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Abstract

We develop a family of cut finite element methods of different orders based on the discontin-
uous Galerkin framework, for hyperbolic conservation laws with stationary interfaces in both
one and two space dimensions, and for moving interfaces in one space dimension. Interface
conditions are imposed weakly and so that both conservation and stability are ensured. A
CutFEM with discontinuous elements in space is developed and coupled to standard explicit
time stepping schemes for linear advection problems and the acoustic wave problem with sta-
tionary interfaces. In the case of moving interfaces, we propose a space-time CutFEM based
on discontinuous elements both in space and time for linear advection problems. We show
that the proposed CutFEM are conservative and energy stable. For the stationary interface
case an a priori error estimate is proven. Numerical computations in both one and two space
dimensions support the analysis, and in addition demonstrate that the proposed methods have
the expected accuracy.
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1 Introduction

A finite element method (FEM) that uses discontinuous piecewise polynomial spaces as trial
and test spaces is commonly called a discontinuous Galerkin (DG) method. Already in 1973
a DG method was introduced for the neutron transport equation [26]. Later for nonlinear
time dependent hyperbolic conservation laws DG discretizations in space were coupled to
Runge—Kutta time discretizations and limiters see e.g. [5—7]. The approach was shown to
work well, retaining high order accuracy, conservation and other important properties, and
has become very popular. For more details on DG methods, we refer to [16,28].

Most finite element methods require the mesh to be aligned to boundaries and material
interfaces and to achieve the full potential accuracy the mesh quality needs to be high. This
type of requirements can be problematic for problems posed on complicated geometries or
with material interfaces, especially when the geometry is evolving. For time-dependent prob-
lems the time step may be severely restricted. To overcome these problems, approaches using
fixed background meshes, unfitted to boundaries and interfaces, are of great interest. How-
ever, in a naive approach small cut elements will cause problems, including ill-conditioned
linear systems and severe time-step restrictions. Various techniques have been introduced to
handle such difficulties. One approach often used in unfitted methods based on DG is cell
merging or agglomeration techniques where new elements of sufficient size are created by
merging small cut elements with their neighbours [17,18,22,23,25]. A common technique in
connection with Cut Finite Element Methods (CutFEM) is to add ghost penalty stabilization
terms in the weak form [3,4]. In CutFEM the physical domain is embedded into a computa-
tional domain equipped with a quasi-uniform mesh. Elements that have an intersection with
the domain of interest define the active mesh and associated to that is a finite dimensional
function space and a weak form that together define the numerical scheme [9,14,21,31].
Interface and boundary conditions are typically imposed weakly. For hyperbolic problems,
CutFEM based on discontinuous piecewise polynomial spaces and ghost penalty stabiliza-
tion has been developed, e.g. see [12] where a time independent linear advection-reaction
problem is considered and see [10] for time dependent nonlinear conservation laws. We also
refer to the recent work [8] where a DG method for time dependent linear advection problems
is developed with a stabilization of small elements that is designed to restore proper domains
of dependence.

The focus of this paper is conservation at material interfaces. We consider time dependent
linear hyperbolic conservation laws with discontinuous coefficients in the flux at a stationary
or moving interface. We assume the problem has a structure such that requiring conservation
yields sufficient conditions at the interface for well-posedness. Typically the interface condi-
tion requires the solution to be discontinuous at the interface. Such problems can model for
example wave propagation in materials where the wave speed changes abruptly at a material
interface.

The first main result is an extension of the family of high order CutFEM with ghost
penalty stabilization in [10] to problems with stationary interfaces. In the new method the
solution is built from separate solutions on the two sides of the interface, and coupled through
the interface condition, which is imposed weakly through penalties in the weak form. We
show how to choose these penalties such that both conservation and stability is ensured,
independently of how the interface cuts the elements. Numerical results demonstrate that
conservation can indeed be lost with other choices. We note that our proposed CutFEM
scheme is locally conservative in elements away from the interface and in the patch of
elements involving the interface. The stability result is based on a semi-discrete energy
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analysis, which generalises the stability result in [19], where a high order finite difference
methodology with a grid aligned with the interface is analyzed. We apply our method to the
scalar advection equation in one and two space dimensions, and to an acoustic system in one
space dimension, but the proposed method can be applied to other hyperbolic systems with
similar structure.

A second result is a space-time CutFEM for the case of a moving interface. We use a
framework similar to that proposed in [9,15,32], but here we use discontinuous elements
both in space and time. The interface condition is imposed weakly as above, with the same
restriction on penalties imposed by conservation. Our analysis as well as our numerical results
show that the choice of weak form is important for achieving conservation in the discrete
setting. Since the space-time formulation corresponds to an implicit time discretization, the
method is computationally more demanding than the proposed method for the case of a
stationary interface. However, we also demonstrate a strategy where the space-time CutFEM
is restricted to the interface region, and coupled to a standard DG method with explicit time
discretization in other parts of the domain.

The paper is organized as follows. In Sect. 2, the model problem is given. In Sect. 3, we
consider a stationary interface, propose a discontinuous cut finite element discretization in
space and perform a stability analysis, and an a priori error estimate is given for the scalar
problems. Numerical examples show that the proposed method has the expected convergence
rate, is conservative, and allows for similar time steps as a corresponding standard DG method.
In Sect. 4 we consider a moving interface and propose a space-time CutFEM. The stability of
the semi-discrete scheme is analyzed and we present some examples to show that the method
can simulate the moving interface problem with expected accuracy and with conservation.
In Sect. 4.6, we formulate a locally implicit CutFEM. In Sect. 5, we extend our scheme to
the advection equation in two space dimensions with a material interface. Finally, in Sect. 6
we conclude.

2 Model Problem

Let xr(¢) be an interface that separates the domain 2 = [xz, xg] into two subdomains
Q1 = [xr, xr(¢)] and Q2 = [xr(¢), xg]. Consider the hyperbolic conservation law

ur + F(u), =0, x e QU >0, 2.1)
u(x,0) = f(x), x € Q1UQy, 2.2)
[F@)]r — xp(O)[ulr =0, 1>0, (2.3)

with suitable boundary conditions at x;, and xg. Here the unknown conservative variable is

g

which may be discontinuous across the interface xr(¢) with jump
[ulr = uz(xr, ) —ui(xr, 1). (2.5)
We assume that u;, i = 1,2 are continuous functions with sufficiently many continuous

derivatives, and that a discontinuity in # may exist only at the interface. The flux function is

Fi(uy) = Ay, x € Q1(),

Fy(u2) = Asun, x € Qo(1), 2.6)

F(u)={
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with A1 and A; being either constant scalars or matrices. We will only consider problems
where the interface condition (2.3) ensures that the problem is well-posed. For the scalar case
this means that A| — xlC (t) and Ay — x’r (t) have the same sign. For systems the number of
positive and negative eigenvalues of A; — x[.(t)1, i = 1,2 with I being the identity matrix,
must be the same on both sides of the interface, and the eigenstructure of the matrices must
be such that the interface condition determines entering characteristic variables in terms of
exiting characteristic variables.
Also, note that

d XR d xr(t) d XR
— dx = — dx + — d
df/xLux ar ], M1x+dt urdx

L xr (1)

xp(t) XR
= / drurdx + / druadx + uy (xr, Dxp (1) — ua(xr, Hxp (1)
X X

L r ()
xp(t) XR
= —/ (F1(u1))xdx —/ (P2 (u2))xdx — xp(O)[ulp
XL xr(t)
= Fi(ui(xz, ) — Fiuy(xr, 1)) + F2(ua(xr, 1)) — F(uz(xg, 1)) — xp(0)[ulr.
When the interface condition (2.3) is satisfied, i.e.
Fr(ua(xr, 1)) — Fi(ui(xr, 1)) — xp(ua(xr, t) — ui(xr, 1)) = 0,
we have

d [
b / u(x, dx = Fi(u1(x1, 1) — Fa(uz(xg. 1)). 2.7)

Thus, condition (2.3) ensures conservation of u. In this paper, we will consider both a sta-
tionary interface, x{ﬂ = 0, and a moving interface.

Before we propose a DG scheme for the problem (2.1)—(2.3) we introduce some notations.
For square integrable scalar real valued functions on a given domain K, the standard notation
is used for the inner product and the L?%-norm, namely,

(v, wk :=f vwdx, [vllx =@ vk, Yv,we LK), 2.8)
K
and for square integrable vector real valued functions v, w with m components, each com-
ponent in L2, we will use the same notation, but now vw means the standard dot product,
ie.

(v, W)k ::/vadx, vk := v, vk, Yo, we [LXK)]". (2.9)
K

Furthermore

2
v, wgue, = Y v, wg;. (2.10)
i=1

3 Stationary Interface
Consider (2.1)—(2.3) in the case of a stationary interface, that is with x{. = 0 and interface

condition [F(u)]r = 0. In the following we define the mesh, the space, and the weak
formulation for a cut finite element method based on the DG framework.
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Fig.1 A uniform partition of 2 with mesh size & = (xg —x)/N. In this case, the interface splits the cell /;
into two cells of length a1 /4 and aph

3.1 Mesh and Spaces

Let 73 be a quasi-uniform partition of the domain 2 generated independently of the position
of the interface and let £, denote the set containing the edges in this mesh. The mesh consists

of intervals I; = [xj_%,xH%],j = 1,..., N with length Ax; = xH% — xj_%, and
XL = X1 < X3 < e <AT < - < ANl = xg. The mesh size is h = max|<j<y Ax;.
See Fig. 1 for an illustration.
Define the following active meshes
Thi={l; €Ty : ;NQ #0}, i=1.2, 3.1
and the set of edges
Eni=1{ec& :1enNQ; #0}. (3.2)
Denote by F},; the interior edge in & ; that belongs to a cut element, i.e.,
Fni=1{e= Iint:1;, I € Th,i and xr € Ijorl, j # k}. 3.3)
Define the piecewise polynomial space
Vi ={v:vly, € P'U)), VI; € Ty}, (3.4)

where P” () is the space of polynomials with degree at most r on /;. We note thatif v € 17}’!
is a vector, it means each of its component belongs to P” (I;). Define the active finite element
spaces .
Vii =Vl i=1,2, (3.5)
and let V; = Vz,l X quz. Hence, with v € V; we mean v = (v1, v2) with v; € V,’”..
For any v(-, 1) € V[l’i at a fixed time ¢ € [0, T'], let v and v~ denote the limit values of
v at x from right and left, i.e.,

v (x, ) = lim v(x —e, 1), vT(x,r) = lim v(x +¢,1). 3.6)
e—0t e—0t
Define the average and the jump of the function v at an edge e € &,,; by
L +_ -
{v}e = STV, vle=vT —v (3.7
On the interface the average and jump of v(-, ) = (vi(-, 1), v2(-, 1)) € V} are defined by

