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Abstract When using a finite difference method to solve a time dependent partial differen-
tial equation, the truncation error is often larger at a few grid points near a boundary or grid
interface than in the interior. In computations, the observed convergence rate is often higher
than the order of the large truncation error. In this paper, we develop techniques for analyzing
this phenomenon, and particularly consider the second order wave equation. The equation
is discretized by a finite difference operator satisfying a summation by parts property, and
the boundary and grid interface conditions are imposed weakly by the simultaneous approx-
imation term method. It is well-known that if the semi-discretized wave equation satisfies
the determinant condition, that is the boundary system in Laplace space is nonsingular for
all Re(s) > 0, two orders are gained from the large truncation error localized at a few grid
points. By performing a normal mode analysis, we show that many common discretizations
do not satisfy the determinant condition at s = 0. We then carefully analyze the error equa-
tion to determine the gain in the convergence rate. The result shows that stability does not
automatically imply a gain of two orders in the convergence rate. The precise gain can be
lower than, equal to or higher than two orders, depending on the boundary condition and
numerical boundary treatment. The accuracy analysis is verified by numerical experiments,
and very good agreement is obtained.

Keywords Second order wave equation - SBP-SAT finite difference - Accuracy -
Convergence - Determinant condition - Normal mode analysis

Mathematics Subject Classification 65M06 - 65M 12

Bd Siyang Wang
siyang.wang @it.uu.se

1 Department of Information Technology, Uppsala University, Box 337, 751 05 Uppsala, Sweden

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-016-0297-3&domain=pdf

220 J Sci Comput (2017) 71:219-245

1 Introduction

In many physical problems arising in for example acoustics, seismology, and electromag-
netism, the governing equations can be formulated as systems of second order time dependent
hyperbolic partial differential equations (PDE). For wave propagation problems with smooth
solutions, it has been shown that high order accurate time marching methods as well as high
order spatial discretizations solve these problems more efficiently than low order methods
[7,9,10]. Examples of high order accurate methods to discretize the wave equation include
the discontinuous Galerkin method [5] and the spectral method [23]. In this paper, we in
particular consider high order finite difference methods.

High order finite difference methods have been widely used for solving wave propaga-
tion problems. One major difficulty with high order spatial discretizations is the numerical
treatment of boundary conditions and grid interface conditions. To achieve both stability and
high accuracy, one candidate is the summation-by-parts simultaneous—approximation—term
(SBP-SAT) finite difference method [4,22]. SBP finite difference operators were originally
constructed in [11] for first derivatives. In this paper, we use the SBP finite difference operators
in [15] to approximate second derivatives. Boundary conditions and grid interface conditions
are imposed weakly by the SAT technique [2,3,13,14]. In the SBP-SAT framework, the
energy method is often used to derive an energy estimate that guarantees stability.

A commonly used measure for accuracy is convergence rate, typically in L, norm. The
convergence rate indicates how fast the error in the numerical solution approaches zero as
the mesh size goes to zero. The error in the numerical solution is caused by truncation errors.
The truncation error near a boundary is often larger than in the interior of the computational
domain, but the large boundary truncation error is localized at a fixed number of grid points.
As a consequence, its effect on the convergence rate may be weakened. This is often called
gain in convergence. A rule of thumb says m orders are gained in convergence for a PDE
with m”* order spatial derivative, and such a gain is termed as optimal. The analysis of gain
in convergence for different PDEs has been a long—standing research topic.

It is well-known that by directly applying the energy method to the error equation, 1/2
order is gained in the convergence rate compared with the largest truncation error. A noticeable
exception is that in [1], it is proven that 3/2 orders are gained in the convergence rate
for parabolic problems by a careful derivation of the energy estimate. However, numerical
experiments in [1] show a gain of two orders in convergence. This indicates that although an
energy estimate gives an upper bound of the error, it is often not sharp.

A more powerful tool for stability and accuracy analysis is normal mode analysis, which
is used for example in [6] to prove that under reasonable conditions one order is gained
in the convergence rate for first order hyperbolic systems. The idea is based on Laplace
transforming the error equation in time, which leads to a system of linear equations referred
to as the boundary system. The optimal gain straightforwardly follows if the boundary system
is nonsingular for all Re(s) > 0, where s is the dual variable of time in Laplace space. For
such cases we use the same terminology as in [8, pp. 292] and say that the boundary system
satisfies the determinant condition.

In [21] the concept of pointwise stability is put forward as a condition implying the
determinant condition, and therefore leading to the optimal gain. In [22] a sufficient condition
of pointwise stability for an initial-boundary—value problem with a first derivative in time
is discussed. However, we find that for the wave equation, the determinant condition does
not follow from pointwise stability as defined in [21], and such an example is presented in
“Appendix 2”.
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In fact, there are many examples of discretized problems that violate the determinant
condition at points along the imaginary axis, even though the discretization is stable by an
energy estimate. In [17], the Schrodinger equation with a grid interface is considered and is
shown to be of this type. Analysis in Laplace space is performed and yields sharper error
estimates than the 1/2 order gain obtained by applying the energy method to the error equation
in physical space.

In this paper, we consider the wave equation in the second order form. We find that
also for this problem, the determinant condition is violated in many interesting settings
even though there is an energy estimate. In particular, we consider problems with Dirichlet
boundary conditions, Neumann boundary conditions and a problem with a grid interface,
which are referred to as the Dirichlet problem, the Neumann problem and the interface
problem, respectively. If the determinant condition is satisfied, we get the optimal convergence
rate. If the determinant condition is not satisfied on the imaginary axis, the results in [8] are
not valid. We then carefully derive an estimate for the solution of the boundary system to
see how much is gained in the convergence rate. In addition, we have found by a careful
analysis of the boundary system that in certain cases the gain in convergence is higher than
the optimal gain, which we refer to as super—convergence.

The main contributions in this paper are: for the second order wave equation (1) an
energy estimate does not imply an optimal convergence rate; (2) the determinant condition
is not necessary for an optimal convergence rate; (3) if there is an energy estimate but the
determinant condition is not satisfied, there can be an optimal gain of order 2, or a non—
optimal gain of order 1, or only order 1/2; (4) in certain cases it is possible to obtain a
super—convergence, i.e. a gain of 2.5 orders.

The rest of the paper is organized as follows. We start in Sect. 2 with the SBP-SAT
method applied to the one dimensional wave equation with Dirichlet boundary conditions.
We apply the energy method and normal mode analysis, and derive results that correspond to
the second, fourth and sixth order schemes. We then discuss the Neumann problem in Sect. 3.
In Sect. 4, we consider the one dimensional wave equation on a grid with a grid interface. In
Sect. 5, we perform numerical experiments. The computational convergence results support
the accuracy analysis. In the end, we conclude the work in Sect. 6.

2 The One Dimensional Wave Equation with Dirichlet Doundary
Conditions

To describe the properties of the equation and numerical methods, we need the following
definitions. Let wy(x) and w(x) be real-valued functions in L,[0, 0o). An inner product is
defined as (wy, wp) = fooo w1 wadx with a corresponding norm ||w > = (wi, wi), and w;
is said to be in Ly if ||w; ] < oo.
The second order wave equation on a half-line in one space dimension takes the form
Uy =Uy + F, XE[0,00), Oftftf,

U(x,0) = G(x), U;(x,0) = G(x). (1)

We consider the equation up to some finite time ¢ ¢. For boundary conditions, we use either

the Dirichlet boundary condition:
U@,1) = M), (2

or the Neumann boundary condition

Uy (0,1) = M(1). 3)
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The forcing function F, the initial data G, G and the boundary data M are compatible
smooth functions with compact support. As a consequence, the true solution is smooth. For
the problem (1) in a bounded domain, there is one boundary condition at each boundary. For
the half line problem in consideration, the right boundary condition is substituted by requiring
that the L, norm of the solution is bounded, i.e. ||U (-, t)|| < oo. If the corresponding half
line and Cauchy problems are well-posed, then the original initial-boundary—value problem
is well-posed [8, pp. 256].

