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Abstract

We first provide an inner-approximation hierarchy described by a sum-of-squares (SOS)
constraint for the copositive (COP) cone over a general symmetric cone. The hierarchy is a
generalization of that proposed by Parrilo (Structured semidefinite programs and semialge-
braic geometry methods in Robustness and optimization, Ph.D. Thesis, California Institute of
Technology, Pasadena, CA, 2000) for the usual COP cone (over a nonnegative orthant). We
also discuss its dual. Second, we characterize the COP cone over a symmetric cone using the
usual COP cone. By replacing the usual COP cone appearing in this characterization with the
inner- or outer-approximation hierarchy provided by de Klerk and Pasechnik (STAM J Optim
12(4):875-892, https://doi.org/10.1137/51052623401383248, 2002) or Yildirim (Optim
Methods Softw 27(1):155-173, https://doi.org/10.1080/10556788.2010.540014, 2012), we
obtain an inner- or outer-approximation hierarchy described by semidefinite but not by SOS
constraints for the COP matrix cone over the direct product of a nonnegative orthant and a
second-order cone. We then compare them with the existing hierarchies provided by Zulu-
aga et al. (SIAM J Optim 16(4):1076-1091, https://doi.org/10.1137/03060151X, 2006) and
Lasserre (Math Program 144:265-276, https://doi.org/10.1007/s10107-013-0632-5, 2014).
Theoretical and numerical examinations imply that we can numerically increase a depth
parameter, which determines an approximation accuracy, in the approximation hierarchies
derived from de Klerk and Pasechnik (SIAM J Optim 12(4):875-892, https://doi.org/10.
1137/S1052623401383248, 2002) and Yildirim (Optim Methods Softw 27(1):155-173,
https://doi.org/10.1080/10556788.2010.540014, 2012), particularly when the nonnegative
orthant is small. In such a case, the approximation hierarchy derived from Yildirim (Optim
Methods Softw 27(1):155-173, https://doi.org/10.1080/10556788.2010.540014, 2012) can
yield nearly optimal values numerically. Combining the proposed approximation hierarchies
with existing ones, we can evaluate the optimal value of COP programming problems more
accurately and efficiently.

B Mitsuhiro Nishijima
nishijima.m.ae@m.titech.ac.jp

Kazuhide Nakata
nakata.k.ac@m.titech.ac.jp

Department of Industrial Engineering and Economics, Tokyo Institute of Technology, 2-12-1
Ookayama, Meguro-ku, Tokyo 1528552, Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10898-023-01319-3&domain=pdf
http://orcid.org/0000-0003-4871-9156
http://orcid.org/0000-0002-5479-100X
https://doi.org/10.1137/S1052623401383248
https://doi.org/10.1080/10556788.2010.540014
https://doi.org/10.1137/03060151X
https://doi.org/10.1007/s10107-013-0632-5
https://doi.org/10.1137/S1052623401383248
https://doi.org/10.1137/S1052623401383248
https://doi.org/10.1080/10556788.2010.540014
https://doi.org/10.1080/10556788.2010.540014

832 Journal of Global Optimization (2024) 88:831-870

Keywords Approximation hierarchy - Copositive cone - Completely positive cone -
Symmetric cone - Copositive programming

1 Introduction

In this study, we focus on the copositivity and its dual, the complete positivity of tensors,
which include matrices and, more generally, linear transformations, over a symmetric cone.
Typically, the nonnegative orthant, second-order cone, and semidefinite cone and their direct
product are symmetric cones. A symmetric cone plays a significant role in optimization [17]
and often appears in the modeling of realistic problems [36, 38]. The copositivity and com-
plete positivity over a nonnegative orthant, i.e., those in the typical sense, are of particular
importance. They have been deeply studied [46, 50] and exploited in the convex conic refor-
mulation of many NP-hard problems [5, 8, 42, 43]. In addition, the complete positivity over
other symmetric cones has been used in the convex conic reformulation of rank-constrained
semidefinite programming (SDP) [3] and polynomial optimization problems over a sym-
metric cone [31], whose applications include polynomial SDP [32], which often appears in
system and control theory [26-28], and polynomial second-order cone programming [30,
34]. Moreover, Gowda [21] discussed (weighted) linear complementarity problems over a
symmetric cone, in which the copositivity over a symmetric cone of linear transformations
was exploited. For convenience, the cones of copositive (COP) and completely positive (CP)
tensors over a closed cone K are hereafter called the COP and CP cones (over K), respectively.