1
{vir = E(vl(xr, t)+v2(xr, 1), [vlr =wv(xr,t) —vi(xr, t). (3.8)
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3.2 Weak Formulation

We now state a semi-discrete weak formulation. For 7 € [0, T, find u;, (-, t) € V; such that

((uh('5 t))tv vh)Q]UQZ + VMJI ((Mh(', t))t; Uh) + Ah(llh(', t)5 Uh) = 05 > 0» (39)
un(-,0), vi)ue, + yuJi(un(, 0), vr) = (f (%), va)Q,ue,. (3.10)

for all v, € V. Here

An(up, vp) = ap(up, vi) + yado(un, vi), (3.11)
with
2
an(up, vn) = —(Fun), ) deues — Y Y Fen)lvale
i=1e€&y,
= ([F (up)vplr + [F (up)Ir[Avplr) , (3.12)
and

Js(unp, vp) = 22: Z Xr:wkhzk-ﬂ I:akuh,i]e [akvh,,']e . (3.13)

i=1 ecFy; k=0

The stabilization terms Jg(u, v), s = 0, 1, are added in order to have a stable scheme inde-
pendently of how the interface cuts the background mesh. Otherwise, the mass matrix may
be nearly singular, which can cause very severe time step restriction or ill-conditioning. The
parameters in front of the stabilization terms, yps, ¥4 and wy are positive constants. The
choice is not unique and we choose wy = as in [27]. The penalty parameters at
the interface in (3.12) is

1
(k)% (2k+1)

(3.14)

B | M xE Q1(0),
T A2, x € Q2(8).

The choice of values will be discussed below. We note that interfaces between elements and
boundary edges are handled with the usual DG methodology, where we choose a single-
valued function F, to approximate F(u) on edge e. In this paper, the flux F, is chosen
as

~ Ae
Fe(up) = {Fun)le = —-lunle. € € &n,i. (3.15)

Here, {(F(up)}e = 5 (F(u;) + Fu)), [uple = uj — u;,, and A, is an estimate of the
largest absolute eigenvalue of the Jacobian % in the neighbourhood of edge e. This flux
is known as the Lax-Friedrichs flux. In this paper we only consider the Lax-Friedrichs flux,
but other monotone fluxes are also possible. At the boundaries of the domain, x;, and xg, we

define the average and jump of a test functions vy, as
vl = v {utr = v, . [onle = v, [vnlg = —v;, . (3.16)

For scalar problems, we use the inflow boundary condition u(x, t) = g(t), x = xp or xg. To
specify the corresponding values uy, on x7 and xg, we set

- _ J &), ifa; >0, 4 _ ) &n(), ifa; <0,
(5L ) = {u;{(xL,-), ifa <0, “ORIZ Vg, ifg =0, 17

Here g, is the approximation of the given boundary data g at the inflow boundary. For the
approximation of boundary conditions in systems see [5].
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Iy—3 Iyj—2 K, Ks Iyyo Iyys
[ 1 1 | | 1 1 1
1 1 1 | | 1 1 1
w‘]_% 03]_% x‘]_% IT;L, 9‘;,‘2 Ti+3 Ti+s x‘l+%

1$F

Fig. 2 TIllustration of intervals where the proposed scheme is locally conservative

To derive the weak formulation above we multiply Eq. (2.1) by a test function v € V;,
integrate by parts, and enforce the interface condition (2.3). Since v € V; is discontinuous
across interior edges, integration by parts results in jump terms [F (u)v], across interior
edges. Since [1], = 0 these terms can be rewritten as

A ~
[Fu)v]e = {FW)}e[v]e — ?e[u]e[v]e = F.(w[v]e. (3.18)
Since the stabilization terms J; (u, v) vanish when u is a sufficiently smooth exact solution,
the proposed formulation is consistent.
Taking test function vy = 1 in the scheme (3.9), we have

[ wnddr = P .0 = Fetwn o) + 02 =2+ D@L, G19)
Q
Clearly, the proposed scheme is conservative only if
A2 —A1+1=0. (3.20)

If this condition is satisfied it follows that

d - -~

— dx = Fp, — Fg. 3.21

or /Q updx = Fp — Fg (3.21)

We note that our scheme is locally conservative on the elements that along with their neigh-
bors do not involve the interface, like {/ j};;lz and {/ j}i'vz J+o In Fig. 2. The method is also
locally conservative in subintervals containing elements which need to be stabilized, like the
subinterval K| = (I;-1UI;)NQ2; and Ky = (1;UI741)N 2, in Fig. 2. For the scheme to be
stable the penalty parameters need to satisfy additional requirements. See Theorem 1 for the
scalar problem and Theorem 3 for the acoustic system, for choices that yield a conservative
and energy stable interface treatment.

3.3 Stability Analysis

Here we will use the energy method to investigate how requiring stability of the proposed
semi-discrete scheme will restrict the choice of the penalty parameters A; and X, beyond
(3.20).

3.3.1 The Scalar Problem

We consider the linear scalar problem, i.e.

Fi(uw) = ajuy, x € Q,

F(u) = aqun, x € 2, (3.22)

F(u):au:{

where aj, a; are non-zero constants with the same sign. In the proposed scheme we use
Ae = |ai| in Eq. (3.15).
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Let vy, = (up.1,0) and vy = (0, up2) in (3.9), integrate (a;up,i, (uni)x)o;, and take into
account discontinuities of uj, ; across the edges to get

1d aj -~

2dr </;21 luna1*dx + vy i (1. uh,l)) + Z (7[”%,& — Fe(”h,l)[”h,l]e)

ee&p |

aj
+ (? — ara)|up, 1 (xr, O + Aagup 2 (xr, Oup 1 (xr, 1) + yadoun 1, up1) = 0,
1d

2 a - ~
3t </;22 lup217dx + ymJi(up,1, uh,l)) + ) (?[uh*z]e — Fe(“h,2)[uh,2]e>

ee&pn

az
— (a2 + ?)Iuh,z(xr, O + raarup 2 (xr, Oup 1 (xr, 1) + yado(una, up2) = 0.

(3.23)
By %[u%]g = af{up}e[unle and the definition of the flux, Eq. (3.15), we have
a; ~ A .
i le = Felwn Dlunile = lunile, i=1,2. (3.24)
Introducing a weighted energy E,, where 7 is a positive constant,
1
Ey() = - (/ ln,112dx + ya Ji (1, Mh,l))
2 \Jg,
n
+ 5 </ lun,2dx + yar Ji (un 2, Mh,z)) ; (3.25)
2 \Ja,
we have from (3.23), (3.24) with A, = |a;| for e € & ; that
d lai] laz|n
2 En= —uj Sy — Y T[uh,llg -y > [un2);
ey 1 ee&pn
—yado(un,1, un1) — nyado(un2, up2). (3.26)
Here | P
(3 —Apa; BHTHI ) (Mhl(xr,t)>
S=12 2 | TS ’ . 3.27
( M —(A2 + %)naz h up2(xr, 1) ( )

If S is positive semi-definite, then the energy is non-increasing with time. In “Appendix A”,
Lemma 1 states conditions for S to be positive semi-definite. We summarize the results for
scalar problems in the following theorem.

Theorem 1 Consider the discontinuous cut finite element method (3.9) for the scalar problem
(2.1)—~(2.3) with F (u) as in (3.22) with x{« (t) = Oand stabilization parameters ys > 0, yy >
0. For penalty parameters A1 and Ay, that satisfy (3.20) and

Al <
Al >

the method is conservative and there exists a positive 1 such that the energy defined in (3.25)
does not grow with time.

A

A2 < =3, ifar > 0,40 >0,
(3.28)

\
Rl 19—

A= —3, ifar < 0,42 <0,

Remark 1 The stability results in Theorem 1 are derived assuming a conservative interface
treatment with A1 and A, satisfying (3.20). Without the conservation condition (3.20), less
restrictive stability results are possible. See Lemma 2 in Appendix A. In the right panel
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of Figs. 4 and 16, we show that when the penalty parameters satisfy a stability condition
but don’t satisfy the conservation condition (3.20), the scheme produces large conservation
errors.

Based on the stability result we can derive an a priori estimate for the scalar problems, if it
has a sufficiently smooth solution.

Theorem2 Let u(x,t) = u;(x,t) for x € K, be the solution to problem (2.1)—(2.3)
with F(u) as in (3.22) and xlC(t) = 0. Assume u; is sufficiently smooth: u;, (u;); €
L*>® ([0, T]; H™H (Qi)). Let up, = (up,1,up2) with up ; (-, t) € VZ,:‘ be the solution to the
discontinuous cut finite element scheme (3.9). Then the following a priori error estimate hold

Ny o 1) = un 1 G, O, + w2, 1) —upo G DI, < CH*, 1 € [0, T,

where C is a constant which is independent of the mesh parameter h and how the interface
cuts the mesh.

The proof of this theorem is given in “Appendix B”.

3.3.2 The Acoustic System

We consider the acoustic system [24]

pus + px =0, x€Q U, t>0,
pi + pctuy =0, x€Q U, >0, (3.29)
[ulr =0, [plr =0, x =xr(),t >0,

with a stationary interface at x = xr, i.e., xf (t) = 0. Here, u(x, t) is the velocity, p(x, t)
is the pressure, p(x) is the density, and c(x) is the sound speed. The density and the sound
speed are piecewise constant

(p1,c1) if x € Qy,

(0, 0) = { (p2,cp) if x € Q).

