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Abstract

We extend the Adaptive Antoulas-Anderson (AAA) algorithm to develop a data-driven model-
ing framework for linear systems with quadratic output (LQO). Such systems are characterized
by two transfer functions: one corresponding to the linear part of the output and another one
to the quadratic part. We first establish the joint barycentric representations and the inter-
polation theory for the two transfer functions of LQO systems. This analysis leads to the
proposed AAA-LQO algorithm. We show that by interpolating the transfer function values
on a subset of samples together with imposing a least-squares minimization on the rest, we
construct reliable data-driven LQO models. Two numerical test cases illustrate the efficiency
of the proposed method.

Keywords Data-driven modeling - Model reduction - Nonlinear dynamics - Interpolation -
Least-squares fit - Barycentric form

1 Introduction

Model order reduction (MOR) is used to approximate large-scale dynamical systems with
smaller ones that ideally have similar response characteristics to the original. This has been
an active research area and many approaches to MOR have been proposed. We refer the reader
to [1, 3, 6,9, 37, 39] and the references therein for an overview of MOR methods for both
linear and nonlinear dynamical systems.

MOR, as the name implies, assumes access to a full order model to be reduced; in most
cases, in the form of a state-space formulation obtained via, e.g., a spatial discretization of the
underlying partial differential equations. Then, the reduced order quantities are computed
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via an explicit projection of the full-order quantities. However, in some cases, access to
the original (full order) dynamics is not available. Instead, one has access to an abundant
amount of data, such as input/output measurements, snapshots of the state variable in the
time domain, or evaluations of the transfer function(s) in the frequency domain. In this
case, the goal is to construct an approximant (surrogate model) directly from data, which
we refer to as data-driven modeling. This is the framework we consider in this paper. Such
scenarios arise frequently in many applications such as circuit modeling where the modeling
of distributed/integrated circuits characterized by many components is done by the frequency-
domain data using, e.g., the S-parameters [27]. Structural dynamics is another example.
Even when a mathematical model of a highly complex physical structure is not available, the
structural (displacement and velocity) time and frequency domain responses can be measured
accurately at specific locations on the structures, thanks to the advances in testing capabilities
and the near ubiquitous deployment of high bandwidth sensing [30]. We refer the reader to
[3,5,8, 12, 16, 26, 36] and the references therein for more details on data-driven modeling.

Specifically, we focus on data-driven modeling of linear dynamical systems with quadratic
output (LQO). In our formulation, data correspond to frequency domain samples of the
input/output mapping of the underlying LQO system, in the form of samples of its two
transfer functions: the first transfer function being a single-variable one and the second a
bivariate one. For this data set, the proposed framework first develops the barycentric ratio-
nal interpolation theory for LQO systems to interpolate a subset of the data and then extends
the AAA algorithm [32] to this setting by minimizing a least-square measure in the remaining
data.

We note that system identification of general nonlinear systems has been a popular topic. In
particular, we mention here the special case of identifying linear systems with nonlinear output
or input functions, e.g., the so-called Wiener [43] and Hammerstein models, respectively.
Significant effort has been allocated for identification of such models; see, for example, [17,
23], and the references therein. Nevertheless, the methods previously mentioned are based in
the time domain, while in this paper we focus on frequency domain data. We point out that the
frequency-data based Loewner framework was recently extended to identifying Hammerstein
models in [24].

The rest of the paper is organized as follows: We discuss LQO systems and their transfer
functions in Sect. 2, followed by a review of barycentric rational approximation for linear
systems and the AAA algorithm in Sect. 3. Next, we develop the theory for barycentric repre-
sentation and multivariate interpolation for LQO systems in Sect. 4. Based on this analysis,
in Sect. 5, we present the proposed algorithm, AAA-LQO, for data-driven modeling of LQO
systems. The numerical experiments are given in Sect. 6 followed by the conclusions in
Sect. 7.

2 Linear Systems with Quadratic Output

In state-space form, linear dynamical systems with quadratic output (LQO systems) are
described as

Sieg - {X(z) = AX(t) + bu(), o

¥ () = eTx(1) + K[x() @ x(1)],

where A € RNVXN ,b,c e RV ,K e RN 2, and the symbol ® denotes the Kronecker
product, i.e., for the vector x = [x] xp - - vt e ]RN, we have
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2
X®X=[x12 X1X2 X1X3 -+ XX\ ---sz\[]Te]RN.

In (2.1), x(t) € RV, u(t) € R, and y(t) € R, are, respectively, the states, input, and output
of ¥1qo. The quadratic part of the output in (2.1), K[X(t) ® X(t)], can be rewritten as
x (1)Mx(r) with M € RV*V with K = vec(M)) where vec(-) denotes the vectorization
operation. In some cases, ¢ = 0 in (2.1), and thus the output has only the quadratic term.

The class of dynamical systems (2.1) considered in this paper is particularly useful when
the observed quantity of interest is given by the variance or deviation of the state variables
from a reference point [7]. Particular examples are random vibrations analysis [29] and
applications in which the observed output is expressed as an energy or power quantity [7].

Several projection-based MOR methodologies have been already proposed for LQO sys-
tems. More precisely, balanced truncation-type methods were considered in [7, 35, 41], while
interpolation-based methods were used in [19, 42]. All these methods explicitly work with
the state-space matrices A, b, ¢ and K in (2.1). The main goal of this work is to develop a
data-driven modeling framework for LQO systems where only input-output measurements,
in the form of transfer function evaluations, are needed as opposed to a state-space repre-
sentation. Therefore, we first discuss the transfer functions of this special class of dynamical
systems.

2.1 Transfer Functions of LQO Systems

Many classes of nonlinear systems can be represented in the time domain by generalized
kernels as presented in the classical Wiener or Volterra series representations. Generically,
infinite number of kernels appear in such series, corresponding to each homogeneous sub-
system. For more details we refer the reader to [38, 43].

For the LQO system (2.1), the nonlinearity is present in the state-to-output equation only
and one can write the input-output mapping of the system in the frequency domain using two
transfer functions: (i) one corresponding to the linear part of the output, i.e., y;(¢) = cTx(1)
and (ii) one corresponding to the quadratic part of the output, i.e., y2(¢) = Kx(t) ® x(t)).
These transfer functions were recently derived in [19] using their time-domain representa-
tions. In the next result, we introduce and re-derive them for the completeness of the paper
and to illustrate to the reader how they naturally appear.

Lemma 2.1 Consider the LQO system in (2.1) with x(0) = 0. Let the input u(t) be a sum of
the J harmonic terms, i.e.,

J
u(t):Zei“’/l, where wj >0 for j=1,2,...,J, (2.2)
j=1
and i = —1. Then, the output in steady-state is given b
D y 8 y
J ' J T '
yss(0) = D Hiliw)e i+ % " Halio; iwg)e! @t 23)
j=1 j=11t=1
where
Hi(s) =c sy —A)~"'b (2.4)

is the single-variable rational transfer function corresponding to y(t) and

Ha(s,2) = K[(SIN —A) b ® Gy — A)—lb] 2.5)
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is the two-variable rational transfer function corresponding to y>(t) with Ins denoting the
identity matrix of size N' x N.

