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Abstract
We consider accurate and stable interpolation procedures for numerical simulations uti-
lizing time dependent adaptive meshes. The interpolation of numerical solution values
betweenmeshes is considered as a transmission problemwith respect to the underlying semi-
discretized equations, and a theoretical framework using inner product preserving operators
is developed, which allows for both explicit and implicit implementations. The theory is
supplemented with numerical experiments demonstrating practical benefits of the new stable
framework. For this purpose, new interpolation operators have been designed to be used with
multi-block finite difference schemes involving non-collocated, moving interfaces.

Keywords Interpolation · Stability · Accuracy · Semi-boundedness · Transmission
problem · Inner product preserving

1 Introduction

Time dependent adaptive mesh refinement (AMR) [1,3,27], i.e. where a computational mesh
is modified dynamically during the course of a simulation, is a popular and extremely useful
technique to reduce the cost of complexmodeling tasks involvingmany types of partial differ-
ential equations (PDE). By adding more computational nodes in one region and/or removing
nodes in another, local changes in solution characteristics over time can be accounted for,
leading to a more efficient use of computer resources. See e.g. [2,11,17,24] for a selection of
historical applications of AMR techniques.
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One of the core aspects of AMR is the transfer of numerical solutions values from the
previous mesh to the next using interpolation. If AMR is applied after each or every few
time steps, e.g. in order to track a moving solution profile, the accuracy and formal stability
properties of such interpolations become important considerations. In this paper we set out
to formulate a general framework for stable and accurate AMR interpolation. This new
framework is explicitly intended to be used together with the energy method, focusing on
semi-bounded semi-discretizations and especially those resulting from the use of discrete
operators with a formal summation-by-parts (SBP) property [4,9,25].

Inner product preserving (IPP) interpolationhas recently emerged as apowerful framework
for locally adapting the refinement level of a computational mesh with the use of hanging
nodes. Developed for numerical methods ranging from finite difference (FD) [20], mass-
lumped discontinuous Galerkin (dG) [7] as well as finite volume and various hybrid methods
[14,18], the framework of IPP is ideally suited to be used in conjunction with the energy
method in order to prove stability of interpolationbased interface coupling conditions between
general blocks or elements in space. The successful use of IPP operators in the references
cited above rely heavily on the interplay between the IPP concept and an underlying formal
SBP framework for numerical differentiation on each of the individual blocks or element.

The kind of abrupt and repeated modification to the mesh associated with time-dependent
AMR generates a sequence of so called transmission problems [22], i.e. semi-discretized sys-
tems of equations coupled in time using interpolation. Focusing on the example of numerical
filters in [19], it was demonstrated that the stability of transmission problems in general is
tightly linked to the IPP concept discussed above. In this work, we will therefore consider
the use of IPP type operators for time dependent AMR interpolation. We develop a general
methodology allowing for both explicit and implicit implementations. In terms of available
IPP type operator that can be used for this purpose, we note that in the element based dG case,
the same type of L2 projection operators traditionally used for couplings in space [12,13,21]
can be shown to satisfy the IPP framework [7]. Hence these operators can also be used in
the AMR context of this paper. In the FD case however, new operators must in general be
constructed.

The remainder of this paper is organized as follows. In Sect. 2 we outline a general theory
of AMR stability based on IPP operators, mirroring and expanding some of the key results
for numerical filters in [19]. In Sect. 3 we relate these theoretical findings to the theory of
SBP operators. In particular, we discuss and compare the accuracy limitations inherent to
both types of operators, and how these relate to the total accuracy of numerical simulations
using AMR. In Sect. 4 we discuss IPP interpolation operator design for FD calculations
with moving non-collocated interfaces in a multi-block environment. In Sect. 5 we present
numerical calculations using both FD and dG methods, investigating convergence rates as
well as demonstrating practical benefits of the formal stability associated with the developed
AMR interpolation schemes. Finally, in Sect. 6 we draw conclusions.

2 General Stability Theory

As our starting point we letD = D(X ,U ) denote a general semi-discretized non-linear PDE
operator, posed on a givenmesh of computational nodes denoted by X . That is, after imposing
homogeneous boundary conditions, we consider the semi-discrete system of equations

Ut = D(X ,U ). (1)
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Weshall henceforth only consider operatorsDwith a semi-bounded property, i.e. for a general
vector Φ defined on the mesh, we have

(Φ,D(Φ, X))P(X) = ΦTP(X)D(Φ, X) ≤ 0 (2)

for some quadrature P(X) which defines a discrete L2 inner product and norm on the mesh
(i.e. P is a diagonal matrix with positive quadrature weights inserted along the diagonal).

Note that (2) implies that the solution U to (1) is non-growing in the discrete L2 norm,
and this can typically be seen as an analogue of the same property of the continuous PDE. In
otherwords, semi-boundedness simplymeans that numerical stability follows from the energy
method for a specific quadrature norm. Hence, (1) encompasses a great number of different
PDE problems (as well as related numerical methods) of both hyperbolic and parabolic type.
See e.g. [9] for a comprehensive introduction to the topics of semi-boundedness and energy
stability.

2.1 AMR as a Transmission Problem

Now suppose that we wish to refine and/or coarsen the computational mesh locally after n
time steps, and then interpolate the solution to the new mesh before carrying out time step
number n + 1. Let Xn , Xn+1 denote the two meshes at t = tn and t = tn+1 respectively.
Note that the mesh does not change continuously between the two time steps. In general,
even the dimensionality changes abruptly as the mesh is refined and/or coarsened locally.

On the semi-discrete level, we consider a single AMR operation at time t = tn as a
transmission problem [19,22]

Un
t = Dn(Xn,Un), t ≤ tn

Un+1
t = Dn+1(Xn+1,Un+1), t > tn

Un+1(tn) = F [
Un(tn),Un+1(tn)

]
.

(3)

The symbol F is used here to represent the interpolation procedure of either implicit or
explicit form, red where in the latter case F simplifies into F [

Un,Un+1
] = F(Un). The

design goal of F , apart from interpolating solution values accurately from one mesh to the
other, is to preserve the stability of the underlying schemes due to semi-boundedness (2).
To achieve this, we hence require that F satisfies the following contractivity condition with
respect to the same quadratures

Ψ = F(Φ,Ψ ) ⇒ ‖Ψ ‖Pn+1 ≤ ‖Φ‖Pn , (4)

thus ensuring that the solution to (3) remains non-growing.

