments in Sect. 5 suggest that the estimator is still reliable
even in this case.
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4.2 Local Efficiency

In this section we want to study whether or not our a posteriori error estimator shows local effi-
ciency, based on the techniques devised by Verfiirth, applying some properties of the bubble
functions. Given an element K, a bubble function is defined as Bgx := (d + 1)‘“‘l H?:ll Ais
where X; is a linear nodal function in the i vertex of K. Hence, supp(Bx) C K, Bx =0
on K and Bg € [0, 1]. If the function is built on a face F, then B := d¢ ]_[fl=l Ai, for
i vertex of F. In this case, supp(Br) C {K € 7, : F C 0K}, BF = 0 on 0K\F and
Br € [0, 1]. Now, let us introduce the properties of the bubble functions, which were proved
in [2], Theorems 2.2 and 2.4.

Lemma 8 For given K € 7, F C 0K, ¢ € P(K) and € P(F), it holds

_ 1/2
cgly < I1BY 613 < Cligllk,

_ 1/2
cvl% < 1By I3 < Clv %,

1/2
ClvI} < 1B 2Lank < Clyl.

where L : C(F) — C(K), L(¢) € P(K) and L(@)|F = ¢, for all p € P(F).

In the following Lemma we will employ the properties stated in Lemma 8, in order to
study the efficiency of our estimator.

Lemma9 Forall K € Ty, it holds

nk.1 Soscl, K) + Ip — pullk +«*hille@—up)llx + IV x @—up)lx, (33a)
nk2 Sose(V-£,K)+ IV(p — pw)lix +«2lle(a—wy) g (33b)

Proof If we define R, := f —€Vp, + k2eu, — V x V x uy, the proof follows the same
steps as the proof of Lemma 6.4 in [13]. O

Lemma 10 Forall K € T, and F € 0K, there holds
nr3 S Ive =V xupllk.
Proof The bound is deduced by the definition of nr 3 and the discrete trace inequality. O

Lemma 11 Forall F € &;, there holds

nr4 Sose(V-f, wp) + osc(f, wr)
i lle@ — W) lop + Ko 1Ta(Ph = Pi) lowr + V(P — pi)lloy
where wp == U{K € T;, : K N F # ).

Proof Let F € &;, for a given w € H(l) (wF), we consider the product between Eaain" and

w. Then, after applying integration by parts and using the divergence of (2b), we obtain that

<[[€8th]] R w> =(V.f— MpV- f, W) + (o (V - f +K2V ~(eup) = V- (€Vpp)), Wep
F

— 2V - (eup), Wy + E@V(P — pp)s VW)ory,
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from which, using the Lemma 8, the properties of the extension operator £, choosing w :=
BrL <[[€83% ), applying Cauchy-Schwarz inequality and inverse inequality it follows that

|[5]

2
SUV-E =TV flloy + 1TV - £+ 2V - (ewp) = V - @V i)y
F

_ - _0pn
UV - @V )l + S IEV (D — pi)lar) HBp.c ([[eﬁ]])

wF
where, by using the Lemma 8 again, we get

o< (51

Shil?

wF

e-th
on

F

Thus, from (22)

12 || [=9pn _
hF/ HGEH Shpl|V £ =TV -fllo, +hp|V - +k>V - (eup) = V- @Vpp) oy
F
172 -~ 12, —1/2 1=
2221w — Bi)llawr + 1 2h 21V (p = pi) o
Hence, we conclude the proof from definitions of nr 4, ng 2 and from (33b). ]

Proof of Theorem 1 Tt follows from Corollary 2, Lemmas 9 and 11.

5 Numerical Results

The numerical experiments were carry out by adapting the routines that we used for the
implementation of the proposed HDG method in [10].
The stabilization parameters are set to be T = —i, 1, = i in all the experiments and
therefore, a rate of convergence of order #/**! in the L? norm is expected for smooth solutions.
For an unknown w € {v, u, p} the experimental order of convergence is defined as

lw—wp llo/lw—wnla

rny =3 N1/N;

; (34)

where N and N, are the number of elements of two consecutive meshes of sizes &1 and £,
(h1 > hy), respectively. In the same way we define the experimental order of convergence
r(Ep) for the global error Ej, [cf. (5)]. In addition, we recall the global contribution of each
of the local error indicators specified in (6), as follows

172 172

2 . 2 Q.