As the copositivity and complete positivity appear in the reformulation of such formidable
problems, the COP and CP cones are difficult to handle [12]. Thus, to guarantee copositivity
or complete positivity, we must consider sufficient and necessary conditions that can be
handled efficiently.

To achieve this objective, many types of approximation hierarchies have been proposed [1,
7,10, 13, 14, 20, 24, 25, 29, 33, 40, 41, 51, 53-55]. An approximation hierarchy, e.g., {C;- },,
gradually approaches the COP or CP cone from the inside or outside as the depth parameter
r, which determines the approximation accuracy, increases and, in a sense, agrees with the
cone in the limit. By defining each /C, as a set represented by nonnegative, second-order cone,
or semidefinite constraints, we can tentatively handle the copositivity or complete positivity
on a computer using methods such as primal-dual interior point methods [2, Chap. 11].

Most of the above mentioned works provided approximation hierarchies for the usual
COP and CP cones, and few studies [13, 24, 33, 55] have considered those for the COP or
CP cones over a closed cone K other than a nonnegative orthant. Zuluaga et al. [55] provided
an inner-approximation hierarchy described by the sum-of-squares (SOS) constraints, which
reduce to semidefinite constraints, for the COP cone over a pointed semialgebraic cone. The
term “‘semialgebraic” means that the set is defined by finitely many non-negativity constraints
of homogeneous polynomials. The class of pointed semialgebraic cones includes the non-
negative orthant, second-order cone, and semidefinite cone or their direct product, which
are also symmetric cones. The semidefiniteness of a matrix of size n is characterized by the
nonnegativity of all the 2" — 1 principal minors. That is, the semidefinite cone is a pointed
semialgebraic cone; however, the semialgebraic representation requires an exponential num-
ber of non-negativity constraints in its size. In such a case, their approximation hierarchy is
no longer tractable even if semidefinite constraints can describe it. Lasserre [33] provided an
outer-approximation hierarchy described by a semidefinite constraint for the COP cone over
a general closed convex cone K. The hierarchy is implementable only for the case in which
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the moment of a finite Borel measure dependent on K is obtainable. The following case of K
being the direct product of a nonnegative orthant and a second-order cone is an example in
which the moment can be theoretically obtained. The study by Dickinson and Povh [13] is a
variant of that of Lasserre [33], which considered the special case in which K is included in
a nonnegative orthant to provide a tighter approximation than Lasserre [33].

This study aims to provide approximation hierarchies for the COP cone over a symmetric
cone and compare them with existing ones. First, we provide an inner-approximation hier-
archy described by an SOS constraint. It is a generalization of the approximation hierarchy
proposed by Parrilo [40] for the usual COP cone. We call the proposed approximation hierar-
chy the NN-type inner-approximation hierarchy. Moreover, we discuss its dual to provide an
outer-approximation hierarchy for the CP cone over a symmetric cone and provide its more
explicit expression for the case in which the symmetric cone is a nonnegative orthant.

Second, we characterize the COP cone over a symmetric cone using the usual COP cone.
The basic idea for providing an approximation hierarchy is to replace the usual COP cone
appearing in this characterization with its approximation hierarchy. In general, the induced
sequence is defined by the intersection of infinitely many sets and is not even guaranteed
to converge to the COP cone over a symmetric cone. However, by exploiting the inner-
approximation hierarchy given by de Klerk and Pasechnik [10] or outer-approximation
hierarchy given by Yildirnm [53], we obtain an inner- or outer-approximation hierarchy
described by finitely many semidefinite but not by SOS constraints for the cone of COP
matrices (COP matrix cone) over the direct product of a nonnegative orthant and one second-
order cone. Hereafter, we call the proposed inner- and outer-approximation hierarchies the
dP- and Yildirim-type approximation hierarchies, respectively.