2.2 Inner Product Preserving Interpolation

A pair of IPP interpolation operators between the two meshes Xn and Xn+1 with respect to
the quadratures in (2) are defined by

(Ψ , IFWΦ)Pn+1 = (IBWΨ , Φ)Pn , i.e. Pn+1IFW = IT
BWPn, (5)

where the subscript FW indicates forward interpolation from the previous to the new mesh,
and BW denotes backward interpolation in the opposite direction. Note that in the case of an
explicit AMR implementation, only IFW has to be implemented. Even in this case however,
the backward operator IBW as defined by (5) must be accurate, as we will show below.
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We consider accuracy relations of the type

IFWϕ(Xn) = ϕ(Xn+1) (6)

IBWϕ(Xn+1) = ϕ(Xn) (7)

for all polynomials ϕ up to (and including) a certain order p, where ϕ(Xn), ϕ(Xn+1) are
vectors with the value of ϕ in each node. For the reader’s convenience we restate below the
central accuracy result for IPP operators originally proven in [18].

Proposition 1 Let IFW and IBW be a pair of IPP interpolation operators, defined in (5). If
both (6) and (7) are satisfied for all polynomials ϕ of order up to p, then

ϕ(Xn+1)TPn+1ϕ(Xn+1) = ϕ(Xn)TPnϕ(Xn) (8)

also holds for all polynomials up to order p.

In terms of practical operator construction, this result infers an upper theoretical limit to the
formal accuracy of IFW and IBW based on properties of the quadratures Pn and Pn+1 in
(2). A more in-depth discussion of the accuracy restrictions following from Proposition 1 in
the AMR context will follow later in Sect. 3.

2.3 Explicit Implementation

To start with, we consider the most straightforward, explicit implementation of an interpola-
tion operator IFW in the AMR procedure, i.e. let

F(Φ,Ψ ) = IFWΦ. (9)

The following so-called transmission condition, first formulated for problems of the type (3)
in [22], can be shown to imply the contractivity condition (4)

IT
FWPn+1IFW − Pn ≤ 0. (10)

This condition was also considered for stationary non-collocated interfaces of dissipative
type in [20].

We are now ready to state our first main new result, providing a link between IPP operator
theory and the explicit transmission condition (10).

Proposition 2 Consider a forward interpolation operator IFW satisfying (6) for polynomials
up to order p, and assume furthermore that the mesh quadratures satisfy (8) for polynomials
up to order p. Then, in order for the transmission condition (10) to hold, it is necessary that
also the IPP backward operator IBW (5) satisfies (7) for polynomials up to order p.

Proof Westart by assuming (6) and (8) for some value p, as stated in the premise.Now letϕ be
any polynomial of order up to p. We then have, defining ϕn = ϕ(Xn) and ϕn+1 = ϕ(Xn+1),

ϕT
n (IT

FWPn+1IFW − Pn)ϕn = (IFWϕn)
TPn+1(IFWϕn) − ϕT

n Pnϕn

= ϕT
n+1Pn+1ϕn+1 − ϕT

n Pnϕn = 0,

where we have used both (6) and (8). It now follows from Lemma 14 in [23] that the matrix
IT
FWPn+1IFW − Pn is indefinite unless we also have

(IT
FWPn+1IFW − Pn)ϕn = 0
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for all polynomials ϕ of order up to p. After again inserting (6), using the definition of IBW
in (5) and multiplying through with the inverse of Pn , we find

IBWϕn+1 = ϕn . (11)

Hence, IBW satisfies (7) up to order p, which concludes the proof.

We note that Proposition 2 above can be seen as a straightforward extension of Proposition
1 in [19], which relates to explicit filtering procedures. In the context of filters however, we
havePn+1 = Pn , whichmakes the assumption that (8) holds superfluous. Hence, Proposition
2 is a more general result which applies to all types of IPP operators.

2.4 Implicit Implementation

From a pure operator construction perspective, it is more convenient to only consider the IPP
property (5), which is a linear constraint on the coefficients in IFW and IBW , rather than
also the additional non-convex eigenvalue constraint in (10). As an alternative to the explicit
AMR implementation considered above, we add an implicit correction term to (9)

F(Φ,Ψ ) = IFWΦ − IFW (IBWΨ − Φ) . (12)

We can now directly prove that the IPP property (5) is sufficient for contractivity (4), i.e.
without the need for the additional constraint (10).

Proposition 3 Consider the implicit AMR implementation Ψ = F(Φ,Ψ ) in (12), and let
IFW and IBW be IPP as in (5). Then

‖Ψ ‖2Pn+1 = ‖Φ‖2Pn − ‖Φ − IBWΨ ‖2Pn

holds, i.e. the operation is contractive (4).

Proof First note thatΨ = F(Φ,Ψ ) in (12) gives, (I+IFWIBW )Ψ = 2 IFWΦ. Multiplying
with Ψ TPn+1 from the left, we get

‖Ψ ‖2Pn+1 + (Ψ , IFWIBWΨ )Pn+1 = 2(Ψ , IFWΦ)Pn+1 .

From (5), this becomes

‖Ψ ‖2Pn+1 + ‖IBWΨ ‖2Pn = 2(IBWΨ , Φ)Pn .

After adding and subtracting ‖Φ‖2Pn on the right hand side, we finally get

‖Ψ ‖2Pn+1 = ‖Φ‖2Pn − ‖Φ‖2Pn − ‖IBWΨ ‖2Pn + 2(IBWΨ , Φ)Pn

= ‖Φ‖2Pn − ‖Φ − IBWΨ ‖2Pn ,

which concludes the proof.

The analogous result for filtering procedures with Pn+1 = Pn was given in [19].

3 Accuracy Considerations

In terms of accuracy, we have seen in Proposition 1 that IPP interpolation operators and their
underlying quadratures rules are interrelated through the conditions (6), (7) and (8). Recall
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that these quadrature rules in turn relate to the underlying semi-discrete schemes through the
property of semi-boundedness (2). In this section we will discuss accuracy in more depth,
and in particular how Proposition 1 relates to the underlying schemes.

3.1 Differentiation and Integration

We consider a discrete first derivative operatorDxi , for the coordinate direction xi on a mesh
denoted by X . The accuracy relations on a Cartesian mesh are of the type

Dxi ϕ(X) = ∂

∂xi
ϕ(X), (13)

for polynomials ϕ of order up to (and including) s.
Semi-boundedness (2) can e.g. be achieved by formally postulating a SBP operator struc-

ture of all partial derivative approximations. By the use of compatibility conditions, the
accuracy of such operators can be shown to be interrelated with their respective quadrature
rules in a similar way that IPP operators are due to Proposition 1 [10,15,16]. In particular, a
simple 1D analysis reveals that if differentiation is carried out to accuracy order s (13), then
the associated quadrature must be exact for mesh polynomials up to order 2s − 1, see [16].

In order to relate this and similar results to the condition (8) in Proposition 1, we note first
that the integrand ϕ2 in (8) is a polynomial of even order. Hence, if a quadrature P is exact
for all polynomials up to order 2s − 1, we then have

ϕ(X)TPϕ(X) =
∫

�

ϕ2d� (14)

for all polynomials ϕ up to order s − 1.