The problem (1) with (2) or (3) is well-posed if the solution can be bounded in terms of
the data. Multiplying Eq. (1) by U, and integrating in space, with the homogeneous Dirichlet
or Neumann boundary condition, it follows from the integration—by—parts principle

d
i < I1F1, 4
dz'” =< 1Fl 4)

where [|U > = U ||> + [|Ux|1? is the continuous energy, a semi—norm of the solution U.
The standard energy estimate follows from an integration in time of (4),

t
MUl < VIGI? + 11G )2 +/0 IF (-, 2)lldz
< VIGI? + IIGI12 +t max |F(,2)ll ®)
0<z<t

Therefore, problem (1) is well-posed with either (2) or (3).

Remark 1 We are interested in the solution U, but the standard energy analysis above only
shows that a semi—norm of U is bounded. To include U itself in the estimate, we use the
relation

d_ d
SR =210 10
t dt
and
d ® 9 o0
—||U||2=/ —Uzdx=/ 2WUdx < 210U
dt o Ot 0
to obtain

d
— U1 < U < MU
VI =10 < Ul

An integration in time, together with (5), gives
_ t y
WUl < 1G] +1 ||GX||2+||G||2+/O (/0 ||F(~,z)||dz)dy

< IGI + /1G> + G2 + 12 max [|F(-, 2| (6)
O<z=<t

Therefore, ||U || is bounded by the data in any bounded time interval ¢ € [0, ¢7], and is in the
space of L.

To discretize the equation in space, we introduce an equidistant grid x; = ih, i =
0,1,2,---,andagrid functionu; (t) ~ U (x;, t). Furthermore, letu (t) = [uo(t), u1(t), - - - I
where T denotes the transpose. We also define an inner product and norm for the grid functions
aandbinRas (a,b)y =a” Hb and ||la ||%{ = aT Ha, respectively, where H is a symmetric
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Table1 «y, values

2p 2 4 6 8 10

ap 0.4 0.2508560249 0.1878715026 0.0015782259 0.0351202265

positive definite operator on the space of grid functions. The norm || - || i is equivalent to the
standard discrete L, norm, and they are the same if H = hl with an identity operator /.

An SBP operator has the standard central finite difference stencil in the interior and a
special one—sided stencil near the boundary. The boundary closure is chosen such that the
SBP operator mimics integration—by—parts via its associated inner product. The SBP operator
approximating the second derivative D ~ 9%/9x2 has a structure

D=H '(—A+ BS), (7

where H is diagonal and positive definite, A is symmetric positive semi-definite and B =
diag(—1,0,0, ---). S is a one sided approximation of the first derivative at the boundary.

In this paper, we use the diagonal norm SBP operators constructed in [15]. Although these
operators are termed as 2 p'" order accurate, the truncation error of D is O (k%) in the interior
but only O(h”) near the boundary. The truncation error of S is O(h” +1). Such operators are
constructed for p = 1,2,3,4 in [15], and p = 5in [12].

An SBP operator itself does not impose any boundary condition. It is important that bound-
ary conditions are imposed in a way such that an energy estimate can be derived to ensure
stability. Such numerical boundary treatments for the wave equation include the projection
method [16] and the ghost point approach [19], which impose boundary conditions strongly.
In this paper, we instead use a weak enforcement technique, the SAT method [3], since it is
easy to derive an energy estimate even in higher dimensions. The semi—discretization of (1)
and (2) with the homogeneous boundary data reads:

uyy = Du+ Ppu + f, ()

where Pp = —H 'STE) — th™'H™'Ep, eg = [1,0,0,---17, Ey = ege} and f(1) is
the restriction of F(x, t) to the grid. On the right hand side, the first term Du is an SBP
approximation of U, while the second term Ppu imposes weakly the boundary condition
U(,t) = 0. It acts as a penalty term dragging the numerical solution at the boundary
towards zero so that the boundary condition is simultaneously approximated, but the boundary
condition is in general not satisfied exactly. The penalty parameter 7 is to be determined so
that an energy estimate of the discrete solution exists, which ensures stability.

2.1 Stability
In [2,13,14], it is shown that the operator A in (7) can be written as

A = hayp(BS)T BS + A, )
where a2, > 0 is a constant independent of 4 and A is symmetric positive semi-definite.
This is often called the borrowing trick. The values of a5, are computed for p = 1,2 and 3

in [13]. We use the same technique to compute o), for p = 4 and 5, and list the results in
Table 1.
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To derive an energy estimate, we introduce the energy

2
uo _ 1
el By = Nl + Nuell + (\/hazp(BSu)o - W) +hH T = g, (10)

Olzp 2p

where T > 1/a3,. Multiplying Eq. (8) by u,T H from the left, it follows from (7) and (9)

d
(Wl ) = 2ul HY.

The discrete energy estimate

t
el = MOl p,p +/0 If @)l ndz

= llu@llp,p + 1 max || f(2)|ln
0=<z=r

is an analogue of the continuous energy estimate (5). We conclude that the semi—
discretization (8) is energy stable if T > 1/ap),. The term |u||g can be included in the
energy estimate in the same way as in Remark 1.

2.2 Accuracy Analysis by the Energy Method
The error equation for the pointwise error §; = U(x;,t) —u;(t) is

Ci = D¢+ Ppe + T?P, (11)

where ||£(t)||n < oo, T?P is the truncation error and 2p is the accuracy order of the SBP
operator D. The solution has compact support during the entire time interval in consideration,
so does the truncation error. Therefore, TjZP =0, j > J for some J ~ O(h~'). The first

m components of T2P are of order O(hP), and all the other nonzero components are of
order (’)(th). For 2p = 2,4, 6,8, 10, the corresponding values of m are 1,4, 6,8, 11. In
the analysis, we only consider the leading term of the truncation error. We introduce the
interior truncation error 727+ and the boundary truncation error T2r-8 gquch that T?? =
n2r12pl 4 ppPT2r-B  where T2P! and T?78 are independent of &, but depend on the
derivatives of U. Since the number of grid points with the large truncation error O(h?) is
finite and independent of %, we have

00 m—1
2p.1 2p,B
T2 17 = h(n*? D\ T2 40 7170 ).
i=m i=0
O~ o

For2p = 2,4, 6, 8, 10 and small 4, the first term is much smaller than the second one. Thus,
we have ||T27 ||, < KhP*1/2 Here and in the rest of the paper, we use the capital letter K
in the estimate to denote some constant independent of the grid spacing. The constant K can
be made precise by Taylor expansions, but we do not distinguish them from one estimate to
another for a sake of simplified notations.
By applying the energy method to the error equation (11), we obtain for the discrete energy
defined by (10)
liglp, < KRPH2, (12)
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This means that by the energy method we can only prove a gain in accuracy of 1/2 order.
Therefore, the convergence rate is at least p + 1/2 if the numerical scheme is stable, that is
if the penalty parameter T > 1/a).