As mentioned, Zuluaga et al.’s (ZVP-type) inner-approximation hierarchy [55] and
Lasserre’s (Lasserre-type) outer-approximation hierarchy [33] are applicable to the COP
matrix cone over the direct product of a nonnegative orthant and second-order cone. Then,
we theoretically and numerically compare the proposed approximation hierarchies with exist-
ing ones. We determined that we can numerically increase a depth parameter in the dP- and
Yildirim-type approximation hierarchies, particularly when the nonnegative orthant is small.
In particular, the Yildirim-type outer-approximation hierarchy has a higher numerical stabil-
ity than the Lasserre-type one and can approach nearly optimal values of COP programming
(COPP) problems numerically.

The remainder of this paper is organized as follows. In Sect. 2, we introduce the notation
and concepts used in this study. In Sect. 3, we provide an SOS-based NN-type inner-
approximation hierarchy for the COP cone over a general symmetric cone and discuss its
dual. In Sect. 4, as generalizations of the approximation hierarchies given by de Klerk and
Pasechnik [10] and Yildirim [53], we provide dP- and Yildirim-type approximation hierar-
chies described by finitely many semidefinite constraints for the COP matrix cone over the
direct product of a nonnegative orthant and second-order cone. We also discuss their concise
expressions. In Sect. 5, we introduce the existing ZVP- and Lasserre-type approximation
hierarchies that are applicable to the COP matrix cone over the direct product of a nonneg-
ative orthant and second-order cone and compare them with the proposed approximation
hierarchies. In Sect. 6, we compare the approximation hierarchies numerically by solving
optimization problems obtained by approximating the COP cone and investigate the effect of
the concise expressions mentioned in Sect. 4. Finally, Sect. 7 provides concluding remarks.
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2 Preliminaries
2.1 Notation

We use N, R, R"*™, §", and S’} to denote the set of nonnegative integers, set of real numbers,
set of real n x m matrices, space of n x n symmetric matrices, and set of positive semidefinite
matrices in S”, respectively. For a finite set 7, we use R’ and S7 to denote the |I|-dimensional
Euclidean space with elements indexed by 7 and space of |I| x |I| symmetric matrices with
columns and rows indexed by I, respectively. Similarly, let Sfr denote the set of positive
semidefinite matrices in S’. We use e; to denote the vector with an ith element of 1 and the
remaining elements of 0, whose size is determined from the context. In addition, we use 0, 1,
0, I, and E to denote the zero vector, vector with all elements 1, zero matrix, identity matrix,
and matrix with all elements 1, respectively. We sometimes use a subscript, such as 1, and
I,,, to specify the size. Although all vectors that appear in this paper are column vectors, for
notational convenience, the difference between a column and row may not be stated if it is
clear from the context. The Euclidean space R” is endowed with the usual transpose inner
product and || - ||2 denotes the induced norm. We use S” and A” to denote the n-dimensional
unit sphere and standard simplex in R e,

S"={x e R | x| = 1},
A" ={xeR"™ | xT1=1andx; > Oforalli=1,...,n+1},

respectively. For a set X', we use |X'|, conv(X), cone(X), cl(X), int(X), and 9(X) to denote
the cardinality, convex hull, conical hull, closure, interior, and boundary of X, respectively.
For two finite-dimensional real vector spaces V and W, we use Hom(V, W) to denote the set
of linear mappings from V to W. We use | -] and [-] to denote the floor and ceiling functions,
respectively.

We call a nonempty set K in a finite-dimensional real vector space a cone if ax € K for all
«a > 0and x € K. For a cone K in a finite-dimensional real inner product space, X* denotes
its dual cone, i.e., the set of x such that the inner product between x and y is greater than or
equal to O for all y € K. A cone K is said to be pointed if it contains no lines. The following
properties of a cone and its dual are well known:

Theorem 2.1 [6, Sect. 2.6.1] Let K be a cone.

(1) If K is pointed, closed, and convex, K* has a nonempty interior.
(i) If K is convex, (K*)* = cl(K) holds. If K is also closed, (K*)* = K holds.