3.2 IPP Interpolation

If the quadratures in (8) are known to satisfy the integration conditions (14) already from
properties of the semi-discretization, then the significance of Proposition 1 can be better
understood by the following corollary.

Corollary 1 Consider the case where (14) is satisfied up to order s − 1, but where neither
(14) nor (8) holds to order s or higher. Then an IPP operator pair IFW and IBW can not
simultaneously satisfy (6) and (7) for any p larger than s − 1. In other words, at most one of
them can be satisfied for p = s.

Proof The premise is that (8) is true for all polynomials ϕ up to order s − 1 (since this
follows from (14)), but not for all ϕ of order s. Moreover, Proposition 1 states that (6) and
(7) together implies (8). Thus, if both (6) and (7) would hold for p = s, then this would lead
to a contradiction since we have already established that (8) does not hold up to s.

Remark 1 Recall that the upper limit of s − 1 in (14) is related to the use of SBP operators of
order s (13). In light of this, the upper accuracy limit of p = s−1 given by Corollary 1 should
be seen as a serious limitation. By Taylor’s theorem, interpolating a smooth function on the
mesh results in errors of order s. As a comparison, in the absence of AMR interpolation,
the expected convergence rate of a finite difference SBP scheme is s + 1 [25,26]. This
observation suggests that a numerical solution loses one order of accuracy even after a single

123



Journal of Scientific Computing (2021) 86 :43 Page 7 of 27 43

AMR operation, since the interpolation adds on a new error of order s which is independent
of the order of the scheme.

If AMR is applied frequently (after each or every few time steps), the effect on solution
accuracy is harder to predict, especially if the region in space where AMR interpolation is
applied is small and/or moving. However, some level of error accumulation over time must
in general be expected, possibly leading to a further reduction in convergence order.

In the case of finite difference operators, a solution to this suboptimal accuracy constraint
resulting fromProposition 1was proposed in [6]. By increasing the number of boundary nodes
and modifying the associated quadrature weights for each grid size, the order of polynomials
in (14) could be increased to s, thus removing the constraint of s − 1 in Corollary 1. This is
a rather specialized approach however, and for standard SBP finite difference operators with
fixed boundary closure coefficients, no such fix is possible [16].

3.3 Explicit AMR Interpolation

In the explicit implementation (9) of AMR, we only apply one of the two interpolation
operators in an IPP pair, i.e. the forward operator IFW . In this case, Corollary 1 does not rule
out the possibility of maintaining an accuracy of p = s, as long as IBW (which is not used)
has the lower value p = s − 1. However, even this is not always possible, as the following
result shows.

Corollary 2 Consider the premises of Corollary 1. If we assume that IBW satisfies (7) for
p = s − 1, and IFW satisfies (6) for p = s, then for (10) to hold we need to additionally
have

ϕT
n+1Pn+1ϕn+1 ≤ ϕT

n Pnϕn (15)

for all polynomials ϕ of order s.

Proof First note that (15) is automatically satisfied with equality up to order s − 1 due to
(14). For the case of order s, consider the quadratic form of the left hand side in (10) with
respect to ϕn

ϕT
n

(
IT
FWPn+1IFW − Pn

)
ϕn ≤ 0.

Now, since we have assumed that (6) holds up to order s, this condition exactly reduces to
(15). ��
Remark 2 To understand the nature of the constraint (15) better, it is instructive to consider
the special case of Pn and Pn+1 representing a trapezoidal rule on two different meshes
Xn and Xn+1. If the integration is exact for all polynomials up to order 2s − 1 due to
compatibility conditions, i.e. (14), we may without loss of generality only consider a single
monomial of order s in (15), i.e. the highest order term of the polynomial. The integrand ϕ2

is then a convex positive function, implying that the piecewise linear trapezoidal segments
will systematically overestimate the real integral value. The coarser the mesh, the more
pronounced this overestimation becomes, which means that (15) is satisfied if the new mesh
Xn+1 is a refinement of Xn , but not the other way around.

This property of the trapezoidal rule carry over to higher order quadrature rules as well.
In other words, as long as the mesh is refined and not coarsened, condition (2) holds, making
it possible to construct a forward interpolation operator IFW of order p = s.
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Fig. 1 Schematic of AMR interpolation in 1D

3.4 Comments Regarding Explicit Versus Implicit AMR

As already mentioned, one advantage with the implicit implementation (12) of AMR inter-
polation is the simplicity gained from only requiring a pair of IPP operators (5), whereas the
additional transmission condition (10) required in the explicit case is more complicated to
achieve. However, we have seen in Corollary 2 and Remark 2 that the explicit implementation
is potentially more accurate (raising the order from s − 1 to s) in the case of refinement, i.e.
adding nodes locally. It is also more straightforward to implement. We will make practical
comparisons of solution accuracy using the two approaches in the numerical section of this
paper.

4 Finite Difference Application with aMoving Interface

In this section we discuss one application of the AMR theory outlined above. As a model,
we consider a two-block FD grid with an advancing front between two areas of different
grid resolution. The situation is illustrated in Fig. 1 for the 1D case and in Fig. 2 for the 2D
case. Note that these two figures will also be explained in more detail in Sects. 4.1 and 4.2,
respectively. In both cases, the interface is moved in a step-wise manner between times tn

and tn+1 by adding two nodes to the x−direction of the fine grid, and removing one from the
coarse grid. In 2D or 3D, if the resulting interfaces are non-collocated in space, they must be
handled weakly by the underlying scheme, with penalty terms included in Dn and Dn+1.

4.1 Operators in One Dimension

Figure 1 illustrates the various components of an AMR operation in 1D. The fine region in
both grids are associated with quadratures Pn

f and Pn+1
f , and the coarse regions with Pn

c

and Pn+1
c . For interpolation between tn and tn+1, we only need to consider a smaller set of

nodes, and do nothing outside of the interface region. In other words, we are only interested
in a small subset of the quadrature weights, given by
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Pn
f =

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎜
⎝

×
. . .

×

P̂n
f

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎟
⎠

, Pn
c =

⎛

⎜
⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎝

P̂n
c

×
. . .

×

⎞

⎟
⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎠

,

and we also divide Pn+1
f , Pn+1

c in the same way. Correspondingly, we consider interpolation
operators of the form

IFW =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜⎜⎜⎜⎜⎜
⎝

1
. . .

1

ÎFW

1
. . .

1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟⎟⎟⎟⎟⎟
⎠

, IBW =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜⎜⎜⎜⎜⎜
⎝

1
. . .

1

ÎBW

1
. . .

1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟⎟⎟⎟⎟⎟
⎠

.

The IPP property (5) thus reduces to

P̂n+1 ÎFW = Î TBW P̂n,

where

P̂n =
(
P̂n
f

P̂n
c

)

, P̂n+1 =
(
P̂n+1
f

P̂n+1
c

)

.