2.3 Normal Mode Analysis for the Boundary Truncation Error

To derive a sharper estimate, we partition the pointwise error into two parts, the interior
error ¢! and the boundary error €, such that { = €/ + €. €/ is the error due to the interior
truncation error, and € is the error due to the boundary truncation error. €l can be estimated
by the energy method, yielding

e, <o
D,h

As mentioned above, ||¢! ||z can be bounded similarly.
We perform a normal mode analysis to analyze € for the second, fourth and sixth order
SBP-SAT schemes. The boundary error equation is

€ = De + Ppe + hP T8, (14)
where ||€||;, < oco. In the analysis of €, we take the Laplace transform in time of (14),
52& = Dé + Ppé + hP T8 (15)

for Re(s) > 0, where"denotes Laplace transform. After multiplying by 42 on both sides of
(15), we obtain with the notation s = sh

§2¢ = h2Dé + h*Ppé + hP 2720 B, (16)

Note that the coefficients in the first two terms in the right hand side of (16) are #-independent,
and that 7278 is nonzero only at a few points near the boundary.

There are essentially two steps in the normal mode analysis. In the first step, by a detailed
analysis of the error equation (16), we derive an estimate of the solution to (16) in terms of
the forcing. We use Parseval’s relation in the second step to derive an estimate for the error
in the physical space, which involves an inverse Laplace transform. As will be seen later,
the integration is performed along the vertical line Re(s) = nh with n > 0 a fixed constant
independent of 4. It is therefore important to derive a sharp error estimate in Laplace space
when Re(5) goes to zero. The final estimate in the physical space is in the form

Iy
/ leC-, Hl2dt < Kh4, (17)
0

where K depends only on 7, the final time ¢ and the derivatives of the true solution U.
Convergence rate is an asymptotic property, and we need the solution to be smooth and
well resolved. By the smoothness assumption |f”2p (n + i&)| decreases fast for large |&],
making contributions from |£| > K insignificant for some constant K. In the analysis we
will only consider s = 5 + i£, with n positive and || < K. Correspondingly we only
consider |§5| < 1, Re(s) = O(h). In particular it suffices to consider s = 0 when checking
the determinant condition. We formalize this discussion by making the following assumption.

Assumption 1 Thereis a constant K < oo such that contributions from s = n+i&, |&| > K
to the estimate (17) do not influence the rate ¢.

We summarize the convergence result for the Dirichlet problem in Theorem 1.
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Table 2 Theoretical convergence result for the one dimensional wave equation with the Dirichlet boundary
condition with 7 > 1/a),

2p qp = p+Gain q = min(gg,2p)
3.5=142.5
4=242
5.5=3+2.5 5.5

2 p: interior order. g g : order of the boundary error. g: convergence rate

Theorem 1 Consider the second, fourth and sixth order stable SBP-SAT approximations (8)
of the second order wave equation (1) with the Dirichlet boundary condition. With Assump-
tion 1, the rates q in (17) depend on t:

1. Ift = 1/azp, then g = p + 1/2, i.e. the gain in convergence is only half an order.

2. Ift > 1/ay), then the interior and boundary truncation errors lead to errors O(h?P) and
O(h48) in the solution, respectively. The values q g and the overall rates g = min(2p, qp)
are listed in Table 2.

Remark 2 The penalty parameter t has an effect on the convergence rate for a stable scheme.
More precisely, with the same SBP operator, the convergence rate is always higher with T >
1 /a3 than with T = 1/ay),. We therefore should always choose T > 1/a3, in computations,
but bearing in mind that a moderate value of t is appropriate because a very large t has a
negative impact on the CFL condition.

The convergence rates are optimal for the second and fourth order schemes, while super—
convergence is obtained with the sixth order scheme. We also comment that the overall
convergence rate for the second order scheme is dominated by the interior truncation error.

After some preliminaries we will prove Theorem 1 for2p = 2, 4 and 6in Sects.2.3.2,2.3.3
and 2.3.4, respectively.

2.3.1 Solution to the Error Equation

To begin with, we note that sufficiently far away from the boundary, the penalty terms and
the boundary truncation error in (16) are not present. The coefficients in D correspond to
standard central finite difference schemes:

2p=2: s%;=DyD_¢&;, j=3,4,5---, (18a)
1

2p=4: szgj:(mD,—ﬁ(mD,)z)e,-, j=4,5,6,---, (18b)
24 h2 2 h4 3\2 .

2p=6: s7€ =(Dy+D- — E(DJ’D‘) +%(D+D—) )éj, j=5,6,7,---, (18c)

where
A €1 — € . € —€j
Dié; =" and D_é;=-L I
+€j 7 an €j 7
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The corresponding characteristic equations are

2p=2: kK —Q2+Pk+1=0, (19a)
2p=4: «k* =166 + (30 + 125%)k> — 16K + 1 =0, (19b)
2p=6: 25— 27k +270k* — (18057 + 490)k> +270k> — 27k +2=0.  (19¢)

It is easy to verify by the von Neumann analysis that the interior numerical scheme is stable
when applied to the corresponding periodic problem. From Lemma 12.1.3 in [8, pp. 379],
it is straightforward to prove that there is no root of (19) with |«| = 1 for Re(s) > 0. We
call a root « an admissible root if |«| < 1. Since the problem in consideration is a half line
problem, any « with |«| > 1 is not admissible because it results in an unbounded solution.
We will need the following specifics for the roots.

Lemma 1 For2p = 2,4, 6, the number of admissible roots of (19) satisfying |k| < 1 for
Re(5) > 0is 1,2,3, respectively. In the vicinity of § = 0, they are given by

2p=2: k1 =1-5+0G?, (20a)
2p=4: k1 =1-54+0G?), ko =7—4V340@F?), (20b)
2p=6: k1 =1—5+0G?), ko =0.0519 — 0.0801i + OG?),

K3 = 0.0519 + 0.0801i + O(5?). (20c)

Proof 2p = 2: Eq. (19a) has two roots: k12 = 1 + 5% & 3+/5% + 452. We find by Taylor
expansion at § = O thatk; =1 — 5§ + OGEH) and iy = 1+ § 4+ O@G2). Thus, in the vicinity
of § = 0 the admissible root is k] = 1 — § + O(52).

2p = 4: Eq. (19b) has four roots:

K1 :4—\/9—352—\/24—352—8\/9—352,
Ky = \/9—352—\/8\/9—352—3§2+24+4,
K3 = \/8\/9—352—3§2+24+\/9—3§2+4,

K4=\/24—352—8\/9—352—J9—352+4.

We find by Taylor expansion at § = O that

kK1 =1—5+0G, Ky =1—4v3+0G),
i3 =T+4V/3+0G%, Kky=1435+0G).

Thus, the admissible roots are k] = 1 —§ + O(?) and k2 = 7 — 44/3 + O?).

2p = 6: There is no closed form of the solution to a sixth order equation like (19c¢).
However, (19¢) with § = 0 can be factorized to a second order polynomial multiplied by
a fourth order polynomial, thus an analytical solution can be obtained. We then perform a
perturbation analysis to the six roots, and find analytical expressions for their dependence on
§ in a neighbourhood of § = 0. The three admissible roots are given by (20c). We show the
numerical values with four digits since the analytical expressions are very lengthy. O
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The pointwise error away from the boundary can be expressed as

2p=2: éj=01/<j_2, j=2,3,4,---, (21a)
dp=4: =0kl TowdE j =234, (21b)
2p=6: & =oik] " Hou] 4o, j=3,4,5-, (2le)

where the coefficients o are determined by the boundary closure. The error equation (16)
corresponding to a few grid points near the boundary also determines the pointwise errors
that are not determined by 21. The general form for the L, norm of € can be written as

||e||h—hZ|e,| +hZ Z lomin 2

m=1 j=d+1
A2 |0'm|2
=hZ|e,-| +hZ (22)
i=0 m=1

where d =1, 1, 2 for 2 p = 2,4, 6, respectively. Note that by Lemma 1 we have that in the

second term the factor I TP cannot be bounded independent of 7 when § = O(h).