For a polynomial f, we use deg(f) to denote the degree of f. Let H™™ be the set
of homogeneous polynomials in n variables of degree m with real coefficients. We then
define =2 := conv{f? | 6 € H™™}. £™?" is known to be a closed convex cone [48,

Proposition 3.6]. For @ € N" and x € R”, we define &! := []/_; o, || :== >} | o;, and
x® := []’_, x{. In addition, we define

IZ, = {eeN" ||| =m},

I, = (e e N' | || <m),

N" = {(i1,....im) eN" | 1 <ip <nforall k=1,....m}.

Under this notation, RI=» is linearly isomorphic to H"™ by the mapping (fa)aciz, H
> e, Oxx*. Let &, be the symmetric group of order m. Then, the group &,, acts on the
set N;ﬁ by o - (i1,...,im) = (1), .-, ioc(m)). As mentioned in [14, Sect. 4], a bijection
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exists between the set I, and a complete set of the representatives of &,,-orbits in NJ'. As
the set

{Gr,ocvim) [ 1 =i =+ <im =0} ey

is a complete set of the representatives of &,,-orbits in N/,
element of (1) corresponding toa € I, i.e.,

=m>

we define [a] € N} as the

[e]l=1{1,...,1,...,n,...,n
——— ——
« factors ay, factors

2.2 Euclidean Jordan algebra and symmetric cone

A finite-dimensional real vector space [E equipped with a bilinear mapping (product) o: E x
E — E is said to be a Jordan algebra if the following two conditions hold for all x, y € E:

J1) xoy=youx
(J2) xo((xox)oy)=(xox)o(xoy)

In this study, we assume that a Jordan algebra has an identity element e for the product. A
Jordan algebra (E, o) is said to be Euclidean if there exists an associative inner product e on
IE such that

J3) (xoy)ez=xe(yoz)

forall x, y, z € E. Throughout this study, we fix an associative inner product e on a Euclidean
Jordan algebra (EE, o) and regard (E, o, e) as a finite-dimensional real inner product space.
Let (E, o, o) be a Euclidean Jordan algebra. An element ¢ € E is called an idempotent
if ¢ o ¢ = c. In addition, an idempotent c is called primitive if it is nonzero and cannot be
written as the sum of two nonzero idempotents. Two elements c, d € E are called orthogonal
if c od = 0. The system ¢, ..., ¢ is called a complete system of orthogonal idempotents
if each ¢; is an idempotent, ¢; o ¢; = 0if i # j, and Zf:l ¢; = e. In addition, if each ¢; is
also primitive, the system is called a Jordan frame. Each Jordan frame is known to consist of
exactly rk elements, where rk is the rank of the Euclidean Jordan algebra (E, o, e) and the
rank depends only on the algebra [16, Sect. III.1]. Here, for the convenience of the proofs,
we consider an ordered Jordan frame and let §(IE) be the set of ordered Jordan frames, i.e.,

SE) ={(c1,...,cx) | The systemcy, ..., ¢k is a Jordan frame}.

Note that F(E) is a compact subset in E'™ [16, Exercise IV.5]. Each element of E can be
decomposed into a linear combination of a Jordan frame [16, Theorem III.1.2]. In particular,
for each x € E, there exist x, ..., x € Rand (cy, ..., ck) € F(E) such that

rk
X = ZX,’Ci. (2)
i=1

The symmetric cone E associated with the Euclidean Jordan algebra (E, o, e) is defined
as Ey := {x ox | x € E}. Note that when each x € E is decomposed into the form (2),
all coefficients x; are nonnegative. Conversely, for any nonnegative scalars xi, ..., x;x and
(€1s ..., cn) € F(B), it follows that Y1 | x;¢; € By

We now show some examples of the symmetric cones frequently used in this paper.
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Example 2.2 (Nonnegative orthant) Let [E be an n-dimensional Euclidean space R”. If we set

xoy := (X1y1,...,%,yp)andxey :=x ' yforx, y € E, then (E, o, o) is a Euclidean Jordan
algebra, and the induced symmetric cone E_ is the nonnegative orthant R = {x € R" |
x; > O0foralli =1, ..., n}. The set §(EE) of ordered Jordan frames is {(es (1), - - -, €5(n)) |
o€ G,