Next, we will show how AMR operators designed in this way for one space dimension can
be applied to higher dimensional grids.

4.2 Operators in Two Dimensions

To illustrate the extension of the 1D AMR procedure above into two space dimensions, see
Fig. 2 where we simply extrude the 1D example grid from Fig. 1 in the vertical direction.

In doing this, we introduce new sets of quadrature weights Pc and Pf along the whole
length of the interface. Corresponding to these, we consider a pair of IPP interpolation
operators

Pf Ic2 f = I Tf 2c Pc.

In the horizontal direction, we will make use of the 1D operators ÎFW and ÎBW already
introduced. As before, we let the complete AMR interpolation operators (here denoted by
IFW and IBW ) be given by identity outside of the indicated interface region.

Consider a block-wise x−major lexicographical ordering of all nodes inside the interface
region. By the use of Kronecker products, we may thus collect the full set of 2D nodal

123



43 Page 10 of 27 Journal of Scientific Computing (2021) 86 :43

Fig. 2 Schematic of AMR interpolation in 2D. The top part describes the big picture view of refinement with
a moving interface, while the bottom part describes the steps involved in more detail

quadrature weights into the matrices

P̂n =
(
P̂n
f ⊗ Pf

P̂n
c ⊗ Pc

)

, P̂n+1 =
(
P̂n+1
f ⊗ Pf

P̂n+1
c ⊗ Pc

)

.

The complete IPP procedure for a non-collocated interface in 2D can be divided into a
sequence of 1D operations using Kronecker products. For the forward in time operation
IFW , those steps are described below, and also illustrated in Fig. 2.
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1. First, the coarse grid is refined in the vertical direction in order to make the two grids
collocated. With respect to the whole interface region, this amounts to applying the
operator

(
Î nf ⊗ I f

Î nc ⊗ Ic2 f

)

,

where Î nc , Î
n
f and I f denote identity matrices of the same dimensions as P̂n

c , P̂
n
f and Pf ,

respectively. In the lower part of Fig. 2, this step corresponds to moving from the first to
the second grid from left to right.

2. At this point, all grid points in the interface region are aligned along horizontal lines.
However, before applying the 1DAMR interpolation operators with the use of Kronecker
products, we formally have to reorder the nodes between the original block-wise into a
complete lexicographical node ordering. For this purpose we let Ẽn denote the permu-
tation operator which reorders all nodes according to ascending y−values. This step is
only of a virtual book-keeping nature and is not shown explicitly in Fig. 2.

3. We can now extend the AMR interpolation operator in 1D into 2D using a Kronecker
product

(
ÎFW ⊗ I f

)
.

This step corresponds to moving from the second to the third grid in the lower part of
Fig. 2.

4. Before proceeding, we have to reorder the nodes back into block-wise lexicographical
ordering. We let this permutation operation be denoted with (Ẽn+1)T .

5. Finally, the right grid is coarsened along the vertical direction to make the interface
non-collocated again

(
Î n+1
f ⊗ I n+1

f

Î n+1
c ⊗ I f 2c

)

.

This step corresponds to moving from the third to the fourth grid in Fig. 2.

It can easily be shown that the successive application of several IPP operators is always an
IPP operation in itself, see Lemma 1 in [18]. Thus, since each step above involves the use
of an IPP operator, it follows that the whole sequence is IPP with respect to the reverse
operation. In the same way, the condition (10) of contractivity is also preserved if each one
of the individual steps is contractive.

The complete five step procedure in both directions can be written out compactly as

ÎFW =
(
Î n+1
f ⊗ I n+1

f

Î n+1
c ⊗ I f 2c

)

(Ẽn+1)T
(
ÎFW ⊗ I f

)
Ẽn

(
Î nf ⊗ I nf

Î nc ⊗ Ic2 f

)

ÎBW =
(
Î nf ⊗ I nf

Î nc ⊗ I f 2c

)

(Ẽn)T
(
ÎBW ⊗ I f

)
Ẽn+1

(
Î n+1
f ⊗ I n+1

f

Î n+1
c ⊗ Ic2 f

)

,

which describes the two operators IFW and IBW inside the interface region.
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Fig. 3 Gaussian profile with center in the left part of the fine grid

5 Numerical Results

We test the stability and convergence properties of the new AMR framework, by conducting
numerical experiments using a set of both linear and non-linear hyperbolic model problems.
The IPP operator coefficients that we have used in conjuction with the novel FDmethodology
of Sect. 4 are listed in Appendix A. In line with Remark 2, the order of accuracy is p = s in
the forward direction of the schematic in Fig. 1, and p = s − 1 in the backward direction.

5.1 One Dimension

For our one-dimensional test cases we consider the model problem

ut + ux =0, −2 ≤ x ≤ 2, t ≥ 0

u(x, 0) = f (x).
(16)

A time dependent finite difference block discretization is applied, consisting of a moving
finely resolved interior block surrounded by two coarser blocks, with a refinement ratio of
1/2 between the coarse and the fine grids. The interior block moves with a constant speed of
1 from a starting point given by −1 ≤ x ≤ 0 at t = 0.

Again relating to Remark 2 and the schematic in Fig. 1, we note that the order of forward
AMR interpolation IFW (and thus of the explicit AMR implementation) is p = s − 1 at
the left block interface, and p = s at the right interface, while for implicit AMR we have
p = s − 1 at both interfaces. In order to study the effect of AMR on solution accuracy at
these two types of interfaces separately, we will consider two different Gaussian profiles
as exact solutions to (16), both moving with the same unit speed as the interior block. The
moving block structure as well as the two exact solution profiles are illustrated in Figs. 3 and 4
respectively, where the fine interior block is indicated with dotted red lines in the solution
curves.
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Fig. 4 Gaussian profile with center in the right part of the fine grid

We stress that the only purpose with the numerical tests in this section are to study the
asymptotic convergence rates resulting fromAMRinterpolation around the two types of block
interfaces. Hence, we have deliberately placed the two solution profiles such that gradients
are relatively large at these two interfaces, respectively, i.e. so that the contribution from
AMR interpolation dominates the error. In real world applications one would of course aim
to do the exact opposite, i.e. to place active AMR interfaces as far away from steep solution
gradients as possible.

5.1.1 Left Interface Treatment

In (16) we first consider the exact solution

u(x, t) = exp

(−(x + 5/7 − t)2

2(1/7)2

)
,

which we have plotted at t = 0 and t = 1 in Fig. 3, together with the moving multi-block
grid structure. Note that in the initial configuration, this Gaussian is centered at x = −5/7,
i.e. some distance to the left of the fine block center at x = −1/2. By placing the Gaussian in
this way, solution gradients are much steeper at the left interface, and we thus highlight the
contribution to the numerical error from the left interface (i.e. where p = s − 1 for both the
implicit and explicit AMR implementations), while the contribution from the right interface
treatment can be neglected.