Proof For the input u(¢) in (2.2) and with x(0) = 0, the solution of the linear state-equation
in (2.1) in steady-state can be written as a sum of scaled complex exponential functions as

J
X)) = Y Gilio)e'", (2.6)

j=1
where G (s) = (sIyy —A)~'b. Substituting (2.6) into the output equation of (2.1), we obtain

J J J
Ys() =€ Y Giliw)e ' + K[ D Giliw)e”' | @ [ D Giliwpe™ ]
=1 =1 =1
, ! , ! ] 2.7)
= " Gilw)e" + >3 "K[Gi(iw)) ® G (i) ]e! ",
j=1 j=le=1

Substituting Gi(s) = (sIny — A)~!b back into the last equation yields the desired result
(2.3) with Hi(s) and H> (s, z) as defined in (2.4) and (2.5). ]

Lemma 2.1 shows that the LQO system (2.1) is characterized by two transfer functions,
namely H(s) (corresponding to the linear component y;(¢) in the output) and Ha(s, 2)
(corresponding to the quadratic component y,(¢) in the output). As in the classical linear
case, Hj(s) is a rational function of a single variable. On the other hand, H>(s, z) is also
a rational function, but of two variables. These two transfer functions that fully describe
the LQO system (2.1) will play the fundamental role in our analysis to extend barycentric
interpolation and AAA to the LQO setting. Before we establish the theory for LQO system:s,
we will briefly review the AAA algorithm for linear systems in Sect. 3.

Remark 2.1 In the proposed framework, we will require sampling the two transfer functions
Hi(s) and H;(s, 7). This could be achieved by exciting the system (as a black box) with
purely oscillatory signals (sines and cosines) as control inputs. Then, as shown in Lemma 2.1,
measuring the steady-state part of the observed outputs corresponding to these inputs yields a
linear combination between the required samples and complex exponentials. The two transfer
function evaluations are, then, inferred from the harmonics of the output spectrum (in the
frequency domain), by performing spectral (Fourier) transformations on the measured time-
domain signals. For more details on such procedures in a similar setting, e.g., for inferring
measurements of generalized transfer functions of bilinear systems, we refer the reader to
[25]. We also note that [40] examines systems described by two time-domain kernels together
with their Fourier transformations (deemed as transfer functions) and their measurements.
Even though no explicit representation of these functions are considered in terms of a state-
space realization, those ideas also equally apply to sample Hj(s) and H;(s, z) as well.

Remark 2.2 For the special case of K = a(c” ® ¢!), we obtain y»(f) = .y} (t) where « is a
scalar. Thus, in this case the output y(¢) is a quadratic polynomial in the linear output y; ()
and the LQO model can be interpreted as a Wiener model [43]. However, our focus here is
on general LQO systems without this special case.
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3 Barycentric Rational Approximation for Linear Systems and the AAA
Algorithm

For an underlying function H(-) : C — C, e.g., transfer function of a single-input/single-
output (SISO) linear dynamical system, assume the following set of measurements:

{H(s;)} € C where s; € C fori=1,2,...,N;. 3.1
Partition the sampling points into two disjoint sets:

{51, 058} = (&1 E JULEL o ENen )

def =

§ U §

We will clarify later how this partitioning is chosen. Based on (3.2), define the sampled values

(3.2)

def def

h;

H(E) fori=1,2,...,n, and ﬁj

H(E;) for j=1,2,..., Ny —n,

and the corresponding data sets

def def

{hi,....hy} and h == {hy,... "y, n}). (3.3)

h

Define the rational function 7 (s) in the barycentric form [11], a numerically stable represen-
tation of rational functions':

wyhy
s—§
r(s) = % = 7](:1’1 ¢ , 34
s Wi
1+
; s — &

where & € C are the sampling (support) points and the weights wy, € C are to be determined.
By construction, the degree-n rational function r(s) in (3.4) is a rational interpolant at the
support point set &, i.e.,

rE) = he for k=1,2,...,n, (3.5)

assuming wi # 0. Then, the freedom in choosing the weights {wy} can be used to match the
remaining the data hin an appropriate measure.

Assuming enough degrees of freedom, [2] chooses the weights {wy} to enforce interpo-
lation of h as well, by computing the null space of the corresponding divided difference
matrix, thus obtaining a degree-n rational function interpolating the full data (3.1). We skip
the details for the conditions to guarantee the existence and uniqueness of such a rational
interpolant and refer the reader to [2, 3] for details.

The Adaptive Antoulas-Anderson (AAA) algorithm [32], on the other hand, elegantly
combines interpolation and least-squares (LS) fitting. In the barycentric form (3.4), which
interpolates the data h by construction, AAA chooses the weights {wy} to minimize a LS
error over the data h. Note that the LS problem over h is nonlinear in the weights {wy} since

I With the addition of 1 to the denominator, we guarantee that r(s) is a strictly proper rational function with
a numerator degree n — 1 and the denominator degree n. This is done in the anticipation of the dynamical
system in (2.1) we aim to approximate where there will be no direct input-to-output mapping. This is not a
restriction, and the numerator and denominator degrees can be chosen in a different way [11, 32].
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these weights appear in the denominator of (s) as well. AAA solves a relaxed linearized LS
problem instead. For a sampling point &; in the set £, AAA uses the linearization

(= 1@ = — (ha@) — @) ~ hia @) — pE). (36)
q(&i)
leading to the linearized LS problem
Ng—n
Jmin > [ hiaG) —p@) (3.7)

i=1

AAA is an iterative algorithm and builds the partitioning (3.2) using a greedy search.
Assume in step n, AAA has the rational approximant r(s) as in (3.4) corresponding to the
partitioning (3.2) where the Welghts {wg} are selected by solvmg (3 7). AAA updates (3.2)
via a greedy search by finding S, € ’;‘ for which the error | r(‘;‘,) — h; | is the largest. This
sampling point is then added to the interpolation set &, the barycentric rational approximant
r(s) in (3.4) is updated accordingly (it has one higher degree now), and the new weights are
computed, as before, by solving a linearized LS problem. The procedure is repeated until
either a desired order or an error tolerance is obtained. For further details, we refer the reader
to the original source [32]. The AAA algorithm proved very flexible and effective, and has been
employed in various applications such as rational approximation over disconnected domains
[32], solving nonlinear eigenvalue problems [28], modeling of parametrized dynamics [13],
and approximation of matrix-valued functions [20].