Example 2.3 (Second-order cone) Let E be an n-dimensional Euclidean space R” with n >
2. ff wesetx oy = (xTy,xlyzz,, + yix2,) and x @ y = xTy for x = (x1,x2.5),
Yy = (1, y2.,) € E, then (E, o, e) is a Euclidean Jordan algebra, and the induced symmetric
cone E is the second-order cone " = {(x1, x2.n) € R" | x1 > ||x2:]2}. The set F(E) of

ordered Jordan frames is
1/1\ 1 /1 n—2
{GG)2(5)[es)

Example 2.4 (Semidefinite cone) Let E be the space S” of n x n symmetric matrices. If we
setXoY :=(XY+YX)/2and X oY := Z?J:l X;;jYijfor X, Y € E, then (E, 0, e) isa
Euclidean Jordan algebra, and the induced symmetric cone E is the semidefinite cone S} .

Consider the case in which a Euclidean Jordan algebra (E, o, @) can be written as the
direct product (sum) of two Euclidean Jordan algebras (EE;, o;, ;) with rank rk; and identity
element eg;, (i = 1,2). Note that the following discussion can be directly extended to the
case of finitely many Euclidean Jordan algebras. The product o and associative inner product
e are defined as follows:

(x1, x2) o (¥1, y2) := (x1 01 Y1, X2 02 y2),
(x1,x2) ® (¥1,y2) :=Xx1 01 y1 + X202 2

for (x1, x2), (y1, y2) € E = E; x [E,, the rank of E is rk; 4 rky, and the identity element
e of E is (eg,, er,). In the following, we derive the set of ordered Jordan frames of E. This
result will be exploited in Sect. 4 to obtain approximation hierarchies described by finitely
many semidefinite constraints.

Lemma 2.5 For a primitive idempotent f = (f1, f2) € E, exactly one of the following two
statements holds:

(a) f1 is a primitive idempotent of By and f> = 0.
(b) fi =0and f> is a primitive idempotent of E,.

Proof We assume that f; # 0. If f, # 0, then f can be decomposed into the sum of two
nonzero elements (f1, 0) and (0, f>). The two elements are actually idempotents of [E, which
contradicts f being primitive. Thus, we have f, = 0. Because f = (f1,0) is a primitive
idempotent, fi is also a primitive idempotent. This case falls under the case (a).

Next, we assume that f; = 0. In this case, as in the above discussion, we note that f> is a
primitive idempotent. This case falls under the case (b). O

Proposition 2.6 (The set of ordered Jordan frames of E) (f1, ..., fik, +1k,) € S(E) if and
only if there exists a partition (I1, Iy) of {1, ...,rky +r1ko} such that the following two
conditions hold:

() fi = (f1i,0) € Eforalli € Iy and (f1i)icr, € F(E1).
(i) fi =0, f2;)) € Eforalli € I and (f2i)ier, € §E2).
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Proof We first prove the “if” part. Because (f, ..., fik, +rk,) satisfying the two conditions
is evidently a complete system of orthogonal idempotents, we prove only that each f; is
primitive. To prove this, showing that (f,0) € E is primitive if f € [E; is primitive is
sufficient. Assume that (f, 0) can be written as the sum of two idempotents (f1, f») and
(g1, &2),1.e.,

(f,0) = (f1, f2) + (81, 82)- 3

First, (3) implies that f = —g». In addition, we note that fi, g1, f2, and g, are idempotents
because (f1, f») and (g1, g2) are idempotents. Therefore, f> = g» = 0. Second, (3) implies
again that f = f1+ g1. As f] and g; are idempotents and f is primitive, either f; or g; must
be 0. We can assume that f; = 0 without loss of generality. We then obtain (fi, f>) = 0,
which implies that (f, 0) is primitive.

We now prove the “only if”” part. Let (fi1, ..., fik, +rk,) € S(E) and set f; = (f1i, f2i)
for each i. Then, each f; = (f1;, f>;) falls into exactly one of the two cases in Lemma 2.5;
thus, we define

I :={i e{l,...,1k; +rko} | f1;is a primitive idempotent and f>; = 0},
L :={i e{l,...,tk; +1ko} | f1; = 0and f7; is a primitive idempotent}.