Z Nk .1 s m = Z Nk 2 , n:
KeTy, KeTy,

UE (Z Zn%,z) S (Z Zn%,s) , n2:=(2nfr,4) :

n:

(Z > fﬁm)]/z,

KeT, FedK

KeT), FedkK KeT, FedK Fe&;

Their respective experimental order of convergence are defined as in (34), where now the
error estimator takes the place of the error.
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Table 1 Rate of convergence and errors of Example 1 with t = —i and 7, =i

k  Nelts IWv—=vull, lu—wullg lp—pully, rv»  r@ r(p) Ey r(Ep)

1 48 8.99e—01 3.72e—01 2.23e—02 - - - 8.38e+00 -
384 2.88e—01 1.08e—01 6.42e—03 1.64 179 179 4.56e+00  0.88
3072 7.84e—02 2.83e—02 1.71e—03 1.88 193 191 230e+00  0.99
24,576 2.02e—02 7.15e—03 4.46e—04 1.96 198 194 1.14e+00 1.01

2 48 1.77e—01 6.50e—02 5.12e—03 - - - 1.86e+00  —
384 2.49e—02 9.04e—03 5.51e—04 2.83 284 322 48le—01 195
3072 3.21e—03 1.14e—03 6.97e—05 296 299 298 1.18e—01 2.02

3 48 1.28e—02 6.15e—03 4.96e—04 - - - 2.25¢e—01 -
384 1.01e—03 4.56e—04 3.06e—05 3.67 375 402 3.23e—-02 280

3072 6.74e—05 3.03e—05 2.02e—06 390 391 392 4.18e-03 295

Error estimator and its rate of convergence

5.1 Uniform Refinement

Example 1 We consider a unit cube Q := [0, 113 divided in two regions Q4 := [0, 1] x
[0, 1] x [1/2, 1] and 2, := [0, 1] x [0, 1] x [0, 1/2], which are discretized by a sequence
of quasi-uniform tetrahedral meshes. Each element of the meshes satisfies that its interior
belongs to either Q; or €2,,. Based on [19], we choose the wavelength A := 4.5 (450 nm)
and recall that k := 2w /Ap, that is, k = 1.3963. Moreover, we use the following values
for the relative electric permittivities, €5 := 2.7124 and ¢, := —5.8828 + i 0.6650, which
corresponds to the silicon oxynitride and evaporated silver, respectively. We consider the
exact solution u(x, y, z) := (0, uz2(x, y, 2), 0)T, where

exp (—ik/eq (z —0.5)) +exp (ix/eq (z — 0.5)) , if 2 > 0.5,
exp (—ik/ém (z — 0.5)) + exp (ik /& (z — 0.5)) , if z < 0.5,

assume that p(x, v, z) := 0 and calculate the values of f and g, taking into account the exact
solution. We impose quasi-periodic boundary conditions on the vertical walls.

uz(x,y,2) = {

Example 2 In this example we also consider a unit cube 2 := [0, 113 but take as exact solution
the quasi-periodic function

ur(x, y,2) = exp (=i [kxx + kyy —2(z — 1]),

with ky := Kk sinf cos @, ky := Kk sinf sin @, k; := (/c2 —Kf —K\z,)l/z, 0:=mn/3and ¢ :=m.
The boundary conditions on the vertical walls are of quasi-periodic type.

In the history of convergence displayed in Tables 1 and 4, it is observed a rate of conver-
gence of k + 1 for the both unknowns, u and v, which is better than the predicted results
in the Corollary 1. Moreover, we include the error of the a posteriori error estimator and its
associated rate of convergence, which tends to the expected order k.