4 Barycentric Representations for LQO Systems

To develop interpolating barycentric forms for Hj(s) and H(s, z), we first need to specify
the data corresponding to the underlying LQO system X| qo. The first transfer function Hj (s)
of ¥ qo is a single-variable rational function and, as in Sect. 3, we sample H; (s) at distinct
points {sy, ..., sy, } to obtain the data set

{Hi(s;)} € C where s; € C for i =1,2,..., N;. 4.1)

The second transfer function H»(s, z), on the other hand, is a function of two-variables.
Therefore, in agreement with the data (4.1), we will sample H(s, z) at the corresponding
rectangular grid: fori, j =1,2,..., Ny,

{Hy(si,s;)} € C where s;,s; € C. 4.2)
Partition the full set of sampling points into two disjoint sets
b1, sn =18, & ULEL v ) =E UE (4.3)

and define the sampled values (measurements):

def

h; Hi(&) fori=1,2,. 4.4)

and
_def

hij == Hy(§;,§;) fori,j=1,2,. (4.5)

Then, the goal is to a construct a data-driven LQO system directly from these samples without
access to the internal dynamics of X|qo. The partition (4.3) and the error measure used in
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approximating the data will be clarified later. First we will show how the data in (4.1) and
(4.2) can be used to develop barycentric-like representations corresponding to an LQO system.
We will use the notation 1 (s) to denote the rational approximation to Hj(s) and > (s, z) to
Hy(s, 2).

Proposition 4.1 Given the Hi(s) samples in (4.1), pick the nonzero barycentric weights
{wy, wa, ..., w,}. Then, the barycentric rational function

piIls) wmk/
= = 4.6
0= G Z%—a ( X%—&) (40

interpolates the data in (4.4). Let e € C" denote the vector of ones. Define

Ez[wl wg...w,,]Te(C”, E =diag(£y, ..., &) € C", @7
A=8-be’ eC™, and ¢ =[hihy...h,]eC".
Then, r1(s) has the state-space form
ri(s) =¢ (s, — A)~h, 4.8)

where 1, is the identity matrix of dimension n X n.

Proof The fact that r1(s) is an interpolating rational function for the data (4.4) is just a
restatement of (3.5) for completeness. To prove (4.8), we will use the Sherman-Morrison
formula [18]: Let M € € be invertible and u, v € C”" be such that 1 + v*M~lu # 0
where (-)* denotes the conjugate transpose. Then,

M4y = pt - MM 4.9)
a 1+vM-lu’ '
From (4.7) and (4.8), we have
ri(s) =¢ (sI, —A)"'b = [(s1, — E) + be’ 17 'D. (4.10)

To simplify the notation, let &, =i, — A. Then, applying the Sherman-Morrison formula
to the middle term in (4.10) with M = o s, U= b and v = e, we obtain

ri(s) =¢" (<i>_Y +BeT)_l b

A —l~ A—1
o f.-1 ® beld -
=3¢’ <<I>S -4 A_L)b

1+e7® b

Al AL~ A —l~
1~ ® b-ef®d b @ b
— <<1>, R ) =2 @.11)
1+el® b 1+el®, b
Since E is diagonal,
b -1 _ . _ _
o =G6hL—B) =diag(s -5 s =& ]
Then, using the definitions of bandTin (4.7), we obtain
-1 ~ wih -1 “ow
Té b=> L and e’d b= . (4.12)
k=1 % 5k park il
Substituting these last two equalities into (4.11) yields (4.8). O
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We note that state-space realizations for rational functions are unique up to a similarity
transformation. For other equivalent state-space representations of a barycentric form, we
refer the reader to, e.g., [5, 28].

Given the samples of Hj(s) (data in (4.4)) of the LQO system (2.1), Proposition 4.1
constructs the linear part of the data-driven LQO model, directly from these samples. What
we need to achieve next is to use the H» (s, z) samples (data in (4.5)) to construct a two-
variable rational function r;(s, z) in a barycentric-like form corresponding to the quadratic
part of the data-driven LQO model. However, r (s, z) cannot be constructed independently
from ry(s). Once ry(s, z) is constructed, we should be able to interpret r;(s) and ra(s, 2)
together as the linear and quadratic transfer functions of a single LQO system. This is the
precise reason why we cannot simply view r> (s, z) as an independent two-variable rational
function and use the classical multivariate barycentric form [3, 4]. Therefore, (s, z) needs
to have the form

r2(s,2) = K[(si ~A) el - K)ﬂ

where A and b are the same matrices from (4.7) used in modeling r1(s) and K e C! xn? is
the (quadratic) free variable that will incorporate to model the new data (4.5). The next result
achieves this goal.

Theorem 4.1 Assume the set-up in Proposition 4.1 and that the samples of Hy(s, z) in (4.2)
are given. Define the two-variable function r>(s, z) in a barycentric-like form:

Iy ewrwe
Z Z (s — &)z — &)

k=1 £=1

ra(s,z) = m (4.13)

Wk Wi Wy .
1+Zs Z +ZZ(~V—€I<)(Z—§K)

Kl k=1 £=1

Then, ry(s, z) interpolates the data (4.5), i.e.,
r2, &) = Ha(§:,§)) for i, j=1,...,n. (4.14)
Define M e C™" and K e C1*n* using
M1; j =h j for i,j=1,2,....,n and K = [vec(M)]". (4.15)
Then, ry(s, z) has the state-space form
ra(s,2) = K[6I = 2)7'b® (z1 - &)~ 'b]. (4.16)

Proof To prove the interpolation property (4.14) of the barycentric representation (4.13), we
start by introducing various polynomials in one or two variables:

m(s) = [ s — &, M, ) =[[[[6—&c -8,
k:ln k:ik:l ) (4.17)
mi)= [] ¢—&). and M ;s,0= [ ] ¢-&c-4&).
k=1,k#i k=1,k#i t=1,05]
fori, j = 1,...,n. Multiply both the numerator and denominator of (s, z) in (4.13) with

Mi(s, z) to obtain
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pa(s, 2)

(s, z) = , (4.18)
q2(s, 2)
with
pa(s,2) =Y > g ewkweMi (s, 2), and
k=1¢=1 ) (4 19)
q2(s,2) = M(s, 2) + Z wimy (s)m(z) + Z weme(2)m(s) + Z D weweMi (s, 2).

k=1 =1 k=1 ¢=1
Then, evaluate r2(s, z) at s = &; and z = §; to obtain
pai &) hijwiw M (6. 6)
wELE) wiw M jELE)) o
To prove (4.16), we first note that

r2($l7$])

PG BT o b
nG.0 =K [6h - B be el -2 'h] =k e |,
l+el®d b 1 +eT<I>Z b
where we used the fact
A ]~
N -~ i~ N ~ o\ 1~ ® b
sI, —A) b= (q>s +beT) b= —
1+el® b
as shown in deriving (4.11). Since ) s diagonal, we have
w] wi
K s—& =&
r(s,z) = — —= N (4.20)
(1+eTd;b)(1 +eT®,b) wy W
ﬁ =&

Then, substituting into (4.20) the definition of K from (4.15) and the second formula in
(4.12), we obtain

hi ewgwe
Zk | 2b=1 m

ra(s,z) =
(1 )( Xg)
- hk _ Ngewgwe
_ = l,f 16— & —8&) ’ @21)
w wrw
1 ,; AP E ;;(sfs/j(z{fsz)
which concludes the proof. O

The next result directly follows from Proposition 4.1 and Theorem 4.1.