Lemma 2 Consider Re(5) = nh > 0, where n is a constant independent of h. For 2p =
2,4, 6 the admissible root k| () in 20 satisfies

1 1
e S,
1— k12 ~ 2nh

to the leading order.

Proof Lets = x + iy where x, y are real numbers. Then |x| > nh.

L=k =111 -5+ 0GH)?
>1—[1-37+ 005

1—[1—x—iy*+0(5%

=2 —x* =y + O(5)

= 2Re(3) + O(5%).

The desired estimate follows. ]

By Lemma 2, (22) becomes

d
€1 5h2|éi|2+ o1 +KhZ o> (23)

i=0 m=2

In the following sections, we analyze the error equation (16) corresponding to the grid points
near the boundary, and derive bounds for €; and o, in (23). The final estimate in the physical
space of the form (17) follows by Parseval’s relation. To keep a balance between clarity and
paper length, we give a very detailed analysis for the second order scheme, and only show
the main steps of the proof for the fourth and sixth order schemes.
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2.3.2 Proof of Theorem 1 for the Second Order Scheme

The first three rows of (16) are affected by the boundary closure. They are

§2€0 =€) —2€1 +é + 36 —2té0 + th()z’B,

5°€1 = €9 — 2€1 + €3 — 260,

52@2 =¢é] — 26 +é3 — 5@0. (24)
By Taylor expansion, it is straightforward to derive foz’B =-U xx (0, 5) to the leading order.

We obtain the boundary system by rewriting (24) in a matrix—vector multiplication form

-1 §2—4+42t 2 o -1
-1 1 242 e =nm] 0 | Unx(0,5). (25)
Kl —2— 52 L 1 €1 0
2
—— — ——
Cap(5,7) 3hp 728

If the determinant condition is satisfied, i.e. Cap is nonsingular for Re(5) > 0, then | Xy p| is
bounded by a constant multiplying /4> and a gain of two orders from the boundary truncation
error follows. In other words, we obtain the optimal convergence rate if the determinant
condition is satisfied. Below we demonstrate that by analyzing the components of X»p, it is
in certain cases possible to obtain an even higher order gain from the boundary truncation
error, which is referred to as super—convergence.

In Lemma 2, we use Re(5) = nh to estimate 1/(1 — |« 12), with 7 a constant independent
of . When analyzing the boundary system, we need to use the same § = nh because that
is where the inverse Laplace transform is performed later. We write the solution to (25) as
2pG, v) = BPC T2 for Re(5) = nh. Since 7 is a constant and A is arbitrarily small,
it is important to check how X>p (5, t) behaves as § approaches zero. We start by setting
§ = 0, and find that when t # 2.5 the determinant condition is satisfied, i.e. C2p(0, 7)
is nonsingular; but the determinant condition is not satisfied when t = 2.5. The stability
condition T > 1/ap = 2.5 motivates us to consider these two cases separately.

In the case T > 2.5, the determinant condition is satisfied and we can expect at least an
optimal gain of 2 orders in convergence. A perturbation analysis of X, p at§ = 0 shows that

> 2
N ~3 A 3 n ~ 2 5
= —_—— O U 0, h - S O U Oa h )
(2] |: 2021 —5) + O(s ):| exx (0,8) |: 2027 = 5) + (S)i| xx (0,8)
- 1 2v1 7 3 - 211 3
é=|- + O | Uraa (0, )17, & = + OG?) | Urrx (0, ),
2t —5 2t —5
which together with (23) leads to
d K
el < h > 1al> + =lo1l* < Ki7[Usrr (0, 517 (26)

i=0 "

Remember that |§| < 1 corresponds to |s| < K for some constant K and h < 1. By
Assumption 1 and Parseval’s relation, we have
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*© 2 2
—2nt
/ e el dt
0

1 o .
5/_0o 1t + i) I3 de

Kh7 00

o |Uyxx (0, + i6)°dE
us —00

o0
Kh' / e 2 Uy (0, 1) |2dt.
0

We have derived the estimate for € in the vicinity of § = 0, but Assumption 1 allows us to
use this estimate when integrating £ from —oo to co. By arguing that future cannot affect
past [8, pp. 294], we can replace the upper limit of the integrals on both sides by a finite time
ty. Since

ty ty
-2 2 -2 2
/0 c mf||€||hdt§/0 M el 2dr,

tr Iy
/ e |Urr(0, 1) dr = / |Usex 0, 1),
0 0

Iy Iy
N / ||e||%dzsh3~5/1<e2"’f / |Urr 0, 1) 2dt.
0 0

Thus, the boundary error is O (h3-), which is 2.5 orders higher than the boundary truncation
error. In practical computations, this super—convergence is not seen because the dominat-
ing source of error is the interior error Oh?) given by (13). We conclude that the overall
convergence rate is 2, and this proves that gg = 3.5 and ¢ = 2 in Theorem 1.

we obtain

Remark 3 By only checking the determinant condition, we can prove the optimal conver-
gence rate, i.e. a gain of two orders from the boundary truncation error. The above analysis
demonstrates that it is important to analyze the components of the solution to the boundary
system. Super—convergence is obtained when o7 is much smaller than the other components
of the solution to the boundary system when # is sufficiently small. In this case, the error in
the solution is larger at a few grid points near the boundary than in the interior.

In the case T = 2.5, the last two components of X,p are infinite when § = 0 since
C>p (0, 7) is singular and the determinant condition is not satisfied. We again perform a
perturbation analysis to the solution X, p and obtain

- KD

or=|-3+ O(s)} Urxx (0, )R,

A __%~—2 'y 3 _ _% -2 2 >

€0 = 35 +O() | Urxx (0, $)h° = 377 + Oh7) | Urxx (0, 5)A,
:1 ~ 1 N

& = 55*2 + 0<1>} Usxx (0, )% = [gn” + o<h2)] Urxx (0, $)h.

This, in the same way as the case T > 2.5, leads to a gain of 0.5 order from the boundary
truncation error and the overall convergence rate p 4+ 1/2 = 1.5, which is the same as
predicted by the energy estimate.
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2.3.3 Proof of Theorem 1 for the Fourth Order Scheme

The first four rows of (16) are affected by the penalty terms, which can be written as the
boundary system
Cup(5, 1) Z4p = K*THE. (27)

Asinthe second order case in Sect. 2.3.2, we again consiAder Re(s) = nh and write the solution
to the boundary system (27) as Xyp = h4C471;(§, r)T;"B where X4p = [o1, 02, €0, €117,
and 11 1 5 11
T4 = =, ——, ——, —1T U1 (0, ). 28
v =2 712 5167 588 Ve (009 (28)
The matrix C4p(0, 7) is presented in “Appendix 1”.
Inthe case t > 1/a4, C4p(0, 7) is nonsingular and the determinant condition is satisfied.
All the four components of X4p are order Oh*) with o independent of t. This gives the

estimate to the leading order
R K
€15 < - 1Uras (0. )IPH°.

By Parseval’s relation and by arguing that future cannot affect past, we obtain

ty KZr]tf ty
J / ||e||,%drsh4\/ ‘ / |Usxxx (0, 1)[2d1.
0 n 0

Thus, the boundary error is O(h*). In this case, the interior error is also O(h*) given by (13).
Therefore, the convergence rate is 4. This proves that gp = ¢ = 4 in Theorem 1.

Inthe case T = 1/a4, C4p (0, t4) is singular and the determinant condition is not satisfied.
By the energy estimate (12), the convergence rate is p 4+ 1/2 = 2.5.

2.3.4 Proof of Theorem 1 for the Sixth Order Scheme

Similar to the previous two cases, we consider the six—by—six boundary system and analyze
its solution Xgp = [o1, 02, 03, €0, €1, €217 :

Cop(.7)Zep = KT, (29)
where
6B 157525 3869 30409 65723 80821 9015 4 A
Tv’ = [ ] Uxxxxx (07 S)'

T 163788° 17580°  54220° 321540  472620° 175204
(30)

The matrix Cep (0, 7) is presented in “Appendix 17. Itis singularif t = 1 /a6, and nonsingular
otherwise.