The error indicators and their rates of convergence appear in Tables 2, 3, 5 and 6. As we
pointed out before, in this case the continuous embedding (25) holds true for ¢ € (0, 1),
therefore Corollary 2 cannot guarantee reliability of the estimator. However, the effectivity
index, eff := n/Ej, reported included in Tables 3 and 6 remains bounded for each polynomial
degree.
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Table2 Rate of convergence and errors of the boundary terms of the error estimator of Example 1 with t = —i

and 1, =1

k  Nelts ol n3 n3 nd rady  r@d)  r@md  rmd)

1 48 2.43e+00 2.62e—01 1.41e+01 1.23e+00 - - - -
384 1.43e+00 1.6le—01  7.78e+00 6.55e—01  0.76 0.70 0.86 0.91
3072 7.58e—01  8.70e—02  4.00e+00 3.15e—01  0.92 0.89 0.96 1.06
24,576 3.86e—01  4.50e—02  2.01e+00 1.52e—01  0.97 0.95 0.99 1.05

2 48 472e—01  5.21e—02  3.76e+00 6.65e—01 - - - -
384 1.33e—01 1.39e—02  1.02e+00 1.89e—01 1.83 1.90 1.88 1.81
3072 3.43e—02  3.70e—03  2.54e—01 523e—02 1.96 1.91 2.01 1.85

3 48 4.49e—02  6.04e—03  6.49e—01 1.65e—01 - - -
384 6.89¢e—03  8.83e—04  9.60e—02  2.70e—02  2.70 2.77 2.76 2.61
3072 9.13e—04  1.19e—04  1.26e—02  3.75¢—03 291 2.89 2.93 2.85

Table 3 Rate of convergence and errors of the volumetric terms of the error estimator of Example 1 with

t=—iandt, =1
k Nelts n n r(n) r(m2) n r(m) eff
1 48 7.37e+00 9.87e—02 - - 1.62e+01 - 1.93
384 3.76e+00 2.53e—02 0.97 1.96 8.79e+00 0.88 1.93
3072 1.89e+00 6.68e—03 1.00 1.92 4.50e+00 0.97 1.96
24,576 9.43e—01 1.70e—03 1.00 1.97 2.26e+00 0.99 1.98
2 48 3.08e+00 8.23e—01 - - 4.99¢e+00 - 2.68
384 8.55e—01 2.63e—01 1.85 1.64 1.38e+00 1.86 2.87
3072 2.17e—01 7.26e—02 1.98 1.86 3.48e—01 1.99 2.94
3 48 8.24e—01 3.07e—01 - - 1.11e+00 - 4.92
384 1.19e—01 5.55e—02 2.79 2.47 1.65e—01 2.74 5.12
3072 1.56e—02 7.72e—03 2.94 2.85 2.18e—02 2.92 5.22
Effectivity index associated to the error estimator
Table 4 Rate of convergence and errors of Example 2 with t = —i and 7, = i
ko Nelts  [v—villz, lu—wlg lp—pally, r®  r@  r(p)  E r(Ep)
1 48 1.37e—01 2.37e—01 7.38e—02 - - - 7.49e+00 -
384 4.06e—02 1.02e—01 3.49e—-02 176 122 1.08 5.23e+00 0.52
3072 8.00e—03 2.98e—02 7.42e—03 234 177 223 2.84e+00  0.88
24,576 1.46e—03 8.26e—03 1.31e—03 246 1.85 250 1.44e+00 098
2 48 3.28e—02 8.69e—02 9.18e—02 - - - 4.85¢+00 -
384 8.52e—03 3.19e—02 1.76e—02 195 145 238 2.15e+00 1.17
3072 1.05e—03 4.13e—03 2.35e—03 3.02 295 291 594e—01 1.85
3 48 2.89e—02 7.58e—02 4.86e—02 - - - 3.60e+00 -
384 2.18e—03 6.73e—03 3.88e—03 373 349 365 643e—01 245
3072 1.42e—04 4.84e—04 2.66e—04 394 380 3.87 884e—02 286

Error estimator and its rate of convergence
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Table5 Rate of convergence and errors of the boundary terms, that appear in the error estimator of Example 2,
witht = —iandt;, =i

k  Nelts  nf n3 n3 ng rady  r@md)  rmd  rad)
148 63901 873e—01 190e+00  5.17¢+00  — - - -
384 323e—01 858—01 1.01e+00  7.76e+00 098  0.03 092  —0.59