In Fig. 5 we show the error profile at t = 1 for two different mesh resolutions, using a
classical SBP FD scheme with s = 2 (i.e. fourth order interior accuracy), together with an
implicit AMR implementation. The grid parameter N denotes the number of nodes in the
interior fine grid, and we have used the classical fourth order explicit Runge-Kutta scheme
for time marching with Δt = (1/8)(1/N ). Consequently, AMR has been applied after each
8 time steps in order for the block interface to move with the correct speed. The same time
stepping strategy will be used for all subsequent numerical tests as well.
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Fig. 5 Error profiles using an implicit AMR implementation

Table 1 L∞ norm convergence for test case 1 using explicit AMR

N s = 1 s = 2 s = 3

log10(‖e‖∞) p log10(‖e‖∞) p log10(‖e‖∞) p

8 −0.7079 − − − − −
16 −1.1266 1.39 −1.8895 − −2.2601 −
32 −1.6007 1.58 −2.4240 1.78 −3.3732 3.70

64 −1.7691 0.56 −2.9714 1.82 −4.5407 3.88

128 −1.9247 0.52 −3.3877 1.38 −5.3191 2.59

256 −2.0846 0.53 −3.8184 1.43 −6.2116 2.96

512 −2.2537 0.56 −4.2470 1.42 −7.0303 2.72

1024 −2.4314 0.59 −4.6727 1.41 −7.8005 2.56

2048 −2.6156 0.61 −5.1210 1.49 −8.5434 2.47

4096 −2.8047 0.63 −5.5852 1.54 −9.2777 2.44

Already from the two plots in Fig. 5, a slower converge in the region immediately
surrounding the left interface can be surmised. To study this effect in more detail, in
Tables 1 and 2 we list the obtained convergence rates (using a standard definition of
p = log2(‖e(N )‖/‖e(N/2)‖) with respect to the maximum (L∞) norm of the error for
the explicit and implicit AMR implementations, respectively. Asymptotically, the conver-
gence rates appear to stabilize at an order of s−1/2 in both the explicit and the implicit case,
to be compared with the general rate of s + 1 for the basic FD schemes, and to order s of the
interpolation operators. Note that the interpolation scheme is applied O(N ) times to track
the moving solution profile. Thus, since the observed convergence rate is lower by one half
order compared to the interpolation scheme itself, we conclude that this must be due to AMR
interpolation errors accumulating over time, as previously predicted in Remark 1. The L2

convergence rates in the explict and implicit cases are shown in Tables 3 and 4, pointing to a
general rate of s, i.e. a loss of one order compared to the case with no AMR interpolation.
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Table 2 L∞ norm convergence for test case 1 using implicit AMR

N s = 1 s = 2 s = 3

log10(‖e‖∞) p log10(‖e‖∞) p log10(‖e‖∞) p

8 −0.6267 − − − − −
16 −1.1087 1.60 −2.0419 − −2.1739 −
32 −1.7098 2.00 −2.5973 1.84 −3.3068 3.76

64 −2.0075 0.99 −3.1928 1.98 −4.7392 4.76

128 −2.1694 0.54 −3.6464 1.51 −5.3516 2.03

256 −2.3604 0.63 −4.0788 1.44 −6.2671 3.04

512 −2.5287 0.56 −4.4944 1.38 −7.2441 3.25

1024 −2.6950 0.55 −4.9200 1.41 −8.1474 3.00

2048 −2.8698 0.58 −5.3679 1.49 −8.8913 2.47

4096 −3.0525 0.61 −5.8199 1.50 −9.5773 2.28

Table 3 L2 norm convergence for test case 1 using explicit AMR

N s = 1 s = 2 s = 3

log10(‖e‖2) p log10(‖e‖2) p log10(‖e‖2) p

8 −0.9364 − − − − −
16 −1.4298 1.64 −2.3859 − −2.5112 −
32 −1.8914 1.53 −2.9938 2.02 −3.7695 4.18

64 −2.2462 1.18 −3.5774 1.94 −5.1472 4.58

128 −2.5438 0.99 −4.1242 1.82 −5.9822 2.77

256 −2.8317 0.96 −4.6656 1.80 −7.0343 3.50

512 −3.1217 0.96 −5.2156 1.83 −8.1000 3.54

1024 −3.4149 0.97 −5.7764 1.86 −9.0164 3.04

2048 −3.7107 0.98 −6.3469 1.90 −9.8307 2.70

4096 −4.0083 0.99 −6.9255 1.92 −10.6372 2.68

Table 4 L2 norm convergence for test case 1 using implicit AMR

N s = 1 s = 2 s = 3

log10(‖e‖2) p log10(‖e‖2) p log10(‖e‖2) p

8 −0.8984 − − − − −
16 −1.4248 1.75 −2.5224 − −2.4272 −
32 −1.9550 1.76 −3.2191 2.31 −3.7086 4.26

64 −2.4025 1.49 −3.8334 2.04 −5.3217 5.36

128 −2.7558 1.17 −4.3845 1.83 −6.0203 2.32

256 −3.0635 1.02 −4.9242 1.79 −7.0660 3.47

512 −3.3588 0.98 −5.4711 1.82 −8.1870 3.72

1024 −3.6527 0.98 −6.0279 1.85 −9.2440 3.51

2048 −3.9480 0.98 −6.5937 1.88 −10.1347 2.96

4096 −4.2447 0.99 −7.1666 1.90 −10.9580 2.73
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Fig. 6 Error profiles using an explicit AMR implementation

5.1.2 Right Interface Treatment

For the second test case, we use as exact solution in (16) the following Gaussian profile
located to the right of the fine block center

u(x, t) = exp

(−(x + 2/7 − t)2

2(1/7)2

)
.

See again Fig. 4 for an illustration. In this way, we thus highlight the contribution to the
numerical error from the right interface (i.e. where p = s − 1 the implicit and p = s for the
explicit AMR implementation), while the contribution from the left interface treatment can
be neglected.

In Fig. 6 we show the error profile for two different mesh resolutions, again using the
classical SBP-FD method with s = 2 (fourth order interior accuracy), this time with an
explicit AMR implementation. Moreover, we quantify the convergence rates obtained in
Tables 5 and 6 in the L∞ and L2 norm, respectively. The asymptotic rates are not as easy to
interpret in this case, but appear in general to lie somewhere between s and s + 1/2 for the
L∞ norm, and between s + 1/2 and s + 1 for the L2 norm. Compared to the previous case,
the accuracy is thus approximately between one half and one order higher, which reflects the
higher order of AMR interpolation as noted earlier.