When 7 > 1/ag, we write the solution to (29) as Xp (5, 7) = h5C6_[; f"lf”B. A calculation
of Zp (5, v) at§ = 0 shows that o1 = 0 and the other five components O (/27), and a further
perturbation analysis gives o1 ~ O(h7) when § = O(h). As a consequence, from (23) we
obtain that the boundary error is O (h3-). In this case, the interior error is O (h°) given by (13).
Thus, the convergence rate is 5.5, which is a super—convergence and is half order higher than
the optimal convergence. This proves that gg = ¢ = 5.5 in Theorem 1.

When t = 1/ag, the convergence rate p 4+ 1/2 = 3.5 is given by the energy estimate (12).
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3 The One Dimensional Wave Equation with Neumann Boundary
Conditions

We consider Eq. (1) with the Neumann boundary condition (3), and use the same assumption
of the data as for the Dirichlet problem. As will be seen later, the determinant condition is
not satisfied. Our analysis gives sharp error estimates for such problems as well.

3.1 Stability

To discretize the equation in space, we use the grid and grid functions introduced for the
Dirichlet problem. The semi—discretized equation of the Neumann problem is

uyy = Du+ H™ ' EqSu + f. (3D

On the right hand side of (31), the first term approximates U, and the second term imposes
weakly the boundary condition U, (0, ) = 0. Since we consider a half line problem, the
SBP operator D is in the form D = H~!(—A — E(S). As a consequence, the semi—
discretization (31) can be written as

uy = —H 'Au+ f. (32)
Multiplying Equation (32) by u! H from the left, we obtain

d
o (luel% + Nul}) = 24! HY.

The discrete energy [|ull%, , = llu;l|% + lull% is bounded as

t
e lly,n < MOy, g +/ I f@IlHdz
0
=< NluO)lliy,p + 1t max || f(2)IlxH (33)
0<z<t
Here again, ||u||z can be included in the energy estimate as in Remark 1.

3.2 Accuracy

With the pointwise error defined as before, the error equation is
G =—H ' Ac + TV, (34)

where ||¢|ln < oo, T?P-N is the truncation error and 2p is the accuracy order of the SBP
operator. In the same way as for the Dirichlet problem, by applying the energy method to the
error equation (34), we obtain an estimate

WEly,, < K2,

This means that the convergence rate of (32) is at least p + 1/2. In the following, we use
normal mode analysis to derive a sharper bound of the error, which agrees well with the
results from numerical experiments.

As in the Dirichlet problem, we partition the error ¢ into two parts, the error €/ due to
the interior truncation error and the error € due to the boundary truncation error. €/ can be
estimated by the energy method, yielding |||61 ||| vn =K h2P. The boundary error equation
is

€ = —H 'Ae + nP T N-B (35)
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where h?T?P-V-B is the boundary truncation error. 7278 depends on the derivatives of
the true solution U, but not . Moreover, only the first m elements of T2P-N.B are nonzero,
where m depends on p but not 4.

We Laplace transform Equation (35) in time. With the notation § = sh, we obtain

§%¢ = —h?H 'Aé + pPH272PN.B, (36)

Since the operator A in (36) is only symmetric positive semi—definite, we expect that the
determinant condition is not satisfied for this problem. The characteristic equations of the
interior error equations are the same as for the Dirichlet problem (19), and Lemma 1 and 2
are also applicable to the Neumann problem. Below we analyze the second, fourth and sixth
order accurate cases.

3.2.1 Second Order Accurate Scheme

Only the first row of the error equation is affected by the boundary closure. In this case, the
boundary system is the scalar equation

Con oy = BT, M5, 37)
with
~ 2~
Con() =25 + OE?) and Ty VP = ~3Urex(0,5)

and the error is in the form (21a) with j starting at 0. Clearly the determinant condition is
violated at § = 0, but we straightforwardly obtain

K -
loy| < ;|Um(o, $)|h?,

for § = O(h). In the same way as for the Dirichlet problem, an estimate in physical space of
the type (17) follows with ¢ = 2. Since the interior error is also O(h?), the convergence rate
is 2.

Remark 4 In this case, the gain from the boundary truncation error is only one order, and does
not follow the p + 2 optimal gain. The interior error O(h?) restricts the overall convergence
rate to second order. Therefore, a gain of more than one order can normally not be observed.
In the numerical experiments, we design a stable numerical scheme to verify that the gain in
convergence is indeed only one order.

3.2.2 Fourth and Sixth Order Accurate Schemes

We follow the above approach to derive the four by four boundary system
Can(5)Zyn = h47Af’N’B,
for the fourth order scheme, and the sixth by sixth boundary system
Con () Zoy = TN,
for the sixth order scheme. The truncation errors A; N.B , f,f “N-B are the same as the Dirichlet
case (28), (30) except the coefficients of the first component are 43/204 and -53845/163788,

respectively. The matrices C4y (0) and Cep (0) presented in “Appendix 17 are singular, indi-
cating that the determinant condition is violated. We consider § = nh with a constant n
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Table 3 Theoretical convergence result for the one dimensional wave equation with the Neumann boundary
condition

2p gp = p+Gain ¢ =min(2p, qp)
2 =1+1
4.5=2+2.5
5.5=3+2.5 5.5

2 p: interior order. ¢ g: order of the boundary error. ¢: convergence rate

independent of /, and analyze the solution to the boundary system. For the fourth order case,
o1 in (23) is o1 ~ OGhY) ~ O(nhs), and the other components are bounded by o).
For the sixth order case oy, & ~ OGhd) ~ O(nh6), and the other components are bounded
by O(h%). Both cases lead to a gain of 2.5 orders from the boundary truncation error. We
summarize the results on the Neumann problem in the following theorem.

Theorem 2 Consider the second, fourth and sixth order stable SBP-SAT approximations (31)
of the second order wave equation (1) with the Neumann boundary condition. With Assump-
tion 1, the boundary truncation error lead to error O(h98) in the solution, where qp and the
overall rates ¢ = min(2p, qp) are listed in Table 3.

4 The One Dimensional Wave Equation with a Grid Interface

In this section, we consider another example that does not satisfy the determinant condition.
It is the Cauchy problem for the second order wave equation in one space dimension

Uyt =Uix+ F, x € (—00,00), t >0, UG, t)| < oo
U(x,0) = G(x), Ui(x,0) = G(x), (38)

where the forcing function F , the initial data G and G are compatible smooth functions
with compact support. It is straightforward to derive the energy estimate of the form (5) for
Eq. (38).

We solve the equation on a grid with a grid interface at x = 0. With the assumption that the
true solution is smooth, it is natural to impose two interface conditions at x = 0: continuity
of the solution and continuity of the first derivative of the solution.