3072 1.44e—01  5.23e—01  3.95¢e—01  4.97e+00 1.17 0.71 1.35 0.64
24,576  5.6le—02  2.84e—01 1.74e—01  2.74e+00 1.36 0.88 1.18 0.86

2 48 1.94e—01  5.55e—01 1.35e+00 8.83e+00 - - - -
384 8.99e—02  2.88e—01  7.08e—01  4.59e+00 1.11 0.95 0.93 0.94
3072 2.52e—02  8.00e—02  2.22e—01 1.22e+00 1.83 1.85 1.68 1.91

348 1.73e—01  3.51e—01  2.13e+00 7.16e+00 - - - -
384 2.60e—02  6.73e—02  3.39e—01 1.73e+00 2.73 2.38 2.65 2.05

3072 3.64e—03  9.56e—03  4.86e—02  2.50e—01 2.84 2.81 2.80 2.79

Table 6 Rate of convergence and errors of the volumetric terms of the error estimator of Example 2 with

v = —i and 1, = i. Effectivity index of the error estimator

k Nelts n m r(n) r(m2) n r(n) eff

1 48 9.57e—01 8.48e+00 - - 1.02e+01 - 1.36
384 4.09e—01 5.76e+00 1.23 0.56 9.77e+00 0.07 1.87
3072 1.58e—01 2.88e+00 1.37 1.00 5.78e+00 0.76 2.04
24,576 7.05e—02 1.44e+00 1.17 1.00 3.11e+00 0.89 2.15

2 48 1.21e+00 8.81e+00 - - 1.26e+01 - 2.60
384 6.19¢e—01 3.10e+00 0.97 1.51 5.63e+00 1.16 2.62
3072 2.63e—01 8.29¢—01 1.24 1.90 1.52e+00 1.89 2.56

3 48 2.79e+00 7.57e+00 - - 1.10e+01 - 3.04
384 5.19e—01 1.38e+00 243 2.46 2.30e+00 2.26 3.57
3072 7.38¢—02 1.99e—01 2.81 2.79 3.32e—01 2.79 3.75

5.2 Adaptive Refinement

The adaptive refinement can be carried out following the next steps:

Solve the variational problem in a coarse mesh.

Estimate ng, for each K € 7p,.

Mark each K € Ty, such that ng > 0 maxgeg, Nk, for 0 € [0, 1].

Refine the coarse mesh and repeat the algorithm until the established stopping criterion
allows it. In this step, we use the free library TetGen integrated with MATLAB, see
https://wias-berlin.de/software/tetgen/.

In the adaptive procedure, the a posteriori error indicators help to identify the elements of
a mesh where the errors are bigger than others. Once those parts are found, the algorithm
refine them to generate a new refined mesh, as we will illustrate in the following example.

Example 3 (L-shaped domain) With the aim to illustrate the adaptive performance of our
HDG scheme, we include an experiment in a L-shaped domain  := [—1, 1] x [—1, 1] x
[0, 11\ ([0, 1] x [—1, 0] x [0, 1]) occupied by a material with relative permittivity € := 1.
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Fig.2 Total error Ej, versus 097 & —— T g
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Fig.3 Approximation of the electric field intensity |u, | and corresponding adaptive refined mesh of Example 3
with k = 1 and N = 41226

As in Section 5 of [14], let us consider the exact solution p(x, y, z) := 0 and u(x, y, z) :=
0S8 9S
( ox’ dy’
(r,0) and n is a given number. Moreover, as in the above examples, the source term and
boundary data were derived from the exact solution. This manufactured solution belongs
to [H79())? for all § > 0. The stabilization parameters satisfies |[t| = |t,| = 1 and we

choose n such that %” =t.

T
n 2n6
0) ,where S(r, 0) := ¥ sin (%) is given in terms of cylindrical coordinates

The adaptive refinement of our domain was carried out for k = 1 and we began with a
coarse mesh of 18 elements, in which were marked the tetrahedra K that satisfy the adaptive
criterion ng > 6 maxge7;, Nk, for @ = 0.1, in order to refine them.