Corollary 4.1 Assume the set-ups in Proposition 4.1 and Theorem 4.1. Then, interpolating
rational functions r1(s) and r>(s, z) jointly correspond to an interpolatory LQO model

100 {f((t) = Ax(1) +bu(n), 42)

5(1) =e%(0) + K[R() ® %(1)].
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In others words, the first (linear) transfer function of Liqo is r1(s) and its second transfer
function is ry(s, z).

Recall the partitioning of sampling points in (4.3). Theorem 4.1 has shown that 7 (s, z)
interpolates Hs (s, z) over the sampling set & x &. What is the value of r, (s, z) over the mixed
sampling sets § x § and & x §? Even though we do not enforce interpolation over these sets,
in Sect. 5 we will need a closed-form expression for the value of r2(s, z) over § x § and
& x &. The next lemma establishes these results.

Lemma 4.1 Let ry(s, z) be as defined in (4.13) corresponding to the sampling points in (4.3)
and the data in (4.2). Then,

wehi g L wihy
- — g] —& R — g] — &
PnEE)=—" T and nELE) = S (423
Wy Wk
1+ _— 1+ =
X_:Sj — & ,;Ej — &

fori=1,...,nand j=1,..., Ny —n.
Proof Proof is given in at the end of the paper. O

It is important to note that the numerators and denominators of r;(&;, E,-) and rp (E,, &) in
(4.23) are linear in the weights wy. This is in contrast to the general form of 2 (s, z) in (4.21)
where both the numerator and denominator are quadratic in w, when evaluated over & x &.

5 Proposed Framework for Data-Driven Modeling of LQO Systems

Section 4 established the necessary ingredients to extend AAA to LQO systems. Given the
measurements (4.1) and (4.2), Proposition 4.1 and Theorem 4.1 show how to construct the
barycentric forms | (s) and (s, z) interpolating this data in accordance with the partition-
ing (4.3). Furthermore, Corollary 4.1 states that r{(s) and r»(s, z) together correspond to
an interpolatory LQO system. Based on these results, we will now fully develop the AAA
framework for LQO systems. The resulting algorithm will be denoted by AAA-LQO.

AAA-LQO will be an iterative algorithm, adding one degree of freedom to the current data-
driven LQO model in every iteration step. To emphasize the iterative nature of the algorithm,
in the nth step of AAA-LQO, we will use the notation r 1(") (s) and rén) (s, z) torepresent a data-
driven order-n LQO model for the partitioning in (4.3). First, for this current partitioning,
in Sect. 5.1, we introduce a LS error measure to determine the barycentric weights {wy}
appearing in the definitions of " (s) and " (s, z) in (4.6) and (4.13). Then, in Sect. 5.2 we
establish a greedy search procedure for updating the partitioning (4.3). The algorithm will
then continue with the LS minimization for the updated partitioning at the (n + 1)th step to
construct r{"'H) (s) and r2("+1)(s, 7). AAA-LQO will terminate after a desired error criterion
is met or a maximum allowed order is achieved as explained in Sect. 5.3.

5.1 A Combined LS Measure for Computing the Barycentric Weights for the Current
Partition

Even though this section introduces and investigates the LS problem in the nth step of AAA-
LQO, to simplify the notation for the complicated expressions appearing in the analysis, we
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will drop the superscript n and use r1 (s) and 5 (s, z) instead (as we did in Sect. 4). However,
they should be understood as the approximants in the nth step. We will reintroduce the
superscripts in Sect. 5.2.

For the full LQO data (4.1) and (4.2), we recall (and repeat) the partitioning of the sampling
points as in (4.3):

(1w ={& . & U{E... By ) =E UE. G.D

Then, r; (s) interpolates H{(s) over & (i.e., it interpolates the data (4.4)) and r, (s, z) interpo-
lates H (s, z) over & x & (i.e., it interpolates the data (4.5)). Also together, r1(s) and 5 (s, z)
correspond to an LQO system. The only remaining degrees of freedom in defining r; (s) and
r2(s, z), and thus the corresponding LQO system, are the barycentric weights {w1, ..., w,}.
We will choose those weights to minimize an appropriate error measure in the uninterpo-
lated data corresponding to the sampling points &. We first introduce the notation for these

uninterpolated values:?
=~ def o~ .
hi =L HE)  fori=1,2,..., Ny —n, (5.2)
def
B3P = HyE. &) for i j=1,2,....Ny—n, (5.3)
B EL Hy .8 fori=1.....n j=1....N,—n, (5.4)
WD EL Hy@Eg for j=1.... No—n i=1.....n. (5.5)

Let w € C" denote the vector of weights to be determined:

wi
w2

Wy

A reasonable error measure to minimize is the LS distance in the uninterpolated data,
leading to the minimization problem

min (Ji + T2+ T+ J) (5.6)
where
1 Ng—n R .
J=— Z(rl@l»)—hi)z, (5.7)
n Ng—n
_ _ 12)
R _n) Zl ]Z: (r2(5, %)) , (5.8)
1 Ng—n n
T= i n 2 2o~ —1%D)?, and (5.9)
$ i=1 j=1
Ng—n Ng—n
T = _n)2 3N G E) - R (5.10)

i=1 j=I

i Since the evaluation of the uninterpolated H (s, z) values occur over three different sets, namely § x E,
& x &, and & x &, we use a superscript to distinguish them. Recall that the interpolated values h; j = Hp(&;, &)
are over § x & only and thus the superscript notation is avoided for h; ;.
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Asin the original AAA for linear dynamical systems, the LS problem (5.6) is nonlinear in w for
LQO systems. The formulation is more complicated here due to the additional (s, z) term.
To resolve this numerical difficulty, we will employ a strategy, similar to the lineraziation
step in (3.6), and solve a relaxed optimization problem. However, the resulting LS problem in
our case will still be nonlinear, yet much easier to solve than (5.6). In the end, we will tackle
the original nonlinear LS problem (5.6) by solving a sequence of quadratic LS problems. We
note that in (5.7)—(5.10), we scale every error term 7; with the number of data points in it.

5.1.1 Quadraticized LS Problem in Step n
We show how to relax each 7; term in the nonlinear LS problem (5.6). The resulting problem
will play a crucial role in the proposed iterative algorithm (Sect. 5.3).