We introduce the grid on the leftx_j = —jhy, j =0,1,2,---, and the grid on the right
xj = jhg, j=0,1,2,---, with the grid size i and hg, respectively. The grid functions
are u’ (1) = U(x—j, 1) and u’ (1) ~ U (x;, 1). Denote

eor =[--,0,0,11", eor =11,0,0,---17,
L=l a1, u® = (uf uf, -7

Both ué = eTLuL and ug = egRuR approximate U (0, ¢). Both (Spul)y = eOTLSLuL and

(Spufy)y = eORSRuR approximate U, (0, t). To simplify notation, we define {u} = ué - u(l;

and {Su} = (Spu’)o — (Sgu’)g. The semi—discretized equation reads

ul = Dpub + Profuy + fr, ul = Dru® + Priu} + fr, (39)

@ Springer



J Sci Comput (2017) 71:219-245 235

Table 4 Theoretical convergence result for the one dimensional wave equation with a grid interface when
T > Ty in (40)

2p ql(_r;hL:hR) = p + Gain quL#hR) = p + Gain q =min(2p.qp)
3.5=142.5 2=1+1
4.5=2425 4=2+42

2 p: interior order. g = p + Gain : order of the boundary error. g : convergence rate

where f7 and fr are the restriction of F(x,t) on the grid. The penalty terms Pjr{u} and
Prr{u} impose the interface conditions weakly and have the form

1 | _
Profuy = SH; st eor {u) — SHL Yeor {Su} — tH;  eor {u},

1 1 _
Prrlu} = S Hy LsPeor{u) — EHRleOR{Su} + TH eoriu).

The penalty parameters 7 is chosen so that the semi—discretization is stable. By the energy
method, the numerical scheme is stable if

> MLthe o (40)
4arphphg
The stability proof is found in [13, Lemma 2.4, pp. 215]. If by = hg := h, then T, =
1/Qazph).

By the energy estimate, the convergence rate is at least p+1/2 if the semi—discretization is
stable. In order to derive a sharper estimate, we follow the same approach as in the previous
sections. The interior truncation error results in an error O(h%P) in the solution. In the
remaining part of this section we will only consider the effect of the interface truncation
error. Denote

ij(f):U(x_,,t)—MI:J(t)y GJR(I):U(xlvt)_ujR(t)v j:0’1527"' .
The error equation in Laplace space reads
s7el =niDpet + k3 Prp(e) + hi T LB, (41a)
52eR = hhDReR 4+ 1% Prg{ey + Wb TP RE, (41b)

where §5; = shy, §g = shg. Here the interface truncation errors T27-L/R-B are nonzero at

only a few grid points near the interface. The errors are estimated for the second and fourth
order schemes by the normal mode analysis, with the results summarized in the following
theorem.

Theorem 3 For the second and fourth order stable SBP-SAT approximation (39) of the wave
equation with a grid interface, the numerical solution converges to the true solution at rate q.
When t = 17y in (40), the rate ¢ = p + 1/2 is given by the energy estimate. When t© > ),
the rate q is listed in Table 4.

Remark 5 In practical computations, we should always choose 7 > 7, so that the optimal
convergence rate is obtained. Note that in this case, the gain in convergence depends on
whether the grid spacing /iy, is equal to hg as shown in Table 4. The overall rate ¢ =
min(2p, gp), however, is not affected by the relation of 47 and hg.
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We only need to analyze the values gg when T > 7,,. We use the notation 1 = hy = rhg
where r is a fixed mesh size ratio. The analysis follows in the same way as before. We construct
the characteristic equation on each side and solve them to obtain the general solution, which
are given by (19) and (20), respectively. The boundary system is formulated by substituting
the general solution to the error equation. The accuracy order is determined by how the
solution of this system behaves with respect to 7 when 5 = O(h).

4.1 Proof of Theorem 3 for the Second Order Scheme

The last three rows of (41a) and the first three rows of (41b) are affected by the penalty
terms, which lead to the six by six boundary system

CyG.0)Z =h’T>8,

where
~L ~L ~RqT
—[alL,Gm,fo ek ek et

1 2 1 T A
3 2,0,0 3 23 —570,0] Uxx(0,5).

The determinant condition is not satisfied because Co;(0, 7) shown in “Appendix 17 is
singular. We find that whenr = 1,

T”—[ +

o1, 1R ~ OG?h%) ~ O(hd) and &f, L\, R R ~ on?),

which leads to a boundary error O(h3?), i.e. a gain of 2.5 orders in convergence and
qg'Lth) = 3.5, in the same way as in Sect. 2.3.2. When r # 1, all components of
Y ~ 0G ') ~ O(ﬁz). In this case, the gain in convergence is only 1 order, i.e.

qg’L#hR ) = 2.In both cases, the overall convergence rate is g = 2.

4.2 Proof of Theorem 3 for the Fourth Order Scheme

In this case, the eight by eight boundary system takes the form
< 4548
Cy(s,0)X =hn"T,7,
where
2L 2L 2R ~RqT
Y = [o1L,02L,01R, O2R, €0, €21, €5, €11,

4.8 115 6 1 5 11 115 6
oo R04 17737 1275167 588° 204r4  17F]

15 1
T2 51er g ) Ve 09

The boundary system is also singular at § = 0, and the determinant condition is not satisfied.
The matrix C4;(0, 7) is presented in “Appendix 1”. When r = 1,

=14 5 AL 2L 2R 2R 4
o1L,01Rr ~ OBh™) ~ O(h”) and 031, 02R, €y, €21, €g , € ~ O(h7),

which leads to a boundary error O(h*7), i.e. a gain of 2.5 orders in convergence and

q(hLth) = 4.5. When r # 1, all components of ¥ ~ O(h*). In this case, we gain two

(hr#hR)

orders in convergence, i.e. qp = 4. In both cases, the overall convergence rate is

qg =4.
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Fig.1 A convergence test for the one dimensional wave equation with a Dirichlet and b Neumann boundary
conditions

5 Numerical Experiments

In this section, we perform numerical experiments to verify the accuracy analysis. We inves-
tigate how the accuracy of the numerical solution is affected by the large truncation error
localized near boundaries and grid interfaces. In the analysis, we use the half line problem.
However, in the numerical experiments, we use a bounded domain and impose boundary con-
ditions on all boundaries weakly. For the integration in time, we write the semi—discretized
equation as a first order system in time and use the classical fourth order Runge—Kutta method.
The step size At in time is chosen so that the temporal error has a negligible impact on the
spatial convergence result. The value of At is given in each numerical experiment.

The L, error at a given time point are computed as the norm of the difference between the
exact solution #°* and the numerical solution " according to

" — I, = VA9l — ue)T @h — uev),

where d is the spatial dimension. The convergence rate is computed by

tog (M =Y /1o (X (42)
= 10 —_— 0, = 1.

e =) /22

5.1 The One Dimensional Wave Equation

We choose the analytical solution
u = cos(10rx + 1) cos(10wr +2), 0<x<1,0<1<2, (43)

and use it to impose the Dirichlet boundary conditions at x = 0 and x = 1. The step size
in time At = 0.1k is much smaller than the step size restricted by the stability condition.
We use it because then the temporal error has a negligible impact on the spatial convergence
rate. The analytical solution and its derivatives do not vanish at the boundaries at the final
time t = 2. The errors in discrete L, norm are plotted versus the number of grid points in
Fig. 1(a), and the convergence rates in L, norm are shown in the same figure.

With a 2p'" (2p = 2, 4, 6) order accurate method, the convergence rate is p + 1/2 in L
norm if the penalty parameter T equals its limit. With a larger penalty parameter (increased
by 20%), the accuracy of the numerical solution is improved significantly. The observed
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Fig. 2 Error plot for the. a Dirichlet and. b Neumann problem with the sixth order accurate scheme

convergence rates by (42) for the second, fourth and sixth order accurate schemes are 2.00,
3.97 and 5.56, which are very close to the theoretical rates 2, 4 and 5.5 in Table 2, Theorem 1.
The super—convergence of the sixth order accurate scheme is also observed when solving the
Schrodinger equation [17,18].

To test the Neumann problem, we again use (43) as the analytical solution and impose
the Neumann boundary condition at two boundaries x = 0 and x = 1. In Fig. 1b we show
the L, errors and the convergence rates in L, norm, which corroborate the accuracy analysis
very well: for the second, fourth and sixth order accurate schemes, the observed convergence
rates 2.01, 4.04 and 5.54 are quite close to the theoretical values 2, 4 and 5.5.