Figure 2 depicts the obtained errors versus the number of the elements when ¢ = 1.35,
the meshes are uniformly refined (blue) and by using adaptive criterion (red).

6 Concluding Remarks

In this contribution, we extend our a priori error analysis of the HDG method for Maxwell’s
equations in heterogeneous media with Dirichlet boundary condition, to a problem with quasi-
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periodic boundary conditions on the vertical boundaries of the physical domain. Although,
for the real problem it is still necessary to considered transmission conditions on the top and
bottom of the cell, the obtained theoretical and numerical results allow us to classify our
method as suitable for carrying out the numerical approximation of the solution for this type
of boundary value problems (Fig. 3).

With the aim to strengthen our stability estimates, we develop an a posteriori error analysis
for the HDG scheme. Based on the confiability and efficiency proofs of the proposed a
posteriori error estimator, we decide to corroborate the theoretical results by means of some
numerical experiments. In them, we use uniformly refined meshes and depict the history of
convergence in some tables.

The performance of the adaptive case was showed for the HDG method proposed for the
problem with Dirichlet boundary condition [10]. The behavior of the error can be observed
in a graph (Fig.2), in which it is compared with the obtained error in the case of uniform
refinement.
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A. Appendix

A.1 Helmholtz decomposition

In this appendix we will extend the Helmholtz decomposition given in [21, section 6], for
spaces with quasi-periodic conditions. Let us remark that the boundary I' = 9€2 is split in

two subsets I'g and I'gp where [p and l_“Qp are compact Lipschitz submanifold of I" and 2
is simply connected. Let 3 x 3 matrix value function w satisfying the following symmetry,
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boundedness and ellipticity conditions

3
wij=w; eLY(Q) i,j=123 Y wj&t; > oE|* aeinQ VEeR.
i,j=1

Proposition 1 It holds
L2(Q) = VHEY (Q) @ Hrg, (div); ©)
and the subspaces of the right-hand are closed and w-orthogonal in L2 (), where

HEY () 1= {¥ e HE ()1 ¥ In= e™Hyr Iny, ¥ In= P2y I

Proof The proof follows similar lines to those in [21, Proposition 6.1] taking into account
that HI]JOQP(Q) is a closed subspace of H(Q). ]

A.2 Proof of Lemma 4.1

In this part we present a sketch of the proof of (7c)—(7d), which is included in Lemma 2, by
tailoring the arguments employed in the deduction of the properties stated in Proposition 4.5
of [25].

To begin, we recall the definitions of the moments for Nédélec’s elements ( [35], Definition
5.30), in a tetrahedron K:

M, (W) := i/(w -to)qds : forall q € Pk,l(e)} , for any edge e of K
e

MFp(w) :={ /(w q)dA : forallq € Pr2(F)Aq- n_O}, for any face F of K,

area(F)
Mg (w) := {/ (w-q)dV : forallq e Pk_3(K)},
K

where t, denotes the unit vector in the direction of the edge e. For a given K € 7p, let
{(p;( o {(,o}< Fh {gu;( ») the Lagrange basis functions of P (K) with respect to the moments
for Nédélec’s elements. Then, there exists w¢ € V,Cl that satisfies (7c) and can be decomposed
as

wilk = Z Z“Ke‘pl(e"" Z ZQKF¢KF+ZO[K}7¢K17’

eeLy(K) j=1 Fe&p(K) j=1

where £ (K) and &, (K) denote the set of edges and faces of K, respectively. Here, N,, Np
and N are the number of basis functlons associated to the edges, faces and interior of K,
respectively; and o, K. o) K.F and o) x . are the coefficients that are uniquely determined.
Based on w¢, we build a function in V;, that also satisfies quasi-periodic conditions. To
that end, we just modify the degrees of freedom associated to the edges and faces that belong
to I'2 and I'y. More precisely, let [Zr./. (K) and &r ; (K) denote the set of edges and faces of
K,lyingonT;, j = 1,2, 3 and 4, respectively. We also write Lqop(K) := U‘}zlﬁrj (K) and
Eop(K) = U‘}zlé’rj (K). Let us now recall that we are assuming conformity between the
discretizations of the periodic boundaries I'1-I"> and I'3-I"4. Therefore, for an edge e, (face
F>) belonging to I'», there is an edge e; (face F1) belonging to I'; “aligned” to e, (face F>).
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Similarly for the periodic boundary I's — I's. On each K such that K NTgp = 0, we set
w® = we and, for K such that K N Iop # ¥, we set