Linearizing J1 The ith term of 71 in (5.7), namely r| (S,) — hj, is the same as in (3.6). This
is natural since r (s) corresponds to the linear part of the LQO system. Thus, we linearize 7
similar to (3.6). Write ry(s) as r1(s) = p1(s)/q1(s), as defined in (4.6). Then, the ith term in
(5.7) is linearized as

ri(&) —hi = (s>(p'(§’) hiqi1E)) ~ p1GE) — hia1E). (5.11)

Substituting p; (s) and g (s) from the definition of 1 (s) in (4.6) into (5.11), one obtains

-~ " wihi > wy " wp(hg —hi) o~
D —hiq&) =) = +)) = = " ;.
@) i@ =Y - ( Z a) 2% %
(5.12)

For a matrix X, let (X);; denote its (ij)th entry. Similarly, for a vector x, let (x); denote its
ith entry. Define the Loewner matrix L. € C™Ns=>7 with

ﬁ'—hk .
(]L),k_E o Pri=loNo k=1 (5.13)
i — Sk

and the vector h € CMs—" with @i = E Then,

Ng—n
3 (1@ — hiai @)’ = [Lw +hy3.
i=1

Therefore, the 7; term in (5.7) will be relaxed to

I -
i~ —lILw + Rl (5.14)

Ny

Linearizing J» and J3 Now we extend the linearization strategy used in Jj, which only

involved the single-variable function r{(s), to the error terms 7, and J3, which involve

r2(s, z). The closed-form expressions for r; (S,-,’S\j) and rz(?j, &) we derived in Lemma4.1

will prove fundamental in achieving these goals.

We start with 7. Write ra(s, z) = pa(s, 2)/92(s, z) as in (4.18). Then, linearizing the
(ij)th term in (5.8) means

rz(éif,,-) - ﬁ,ﬂﬁ) = 1

1 2)
oo P )

JECERIE
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WPZ(EME/) ,j qZ(él»EJ) (5~15)
We substitute pg(gi,%) and q2(&;, ?,-) from (4.23) into (5.15) to obtain
2 wehig _ 702

P& E) — P B =) = — I

! ) & & -

n 7(1.2)

we(h; 57 = hig)
S P A +ﬁ§1]12> . (5.16)
= £ — & ‘

Define the indexing variable a;; = (i — 1)(Ny — n) + j and let h("2 € C*™s=") be the
vector defined as

(H“»?)) =" P forl <i<nand1<j<N —n. (5.17)
ajj ’

Define the Loewner matrix L2 e C*WNs—m*n with entries

2
(L) = Pig” =i, (5.18)
aijt §j — &

forl <i<n, 1< j<N;—n,and 1 <€ < n. Then, using (5.18) and (5.17) in (5.16), we
obtain

n Ny—n
YN (re B~ P 0. E)) = ILw ROV,
i=1 j=1

yielding the linearization of J5:

SR ] (RN N H 5.19
ST —n) H Wt (>-19)
Using similar arguments and the explicit formula for r; @, &;) from (4.23), the 73 term in
(5.9) is linearized to
Ty 120w 4+ B2 H2 : (5.20)
(Ny —n)n 2
where the Loewner matrix LD e C"Vs=mxn and the vector h®D e C*™s—) are defined
as

2,1
(1) = R i g @), =h%P,
vijik %—j — &

withl < j<Ny—n, 1 <i<nl=<k=<nandy;; =(—Dn+i.

Quadraticizing the Jy term In this section we show how to relax the remaining term, Jz, in
the m1n1m1zat1on problem (5.6). Note that thls term includes r; (Sl, S )il e.r (s, z) evaluated
over£ ><§ As we stated earlier, unlike r (&;, “;‘]) (ra(s, 2) over§ ><§) or rz(g‘, ,&j) (r2(s, z) over
& x &), the numerator and denominator of the quantity (“;‘, , S j) is quadratic in the weights
wy. Therefore, relaxing the (ij)th term in J4 via multiplying it out with its denominator,
will not yield a linear term, but rather a quadratic one. Therefore, even the relaxed problem
cannot be solved as a linear LS problem. This is what we establish next.
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Similar to (5.15), relax the (ij)th term in (5.10) using

= 2 1 2,2)
PG &) R = e (12 G &) — 1 G E
T lh(&,fj)( ’ i ’)
—~ p2 & &) — 0 ELE). (5.21)
Using (4.21), we obtain
n wrwehg e
pz(&,é‘,) _ PR VG -80E 50

nGE. &) = (5.22)

TG gy U+ gwk (1 + 3 fj—fl)-
Inserting p> @,’5,) and qz@- , /S\j) from (5.22) into (5.21) and re-arranging the terms yield

2. &) —ﬁf-lf’qz(s,»,%)

wsz(h —he) & wkil\l(?j’-z) - wﬂl\?zj’-z) ~2.2)
+ = + =~—— —h; . (5.23
(ZZ & — Sk)(%']—éz) 2 & — & 2 E—& 1 629

k=1 £=1 k=1 =1

Note that the expression in (5.23) is quadratic in wg, as anticipated.
As we did for 71, J> and J3, to express the resulting expression more compactly in matrix

form, we introduce the (2D) Loewner matrix 122 € C(Ns—m>xn* aq
72,2)
hi 7 — hie
L) e = =L, (5.24)
& — &) — &)
where ojj = (i — 1)(Ny —n) + jand g = (k — Dn + € withi, j € {1,2,..., Ny — n}
and k, £ € {1,2, ..., n}. Then, the «;;th entry of the vector 122 (w® W) € (C(NS_”)2 is

7e2
wrwg (hge — )

12.2) — i , 25
( (W®W)>- ZZ G —t0E — &0 62

k=1 t=1

thus recovering the first sum in (5.23). Next, introduce the matrices Uy, U € (C(N“_”)zx"
such that for 1 <k, ¢ <n,

722 722
U)ok = =2— and (Un)gye = =—. (5.26)
s & WE &
Using U; and U; in (5.26), the last two sums in (5.23) are compactly written as
2,2) n 7~2,2)
n k;l\(» : weh,”
Y= =Uw and Y =" =Uw. (5.27)
o & bk o 5

Define U = U; + U,. Then using (5.26), we write

“,2,” & +& —28)

U)o,k = (U gk + U)oy k = . 5.28
ek = UD ek + (U2)a,jk G —80G —&) (5.28)
Insert (5.24) and (5.28) into (5.22) to obtain

Ng—n Ng—n

Y Y mE 5 i@ 5 = 122 wew + Un 1502|052

i=1 j=1
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where h@2) ¢ (C(NS’")2 is the vector defined as
02y, =02, (5.30)

with ajj = (i — 1)(Ny —n) + j as before and 1 < i, j < Ny — n. The expression (5.29)
yields the final relaxation of Jj:

1 ~ 2
e Uw + 02?2 H . 531
s e [P v @w + Uw + 52| (5.31)

5.1.2 Solving the LS Problem in Step n

Now we are ready to describe the resulting LS problem to solve in Step n of AAA-LQO.
Combining the relaxations J1, J2, J3, and J4 as given in (5.14), (5.19), (5.20), and (5.31),
in the nth step of the algorithm, we need to solve the quadraticized minimization problem

. ~2 =~ 2 =~ 2
min [,01 |Lw +h]; + 02 <HL(1’2)W +h? H2 + H]L@v‘)w +h(2’]’H2)

—~ 2
t s HL(”) (W ® W) + Uw + h®? Hz} , (5.32)

where

1

p1=—— M and p3 = (5.33)

1
Ny—n" """ (Ny—n)n’ (Ny —n)?’

Note that due to the last term, the optimization problem (5.32) is no longer a linear LS
problem, nevertheless can be solved efficiently. One can explicitly compute the gradient (and
Hessian) of the cost function and can apply a well-established (quasi)-Newton formulation
[33]. If we were to have a one-step algorithm whose solution were determined by (5.32), we
would employ these techniques. However, solving (5.32) is only one step of our proposed
iterative algorithm. As the iteration proceeds (and as n increases), the vector w (and the
data-partition) will be updated and the new optimization problem with a larger-dimension
needs to be solved. Therefore, we will approximately solve (5.32) in every step.