By introducing ¢ = p% and m = pu, denoting strain and momentum, we can write problem
(3.29) in the conservative form as in Eqgs. (2.1)—(2.3),

U, + F(U), =0, xeQ Ut >0, (3.30)
Ux,0) = f(x), xeQ U, (3.31)
[F(U)Ir =0, x =xr,t >0, (3.32)
with
_ AU, x € @,

F(U) = =A2U2, o (3.33)

where 5
Ui=<ml>andAi=<1 plc’),i:l,Z. (3.34)

qi 5 0

The components of U, m and ¢, are the conserved quantities, and are referred to as the
conservative variables, while u and p are called the primitive variables.
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We begin with showing an energy estimate in the continuous setting for the physically
motivated energy

1 By, x€Q, Lo
E(t):f/ u'BUdx, B=1{"" TS B,:(/’f 2),1'21,2.
2 Ja,ue, By, x € o, 0 pic;

(3.35)
Since B is symmetric
d dU; dU;
—E=| U/BI—d Uy B——dx. 3.36
dt ,/Ql P x+/922 ar (3-36)
Introduce U; = —(AU), and integrate by parts to get
d 1 1
—E= _7/ UT(ATBT — BA)U,dx + — (UITAITBITU1|§E + U{A%B}Uﬂjg)
dt 2 QIUQ, 2
=—ET+1IT. (3.37)

Note that B; A; is symmetric and therefore the bulk terms vanish, and only terms at the
physical boundary, collected in ET', and terms at the interface, collected in I T, remain. We
can write the contributions at the interface as

1 1
IT =3 (vT AT B Uy - UT AT BT U2) I = > (v (AFBOT = ATB:) V) I
The last equality follows using again that B; A; is symmetric and the interface condition

(3.32),ie., Ul AT = U AT Note that

pict 0 29
T _ 02 T — P1
ARl WV S R T
P1 P2
Thus,
(ATB)T = AT By, (3.38)

and therefore the interface term vanishes, /7 = 0. We conclude that the interface term gives
no contribution to energy growth or decay.

Next we study the stability of the proposed discontinuous CutFEM (3.9) for the system
(3.30)—(3.34). Guided by the energy result for the continuous system we define

1
Ex(t) = 5 ( f U BUydx + ya Jy (Up, BUh)> : (3.39)
2 QU
and take v, = BUj, in (3.9) and get

d
—Ep = ((Up)s, BUp)oue, + ymJ1((Up)e, BUR)

dt
2
=/ Ul BAWUp dx+Yy_ Y Fo(Up)"[BU.
21U i=1e€;
+ ([F(U" BULIr + [F(U) " Ir[ABUIR) — yaJo(Un, BU). (3.40)

The bulk term can be integrated by parts and therefore only interface and edge terms remain
in the right hand side of (3.40). Contribution from element edges when the Lax-Friedrichs
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flux is used are well-known, and therefore we only analyze the terms from the interface at
T,

IT = —(F{(Up1) + MIFODIP BiUw 1 + (F2(Up2) + A F(UIr) " BaUp

1 1
+ EU,{JAITB]U;,,I - EU,{QAZTBZU;,,Q

_ l _ T T 1 T T
= (2 )Ll)Uh,lAl B1Up,1 + (2 + )‘2)Uh,2A2 BUp »
— U} (M A By + A (AT B)")Up 1. (3.41)

Here Uy, 1, Uy 2 denote the numerical solution values at the interface xr. We can write

T 1 T MAA 4T
1= (U} s (Ut Gims= (7 0418 TREAIB )
Un o Un o 22 ATB —(5+ 1Al B,

Note that by (3.38) the matrix S is symmetric. To ensure that the interface terms do not cause

energy growth, S needs to be positive semi-definite. The only possible choice for the penalty
parameters that also satisfies the conservation condition (3.20) is

A= ! Ay = !

1=5 M=%

which implies S = 0 and correspondingly /7 = 0. This proves the following theorem.

Theorem 3 Consider the semi-discrete discontinuous cut finite element method (3.9) for the
acoustic system (3.30) in conservative form, with penalty parameters
A : A :
1=5, A2=—3.
2 2
The interface treatment is conservative, and does not contribute to temporal growth or decay
of the energy (3.39).

3.4 Numerical Results

We use the proposed discontinuous CutFEM (3.9) to solve the scalar advection Eq. (3.22)
and the acoustic system (3.30). The background mesh on the domain €2 is uniform with mesh
size h = |Q2|/N, where N is the number of elements. In the numerical simulations, we use
ym = 0.25and y4 = 0.75.

To discretize in time we use the explicit third order TVD Runge—Kutta method [11] when
the polynomial degree in space r < 2 (see (3.4)), i.e.,

u™' = u" + AtL (u", g 1", (3.42)
3 1 1

u'? = St AL (gt it A, (3.43)
4 T4 4
1 2 2 1

ut = gu" + gu"’z + gAtL (u”’z, gZ’Q, "4+ 5At> . (3.44)

Here u; = L(u, g, t) is the semi-discrete problem, At = L — 4 g the time step and
g gZ’l, gy~ denote the approximations of the boundary condition g(¢) at different time
stages. The inflow information g is imposed via Taylor expansion of g(¢) to avoid order
reduction with g} = g(t"), gZ’l = g(") + Atg' (") and g;:'z = g(t") + 5g'(t" +
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% g’ ("), for details see [33]. For the approximation of boundary conditions in systems
see [5]. Whenr = 3 we instead use the fourth order five stages Runge—Kutta method [11]. The
time step is taken to be At = Wﬁ,w)” with given Courant number C = 0.3, 0.2, 0.1, for
r = 1,2, 3, respectively. Here, maxq{|F’(u;,)|} represents the largest absolute value of the
eigenvalues of the Jacobian % on the domain 2. Next, we will demonstrate the accuracy
and conservation of the proposed method by solving test problems. We will measure the error

in the following norms

2
P p
o — unllhy =" llui —unillh . p=12
i=1

[lu — upllLe (@ ua,) = max{max{lui(x, 1) —up(x, )|}, max{|uz(x, 1) —up(x, )[}}.
xeQ xen

Here || - IIS%’, = '[Qi | - |Pdx denotes the usual L?”-norms in domain €2;. The error in the
L®°-norm is measured as the maximum value of |u — uy| on the quadrature points of each
element, the end points of each elements and the interface point. We note that the quadrature
points of the integration in the cut element in each domain €2; are taken over the part of the
background element, which is in the domain ;.

3.4.1 Scalar Problem: Accuracy

We consider problem (3.22) with x; = —1, xg = 1, a stationary interface at xp = 1074,
parameters a; = 2, a; = 1, initial condition

_ [ sin@27x), x €[—1,xr],
fo) = {25in(4n(x —xr/2)), x € [xr, 1], (3.45)
and inflow boundary condition u(xy, t) = g(¢t) = sin(2m(—1 — 2¢)). Note that u (xr, 0) =
2u1(xr, 0) so the initial condition satisfies the interface condition (2.3). The exact solution
to this problem is

sin(2w (x — 2t)), x € [—1,xr],
ur 1) = {25in(471(x — 1 —xr/2), x € [xp, 11. (346)
We solve up to time r = 1 with different mesh sizes and polynomial spaces r = 1, 2, 3
(i.e., P, P2, P3). We choose the penalty parameters tobe A1 = 0.1 and A, = A; — 1. Errors
in the L?- and L*-norm and the corresponding convergence orders using the proposed
method are shown in the left part of Table 1. For comparison, we also show results using
the standard DG method in the right part of Table 1. For the standard DG method we use
the same numerical fluxes but generate the mesh so that the interface xr is located on an
element edge. We do this by using uniform meshes with N = N| + N, elements and mesh
sizeh; = |Q1]/Ny, hy = |Q2]/ N, for 2 and Q,, respectively. Here N1, N, are chosen such
that i1, h are close to the mesh size 4 = |2|/ N we use in the CutFEM. From the numerical
results in Table 1, we observe that the proposed method and the standard DG method have
optimal order of accuracy and that the magnitude of the errors in both L2- and L>°-norm are
similar for the two methods. We have also tested other choices for the parameters a; and a;
and observed similar results as shown here.
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Table 1 Errors and orders of accuracy at t = 1 for the problem in Sect. 3.4.1 solved by the proposed method
on a uniform background mesh and by a standard DG method on a quasi-uniform mesh fitted to the interface.
Polynomial degrees 1, 2, 3 and N elements are used

Discontinuous CutFEM method Standard DG method
N L2 error Order L error Order L2 error Order L error Order
20 2.64E—01 - 5.60E—01 - 2.64E—01 - 5.61E—01 -
40 4.92E—02 2.42 1.13E-01 2.31 4.92E—-02 2.42 1.13E-01 2.32

80 9.74E—-03 2.34 3.07E-02 1.88 9.75E-03 2.34 3.07E—-02 1.87
160 2.22E-03 2.13 7.96E—-03 1.95 2.22E-03 2.13 7.96E—03 1.95
320 5.40E—04 2.04 2.02E-03 1.98 5.40E—04 2.04 2.02E-03 1.98
20 1.21E-02 - 6.07E—02 - 1.21E-02 - 6.07E—02 -

40 1.35E-03 3.16 7.78E—03 2.97 1.35E-03 3.16 7.78E—03 2.96
80 1.66E—04 3.03 1.01E—-03 2.94 1.66E—04 3.03 1.01E-03 2.94
160 2.06E—05 3.01 1.29E—-04 2.98 2.06E—05 3.01 1.29E—-04 2.98
320 2.58E—-06 3.00 1.61E—-05 2.99 2.58E—-06 3.00 1.61E—05 2.99
20 7.14E—-04 - 5.65E-03 - 7.14E-04 - 5.65E—-03 -

40 4.41E-05 4.02 3.68E—04 3.94 4.41E-05 4.02 3.68E—04 3.94
80 2.75E—-06 4.00 2.29E-05 4.00 2.75E—-06 4.00 2.29E—-05 4.00
160 1.72E-07 4.00 1.45E—-06 3.99 1.72E—-07 4.00 1.44E—06 3.99
320 1.07E—08 4.00 9.05E—-08 4.00 1.07E—08 4.00 9.05E—08 4.00

3.4.2 Scalar Problem: Conservation

With this example we test how well quantities are conserved, and how errors and the condition
number of the mass matrix depend on the cut size. This example is used in [19] and is similar
to Example 1.1, but with less smooth initial data. The initial condition and inflow boundary
conditions are f(x) = 0and u(xy,t) = g(t) = sin(4w(—1 + 3t)), respectively. The inflow
condition is weakly imposed by the upwind flux information at the inflow boundary. The
exact solution is

gt — (x —x1)/2), t > 5%, x e [—1,xr],
ux, 1) = 2g(t — x + (xr +x)/2), 1 = x = L, x € [xp, 1], (3.47)
0, else.

We use the proposed method with r = 2, i.e. quadratic polynomials and a uniform
background mesh. The interface is at xr = 107, In Fig. 3, we show the numerical solution
on the background mesh consisting of 400 elements and the exact solution at time t = 0.5
and ¢t = 1. Our results compare well with those in [19].