Np Ne
QP .__ J J J J
Wk -—Z“K,b‘/’K,b + Z Z“K,eV’K,e
Jj=1 e€ Ly (K)\(Lr, (K)ULr, (K)) j=1

Np
j
+ > > ek 19k, r
Fe€h(K)\(Er, (K)UET, (K)) j=1

NF2
J j
+ D 2 Prrvkn
Feér, (K) j=1
NF,
J J
+ Z Z'BK,F4¢K,F4
Fyelry (K) j=I1
Ne,
J j
+ Z ZﬁK,ez(pK,ez
eeLr, (K) j=1
Ne,

+ Z Z’B{(,m(p{(,eﬂ

es€Lr, (K) j=1

where,

J . iaL _j J _ jaL_J J . JiBL_Jj J . iBL_J

Bx.p =€ "k g Br o =€ "k By p =€ A g By o, = oy
(35)

and K’ is the “neighbor” of K across I'gp.

We notice that w ¢ V;, since all the degrees of freedom associated to interior edges and
faces have remained unchanged. Moreover, the continuity of the Lagrange basis function and
the relation (35), between the coefficients, imply that w2 is quasi-periodic. Hence,

. P J J J
W =wP)k = > D @k~ Prr)Pkp
Fe€r, (K) j=1
Np,
j j j
+ Y D@k~ Brr)Pkr
Fyelr, (K) j=I1
N€2
j j j
+ Z Z(alﬂez - 'BK,ez)(pK,ez
eeLr, (K) j=1
Ne,

J J J
+ Z Z(alf»m - 'BK,64)('0K,64

eseLlr, (K) j=1
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and by using (35), we obtain

sz

/K |w€ — WQP|2 5 hi ( Z Z(aK B lotLa;( F1)2

Feér, (K) j=I1
Nr,

J L_Jj 2
+ Z Z(O{KJ‘} —ef Ok, Fs)

Fyeér, (K) j=1

N, e N, ey

b Y-t Y Yk, - )

ezeﬁrz(K) j=1 646[,1'4([() j=1

Then, taking into account the above estimate and the fact that for a function w, the tangential
trace on a face F is uniquely determined by the degrees of freedom M r(w) and M, (w), we

have that
/|w0—wQ"|25hK< /|n x (W6 — WP
K Freér, (k)7 12
/ Int x (w — w®)?
Fy

Fyelry (K)

X [ k- wnp
Ly (K)

e2eLlr, (K)

+ / InT x (w€ — wQP)|2>
Z L, (K)

e4E£r (K)

L
shK< /|n X W (7 x el W) o
Freér, (K) 2

+ ) /H InT x W+ (™ x ePLwO) g gy 2

Fye€ry (K)

+ ) InT x W4 (0~ x e EwO) g, |
ereLp,y (K) 4

+ Z It x W'+ (n~ x e’ﬁLw”)lK@%lz)

64€£r4 (K) 4

=hK< > [[WC]]QP+ > [[WCHQP

Fre€r, (K) Fyelry (K)
Y [t ¥ [ ).
erxelr, (K) " eseLr, (K) 4

Therefore, we deduce that

Iwe — w7, < IR 2[wDqpllirge = I1"/* [Wlqpllrge-

The last equality since y; (W) = y;(w°) on I'gp.
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Finally, (7c) follows by adding and subtracting w € Vj, in [w® — w@|| 7, , applying the

triangle inequality together with the above expression and (7a). The estimate (7d) is obtained
using the inverse inequality ||V x (w — WQP)HTh < hYw = WQP”Th and (7¢).
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