One can obtain an approximate solution to (5.32) in various ways. In our formulation, we
will first solve part of the problem (5.32) that can be written as a linear least-squares problem
in w, namely

—~ ~ 2 ~ 2
min [,01 |Lw + 8] + 02 <H}L(1’2)w +h0? Hz n H]L(z’l)w +heD H2> ’ . (5.34)

The optimization problem (5.34) is a classical linear least-squares problem:

p1L
W = arg min o1 | w h(l 2 (5.35)
w o121 hen

With w, we further relax the last term in (5.32) as
P332 (w ® w) + Uw + h®2 | v 322D (W @ w) + Uw + h®2 3. (5.36)
Using the equality 122 (w ® w) = 1122 (W ® I,)w, we rewrite (5.36) as
p3 L% (W @ W) + Uw + h®2 )3 = o3| Tw + h @23, (5.37)
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where the matrix T € CVs—n7xn i given by
T=L*?WaI) +U. (5.38)

Then, finally using (5.37) in place of the last term in (5.32), we obtain a minimization problem
that is now a linear LS problem. Thus, the solution to our final approximation to (5.32) is
given by

~

p1L h
(1,2) Hh.2)
. D h
W, = arg‘;mn L2 W+ IERD . (5.39)
psT h2

2

Therefore, in the nth step of AAA-LQO, the optimization problem (5.6) is relaxed and the
solution of this relaxed problem (the weights) is given by (5.39). The algorithms proceeds
with the updated weights as we discuss next. We also note that the second relaxation approach
in (5.31) can be replaced by a few steps of a (quasi)-Newton method.

5.2 Partition Update via the Greedy Selection

Given the partition (5.1) in the Step n of the algorithm, Sect. 5.1 showed how to choose the
barycentric weights w to minimize a joint LS measure over the uninterpolated data set. The
only remaining component of the proposed approach is, then, to choose the next support
point &, and to update the data partition (5.1) (so that we repeat Sect. 5.1 for the updated
partition until a desired tolerance achieved.) In other words, we will move one sampling point
from the LS set ’.5 to the interpolation set £. Which point to move from E to & will be done in
a greedy manner. To re-emphasize the iterative nature of the overall algorithm, at this Step
n of the algorithm, we will denote by r; (n) (s) and r, (n) (s, z) the two transfer functions of the
current LQO approximant. (Note that we dropped the superscripts in Sect. 5.1 to simplify the
notation there.)
We start by defining two constants based on the data:

My =max|Hi(s)|, M>= max [H(s,z)l, (5.40)
seQ s€R,zeQ
where 2 denotes the full sampling set & = {s1, 52, ..., sy, }. For the current approximant

in Step n, introduce the two absolute error measures, namely deviations in the linear and
quadratic parts:

€™ = max [H(s) — " (s)| and " = max |Ha(s,2) — i (s, 2)I. (5.41)
seQ 5,2€Q
The next support point &, is chosen by means of a greedy search over the set Q\{&1, ..., &,}

using the error measures €. and €.". More precisely, if ¢’ /N > i /N2, then &, =

arg max | Hy(s) — rln)(s)| On the other hand, 1fel(")/N < e(")/N2 define s+ and 7(#+D
seR
using

("D 2Dy = argmax |Ha(s, 2) — ra(s, 2)|.
5,262

Now the question is whether to choose either s+ op Z(1+D) 59 &n+1. If only one of them
was already a support point, then we choose the other one as &, . If neither s 1 nor 7+
was previously chosen as a support point, then we compare | H; (s"+1) — rl(") (s+D)| and
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|Hy (2 Dy — rl(") (z"* D)), and choose &,+1 as the one that yields the higher deviation in the
first transfer function. Clearly, both cannot be already a support point due to the interpolation
property.

Remark 5.1 Instead of considering the full grid of pairs of sampling points (s, z) and the
associated measurements, we could consider a sparser grid for H; (s, z) samples. More pre-
cisely, instead of using the full grid in (4.2) that contains N, Yz pairs, we could use the sample
set {Hy(s;,s;)} € C where s;,5; € Cwithi € Z, j € J,7,J C Z4 with cardinalities
satisfying |Z| = NS(I) < Ng,and | J| = NS(J) < Nj. This can be viewed as a sub-sampling
approach for reducing the complexity of the LS problem by reducing the number of mea-
surements from NS2 to ng) NS(‘7) for the second transfer function. This sparse sampling will
reduce the dimension of the Loewner matrix 122 e CNs=m’xn* jn Sect. 5.1.1 by reducing
the number of rows from (N; — n)? to (NS(I) — n)(Ns(j) — n). However, this modification
would require changing the greedy selection scheme accordingly to make sure that all pos-
sible combinations of selected points appear in the sparser grid. We skip this aspect in our
examples and work with the full data set.

5.3 The Proposed Algorithm: AAA-LQO

Now, we have all the pieces to describe the algorithmic framework for the proposed method
AAA-LQO, the AAA algorithm for LQO systems.

Given the full LQO data (4.1) and (4.2), we initiate the approximant (n = 0) by choosing
rl(o) (s) as the average of Hj(s) samples and rz(o) (s, z) as the average of H;(s, z) samples.
Then, using the greedy selection strategy of Sect. 5.2 we update the partition (5.1) and solve
for the barycentric weights as in Sect. 5.1, more specifically by solving (5.39). Let nmax
denote the largest dimension permitted for the data-driven LQO system fLQo and and let €
denote the relative error tolerance. Then, AAA-LQO terminates either when the prescribed
dimension npyyx is reached, or when the prescribed error tolerance is achieved, namely

max (e /My, €{” /M) < 7. (5.42)
A sketch of AAA-LQO is given in Algorithm 1.

Algorithm 1 AAA-LQO: AAA algorithm for LQO systems

Require:
Sampling points {s1, ..., sy, }, and samples {H] (s;)} and {H>(s;, sj)} of an LQO system;
Maximum dimension allowed nmax;
Stopping tolerance 7.

Ensure: R
data-driven LQO system X g as in (4.22).