5.2 Two Dimensions

We generalize the 1D test case discussed above and consider the moving block mesh drawn
in Fig. 7 at t = 0 and t = 1. The model problem is given by

ut + ux + uy =0, −2 ≤ x, y ≤ 2, t ≥ 0

u(x, 0) = f (x, y),

again amended with a Gaussian exact solution profile (described below for the two cases).
In terms of AMR, there are essentially two new features which come into play in the 2D

case. Firstly, we need a pair of interpolation operators I f 2c and Ic2 f acting in the tangent
direction of each mesh refinement interface. Secondly, there are no less than 8 moving inter-
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Table 5 L∞ norm convergence for test case 2 using explicit AMR

N s = 1 s = 2 s = 3

log10(‖e‖∞) p log10(‖e‖∞) p log10(‖e‖∞) p

8 −0.5644 − − − − −
16 −1.1096 1.81 −2.3330 − −1.9969 −
32 −1.6926 1.94 −3.1929 2.86 −3.1661 3.88

64 −2.1521 1.53 −3.9143 2.40 −4.3855 4.05

128 −2.4851 1.11 −4.6367 2.40 −5.5514 3.87

256 −2.8402 1.18 −5.3336 2.31 −6.5031 3.16

512 −3.2145 1.24 −6.0179 2.27 −7.4869 3.27

1024 −3.5948 1.26 −6.7062 2.29 −8.5099 3.40

2048 −3.9826 1.29 −7.3857 2.26 −9.5516 3.46

4096 −4.3773 1.31 −8.0672 2.26 −10.6320 3.59

Table 6 L2 norm convergence for test case 1 using explicit AMR

N s = 1 s = 2 s = 3

log10(‖e‖2) p log10(‖e‖2) p log10(‖e‖2) p

8 −0.8305 − − − − −
16 −1.3887 1.85 −2.6349 − −2.4522 −
32 −1.9729 1.94 −3.6212 3.28 −3.7568 4.33

64 −2.5254 1.84 −4.5347 3.03 −5.1181 4.52

128 −3.0591 1.77 −5.4397 3.01 −6.2564 3.78

256 −3.5834 1.74 −6.3005 2.86 −7.3504 3.63

512 −4.1011 1.72 −7.1211 2.73 −8.4792 3.75

1024 −4.6138 1.70 −7.9268 2.68 −9.6446 3.87

2048 −5.1229 1.69 −8.7327 2.68 −10.8412 3.98

4096 −5.6294 1.68 −9.5433 2.69 −12.0649 4.06

faces with the same mesh refinement level on both sides. Both of these features require new
interpolation operators. We will only study qualitative aspects of the 2D AMR interpolation,
and we restrict our attention to the classical SBP FD case with s = 2 (i.e. using fourth order
interior accuracy). A novel pair of IPP 1D interpolation operators to handle the 8 collocated
mesh interfaces is given in Appendix 1, where the accuracy is given by p = 2 in both
directions.

5.2.1 Left/Bottom Interface Treatment

We generalize the setup from Sect. 5.1.1 and thus consider a Gaussian profile positioned
close to the lower left corner of the fine interior grid

u(x, y, t) = exp

(−(x + 5/7 − t)2 − (y + 5/7 − t)2

2(1/7)2

)
.
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Fig. 7 Block mesh

Fig. 8 Absolute error levels around the bottom left corner of the fine grid. Operators are used which are IPP
but not strictly contractive. Note the different scalings of the color bars

We now compare the result of using a mildly unstable AMR procedure compared to a stable
one. For this purpose, we will first use the same I f 2c and Ic2 f operators that were presented
in [18]. These are IPP, but do not satisfy the explicit transmission condition (10). Hence, an
explicit AMR procedure using these operators should be unstable. The results for N = 64
are shown in Fig. 8, where the explicit case clearly shows elevated error levels compared to
the stable implicit implementation. These higher levels are located at the bottom left corner
of the fine grid. Since the same operators are used in both cases, the qualitatively different
results observed can probably be ascribed to a developing instability in the explicit case.

In order to compare these results to a setup where also the explicit implementation is
stable, we have slightly modified the operators Ic2 f and I f 2c to make them both IPP and
contractive, see 1. The new results are shown in Fig. 9, and this time there is no qualitative
difference between the two implementations.

This example illustrates the vital importance ofmaking sure that theAMR implementation
procedure is strictly stable. Despite the inherent accuracy limitations involved with such
schemes, we can not do better by ignoring the issue of stability.
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Fig. 9 Absolute error levels around the bottom left corner of the fine grid. Operators are used which are both
IPP and strictly contractive

Fig. 10 Result of refinement for an explicit implementation of a coarse to fineAMRcase in 2D.Asymptotically,
the errors are dominated by the lower accuracy of I f 2c and Ic2 f at the corner point

5.2.2 Right/Top Interface Treatment

We also consider the case where the Gaussian profile is close to the upper right corner of the
fine grid, i.e.

u(x, y, t) = exp

(−(x + 2/7 − t)2 − (y + 2/7 − t)2

2(1/7)2

)
.

Just as in the 1D case, we benefit from a more accurate explicit implementation by using
only the forward AMR operator IFW . However, the operators Ic2 f and I f 2c still exhibit the
lower accuracy level p = 1 at corner points, and hence we expect the errors at the upper
right corner to dominate on a fine enough grid. We confirm that this is the case by showing
error plots for two different grid parameters in Fig. 10.
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Table 7 L∞ convergence at t = 7/8 as a function of the number of starting elements

N s = 2

log10(‖e‖∞) p

8 −0.8193 Inf

16 −1.6421 2.73

32 −2.4318 2.62

64 −3.1147 2.27

128 −3.8628 2.49

256 −4.6559 2.63

512 −5.4944 2.79

1024 −6.3358 2.80

2048 −7.2391 3.00

4096 −8.1336 2.97

5.3 A Non-linear Example

As a final demonstration, we study the inviscid non-linear Burger’s equation with an initial
sinusoidal solution,

ut + uux = 0, −π ≤ x ≤ π, 0 < t < 1,

u(x, 0) = sin(x).

The initial function has a unit slope at x = 0, meaning that a discontinuity will develop at
t approaches 1. Our goal with this experiment is to demonstrate how AMR can be used to
smoothly resolve the solution up until the very moment of shock formation, using a high
order, non-dissipative scheme.

To solve the non-linear problem numerically with no dissipation, we employ a skew-
symmetric splitting with SBP operators, see [5] for details of this approach. As discrete
operators we use Galerkin element SBP operators with Gauss-Lobatto collocation [8]. For
example, using third order polynomials (corresponding to s = 2 in (13) and (14)), the
elemental operators we use are

P̂ =Δx

⎛

⎝
1/6

2/3
1/6

⎞

⎠ ,

D̂x =P̂−1
∫ 1

0
LLT

ξ dξ = P̂−1

⎛

⎝
−1/2 2/3 −1/6
−2/3 0 2/3
1/6 −2/3 1/2

⎞

⎠ ,

where L is the vector containing the Lagrange basis

L = (
2(ξ − 1/2)(ξ − 1) 4ξ(ξ − 1) 2ξ(ξ − 1/2)

)T
.