For the sixth order accurate scheme with t > 1/ag, the components of the solution to
the boundary system are of different magnitude: o1 ~ O(h’) while the other components
are of order O(h>). Therefore, the boundary truncation error only leads to O(h”) interior
error. The large error O (/) in the solution is located only at a few points near the boundary,
which can be seen in Fig. 2a. The same is true for the Neumann problem with the sixth order
accurate scheme, and the error plot in Fig. 2b also shows that the error in the solution is
localized.

Next, we test how the accuracy and convergence are affected by the large truncation error
localized near a grid interface. We choose the same analytical solution (43). The grid interface
is located at x = 0.5 in the computational domain £2 = [0, 1], and the grid size ratio is 2:1.
The step size in time is At = 0.1k, where & is the smaller grid size. Note that the analytical
solution does not vanish at the grid interface. We use the SAT technique to impose the outer
boundary condition weakly and choose the boundary penalty parameters strictly larger than
their limits. The interface conditions are also imposed by the SAT technique. We use different
interface penalty parameters to see how they affect the accuracy and convergence. The results
are shown in Fig. 3a.

According to the accuracy analysis in Sect. 4, for second and fourth order accurate methods
with T = 1), the expected convergence rates are 1.5 and 2.5 in L, norm. This is clearly
observed in Fig. 3a. With a larger penalty parameter, a much better convergence result is
obtained. For the second and fourth order methods, we get the optimal (second and fourth,
respectively) order of convergence in L, norm. For the sixth order accurate scheme, the
convergence rate is about 3.4 with t = t¢, which is in line with the p + 1/2 convergence
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Fig. 3 Convergence tests for. a a grid interface problem. b a Neumann problem with schemes with added
truncation errors

rate. With a larger penalty parameter, the convergence rate is about 5.4. Here we again observe
a super—convergence phenomenon.

5.2 Non-Optimal Convergence

We have shown several cases where the gain in convergence does not follow the optimal
p + 2 rule. For example, the sixth order accurate SBP—SAT scheme has a super—convergence
property, which is both proved theoretically and observed in the numerical experiments. There
are also cases where the accuracy analysis predicts a lower or higher order gain. Examples
include the second and fourth order schemes for the Neumann problem, where analysis
indicates a gain of 1 and 2.5 orders, respectively. In these cases, the interior error also plays
an important role in the overall convergence rate. It is therefore unclear from the computation
what the precise gain is in computations. We design the following two experiments to confirm
that our accuracy analysis indeed gives sharp error estimates.

We use (43) as the analytical solution and impose the Neumann boundary condition at
two boundaries x = 0 and x = 1. With this analytical solution, the equation does not have a
forcing term, and f = 0 in (32). We modify the numerical scheme (32) to

uy = —H 'Au+ F. (44)

In the first experiment, we use the second order accurate scheme and choose the first compo-
nent of F to be (1077)3 and all the other components zero. We use the number (1077)3 because
the truncation error involves the third derivative of the true solution with the factor (107)3.
The boundary truncation error of (44) has the same structure as in the original scheme, but
increases to O(1), i.e. order 0. Note that energy stability still holds for (44). The L, error
versus the number of grid points is plotted in Fig. 3b. Clearly, the convergence rate is 1, and is
a gain of 1 order from the boundary truncation error. This corroborates the accuracy analysis
very well.

In the second experiment, we use the fourth order accurate scheme and let the first four
components of F be h(lOn)4[43/204, —1/12,5/516, 11/588]T, and the other components
zero. The boundary truncation error of (44) has the same structure as in the original scheme,
but increases to O(h). We plot the L, error versus the number of grid points in Fig. 3b, and
observe a 3.5 orders convergence rate, i.e. a gain of 2.5 orders from the boundary truncation
error. This again demonstrates that the error estimate is sharp.
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6 Conclusion

For the second order wave equation a stable numerical scheme does not automatically satisfy
the determinant condition, nor does it imply an optimal gain in convergence rate. We have
considered stable SBP-SAT finite difference schemes for the Dirichlet, Neumann and inter-
face problems. In all these cases the boundary/interface truncation error is larger than the
interior truncation error. We find that the schemes satisfy the determinant condition only for
the Dirichlet problem when the penalty parameter is greater than its limit value, and a gain
of two orders in convergence follows by the standard analysis. By a careful analysis of the
solution to the boundary system, we prove that the gain in convergence for some schemes is
in fact 2.5 orders, i.e. half an order higher than the optimal gain.

For all the other cases the determinant condition is not satisfied, but there is nonetheless
a gain in convergence of 0.5, 1, 2, or even 2.5 orders. In those cases, only a detailed analysis
of the boundary system reveals the precise gain.

We have performed numerical experiments by using both the standard SBP—SAT scheme,
and a modified version to confirm that our accuracy analysis gives sharp error estimates.

In this paper, we have performed accuracy analysis for problems in one space dimension.
The technique and results can be straightforwardly generalized to two space dimensions if
the boundary condition is periodic in one of the spatial dimensions. In a coming paper, we
will show how to perform accuracy analysis for problems in two space dimensions when the
boundary conditions in both dimensions are non—periodic. We will in particular consider a
corner problem when the large truncation error is located on a few grid points at a conner in
two space dimensions.
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Appendix 1

The boundary systems for the high order schemes for the Dirichlet problem are C4p (0, 7)
in Sect. 2.3.3

_3 3_4\/§ —122+4487 5

—1 —1 é—g 2
C4p(0,7) = 55 854123 68 59 |>
43 43 43 43
131433 17 0
49 49 49

and Cgp (0, 7) in Sect. 2.3.4
2.9794 3.3686 4 0.0230i 3.3686 — 0.0230i 3.16517 — 9.3821 8.0245 —8.2157

0.5705 1.0025 4 0.0469:  1.0025 — 0.0469i 1.8235 2.3504 —1.8675

Cop(0.7) = —4.6151 —6.7899 — 0.2266i —6.7899 + 0.2266i —4.1363 —4.1376 8.1084
6T 2.5660 4.5927 4 0.1966i  4.5927 — 0.1966i 0.8615 1.159 =3.5117
—1.2510 —3.1883 — 0.2835; —3.1883 4 0.2835i —0.0951 —0.9157 1.9876

0.1996  0.3281 4 0.1029;  0.3281 — 0.1029i —0.0400 0.1875 —0.3471
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In Sect. 3.2.2, the boundary systems for the fourth and sixth order schemes for the Neumann
problem are analyzed. We have for the fourth order scheme

5 11-4J3 54 _ 59
17 7 7 17
-1 —1 -1 2
Can@) = | 55 8541203 4 59 |°
13 13 B3
1 _3748V3 1
) 49 19

and for sixth order scheme

—0.4494 —0.8104 — 0.0403i —0.8104 +0.0403; 3.8057 —4.6357 1.2795
0.5705 1.0025 4 0.0469i 1.0025 — 0.0469i —1.0534 2.3504 —1.8675

Con (0) = —4.6151 —6.7899 — 0.2266i —6.7899 + 0.2266i 0.6442 —4.1376 8.1084
ONE =1 25660 45927 +0.1966i  4.5927 —0.1966i —0.2134 1.1591 —3.5117

—1.2510 —3.1883 — 0.2835i —3.1883 +0.2835; 0.1791 —0.9157 1.9876
0.1996 0.3281 4 0.1029: 0.3281 — 0.1029; —0.0400 0.1875 —0.3471

The boundary systems for the interface problem are

—3 5 —l+2th 0 3+% —2th-2r
-1 0 0 2 —1 0
1 0 -1 -1 i 0
CuO, )= 1 13, 3% 2 2 NP ;
7 22t —p 150
0 —1 —1 0 0 2
1 1
0 1 ! 0 -1 -1
and
(23 31-36v/3 28r 4r(8v/3-5)  48ht—34 13 44r—48ht+44 _ T72r
R T
55 1243485 0 32 59 36 0
3 43 43 3 ]
_ 1 8/3437 0 9 0 _8 0
Ciy(0,7)=| 49 ) 19
28 4(8v3-5) _ 23 31-3643 44r—48ht+44 _ 72 48ht—34r 13
7r 17r 7 17 (7S (1)71‘ e 127
0 0 -1 -1 —i
59 59
55 124/3+85 36 ) 5
0 0 B3 Sj% X 438 0 943 3
1 +37
L O 0 -~ m 0 P 0
Appendix 2

Consider the one dimensional wave equation (1) with the homogeneous Neumann boundary
condition (3). To begin with, we will derive estimates for the continuous problem of U and

U; in maximum norm in terms of data. Then follows the corresponding derivation for the
semi—discrete case.