0:n =0, = avg(H, (s)}, and r{” = avg{Ha (s;, 5))).
while max(el(")/Ml,eg’)/Mz) > 1 and n < nmax
1: Employ the greedy selection scheme to choose the next support point(s) and update the partitioning as
described in Section 5.2.

2: Compute the vector of weights w, as in (5.39).

3: Update rl(n) (s) and rén)(s, z), and compute the errors ein) and eén) asin (5.41).

4:n=n+1.

end
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Remark 5.2 Note that, by choosing complex-conjugate sampling points and sampled values,
one can enforce the fitted models to be real-valued. This means that if a particular point &; is
selected, its conjugate is also automatically selected (&1 = &), hence increasing the degree
of the fitted functions. This is performed in both examples presented in Sect. 6.

6 Numerical Examples

We test AAA-LQO, as given in Algorithm 1, on two LQO systems. We also apply the original
AAA algorithm (from the linear case) to the data corresponding to the first (linear) transfer
function only. Therefore, we construct two approximants: (1) A data-driven LQO approximant
using AAA-LQO and (2) A data-driven linear approximant using AAA. Both approximants
are real-valued, enforced by using a data set that is closed under complex conjugation.

6.1 Example 1

First, we use a single-input/single-output version of the ISS 1R Model from the SLICOT
MOR benchmark collection [14]. We construct an LQO system from this linear model by
adding a quadratic output with the choice of M = 0.6Ib79 +0.315;y +0.315)) € R¥70x270,

which scales the product of the state variable with itself in the output equation. Here, Ig;)o
denotes a quasi-diagonal matrix for which the entries of ones are shifted from the main
diagonal based on the integer k (k > 0 stands for shifting upward, while k < 0 is used for
shifting downward - also, note that Ig% = I»y0).

We collect the following data: pick 60 logarithmically-spaced points in the interval
[10~!, 10%)i and add its conjugate pairs in [—10%, —10Y)]i to have N, = 120 sampling
points {s;} and the samples {H;(s;)} fori = 1,2, ..., Ny as in (4.1). Then, as in (4.2), we
sample the second-transfer function at H(s;, s;) fori, j = 1,2,..., Ny. The sampled data
are depicted in Fig. 1, where we display the measurements evaluated only on the “positive
side” of the imaginary axis and skip plotting the conjugate data.

We apply Algorithm 1 with nma = 30 and T = 1072 (relative tolerance value corre-
sponding to 99% approximation error on the data). With these variables, AAA-LQO yields a
data-driven LQO model of order n = 18.

Using only the { H; (s;)} samples (corresponding to the linear observation map), we apply
AAA and obtain a data-driven linear approximant of order n = 18. The AAA approximant is
constructed to simply illustrate that a linear dynamical system approximation is not sufficient
to accurately represent the underlying LQO system.

In the top plot of Fig. 2, we show the magnitude of the first transfer function Hj(s) of
the original system together with that of the linear AAA model and the first transfer function
(r{") (s)) of the AAA-LQO model. As expected, AAA model does a good job in matching the
linear part of the output. Similarly, the AAA-LQO model also matches H;(s) accurately. To
better illustrate this, in the bottom plot of Fig. 2, we depict the magnitude of the approximation
errors in Hj(s). The plot reveals that for this specific choice of t, the AAA-LQO model has a
smaller error for most of the frequency values, even in approximating Hj(s). This happens
despite the fact that it focuses on both H; (s) and H> (s, z) unlike the AAA model, which only
tries to approximate H(s). However, we do not claim this to be the general case. We have
observed that for some lower values of 7, e.g., T = 10~4, AAA model has outperformed
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Fig. 1 Measurements of the two transfer functions; Hj (s) (top) and H (s, z) (bottom)
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Fig.2 First transfer function approximation

AAA-LQO model in approximating Hj(s) (as one would expect) even though the AAA-LQO
model has still provided a high-fidelity approximation to Hj(s).

In Fig. 3 we depict the selected support points (interpolation points) for both AAA and
AAA-LQO algorithms (without the complex conjugate pairs), as well as the poles of the learned
models (i.e., the eigenvalues of A in both cases). Note that there are 9 complex conjugate
pairs of support points for each method. Even though some of the support points of AAA and
AAA-LQO overlap, two of the pairs are different. This difference causes a big deviation in
the the pole pattern as shown in the bottom plot, illustrating that even the linear part of the
AAA-LQO approximant, i.e., r{") (s), is fundamentally different than the linear AAA model.
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Fig.3 Support points (top) and poles (bottom) for the two AAA reduced-order models

This is expected since AAA-LQO constructs r{") (s) and rz(") (s, z) together by minimizing a
joint LS measure in both H;(s) and H> (s, z).

To show the overall performance of AAA-LQO in accurately approximating not only Hj (s)
butalso H; (s, z) (the full LQO behavior), we perform a time-domain simulation of the original
LQO system X| o, the data-driven AAA-LQO model iLQo, and the linear AAA model by using
u(t) = 0.5 cos(4srt) as the control input. During the simulation of the original system 2| qo,
we also compute only the linear part of the output, which the AAA model should approximate
well. The results are given in the top plot of Fig. 4. The first observation is that the output of
fLQo from AAA-LQO accurately replicates the output of ¥ qo. On the other hand, the linear
AAA model completely misses the quadratic output and is only able to approximate the linear
component in the output, as expected. The approximation error in the output corresponding
to iLQO is depicted in the bottom plot of Fig. 4.

In Fig. 5 we show the convergence behavior of AAA-LQO by plotting the evolution of
the relative approximation errors (ef") /M1 and eé") /M) for all even values of n. The figure
illustrates that after n = 18, both relative errors fall below the given tolerance of 102 and
the algorithm terminates. For reference, we also depict the convergence behavior of AAA on
the same figure. The stagnancy of the ei") /M error curve fromn = 2 ton = 12 results from
the fact that during those steps the greedy selection was based on the 65") term, which was

the dominant absolute value error term. One can observe that during these steps, eé") /M
continues to decay slightly. A more detailed illustration is given in Fig. 6, where the n is
varied from 2 to 62.

To investigate how the order of the AAA-LQO model varies based on the stopping tolerance,
we set imax = 100 and run AAA-LQO for four tolerance values 7 = 1072, 7 = 1073,
7 = 107%, and r = 107. The results are displayed in Table 1. For the case of T = 107>,
in Fig. 6 we depict the convergence behavior of AAA-LQO by plotting 65") /M and eé") /My
during the iteration.
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Fig.4 Time-domain simulations: output of the original and data-driven models (top) and approximation error
(bottom)
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Fig.5 Relative approximation errors in each step

6.2 Example 2

This model taken from [35] corresponds to an LQO system whose output measures a variance
in the state-variable. A linear mass-spring-damper SISO dynamical system was modified in
[34] by means of stochastic modeling, by replacing the physical parameters by independent
random variables, yielding a linear dynamical system with multiple outputs. Based on this
multiple output system, a SISO LQO system was derived in [35] where the output corre-
sponds to the variance of the original output (and thus is quadratic in nature). We refer the
reader to [35] for further details. We obtain the measurements from a version of this model
corresponding to an underlying LQO system of order N' = 960.
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Relative approximation errors
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Fig.6 Relative approximation errors in each step
Table 1 Tolerance values t 5 3 4 s
versus the order n T 10 10 10 10
n 18 28 56 62

Data (second transfer function measurements)

Magnitude
3

=
o
IS

10°

10°
Frequency s 10° 107
Frequency z

Fig.7 Measurements of the second transfer function

The main difference from the previous example is that, in this model the observed output
does not have a linear component and depends on the state variable solely quadratically, i.e.,
¢ = 0in (2.1). This means that H;(s) = 0.