In Fig. 4, we show the conservation error

Ni—1
At
e(t) = Z 3 (ang — asuy (xR) + 4 (ang’2 - azuZ’z(xR))
n=0
tagl! — azuZ’l(xR)) _ / @ (x) — ud(x))dx. (3.48)
Q

Here, N, is the number of time steps from time 0 to 7. u}, uZ’l , uZ’z are the approximations of

the solution at time 1", t" 4+ At, t" 4+ At /2, respectively. The inflow information introduced in
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Fig.3 Solutions to the problem in Sect. 3.4.2 with zero initial data using discontinuous quadratic polynomials
in space on a uniform mesh with 400 elements. Left: + = 0.5. Right: + = 1. Star: numerical solution. Solid
line: exact solution. The dashed line indicates the interface’s position

16 -3
3 x10 i i i i 15 x10

conservation error
conservation error

0 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
time time

Fig. 4 Conservation errors for the example in Sect. 3.4.2. A uniform mesh with 40 elements and piecewise
quadratic polynomials are used. Left: A1 = 0.1, 2 = 1 — A1. Right: A1 = 0.25, 2, = —0.25

each time step is equal to % (gz + 4gZ’2 + gZ’1>, which is an approximation of the integral

fttnm g(t)dt. The error e(t) takes into account the approximation of the inflow boundary
condition. If instead the exact integral at the inflow boundary is used there would be a
contribution to the conserved quantity of the order Ar* corresponding to the integration
error. The conservation error e (Fig. 4, left panel) with Ay, > satisfying condition (3.20),
is of the order of machine epsilon and remains on the same level also for other refinements
and for other polynomial degrees than » = 2. This shows that the interface treatment of the
proposed method is conservative. We also show the conservation error when the parameters
A1 = 0.25, Ay = —0.25, which do not satisfy the conservation condition (3.20), see the right
panel of Fig. 4. We observe that the scheme in this case is not conservative and has a large
error, which decrease with mesh refinement but still is large compared to machine error.
Next we investigate how the error depends on the position of the interface relative the
background mesh. We use linear polynomials in space, 7 = 1/200 and xr = ah, with «
varying between 0 and 1. Note that there is a mesh node at x = 0 so that « is the relative cut
size. In Fig. 5, we plot the L'-, L2~ and L -errors at t=1 as a function of . We have scaled
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Fig.5 Errors in the numerical ‘ T e 1

8 , ) L’ error
solution of the problem in Sect. o2y |
3.4.2 at t=1 as a function of the L orror
e - . ---L*/10 error| .-
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with 400 elements and piecewise 0.015 ¢ ST Tee-T
linear polynomials are used. The
interface is at xp = «h, and we 5
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Fig.6 The condition number of the mass matrix as a function of the relative cut size for the problem in Sect.
3.4.2 att = 1. A uniform mesh with 400 elements and P! s P2, p3 polynomials are used. The interface is at
xr = ah, and we have considered 400 equally distributed «’s in [0, 1]

the L°°-error, by dividing the error with 10, to show all errors in one figure. We observe that
the L' — and L2—errors are independent of how the interface cuts the background mesh and
the L°-error does not change much either.

We have also checked the conditioning of the mass matrix in the same setting as above,
for several element types. The condition numbers as a function of the relative cut size for
piecewise linear, quadratic and cubic polynomials are shown in Fig. 6. We see that the
stabilization controls the condition number so that it stays bounded and on the same level,
independently of how the interface cuts the background mesh.

3.4.3 The Acoustic System

We now use the proposed CutFEM method (3.9) with penalty parameters A; = 0.5 and
A2 = —0.5 to solve the acoustic system in conservation form (3.30). We consider the same
example as in [24]. The domain is = [0, 300], a long fluid medium with an interface at
xr = 96.3, and with physical parameters

p1 = 1000kg/m>, ¢; = 1500m/s, if x < xr,

(p(x), c(x)) = {,02 — 1200kg/m3, ¢ = 2800m/s, if x > xr.

The initial condition is

1
U(x,0) =f(x) = —fo(§) ( ) :

<
00
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(a) Initial value: m (b) Solution: m, my, at t = 39ms
-6 -7
1 x10 . . 3 x10
0.5
o~
[$)
53
T 0
1]
o
0.5
0 100 200 300 0 100 200 300

X
X

(c) Initial value: ¢ (d) Solution: q, g, at t = 39ms

Fig. 7 Initial data and solution at # = 39 ms for the acoustic problem in Sect. 3.4.3. A uniform background
mesh with 400 elements and piecewise quadratic polynomials are used. Solid line: exact solution. Symbols:
numerical solution

Here, fp(€) is a spatially bounded sinusoidal function

sin (wc§) — 33 sin Qwe§) + % sin (4we§) — =15 sin (8wc£), if 0 <& < fi
Oelse, with& =17 — %,

fo€) = {

where the central frequency f. = 50Hz, w, = 27 f,, and fo = 51 ms. The initial values of
the conservative variables m and g are shown to the left in Fig. 7. When the wave reaches
the interface, the acoustic wave is transmitted and reflected.

We simulate this problem up to time t = 39 ms using different mesh sizes and polynomial
spaces. We note that the waves do not reach the boundaries up to time ¢t = 39 ms thus the
zero boundary condition is used in our implementation. In the computation the conservative
variables are used, but in Table 2, we give the L?-and L*-errors and the corresponding order
of accuracy for the primitive variables. We observe that the proposed method has optimal
order of accuracy also for the acoustic problem. In Fig. 7, we show the initial values and
the numerical solution at time # = 39 ms. We see that our scheme can simulate this problem
very well and capture the reflected wave and the transmitted wave. In Fig. 8, we plot the
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Table2 Errorsand orders of accuracy at7 = 39 ms for the acoustic problem in Sect. 3.4.3. Uniform background

meshes with N elements and piecewise polynomials of orders 1,2,3 (top, middle, bottom) are used

Ph up
N L2 error Order L error Order L2 error Order L° error Order
200 2.57E+01 1.99 1.26E+02 1.90 8.68E—06 1.98 3.76E—05 1.90
400 4.33E+00 2.57 2.20E+01 2.52 1.49E—06 2.54 6.55E—06 2.52
800 6.00E—01 2.85 3.40E+00 2.69 2.13E-07 2.81 1.06E—06 2.62
1600 8.71E-02 2.78 5.08E—01 2.74 3.38E—08 2.66 1.96E—07 2.44
3200 1.59E—-02 2.46 9.03E—02 2.49 6.83E—09 2.31 6.02E—08 1.70
6400 3.60E—03 2.14 2.48E—02 1.87 1.63E—09 2.07 1.65E—08 1.87
200 8.29E—01 3.74 4.11E+00 3.52 291E-07 3.70 1.35E—-06 3.38
400 5.73E—-02 3.86 2.60E—01 3.99 2.21E—08 3.72 1.61E—07 3.06
800 5.00E—03 3.52 2.94E—02 3.14 2.16E—09 3.35 1.96E—08 3.04
1600 5.80E—04 3.11 3.67E—03 3.00 2.60E—10 3.06 2.45E—-09 3.00
3200 7.12E—05 3.02 4.60E—04 3.00 3.22E—11 3.01 3.07E—10 3.00
6400 8.87E—06 3.01 5.75E—-05 3.00 4.02E—12 3.00 3.84E—11 3.00
200 2.61E-02 5.11 1.58E—-01 4.68 1.14E—08 4.82 1.05E—07 3.68
400 8.49E—04 4.94 9.82E—03 4.01 5.15E—10 4.47 6.55E—09 4.01
800 5.03E—05 4.08 6.07E—04 4.02 3.16E—11 4.03 4.05E—10 4.02
1600 3.14E-06 4.00 3.80E—05 4.00 1.97E—12 4.00 2.53E—11 4.00
3200 1.97E-07 4.00 2.37E—06 4.00 1.23E—13 4.00 1.58E—12 4.00
1 %1076 ) %1022
0.5
& 1.5
= -
g 0 >
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Fig. 8 Conservation errors for the acoustic example in Sect. 3.4.3. A uniform background mesh with 400
elements and piecewise quadratic polynomials are used

conservation errors of mj, and g;, with respect to time ¢. The conservation errors have small
oscillations after the wave arrives at the interface. But all errors are of the order of machine
epsilon which demonstrates that the proposed method is conservative also for the acoustic
problem.
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4 Moving Interface

We now consider the scalar hyperbolic problem (2.1)—(2.3) for ¢ € [0, T'], with flux

Fi(uy) = ajuy, x € Q1(1),

Fr(u2) = axup, x € Q(t), “.D

F(u) =au = {
and a moving interface with xl’« # 0. We assume a; — x’r (1), ar — x{« (t) are non-zero, and
have the same sign at any fixed time ¢. In the following we define a space-time CutFEM with
discontinuous elements in both space and time following [9,15,32]. We emphasise that we do
not explicitly construct a space-time domain in R4*! as is done in for example [29]. Here d is
the space dimension. The method we propose here is based on approximating the space-time
integrals in the weak form by using first a quadrature rule in time. The implementation of the
space-time unfitted finite element method we propose is straightforward and simple starting
from an implementation of CutFEM for a stationary interface.

4.1 Mesh and Spaces

As before, let 7}, be a quasi-uniform partition of the domain €2 generated independently of the
position of the interface and let £, denote the set containing the edges in this mesh. On this
time independent mesh, that we refer to as the background mesh, we define the polynomial
space V,rf as in (3.4). For time ¢ € [0, T'] define 7, ;(¢) as in (3.1) and & ; () as in (3.2).
These sets are now time dependent since the interface is moving and €2; changes with time.
We also define the set

Thr(t) ={1; € T, : I; NT (1) # 0}. (4.2)

We discrete the interval [0, 7] with 0 = 19 < 1 < f < -+ < ty = T. During the time
interval 1" = ["~!, "], the active meshes 7', and 7;',, contain those elements in the
background mesh that create the following subdomains N} | and N} ,, respectively

n=U U nN=U U & 43)
el 1;€T) 1 (1) 1el" 1;€Tj 2 (1)

We let Sh denote the set of interior edges in the active mesh 7;". ;» for i = 1,2. We also
define the set of elements in the background mesh that are cut by the interface during the
interval 1"

Tir={Ij € Thr@) : 1 €1"}. (4.4)

Let 7/ ; contain those edges in the mesh 7, that also belong to & ;. Note that the set 7/ ;
does not change in the time interval I”. For an illustration see Fig. 9.

In the proposed space-time method, we use piecewise polynomial spaces both in time and
space. On the space-time slab /" x Nj';, i = 1,2 we define the space

Vil =P @Vl

Here r = (rg, 1), where rg and r; are the degree of the polynomials used in space and time,
respectively. Define the function space V,"" as

Vi = {vh = (U1, vn2) vhi € VY i = 1,2]. (4.5)
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Fig.9 Illustration of the active

meshes and a function uj, € V,:l o1
at some time ¢ € I" 2’2

Th } !
Fhe
Tho
*
h1
Th1

For example, for piecewise linear elements in time and space, r = (1, 1), afunction v, € VZ"‘
can be expressed as v, = (vj, 1, vp,2) With
t— ! x—xpt—t"!