The standard energy estimate (5) gives
IU < VIG 2 + G2+t max [|[F(-, ). (45)
0<t=<t
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Together with the estimate (6) and the Sobolev inequality [8, Lemma 8.3.1], we obtain that
U is bounded by the data in maximum norm

1Ullso < 1011+ 1Us
< IGI+A+0VIGIP +IGIP + (¢ + 1) max [F(. Ol (@6)

where ||U (x, 1)]loo := sup{|U(x, )| : x > 0} for any fixed ¢.
Next, let V = U;. Then V satisfies

Vie = Vax + F,
with initial condition

V(x,0) = Gx),
Vi(x,0) = Uy (x,0) = Urx (x,0) + F(x,0) = Gx (x) + F(x, 0),

and homogeneous Neumann boundary condition
Ve(0,1) =0.

The equation in V is in the same form as the equation in U, but with a different forcing and
initial data. In the same way, V is bounded by the data in maximum norm

IVlleo < 1G1+ 1+ DV IGR + 1Goe + FCOIR + ¢ +7) max I1Fo, D)l (47)

Before analyzing the semi—discrete case, we recall the definition of pointwise stability,
Definition 2.2, in [21].
Definition 2.2 in [21]: The approximation, v, is strongly pointwise stable if, for all 4 < ho,
the estimate
% < KO FI? + max [F(@)|* + max g(r)®) (48)
o<t<t 0<t=<t

holds. Here K (¢) is a bounded function in any finite time interval and does not depend on
the data. (|| - || denotes some norm.) The approximation is pointwise stable if (48) holds with
g() =0.

In the above definition, v(¢) is the semi—discrete solution, f is the initial data, F is the
forcing in the equation and g is the boundary data. We also recall Theorem 2.13 in [21].

Theorem 2.13 in [21]:If v and v, are pointwise stable discrete solutions to (24’), then with
r = 2p — 2 the global order of accuracy is 2p.

In the above theorem, (24°) is the SBP-SAT discretization of the wave equation, v is
the semi—discrete solution, v, is the time derivative of v, and r? is the order of boundary
truncation error. This theorem says that for the wave equation if the semi—discrete solution
and its time derivative are pointwise bounded, then two orders are gained in convergence.

In the following, we derive the pointwise estimates for the semi—discrete solution and its
time derivative. The discrete energy estimate (33) gives

Lian2 2
llulla < ||g||H+||g||A+t0r2?§t ILf @ la. (49)

where g and g are the restrictions of G(x) and G(x) to the grid. By the Cauchy—Schwarz
inequality, we have

d d
2||“||HZ||M||H = EIIMII%I < 2Mlullgllucll o,
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which leads to

d S )
J— < <
i lullg < lludlle < /118Ny + lgliy +t01511§1;<t If@la.

An integration in time yields

luller < lgle + 1/ 1813 + gl + % max [ f@)a- (50)
0<z<t

In the right hand side of (49) and (50), the H—norm causes no problem because it is equivalent
to the standard discrete L, norm. The term || g ||124 is bounded by the following lemma.

Lemma 3 Consider the initial data G(x) in (1) with homogeneous Neumann boundary con-
dition. Let g be the restriction of G(x) to the grid. Then we have 1) G« (0) = 0; 2)With the
operator A in (7), ||g||12éi is bounded by G (x) and its derivatives up to order 2p + 2.

Proof 1) It follows from compatibility between initial and boundary data. We differentiate
the initial condition U (x, 0) = G (x) and obtain U, (x, 0) = G (x). Itis compatible with
the homogeneous Neumann boundary condition U, (0, ) = 0 at t = 0, which implies
G, (0)=0.

2) We have

—¢"EoSg — g" HDg
IGO)I(Sg)ol + llglallDglla, (51

gl

IA

where
(852)0 =Gx(0) +Ts =Ts, Dg= gxx+ Tp,

&xx 18 the restriction of Gy (x) to the grid, Ts and Tp are the truncation errors of the
operators S and D. More precisely, by Taylor expansion

| ki or+2
Ts = hP* ZaimG(bi)»
i=1

where 4 is the grid spacing, p is the order of the boundary truncation error, ki is the
stencil width of the operator S, b; € [0, ik], and a; depends on the precise form of S and
the details of Taylor expansions. Clearly, |Ts| is bounded by maXo<y<x, |£:T++22G(x)|.
As a consequence, |(Sg)o| < |Ts]| is also bounded by the same data.

In a similar way, by using Taylor expansions, Tp can be expressed as h” >

a2p+2 . . . .
G(d;) and h2P Zf‘il e %G( fi) at boundary and interior points, respectively, where k»,

k3 depend on the stencil width of D. Therefore, || g ||3‘ is bounded by |G (x)| and its derivatives
up to order 2p + 2. O

ko . 3p+2
i=1Ci 572

The estimates (49), (50), and Lemma 3 give that both |lu|| i and ||u|| 4 are bounded in terms
of data. Then by Lemma 3.2 in [21], an analogue of the discrete Sobolve inequality, the
numerical solution u is pointwise stable according to Definition 2.2 in [21].
Next, we show that u; is also pointwise bounded. Let v = u,. Then v satisfies
Vi = —H_lAU + ft,
v(0) =g v(0) =—H 'Ag+ f(0)
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Similarly as before, we have

<.JIl-H'A 0)|2 g% +1 , 52
||U||A_\/|| g+ fOly +lgly + On;?;(l”fz(z)”H (52)

and

Il < 180s + 1l = H-' Ag + FOI% + 1213 + 2 max 1 £:@lla.  (53)
0<z=<r
The term ||g||§ can be bounded by using Lemma 3. For the term || — H_lAg||H, we note
—H 'Ag = Dg+ H'EySg.

|IDgllg also appears in the term ||g|| 4 in Lemma 3 and we use the same bound here. Only
the first component of H ' EoSg is nonzero and is

—1 -1 -1 P d gr+2
((H~ ' EgSg)ol = Kh™'[(G+(0) + Ts)| = Kh™'Ts| < Kh le ai 5 G b))
1=
where K depends on the particular form of S but not /. As a consequence, || — H~'Ag|l

is bounded by G (x) and its derivatives up to order 2p + 2 in maximum norm. We can then
again use Lemma 3.2 in [21] to derive a pointwise bound on u;.

In conclusion, with an SBP-SAT finite difference scheme for the wave equation with Neu-
mann boundary condition, the numerical solutions « and u, are pointwise bounded according
to Definition 2.2 in [21]. However, the determinant condition is not satisfied as shown in
Sect. 3, nor is the p 4 2 optimal gain obtained. In particular, for p = 1 the gain is only 1
order.
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