As the sampling points {s; }, we choose 60 logarithmically spaced points over the interval
[1o—1 104i together with its conjugate pairs, leading to Ny = 120 samples. Since H;(s) = 0,
we only need to sample Hy(s;, s;) fori, j = 1,2, ..., N,. The corresponding data for the
second transfer function are depicted in Fig. 7.

We apply AAA-LQO with 1 = 50 and T = 1073 (relative stopping criterion), obtaining
an LQO model of order n = 30. To show the accuracy of the approximant, we perform time-
domain simulations of the full model and the approximant with the input u () = sin(0.2¢). We
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The observed output
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108F

Fig. 8 Time-domain simulations; output of the original and the reduced system (up) + approximation error
(down)

Relative approximation error
T T T T T
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iteration index (n)

Fig.9 Maximum relative approximation error at each step

depict the observed outputs in the top plot of Fig. 8, illustrating an accurate approximation.
The corresponding output error is plotted in the bottom plot of Fig. 8.
Finally, in Fig. 9 we show the convergence behavior of AAA-LQO by plotting the evolution

of relative approximation error eé") /M.

Remark 6.1 Since AAA-LQO uses a greedy selection scheme and is not a descent algorithm,
there is no theoretical guarantee that the maximum approximation error will decrease mono-
tonically. This can be seen in Figs. 5, 6 and 9. This behavior was also observed in the original
AAA algorithm; see, e.g, Application 6.3 in [32]. However, numerically the error indeed
decreases monotonically with # in most cases.

@ Springer



16 Page240f28 Journal of Scientific Computing (2022) 91:16

Table 2 Noise level ¢ versus the order n

0 2.1074M; 5.1074M; 1073 M, 3-1073M, 4.1073M,
n 24 24 30 34 40 40

The observed output
T T
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Time (t)

Fig. 10 Time-domain simulations for the noisy data case for £ = 3 - 1073 M, (topplot)and ¢ =4 - 1073 M,
(bottom plot)

6.2.1 The Case of Noisy Data

In practice, the frequency-domain data to be used in rational approximation algorithms are
often corrupted by noise. The recent works [15, 20, 21] have studied the effects of noisy
data on some of the frequency-domain based rational approximation for linear dynamics
with linear output, such as the AAA [32], Loewner [31], and RKFIT [10], and Vector Fitting
(VF) [22] frameworks. It was illustrated in [20, 21] that the methods such as RKFIT, VF and
AAA with a (partial) least-squares formulation are more robust to noise in the measurements
compared to the purely interpolatory Loewner framework.

In what follows, using the model in Example 2 we present a simple numerical test-case to
study the effect of noise on AAA-LQO. We will artificially corrupt the measurements of the
second transfer function with uniformly distributed numbers in the interval (0, ¢), where ¢ is
the “noise level”. We will be using moderate noise levels, i.e., { < 1073 M5, with M, defined
as in (5.40). We will only perturb H>(s, z) in this example since Hj(s) is zero everywhere.
We use the same data as in Sect. 6.2, to which we add uniformly distributed noise.

We apply AAA-LQO with 714x = 40 and T = 1072 for various noise levels, and thus obtain
LQO models of various orders n as depicted in Table 2. For this experiment, increasing the
noise level also increases the order of the fitted LQO system by means of AAA-LQO, which
is to be expected. It is to be noted that for the higher level of noise considered here, namely
=3-103Mpand ¢ =4 - 1073 M,, the target tolerance value T = 1072 is not reached.

In the top plot in Fig. 10, we show the time-domain response of the full model and
AAA-LQO model for the noise level of ¢ = 3 - 103, illustrating that the data-driven model
accurately recovers the original model response. We repeat the same experiment with the
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noise level ¢ = 4 - 1073 and depict the result in the bottom plot in Fig. 10, illustrating that
the data-driven model starts to visibly deviate from the true model response. As expected,
the approximation quality decays as the noise level increases.

Even though in this simple experiment AAA-LQO performs well for low to moderate noise
levels, a more in-depth theoretical analysis on the robustness of AAA-LQO to noisy data
together with algorithmic considerations (stopping criterion based on noise level, regulariza-
tion etc.) is necessary and will be considered in future work.

7 Conclusions

We have proposed a novel data-driven modeling method, called AAA-LQO, for linear systems
with quadratic outputs (LQO). AAA-LQO extends the AAA algorithm to this new setting by
first developing the barycentric representation theory for the two transfer functions arising in
the analysis of LQO systems and then formulating a LS minimization framework to efficiently
solve for the barycentric coefficients. The two numerical examples illustrate that AAA-LQO
provides high-fidelity data-driven approximants to the original model.

The barycentric form we developed here for LQO systems offers promising research
directions for modelling systems with general polynomial observation maps, as well as for
nonlinearities appearing in the dynamical equation such as bilinear or quadratic-bilinear
systems. These topics are the focus of on-going research.
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Proof of Lemma 4.1

Substitute s = &; and z = ’S\j into (4.19) to obtain

n

pz(&',?j) = Z th,ewszfmk,z(%‘ugj) = Zhi,éwiwémi,l(éivgj),

k=1 (=1 =1
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and

REL.E) =MEE) + Y weeEImE) + Y wemeEm(E)

k=1 =1

+ Z Z wszfmk,e(sis gj)

k=1 £=1

= wim; E)mE) + Y wiwe M ¢ (&L E)),

=1

where 901, m, my, and 9 ; are as defined in (4.17). Write r2(&;, éj) LAGE)

q2(i.§))

n
Zhi,lwiwlmi,e(fz‘,?j)

(=1

ra(&i. &) = . : (A.1)
wim; (ENmE)) + Y wiweM (& E))
=1
Introduce the notation
miE =[] []E -G-8 =mEm@. (A2)
k=1,k#i £=1
Since MK (&, &) = M (&, &) (E; — &) holds, we can write
M (&,
R Zh o s@ ;
ra(§i.§j) = =- (A.3)

By

wimiL(Ei»gj)‘f‘ZwinM
= §j—&

simplifying w,i)ﬁ &, 5 ;) from both the numerator and the denommator in the above

expression proves the first desired result in (4.23). The proof for r; (é i, &) follows similarly.
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