X Xk
Uh,i = Vioo + Vo1 oo +vin W2 Am (4.6)

n—1 n—1
- ; : fonee | X=Xk =t =" x—xg n_
Here, vjy; are the coefficients of the basis functions: 1, h2 0 AT AT hJ2 and A" =
" — t"~! denotes the time step of interval I". Functions in v, are discontinuous both in
space and time. We define the jump and average of a function v at x as in (3.6) and (3.7) and

the jump at a time 1" as

[v]" = o™ — ™7, withv™™ = lim v(x, " —€), v = lim v(x, " +¢).
e—07T e—07t

When a function is single valued at * we will use the notation v"(-) = v(-, t").

4.2 Weak Formulation

We now present a weak formulation where space and time are treated similarly. For each
time interval 1", given uz_l’_, find up € V)" such that for Vv, € V)"

—

n—1
U ) HuQy )

—/ Wn, (V) e ua. ) dt +/ ap(up, vp) dt + VA/ Jo(up, vp) dt =0. (4.7)
In I” In

n,— n—1
(' vpe emuesen — (uy,

Here uz_l’_ is the solution from the previous space-time slab (with u?l’_ given by the initial

condition) and

2
an(un, va) = —(F(un), W) 0e 0ueam — . Y Felun)vile

i=1 eeEhyi(t)
— ([(F (up) = xpup)vplre) + [F up) — xtupleDoorleg) - (4.8)

The flux E(uh) is defined as in (3.15) with A, = |a;| for e € & ;, and the penalty parameter
A is piecewise constant, see (3.14), and will be chosen such that the scheme is stable and
conservative (see Theorem 4). The stabilization term Jo(uy, vy,) is defined as in (3.13), but
with the set F) ;’,‘ ; instead of F ; (). Since the set F; Z‘ ; does not change in the time interval
I, and uy, and v, are polynomials in time, the integfal f  Jo(un, vp) dt, can be computed
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analytically. The stabilization term is introduced to control the condition number of the
resulting system matrix independently of how the geometry cuts through the background
mesh, and defines an extension of uy, to the entire active mesh which is needed when the
space-time integrals in the weak form are approximated by quadratures rules, see Sect. 4.4.

To see that the weak formulation above is consistent, we multiply Eq. (2.1) by a test
function v € V;"", integrate in both space and time and impose the interface condition (2.3)
weakly. Integration by parts in space and using (3.18), together with integration by parts in
time, yields

d
/ / (uv), dxdt = / — / uv dxdt + / [xp(Huv]r dt
" IQUUL (1) ndt Joy(nues o "
= (u”, Un)Ql(ﬂz)UQZ([") — (un—l, Un_l)Ql(tn—l)UQZ(tn—l) +/ [xlﬁ(t)uv]r dt. (49)
mn
By adding ([u]""!, Un_l)gl(tn—l)ugz(tn—l), using [#]" = 0 at all time ¢t = ¢", and using the

identity u;v = (uv); — uv; we get the proposed weak formulation.
Choosing the test function v, = 1 in (4.7) we have

/ uZ’_ dx—/ uz_l’_ dx
Q) Q1)

= /1 (Flun(rr. 1) = Flun(xr. 1)) dt

+ ,n([F(uh) — xpuplr + (Ao — AD[F (up) — xpuplr) di. (4.10)

With A, — A1 + 1 =0, as in (3.20), the proposed space-time CutFEM is conservative.

Remark 2 Note that we can also consider the space-time formulation without integration by
parts in time. Thus, given u';l*]’f, find up € V)" such that

/In((uh)n V)@ (U (ndt + ([un1™, UZ_I)QI(;nfl)uszz(zn*I)

2
- /1 (F(un). 0n)x)e@uese) df = /1 22 Fewn)lvnle dr

i=1ec&y;
- /I" (LF (um)vplr + [F (up) — xpuplriop]r) de + ya /[n Jo(up, vp)dt =0, (4.11)

for all v, € V,"". This weak formulation is also consistent. With v, = 1 we get

f / (up) dxdt — / (F(u(xr, 1)) — F(u(xg, 1)) dt
I JQ(1)UQ0 (1) "

—/ (LF um)]r + [F(up) — xpuplr (ki — A1) dt +/ [up]"" dx = 0.

mn Q@)
4.12)
If (4.9) (with v = 1) holds for the discrete function uy,, that is if
f / (uh)t dxdt _f [Xf*l/th]r‘ dt +/ [uh]nfl dx
" QI(I)UQZ(I) " Q(tn—l)
= / uZ’_ dx —f uz_l‘_ dx, (4.13)
Q") Q1)
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it follows that the scheme (4.11) is conservative when (3.20) holds, i.e. A — A1 = —1.
However, in the fully discrete scheme we use a quadrature rule to approximate the time
integral. Since the domain is time-dependent, (4.13) can not hold exactly. Therefore a method
based on the weak formulation (4.11) may not be exactly conservative with a conservation
error depending on the accuracy of the quadrature rule. This is demonstrated in the numerical
examples.

4.3 Stability Analysis of the Semi-discrete Scheme

We now consider the energy stability of the proposed semi-discrete space-time CutFEM
(4.7). Similar to the scalar advection problem (3.22) with a stationary interface, we consider
the weighted energy with n > 0, i.e.,

1
Ey(t.up) = ~ / w1 (e 1) dx + f Wnae.0) dx. (4.14)
2 Jam 2 Joy

For convenience, we will use the notation 7, 5 for Q(t"), Q22(¢"), respectively. Choosing
vy = (Up,1, nup,2) in (4.7) we have

/ (u )2 dx —/ “Z 11 _”Z 11 *dx —/ / up,1(up1); dxdt
Q" In I (1)

+n / W3)? dx —n / iz gy = [ oo ddr
! ’ I J

= —/ ah(uh,vh)dt—J/Af Jo(up, vp) dt. 4.15)

I In

Integrating the last two terms in the left hand side of Eq. (4.15) we get

1
Lhs = =3 (/ (MZ:Dde —/ (uy 1Jr)zdx —/ Xp(up, 1 (xr, 1) df)
o Q- I
-1 ( [ i [t [ saeen? dr)
ol Qi I,
,—\2 —1,+ n—1,—
+/erl(u271) alx—/Q};l wy g dx
+7 </Q" (uzzz_)zdx _/s; ), 21 +uZ 21 _dx>
2 2
_ 1
= Ey(t" uy ) = By " )+5<||[uh1]" Higr + nlllun 21" g, )
: (nxf 2 i N d 4.16
2, nxp(up2(xr, 1) — xp(up, (xr, 1)7) dr. (4.16)

As in the analysis in Sect. 3.3, using the definition of a; (-, -), and integrating the term
(aup,i, (up,i)x)o; ), taking into account that uy, ; is discontinuous across the edges, using
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that %[u%]e = af{up}e[un]e, and the definition of F, (3.15), we have

—/ ah(uh,vh)df—)/A/ Jo(up, vy) dt

1 In
1,
+3 / xf (n(up2(xr, ) = (up 1 (xr, 1)) dt = —ET —IT, (4.17)

n

where v, = (up,1, nup,2) and

ET = /1 T2 Wl 05 Y (un2le)? | dr.

e e€&p
+f va| Do Joniunn)+ Y nloGun. un2) | dt, (4.18)
In eeFy ecFy ,

1
IT = / <§(al — xp)up + rl(a — xf‘)”h]I‘) up, dt
In

1

- 71/ (5(02 — xp)up2 + rol(a — x{“)“h]l‘) up dr. 4.19)
1”

Collecting the results in (4.15)-(4.19) and letting a1 = a1 — x}- and @ = a» — x{. yields

- _ 1 1 _ _
Ey(t", uy ") = Ey(" " )+5(||[uh,1]” 2+l 21" 1||§,,_.>
1 2

=—ET — / u; Suy, dt, (4.20)
Iy
with
(3 —ADar 3@k +¢7177?»2)> <Mh 1(xr,t)>
S = N e 2 - u, = ’ . 4.21
(;(“2)Ll +ainh) =G+ ) up2(xr, 1) @.21)

In (4.18) ET > 0 and will not contribute to energy growth. Hence, if the matrix S is positive
semi-definite, we obtain energy stability. Note that the matrix S in (4.21) is of the same form
as in the case of a stationary interface, see (3.27), but with a; instead of a;. Thus, by Lemma 1
we have the following theorem.

Theorem 4 Consider the problem (2.1)—(2.3) with the flux function (4.1), and a moving
interface at xr(t) such that a; — xf (t) and ar — x} (t) have equal, non-zero and constant
sign for all time t. With penalty parameters Ay and A satisfying (3.20) and

1 1
{Al57,)\25—7,l]’al—xf<0,a2—xll>0, 4.22)

A = 5.0 > =3, ifar —xp < 0,a2 — x{. > 0,

the space-time CutFEM (4.7) is conservative and there exists a positive 1) such that the energy
defined in (4.14) does not grow with time.

4.4 Quadrature in Time

Asin [9,15,32], we approximate the space-time integrals in the variational formulation using
quadrature rules, first in time and then in space. Note that using a quadrature rule in time we
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have
g
/ flx,Ddxdt ) o] / flx t)dx. (4.23)
mJaiw i A
Here, a)Z are the quadrature weights, ¢/, ¢ = 1, ..., n, are quadrature points in the interval

I", and ng is the number of quadrature points.
In the numerical examples, both the trapezoidal rule and Simpson’s rule are used. In
the time interval I"” = [t"~!, "], the trapezoidal rule is given by two quadrature points,

" = " Land % = ¢, and weights 0" = 0! = A" In Simpson’s quadrature rule, the
1 2 g 1 2 2 p q
. _ n—1 n .
three quadrature points are ¢ = " 1 1y = L 2+’ ,and #§ = ", and the weights are
n_ . n_ A" n __ 4Ar"
CL)l —Cl)3 = Tanda)z =5 -

4.5 Numerical Examples with Moving Interfaces

We use the proposed space-time cut finite element method (4.7) to solve problem (2.1)—(2.3)
with flux (4.1) and an moving interface xp(z).