For inter-element couplings, we use the non-dissipative version of the inviscid interface
treatment in [5]. In this way, we ensure that the scheme is strictly energy conserving.

For time integration we use the classical fourth order explicit Runge-Kutta method, with
a time step size given by

Δt = (2/π)Δx .
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Fig. 11 Top: initial sinus solution on a uniform grid with N = 32 elements (inter-element boundaries are not
indicated in the figure). Middle: numerical solution after two full cycles of AMR refinement. Bottom: solution
after 10 cycles of refinement

The AMR refinement process will involve splittings of individual elements into two new
ones. Using L2 projections [12,13], the AMR operator corresponding to locally refining a
single element is as follows

ÎFW =
(

P̂−1
∫ 1
0 L(ξ)L(ξ/2)T dξ

P̂−1
∫ 1
0 L(ξ)L(1/2 + ξ/2)T dξ

)

=

⎛

⎜⎜⎜⎜⎜⎜
⎝

1 0 0
3/8 3/4 −1/8
0 1 0
0 1 0

−1/8 3/4 3/8
0 0 1

⎞

⎟⎟⎟⎟⎟⎟
⎠

,
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where the integration sign above is carried out numerically using the quadrature weights in
P̂ . Note that the accuracy is given by s = 2 in (6), which is in line with the discussion in
Remark 2. We can also verify explicitly that this interpolation operator is contractive in the
sense of (10), which enables an explicit implementation. We thus define

P̂n = P̂, P̂n+1 = 1

2

(P̂
P̂

)
= Δx

2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1/6
2/3

1/6
1/6

2/3
1/6

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

leading to

ÎT
FW P̂n+1ÎFW − P̂n = − 1

32

⎛

⎝
1 −2 1

−2 4 −2
1 −2 1

⎞

⎠ = − 1

32

⎛

⎝
1

−2
1

⎞

⎠
(
1 −2 1

) ≤ 0.

As the solution profile starts to steepen around x = 0, we refine the mesh by adding more
elements locally in a controlled way. Here, we are not mainly interested in investigating
the best refinement strategy, but rather to demonstrate the robust implementation of a given
such strategy. Since the solution behavior is predictable in a qualitative sense, we choose for
simplicity to carry out refinement according to a predefined schedule, as described below.

We start from a uniform mesh as in the top graph of Fig. 11, where all element nodes are
indicated with blue dots, and for simplicity the inter-element boundaries are not explicitly
indicated. We describe the refinement process below only for the positive part (x > 0) of
the domain, and note that the negative part follows from symmetry. We start by refining the
element whose left boundary is at x = 0, i.e. where the solution gradients are steepest. After
every second time step, one more element is refined, proceeding outward towards the domain
boundary. This continues until t = 1/2, at which point exactly half of the domain has been
refined. The same process is now repeated on the newly refined part of the domain, thus
creates an even finer mesh on the innermost quarter of the domain.

After each cycle of refinement in space, the time step size is correspondingly reduced by
one half to keep the ratio between Δt and Δx constant, and the resulting total simulation
time is t = 1/2, 3/4, 7/8, etc. after the first, second and third cycle, etc. The result of this
refinement strategy is a process where the simulation time approaches t = 1, but in theory
could go on indefinitely using smaller and smaller time steps. See Fig. 11 for the result at a
few different points in time, starting from a relatively coarse mesh. We are able to capture
the solution in a smooth way with high accuracy, even as we are approaching the point of
discontinuity.

In absolute terms, the error still increases as we approach the discontinuity, as can be
inferred from the clearly visible jump in the discontinuous solution at x = 0, in the bottom
graph of Fig. 11. As a final test, we confirm that the solution converges with a high order
of accuracy at any point in time, i.e. after any given number of AMR refinement cycles. In
Table 7 we show the convergence at t = 7/8, i.e. after three cycles of refinement, where we
have estimated the maximum error to be the jump in solution value at x = 0. Asymptotically,
the convergence rate is s + 1 = 3.
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6 Conclusions

We have developed a provably stable dynamical adaptive mesh refinement procedure, where
computational nodes can be added or removed as needed during a simulation. The method
is based on inner product preserving interpolation, and can be applied to various classes of
numerical methods. Stability was analyzed within the framework of transmission problems,
coupling a sequence of semi-discrete computations in time. To illustrate and evaluate the
procedure, we have designed new interpolation operators for finite difference applications
using moving non-collocated block interfaces. We have also applied L2 projection operators
for Galerkin elements with Gauss-Lobatto collocation.

In terms of performance we found that, due to the accuracy limitations inherent in the
inner product preserving approach, the mesh should only be modified in places where the
solution gradients are significantly smaller than in the more finely resolved region of interest.
Moreover, in terms of interpolation accuracy,we found that addingmore computational nodes
to a mesh is a less sensitive operation (by an order of magnitude) than to remove nodes.
Finally, we have demonstrated with a numerical example the key importance of satisfying
the transmission stability definition strictly. Hence, despite the accuracy limitations, we can
not hope to do better by abandoning the inner product preserving approach.
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A NewOperators

We consider classical SBP finite difference operators satisfying (13) and (14), and we have
considered values of s between 1 and 3 (i.e. using second to sixth order central differences in
the block interiors). All the operators listed below are both IPP (5) and contractive (10), and
hence they can be used both in an explicit and an implicit AMR implementation. Operators
corresponding to the forward interpolation in the schematic of Fig. 1 are accurate to order
p = s, and operators corresponding to the opposite direction are accurate to order p = s−1.
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A.1 Second Order AMR

We consider the situation illustrated in Fig. 1, i.e. the interface is between a fine (to the left)
and a coarse (to the right) grid, and is moving towards the right. The simplest possible
AMR interpolation operator for s = 1 is given by P̂n = ΔxDiag(0.5, 1, 2), P̂n+1 =
ΔxDiag(1, 1, 0.5, 1), and

ÎFW =

⎛

⎜
⎜
⎝

0.5 0.5 0
0 0.5 0.5
0 0 1
0 0 1

⎞

⎟
⎟
⎠ .

An optimized version (in terms of leading order truncation error terms), which is the one
we have used for numerical calculations, is given by P̂n = ΔxDiag(1, 0.5, 1, 2, 2), P̂n+1 =
ΔxDiag(1, 1, 1, 0.5, 1, 2), and

ÎFW =

⎛

⎜
⎜
⎜⎜⎜⎜
⎝

a11 a12 a13 a14 0
a21 a22 a23 a24 0
0 0 a33 a34 0
0 0 0 a44 0
0 0 a53 a54 a55
0 0 a63 a64 a65

⎞

⎟
⎟
⎟⎟⎟⎟
⎠

,

where

a11 = 0.889156241852928, a23 = 0.314821100711725, a54 = 0.761208915202490,
a12 = −0.018913262067664, a24 = 0.055421879073538, a55 = 0.119395542398755,
a13 = 0.185178899288274, a33 = 0.5, a63 = −0.059697771199377,
a14 = −0.055421879073537, a34 = 0.5, a64 = 0.119395542398755,
a21 = 0.110843758147073, a44 = 1, a65 = 0.940302228800622,
a22 = 0.518913262067664, a53 = 0.119395542398755.