4.5.1 Scalar Problem with a Moving Interface: Accuracy

Weusea; =2, a> = 1, xp(0) = 1074, xl/- = 0.111, and the initial value

B _ [ sin27x), x € [—1,xr0)],
ulr. 0) = f(x) = = B sin(rpx + 27xr (0)(1 — B)), x € [xr(0), 11. 24
Here B = Z;:i:r This initial condition satisfies the interface condition (2.3). The inflow
T

boundary condition g(#) = u(xr,t) = sin(2w(x; — 2t)) is used. The outflow boundary
condition is used on the right boundary. The exact solution is

sin2mw (x — 2t)), x € [=Lxr ()],
Bsin2rp(x —t) + 2wxr(0)(1 — B)), x € [xr(?), 1].

We use the space-time CutFEM (4.7) with discontinuous piecewise linear polynomials in
time and discontinuous piecewise linear and quadratic polynomials in space. For the time
integration we use Simpson’s rule. The time step is At = h/12 when linear elements are
used in space, that is r = (1, 1), and At = 0.005/ when quadratic polynomials are used
in space, that is r = (2, 1). In the latter case the time step is small enough so that the error
is not dominated by the error in the time discretization. We use y4 = 0.75, A1 = 0, and
X2 = A1 — 1. We solve the problem up to time ¢ = 0.1. In Table 3, we show the L2-and
L®°-errors for different mesh sizes 4 = 2/N and we observe that the space-time CitFEM
(4.7) has the optimal order of accuracy for this moving interface problem. Note that we use
a uniform background mesh with mesh size 4 and the interface cuts the mesh arbitrarily as
it evolves in time.

W 1) = { 4.25)

4.5.2 Scalar Problem with a Moving Interface: Conservation

We consider the same example as in [19] but with a moving interface

xr (1) = xr(0) + 0.4sin(2) (xr (0) — x2)(xg — xr(0)), (4.26)
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Table 3 Errors and orders of accuracy at # = 0.1 for the problem in Sect. 4.5.1 with a moving interface. The
approximation uses space-time polynomials of orders (1,1) and (2,1), respectively, and a uniform background
mesh with N elements in space

Plin space P2in space
N L2 error Order L error Order L2 error Order L™ error Order
20 1.46E—01 - 4.50E—01 - 1.25E—02 - 7.70E—02 -

40 3.91E-02 1.90 1.40E—-01 1.69 1.63E—03 2.94 1.03E—-02 2.90
80 1.00E—02 1.96 3.76E—02 1.89 2.07E—-04 2.98 1.31E-03 2.98
160 2.56E—03 1.97 9.65E—-03 1.96 2.62E—-05 2.98 1.94E—04 2.76
320 6.41E—04 1.99 2.71E-03 1.83 3.27E-06 3.00 2.38E—05 3.03

15
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Fig. 10 Results for the problem in Sect. 4.5.2, solved by the proposed space-time method (4.7) with r=(1,1)
on a uniform background mesh with 400 elements in space. Left: u, at# = 1, with initial and present interface
positions indicated by dashed lines. Right: Conservation error e() (see Sect. 3.4.2)

where xr(0) = —0.499. Leta; = 2, a> = 1, f(x) = 0 on the domain Q = [—1, 1].
The inflow boundary condition g(#) = sin(4w(—1 + 3¢)) is used on the left boundary. We
solve the problem up to time ¢t = 1 when the outflow information is still zero. The space-
time CutFEM is used to solve the problem with parameters A; = 0 and Ay = A1 — 1, a
uniform background mesh with 400 elements, and linear elements both in time and space,
r = (1, 1). Simpson’s rule is used for the time integration with Courant number C = 1/6.
We measure the conservation error as in (3.48), but replacing u} by u}’~ and noting that
Q=Q1(t)UQa(t).

In the left panel of Fig. 10, the numerical solution u, is shown and we can observe that the
proposed space-time CutFEM can simulate the problem with a moving interface well. We
note that the solution has a weak discontinuity and it is not surprising that small oscillations
appear. In the right side of Fig. 10, we show the conservation error e(¢) for the numerical
solution u;,. We see that the proposed space-time method is conservative. In Fig. 11, we
also show the numerical solution uj and the conservation error e(t) using the variational
formulation (4.11). We observe that this scheme also simulates this problem well, but the
conservation error is significantly larger when the weak formulation (4.11) is used.
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conservation error
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Fig. 11 Results for the problem in Sect. 4.5.2, solved by the space-time method (4.11) with r=(1,1) on a
uniform background mesh with 400 elements in space. Left: uj, at ¢+ = 1, with initial and present interface
positions indicated by dashed lines. Right: Conservation errors, (see Sect. 3.4.2)

Fig. 12 The domains in the t
locally implicit scheme
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4.6 A Locally Implicit Method

We now combine the proposed space-time CutFEM with an explicit CutFEM. The space-
time method is active in a neighbourhood of the interface and the explicit CutFEM method
is applied away from the interface. For simplicity, we only consider the case a; — xj. > 0,
ap — xp > 0, and piecewise linear polynomials both in space and time.

Recall the sets F, ;f ;» i =1,2from Sect. 4.1. We now let £; be the subdomain containing
the set of elements that have an edge in Ui}",’l', ; and denote by ; g the remaining part of
€, i.e, the elements in €2; that are not in €;. Note that Q; p C 2;(¢) for all + € I" and
that no elements in €2; g are cut by the interface during the time interval /”. In Fig. 12 we
illustrate how the space-time domain 7" x €2 can be partitioned into the three parts, " x €2;,
I" x Q1 g,and I" x Q2 E.

In regions away from the interface we want to apply a standard explicit DG method.
Recall the mesh 7, and the piecewise polynomial space Vhl defined in Sect. 3.1. We define
the following meshes and spaces restricted to €2; g,
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and .
Vhi =Vylge. i=12 (4.28)

We now formulate a standard DG method with a two stage second order Runge—Kutta method:
given 122_1.1 € Vi find L?,il? € Vp,i and i}, ; € Vi such that

(u;}? —ant, ﬁ,,)g + A ARG Dr) =0, Y, € Vi, (4.29)
i E
( (A" L), ”h> + TAh(u(l) 0p) =0, YOp € Vi, (4.30)
Qi E
with
2
Ap(lni, 0n) = —(F(@ni)s On)x)ey 5 — Z Z Fe(ith,)[0nles 43D
i=1e€&,iNQi E

and E(fth,,-) as in (3.15) at interior edges with A, = |a;| fore € &, ;,i =1, 2.

In the space-time slab 1" x €2; we use the proposed space-time method. The active meshes
and the spaces are defined exactly as in Sect. 4.1, but with 7; ; (¢), i = 1, 2 restricted to €2;.
Thus, given uzfl’f, the solution from the previous space-time slab, find uj, € V;l” such that

2

- L= e
Z (((MZ Jopeneen — (w0 I)Q,mgzi(;n—l) - f (un, (Vn)r) N () dl)
ln

1

+ /n ap(up, vp) dt + ya /n Jo(up,vp) dt =0, Yy € VZ’r, (4.32)
with
2
anupvp) ==Y | Fun), @)daneo+ . Felun)lvale
i=1 ec&ni (HNY
— ([(F (up) = xpup)vplr + [F(up) — xpuplr[ivplr) (4.33)

and X as in Theorem 4. We choose r = (1, 1).

Taking the test functions to be one in both schemes, i.e., v, = 1, and v, = 1 and assuming
for simplicity that the contributions at the physical boundary x = x; and x = xg vanish we
have

2 NG
> ((ﬁ;:,,-, Daye = @5 Dayy = =5 (Pl + PG (“”))) =0, (434
i=1

2

> ((uz, Daingyem — @)~ Dayng,an-t) — f Fe, (up) dr) =0, (4.35)
. 1"
i=1
where (4.34) is obtained by multiplying (4.29) with 1/2 and adding to Eq. (4.30). Thus, for
the locally implicit scheme to be conservative, we need the numerical fluxes at the edges e;,
between €2; £ and €2; (see Fig. 12), to satisfy

~ A" ~
/ Fe,-(uh)dtzT(Fe,(ﬁz,‘HFel @), i=1.2 (4.36)
Ill
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Table 4 Errors and orders of accuracy at # = 0.1 for the problem in Sect. 4.5.1 with a moving interface when
using the locally implicit method. The uniform background mesh has N elements in space

N L' error Order L2 error Order L error Order
20 1.29E—01 - 1.46E-01 - 4.47E-01 -

40 3.43E—-02 1.91 3.91-02 1.90 1.39E—-01 1.68
80 8.63E—03 1.99 1.00E—02 1.96 3.75E—-02 1.89
160 2.17E-03 1.99 2.56E—03 1.97 9.65E—03 1.96
320 5.40E—04 2.01 6.43E—04 1.99 3.30E—03 1.55

Taking into account boundary conditions, the flux’s direction, as well as condition (4.36),
we choose the fluxes at the boundaries and edges ey, e as

o B o B
Fragh = F(g"™), FL@y) = Fg"™" + Ay,
=~ An— An— — - (1 A~(1 _
Fr(iy") = g er, 1), Fr(ayy) = F(aj ) (xr. "),
“  Ap— N — - Al A(1
Fo, 711 = F (i ) (xey . 1"71)), Fo, (1)) = F (@) (xe,. "),
P N o B
Fo,(@)5") = Foyuy ™), Fe, ity y) = Foy (™),
= AT s s (D)

Fo (up)dt = N F61("‘h,1 )+ Fe (uh,l »
In
~ At" _ _

/ Foy(un)dt = = (FQ(MZ LY B )).

1n

The method can straightforwardly be used in a computation by time-stepping first in 2 g,
then in €2/, and finally in 2> g. The first and last steps are explicit, while the middle step is
implicit.

4.6.1 Numerical Examples

We now test the accuracy and conservation of the locally implicit method. Consider first the
same example as in Sect. 4.5.1 with a time step size At" = At = h/12. Table 4 shows
the expected second order accuracy in the L?-norm. In L>-norm convergence is slower. We
have also solved this problem on finer meshes, N = 1280, 2560, 5120, and we observe that
the convergence is slower than the optimal second order convergence. When a smaller time
step is used the degradation of convergence rate occurs at a finer grid, indicating that the
problem is related to the discretization of time. Since both the fully implicit and the standard
method work well, we conclude that the problem comes from the coupling.

Next we solve the example in Sect. 4.5.2 and simulate this problem up to time t = 1
with N = 400 uniform elements in the background mesh, and time step At = h/12. We
show the numerical solution in the left of Fig. 13. We see that the locally implicit scheme can
simulate this problem well and captures the discontinuity at the interface. We measure the
conservation error by e(t) using the inflow information based on the numerical integration
used in the scheme. We show the conservation error in the right of Fig. 13. The conservation
error is of the order of machine epsilon.
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Fig.13 Results for the problem with a moving interface in Sect. 4.5.2, discretized by the locally implicit method
on a uniform background mesh with 400 elements in space. Left: solution u;, at t = 1. right: conservation
error e(t)

5 Extension to Two Space Dimensions

Let 2 be a bounded convex domain in R%, with polygonal boundary <2 and let I" be a smooth
internal boundary that separates the domain €2 into two subdomains €21 and €2, such that
Q = Q1 U Q). Consider the hyperbolic conservation law

ur(x,y,t)+V-F(ux,y, 1)) =0, (x,y) € 21U, t€(0,T] 5.1
u(x,y,0)= fx,y), (x,y) € Q1 Uy, (5.2)
[F(u(x, y, 1)) -n]r =0, (x,y) €T, (5.3)

together with suitable boundary conditions. Here n is the unit normal vector of I', F(u) = au,
a = aj in Q] and a = a, in ;. Only a stationary interface is considered.

5.1 The Finite Element Method

Let 7, be a quasi-uniform simplicial mesh of the domain €2 generated independently of the
position of the interface I" and let V; be the finite element space on 7, consisting of piecewise
polynomials of degree at most r. We define the active meshes 7y, ;, the set of edges in each
active mesh &y ;, and the set Fj ; where the stabilization is applied, i = 1, 2, as in Sect. 3.1
but now /; denotes a triangle in 7;,. The active finite element spaces are

V= 172|Th,,-v i=1,2. (5.4)

and we let V; = V,;’l XV}, ,. Given the initial condition we find 1, (0) = up (-, 0) € V; such
that

(Mh(x, Y, 0)! vh)Q]UQz + VMJI (Mh(x, ) O)a Uh) = (f(xv }’)’ vh)Q]UQz7 Vvh € V]i; (55)

We propose the following weak formulation: Find u; (-, ¢) € V; such that for almost all
te(0,T]

(), vi)que, + YmJ1(@n)e, vp) + an(up, vi) + yado(up, vp) =0, (5.6)
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for Vv, € V;. Here

2
e
an (un. vi) = —(F(up), Von)o,ue, — Y > (Flun) -mle, [vple)e — (5 lunles [onle)e

i=1 ee«Sh.,-
—/F([F(uh)-nvh]r + [F(up)lr[Avplr) ds, (5.7

and

Js(up, vp) = 22: Z Xr:a)kth-H (I:akuh,i:le, I:akvh,,':l ) . (5.8)

i—1 ecFp; k=0 ere

5.2 Numerical Example

Let Q = [Xmin, Xmax] X [Ymin, Ymax] and the interface I" be the line x + y = ¢ where ¢ is a
constant. The subdomain Q2] = {(x,y) € Q:x4+y <cp}, 2 ={(x,y) € Q:x+y > co}.
We choose Xmin = Ymin = —1, Xmax = Ymax = 1, and ¢9 > Xmax + Ymin. The unit normal

: _ 1 : . _ 0.5h
tollisn = ﬁ(l, 1) and the time step is chosen as At = @D maxgqal - The boundary
conditions are

U(Xmin, ¥, 1) = &(Xmin, ¥, 1), (5.9)
u(x, Ymin, 1) = g(x, Ymin, 1), (5.10)
outflow BC on the remaining boundaries. (5.11)

5.2.1 Convergence Study

Leta; = (3,1) and a = (2, 1) and set ¢co = 0.5. A solution to Eq. (5.1) is
ui(x,y, 1) =sin(m(x +y —4r)), (x,y) € Qy, (5.12)
4
Mz(xiyst):§Sin(4/3ﬂ(-x+y_3t_c()/4))5 (xiy)6927 (5]3)

and with g = u it satisfies the boundary conditions. Note that on the interface, x + y = co,
we have u = sin(w(co — 4t)) and upy = % sin(4/3m(3/4co — 3t)). Thus, the solution given
by Eqgs. (5.12)—(5.13) satisfies the interface condition (5.3).

We solve the problem on a uniform mesh until # = 1 with a time step At = 0.54/(2r +
1)4/10) for r = 1,2, (i.e. P1, P2 elements) and & = 2/N,., with N, = 20, 40, 80, 160, 300.
In Fig. 14 we show the L2-error versus mesh size . The convergence order of the method
follows the optimal order r + 1.

5.2.2 Conservation Study
Leta; = (3,1) and a» = (1,2) and set ¢9 = 0.25 and denote C the circle with center
(—0.3, —0.3) and radius 0.3. We consider the initial condition

1if (x,y) e,
0 else,

f(-xsy):{

and boundary data g = 0. We solve this problem using the proposed scheme with r = 1
on a uniform mesh where N, = N, = 200 and a time step defined as above. We use two
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Fig. 14 The L%-erroratt=1
versus mesh size & for the
problem in Sect. 5.2.1 in two
space dimensions. Polynomials

of degree r=1, 2 are used and
convergence order r+1 is =
obtained 5
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=
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Fig. 15 Solution obtained at different time instances for r = 1. Here we have chosen A = 0 and A» = —1
The white line is the interface I". Blue corresponds to u = 0, orange to # = 1 and red to u = 4/3
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different sets of penalty parameters A and A, where the first set satisfies the conservation
condition (3.20) while the second set does not. In Fig. 15 we show the numerical solution
at different time instances with A;, i = 1, 2 satisfying the conservation condition. The mass
concentrated in the circle C is away from the interface initially, but evolves and passes through
the interface. In Fig. 16 we show that when penalty parameters satisfy (3.20), the method
is conservative. In contrast, if the conservation condition is not satisfied, the conservation
error can be large and increases significantly when the part with a mass reaches and passes
through the interface. Note that the exact solution is not smooth, but with condition (3.20)

the method is still conservative.
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6 Conclusion

We have presented two high order CutFEM based on the DG framework, applicable to conser-
vation laws with discontinuous coefficients in the flux across stationary and moving interfaces,
respectively. Our methods use standard DG-elements, but do not require the elements to be
aligned with interfaces where coefficients are discontinuous. Ghost penalty stabilization is
included in the weak forms to allow for similar time-step restrictions as in the standard DG
approach. We have established discrete conservation, accuracy and stability for the methods.
The proposed methods are described and analyzed in one-dimensional settings, but we also
present computations in two dimensions for a stationary interface case, which demonstrates
that the methodology can directly be extended to higher dimension.

The first method is based on a method of lines approach, and is an extension of the
method in [10] to handle stationary material interfaces. The mass matrix appearing in the
semi-discrete system is block-diagonal with most blocks as in the standard DG approach,
but with one larger diagonal block, which couples the degrees of freedom associated with
elements in the vicinity of the interface. The non-diagonal entries are caused partly by the
contributions from integrals in the cut region, and partly by the ghost penalty stabilization,
which couples elements cut by the interface with their neighbours. In one space dimension
this coupling is not a big issue. However, one can produce a block-diagonal matrix with less
coupling, in particular in higher dimension, by applying stabilization restrictively as proposed
in [20]. Our focus in this work has been on the interface treatment and we developed CutFEM
that are globally conservative. By changing the stabilization to the macro element stabilization
in [20] our method would also preserve the local conservation property of the discontinuous
Galerkin formulation on macro elements.

The second method is for moving interfaces. It is a space-time CutFEM based on discon-
tinuous elements in both space and time. The method is stable and conservative, but implicit.
In particular we have shown, numerically and analytically, that using a weak form based on
integration by parts in time is essential for discrete conservation. Since we are using standard
DG techniques as building blocks we believe that the extension of this method to multiple
space dimensions is also straightforward. The implicit character of our space-time CutFEM
is however a drawback. We demonstrate in a scalar case how a more efficient method can be
achieved by using the space-time elements only locally in the vicinity of interfaces. This idea
moves the difficulty from the non-aligned moving interface to a stationary aligned interface,
where the space-time elements need to be coupled to standard method of lines DG methods
while maintaining stability, accuracy and conservation.

In computations we have observed that the temporal accuracy is sometimes degraded
in the coupled case, and more work is required to understand and avoid this degrada-
tion. We also believe that a more difficult extension is to generalize the coupling between
space-time elements and the standard method-of lines DG methods to systems and to multi-
dimensions, while maintaining stability, accuracy and conservation, and allowing for explicit
time-stepping in large parts of the domain.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
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A Positivity of the S-Matrix

In this appendix, we show that under the conditions in Theorem 1 the matrix S in (3.27) is
positive semi-definite.

Lemma 1 Consider

g_ (5 —ADa 7”2'\'2“'"'\2 A
112)\1'20177)\2 _()\24‘%)77612 s .

where A1 = Ay + 1 and ay, ay are either strictly positive or strictly negative. There exists
positive n such that the matrix S is positive semi-definite under the condition

Al
Al

Proof To reduce the number of parameters we rewrite the conservation condition (3.20) as

A< —1

e

,ifa; > 0,a2 > 0,
—5, ifa1 <0,a2 <O0.

IV IA

SIES ST

(A.2)

=
=

1 1

A — =\ - -, A3
2+ 5 1= 5 (A.3)

and introduce ) 1
=y — — = —A{ + —. A4
275 1+ > (A4)

In terms of o we have
az—+nai ar—nai

_ ajo ——5 0+ =5 A5
S (_az-znal o+ tlz—47)a| ano > . ( ' )

To investigate if S is positive semi-definite we study the eigenvalues of S. The eigenvalues,
0, satisfy

|S—61| :92—tr(S)0+det(S) =0, (A.6)
where 17 (S) = ayo (B + 1) with B = %, and
a% 1
det(S) = Z(l =B A+ Bno—1A—-Bn)|o”+ 2l (A7)

By assumption g, n > 0. We have

252 2
o= Totpan /(ﬂﬂ)

) — det(S). (A.8)
Both eigenvalues are nonnegative precisely if equivalently
aro > 0 and det(S) > 0. (A.9)
When o > 0 we have from (A.9) that a, > 0, and
20 (A.10)

Ofl—nﬂfm,
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or equivalently 1 — < nB < 1. Hence, givena; > 0,ax > 0,8 = a;/ar» > 0 and

20
(0+1/2)2
parameters A1 < 1/2, Ay < —1/2 with X, — X1 + 1 = 0, matrix S is positive semi-definite
under the condition

A+ 1)?