A.2 Fourth Order AMR

In the fourth order interior case (s = 2), we have used

P̂n =ΔxDiag

(
49

48
,
43

48
,
59

48
,
17

48
,
17

24
,
59

24
,
43

24
,
49

24
, 2

)
,

P̂n+1 =ΔxDiag

(
1, 1,

49

48
,
43

48
,
59

48
,
17

48
,
17

24
,
59

24
,
43

24
,
49

24

)
,

and

ÎFW =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

a11 a12 a13 0 0 0 0
a21 a22 a23 a24 a25 0 0
0 a32 a33 a34 a35 0 0
0 0 0 a44 a45 0 0
0 0 0 0 a55 0 0
0 0 0 a64 a65 a66 0
0 0 0 a74 a75 a76 a77
0 0 0 0 a85 a86 a87

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,
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where

a11 = 0.946416113335337, a33 = 0.453799023431231, a74 = −0.073722490074461,
a12 = 0.107167773329325, a34 = 0.324592674150933, a75 = 0.178934963579946,
a13 = −0.053583886664663, a35 = 0.073869434139278, a76 = 0.863297543063492,
a21 = 0.053583886664662, a44 = 0.5, a77 = 0.031489983431023,
a22 = 0.745093358392117, a45 = 0.5, a85 = −0.031489983431023,
a23 = 0.099784863233432, a55 = 1, a86 = 0.062979966862046,
a24 = 0.175407325849068, a64 = 0.147444980148924, a87 = 0.968510016568977,
a25 = −0.073869434139280, a65 = 0.705110039702153,
a32 = 0.147738868278557, a66 = 0.147444980148923.

A.3 Sixth Order AMR

Finally, in the sixth order interior case (s = 3), we have used

P̂n =ΔxDiag

(
583

575
,
1435

1574
,
5359

4320
,
647

1031
,
1129

812
,
521

1649
,
1042

1649
,
1129

406
,
1417

1129
,
5359

2160
,
1435

787
,
1239

611
, 2

)
,

P̂n+1 =ΔxDiag

(
1, 1,

583

575
,
1435

1574
,
5359

4320
,
647

1031
,
1129

812
,
521

1649
,
1042

1649
,
1129

406
,
1417

1129
,
5359

2160
,
1435

787
,
1239

611

)
.

The coefficients of ÎFW are omitted here to conserve space, but are available upon request
to the authors.

A.4 Operators for 2D Calculations

For the moving collocated interfaces in the 2D test cases, in the fourth order interior case
(s = 2) we have used

P̂n =ΔxDiag

(
49

48
,
43

48
,
59

48
,
17

48
,
17

48
,
59

48
,
43

48
,
49

48
, 1

)
,

P̂n+1 =ΔxDiag

(
1,

49

48
,
43

48
,
59

48
,
17

48
,
17

48
,
59

48
,
43

48
,
49

48

)
,

and

IFW =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

a11 0 0 0 0 0 0 0 0
a21 a22 a23 a24 0 0 0 0 0
a31 a22 a33 a34 0 a26 a7 0 0
a41 a42 a43 a44 a45 a46 a47 0 0
0 a52 a53 a54 a55 a56 0 0 0
0 0 0 0 a65 a66 a67 a68 0
0 0 0 0 a75 a76 a77 a78 0
0 0 0 0 a85 a86 a87 a88 0
0 0 0 0 0 a95 a96 a97 a98

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,
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where

a11 = 1 a43 = 0.457627118644263 a68 = −0.176470588235344
a21 = 0.061224489795927 a44 = 0.135593220338862 a75 = −0.152542372881395
a22 = 0.816326530612189 a45 = 0.237288135593209 a76 = 0.457627118644179
a23 = 0.183673469387840 a46 = 0.406779661016931 a77 = 0.542372881355828
a24 = −0.061224489795957 a47 = −0.101694915254204 a78 = 0.152542372881388
a31 = −0.069767441860487 a52 = 0.176470588235362 a85 = 0.069767441860485
a32 = 0.209302325581550 a53 = −0.529411764706101 a86 = −0.209302325581465
a33 = 0.744186046511349 a54 = 0.176470588235448 a87 = 0.209302325581476
a34 = 0.209302325581544 a55 = 0.352941176470665 a88 = 0.930232558139505
a36 = −0.139534883720902 a56 = 0.823529411764625 a95 = 0.020408163265312
a37 = 0.046511627906946 a65 = 0.176470588235345 a96 = −0.061224489795928
a41 = 0.016949152542381 a66 = 0.470588235293964 a97 = 0.061224489795923
a42 = −0.152542372881442 a67 = 0.529411764706035 a98 = 0.979591836734694.

Moreover, we have used the following interface interpolation operator, defining an IPP pair
along the tangent direction of non-collocated interfaces

I f 2c =

⎛

⎜⎜⎜⎜⎜⎜⎜
⎝

a11 a12 a13 a14 a15 a16 a17 a18 a19 a110
a21 a22 a23 a24 a25 a26 a27 a28 a29 a210
a31 a32 a33 a34 a35 a36 a37 a38 a39 a310

−1/32 0 9/32 1/2 9/32 0 −1/32
−1/32 0 9/32 1/2 9/32 0 −1/32

. . .
. . .

. . .
. . .

. . .

⎞

⎟⎟⎟⎟⎟⎟⎟
⎠

,

where

a11 = 0.495787011428777, a21 = 0.002427823922400, a31 = −0.001665600132809,
a12 = 0.705272991724725, a22 = 0.343571496294226, a32 = −0.064194398620458,
a13 = −0.018803098705387, a23 = 0.375242463660731, a33 = −0.007433783209106,
a14 = −0.092984662839436, a24 = 0.235258110788828, a34 = 0.319343272830920,
a15 = −0.013273406150234, a25 = 0.007649081510304, a35 = 0.552891909196419,
a16 = −0.028709629126509, a26 = −0.004112247622012, a36 = 0.289521774531380,
a17 = −0.067822291189219, a27 = 0.047558608481923, a37 = −0.050069277912017,
a18 = −0.018552692763343, a28 = 0.015458331422943, a38 = −0.055299901790159,
a19 = 0.007040437669086, a29 = −0.004057201368626, a39 = 0.002783428845917,
a110 = 0.032045339951541, a210 = −0.018996467090719, a310 = 0.014122576259912.
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