(GRS (A1)

A
2

When o < 0 we have from (A.9) that ap < 0 and

20

or equivalently 1 — ((Jfﬁ > nB > 1. This means, givena; < 0,a; <0, =aj/az > 0,
and parameters A > 1/2, A > —1/2with A —X1+1 = 0, matrix S is positive semi-definite
when

A+ 1)2
S ez, (A.13)
2

When ¢ = 0, thatis A = 1/2 and A = —1/2, we need to have det(S) = 0 in order for
(A.9) to be satisfied. We have that det(S) = 0 if n8 = 1 for both ¢; > 0 and a; < 0. Thus,
there always exist positive n under the condition (A.15) such that S is positive semi-definite
and the energy E), is non-increasing. O

Next, we will show a stability condition of A; in the scheme (3.9) without the conservation
condition (3.20).

Lemma 2 Consider

g_ (= rpa  ehtans (A.14)
11211-20171)»2 —()»24—%)7}612 ’ .

where ay, ay are either strictly positive or strictly negative. There exists positive n such that
the matrix S is positive semi-definite under the condition A1 — Ly > % and

1

1 _1
A=< 5,A2 < ,zfal>0,a2>0, (A15)
M >3,k > =5, ifa;r <0,a2 <O0.

Proof We will investigate when S is a positive semi-definite matrix by studying the eigen-
values of S. Without the condition A, — A1 + 1 = 0, similarly as the above proof, we have
tr(S) = (% — )Ll)al — ()»2 + %) apn and

1 1 A 12)?
det(S) = (Al - 5) (Az + 5) arazn — W. (A.16)

The eigenvalues are nonnegative if we have tr(S) > 0, det(S) > 0. By assumption =
% > 0,ifap > 0, tr(S) > 0, det(S) > 0 are equal to

1 1
<§ - /\1> B = ()»2 + 5) UR (A.17)

1 1
2 (M — - 5) Bn = (1 — Bnra)? < A38%n% — 281 (M — - 5 +A1Az) +21<o.
(A.18)

and
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With A1 < %, Ay < —%, the inequality (A.17) holds for any 1 > 0. Therefore, to ensure that
there exists n > 0 such that (A.18) is satisfied, we need

1 1 1 1
A=A —Ary— = M—A— =420 ) =AM -2 —= QA =D (A —1>0
(1 2 2)(1 2 2+ 12) (1 2 2)( 1 )<2+2)_,

(A.19)

1

With 4 < !

with

,AM < sand Ay — Ay > %, it follows that A > 0. Then there exits an n > 0

1
2

(M — A2 — % +)»1k2)+x/z
3

A=A — 24+ an) - VA
max:O,(l 2= 5+ hik) — VA . (A20)

2
)“2

}sﬁns

1

This shows that when a1, a> > 0 a sufficient condition for the scheme to be stable are A1 < 7,

M < —l,andkl — A > %
If ay, ar < 0, we first need tr(S) < 0, that is

1 1
<§ - Al) B = (AZ + E) n. (A21)

Then, we need det(S) > 0 as in (A.18). Thus, we need
1 1
()\.1 — Ay — 5) 2rxr—1 <)\.2 + 5) > 0. (A.22)

IfA > %, Ay > —% and A1 — Ay — % > 0, there always exists n > 0 such that

(M _)LZ—%‘F)\I)Q)‘F\/Z
3

A=A — 24+ an) - VA
max:O,(l 2= g hik) — VA . (A23)

2
)“2

}sﬁns

and the scheme is stable. ]

B Proof of Theorem 2

In this appendix, we give the proof of the error estimate in Theorem 2 but first we briefly
recall some useful inequalities. For s > 0, let || - ||5,, and | - |5,,, denote the usual norm and
semi-norm of Sobolev space H*(w), respectively and || - IIE’Th = ZTGTh I - II?’T. Fors =0,
the norm || - [|o.,, and | - |o.,, is the standard L2-norm and we often use the notation | - ||,.
We will use the notation a < b < a < Cb with C being some constant that is independent
of the mesh parameter /2 and how the interface cuts the mesh 7j,.

Let T € 7y, the following trace inequalities hold

Illar <A™ 0lir + A2l 7, Yo e HY(T), (B.1)
Ilirnr < A2 ollr + 22 )7, Yo e HY(T), (B.2)

where the first is a standard trace inequality and the second is proven in [13]. We also have
the following inverse inequality [1],

aljr Sh Jonlyr. Yon €V, 0<s < j, T e (B.3)
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Following [2] we use the L2-projection. For i = 1,2, let 7y,.; : L* (Tj.;) — V}, ; denote the
L’-projection onto VZ’ ;- Forallv; € H" +1 (’2}, ,-) we recall the following standard estimate

1k
[vi — 7p,ivi W il grr, T € Thi, (B.4)

lr 5

where k = 0,1,...,r + 1. We also need extension operators that can extend functions
defined in ©2; to 7, ;. The extension theorem in [30] provides continuous extension operators
E; : H*(Q;) — H* (R) such that for all v; € H*(;), E;vilg, = v; and

IEivilly e S llills,e, i=1,2,5=0. (B.5)

We now define an extension operator E such that for all v € eal.zleS(Qi), Ev =
(Eqv1, E2vp) and we denote Ev by v¢. Using the Lz—projection mp,; and the extension
operators we define the following projection operator

h @7 L2 (Th,1) 3 (01, v2) = (una Eyvr, w2 Ev) €V (B.6)
We are now ready to prove Theorem 2.

Proof Note that u = u; for x € ;, is the solution to problem (2.1)-(2.3) with F(u) as in
(3.22) and x[.(t) = 0, and is sufficiently smooth: u; € L™ ([O, TI; H’+1(Qi)) and (u;); €
L([0, T1; H'T1(2;)). For t € (0, T] we have from consistency that u®(t) = u®(-, ), the
extension of exact solution u, satisfies

(uf, vh)QlLJQz + ym i (uf, vp) + Ap(ué, vp) =0, Yo, € V). (B.7)

Further, u;,(t) = up(-, t) € V}, is the solution to (3.9). Subtracting (B.7) from (3.9), we get
the error equation

((u® = up), vh)QlUQ2 + vy J1 (W —up)e, vn) + A —up, vp) =0, Yo, € V. (B.8)

We write the error as a sum of two terms u® —uy, = £ +¢, where § = (&1, &), with & (x, 1) =
uj (x, t)—mpi Eiui(x, 1) and & = (1, &) with & (x, 1) = (mpi Eiui (x, ) —upi(x, 1)) € V} 4,
i = 1, 2. Rewriting the error Eq. (B.8) in terms of £ and ¢ we get

(& + O v)gua, + Yui(E +Ovp) + ApE+E,vp) =0, Yy, €V (BI)
Let vy, = (&1, n¢2) in (B.9). Defining a weighted energy similar to (3.25), i.e.,

1
Ef @0 =2 (16115, + ym /1@ e0) + 5 (0], + ym i (@2, ),

SRS
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and following the stability analysis in Sect. 3.3 we get

iEg(t)
dr "
=—¢{1S¢r— ) u[z] - > m[cz] = yado(¢1. €1) — nyado(62. &2)

ee&p | ec&p o
- </s.2 EDecrdx +ymJ1((E1)ys Cl)) -1 (/Q (62)1Q2dx + ymu J1((62)rs Cz))
1 2
—vaJoér, 1) —nvado(&2, )

/Q a1&1(&)xdx + Z ai§y [¢1le — (I —ADai§i,réir — Maxéaréir

eESh 1

+n (/;2 wE(0)xdx + Y arty [0l + (1 + A)arkariar — haiéird, r)

ee&yn

(B.10)

Here, the matrix Sisasin (3.27), & r =& (xr, 1), &ir = & (xr, t),and & = (? gr’ 2) .
PACA a9

Using the Cauchy—Schwartz inequality and Young’s inequality, we have

1
— JoEi, &) < (JoGE, ENV2 (Do e V? < Jo(Gi, &) + 1706 &)

1
- (/Q_(Ei)r(idx +ym 1 ((Ei)is Ki)) =3 (1GED 18, + ymT1 (Eis EDD)) + ES(0)

1
Y @b lale+n Y wk ol <5 ( dlallalz+n ) |az|[;z]§)

ee&p | ee&pn ee&y | e€&pn
1
5| 22 lll&alz+n Y el | (B.11)
€1 €& 2

Using the above three inequalities, we get

d
TES(D) = —01SEr + Ef() + (||<sl>t||gl + 1 (€ €00 + 261 60)
+ 3 (1€ 13, + a1 (€. €0 + B do(62.62))

1
+5 ( ddaill&lz+n Y |az|||sz||§)

e€En1 ey

+lailligrle 1Dy + 11 = Allar & e llie + (A lazll&20r I

+ nlazlll&2lle; 1(62)xlle, + il + Aallazlli2llr 1221lr + nlr2llarI§1IrIg2]r-
(B.12)
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Note that the approximation properties of 7, ; (equation (B.4) with k = 0, 1), together with
the trace inequalities (B.1)—(B.2), and the stability of the extension operator (B.5) yields

1€, S P2 luillf o (B.13)

UGN S H il g, NEIF S AT w2 g, (B.14)
e i

JoEn &) Sh T w2y g0 i=1,2. (B.15)

Using (B.13), Young’s inequality, and the inverse inequality (B.3) we have

€l 1@l S RT3 HIENS, + P2, S H uillf ey, + 121G, 1 =1,2.
(B.16)

Using the trace inequality (B.2), the inverse inequality (B.3), Young’s inequality, and (B.14)
we have fori, j = 1,2,

_1 _
1§ e g e S itk ™2 08l S A~ IENF + 118108, S A7 uillf g, + 118511, -
(B.17)

Furthermore, since by assumption (u;); € H" *1(€2;), we have similar estimates as (B.13)
and (B.15) for (&;); and hence

D18, + v J1 (EDis €D S PPl (B.18)

Therefore, combining the inequality (B.12) with the inequalities (B.15)—(B.18), and using
that S is positive semi-definite, we have

d .
EEg(t) S EL(D) + R (B.19)
Similar to the analysis in [10] we also have that the initial error E,% ) < h?" . Then, using
Gronwall’s inequality we have E,% (1) < C;h?, where C, denotes a constant depending on
time ¢. Using the definition of E,% (t) we have

2
min{1, 1} Y (151§, + yu /1@ &) S ES () S Cih™.

i=1

Finally, applying the triangle inequality, using the estimate (B.13) and the bound above for
114 Iél_ , we have the error estimate

2 2
= unllgue, = Y&+ llE, S (&G, +11411g,) S ™. (B.20)
i=1 i

i=1

Note that the error estimate depends on the parameter n, which is used in the stability
analysis to ensure that the matrix S is positive semi-definite and the scheme is stable. We
point out that the estimate we have shown is suboptimal, but in the numerical computations
we get optimal accuracy. O
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