Evidently, (I1, I,) is a partition of {1,...,rk; +rko}. In the following, we show that

(f1))ier, € T(E1) and (f2i)ier, € F(E2). From the assumption on (f1, ..., fik; +1k,)s it
follows that

rk +rko
e=(exem)= Y fi=|D_fi.)_ il
i=1 iely  ieh

from which we obtain ), ; f1; = eg, and } ;. foi = eg,. In addition, it follows that
0 = fio fj = (fiio1 f1j, fai o2 f2j) forany i # j. In particular, we have fi; oy f1; =0
foralli # j € Iy and f5; 03 fo; =0foralli # j € . O

2.3 Symmetric tensor space

Let (V, (-, -)) be an n-dimensional real inner product space. Note that V can be identified
with the dual space Hom(V, R) by the natural isomorphism x — (x, -). We use

V.=V -V
—— ——
m factors

to denote the tensor space of order m over V.
Letvy, ..., v, beabasis for V. Then, vj,..;, == vi, ®--®u;, ((i1,...,in) € NJ) form
a basis for V& That is, each .4 € V®” can be written in the following form:

n
A= 3" i, By, )
[ im=1

with coefficients A;,...;,, € R. For o € &, the linear transformation 7, on V& is defined
bY 7o (Vi -wsipg) 7= Vig 1y igmy- Lhe definition of 77, does not depend on the choice of the basis
for V. Then,

S"MV) = {A eV |1, A= Aforallo € &,,)
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denotes the symmetric tensor space of order m over V, which is a subspace of V®”. Note
that the symmetric tensor A € S™™ (V) with the form (4) depends only on the coefficients
in the form of Ajg) (e € I",)). Let . be the linear transformation on V®" defined as

1
<7:=% Z Ty

‘oe6,

Then, .7 A € S*™ (V) for each A € V& and S Va) (¢ € IZ,)) form a basis for S (V).
Forx eV, let

X =x®---Qx € SP(V).
———

m factors

In particular, we consider the case of V = R" with the canonical basis ey, . . ., e, and write
S™™(R™) as S™™. Then, each element A € S™™ can be considered a multi-dimensional
array; thus, we write A;,...;, for the (i1, ..., i,)th element of A. Note that the symmetric
tensor space 8™ 2 of order two equals the space S of the symmetric matrices.

Let (-, -) be the inner product on V& induced by that on V. That is, it satisfies (x| ® - - - ®
X VI® @ ym) = [[1; (xi, yi) forx1 @+ @ X, y1 ® -+ - @ ym € V™. We write || - ||
for the norm on V®” induced by the inner product (-, -).

Using the inner product, we note that S (V) and H™"™ are linearly isomorphic. Indeed,

let ¢ € Hom(V, R") be the linear isomorphism induced by the basis vy, ..., v,. Then, the
mapping ¥ : S (V) — H™™ defined by
Y (A) = (A, ¢~ (1)®") )

is a linear isomorphism.

In the following proofs, for convenience, we fix an orthonormal basis v, ..., v, for V
arbitrarily. The following lemma describes a property of the inner product on the (symmetric)
tensor space.

Lemma2.7 For A € V®" and B € S»"™(V), it follows that (# A, B) = (A, B).

Proof Using the orthonormal basis v1, ..., v, for V, we write A and B in the form (4). It
then follows from the symmetry of B that

1
(S A, B) :<m! > weA B>
ceS,
1 n
=— 2 2 AinBonim
T 0eGy itynin=1

I
2|~
[~
M-
>
B
=

€S il,...,in=1
1
=— D (AB)
oeS,
= (A, B).
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Consider the case of V = R” with the canonical basis ey, ..., e,. The following lemma
provides an orthonormal basis for the symmetric tensor space S’ and the representation of
the elements of S with the orthonormal basis.

Lemma 2.8 We now define Fo := /m!/al ey for each & € IZ, . Then, (Fy)gcln,, is an
orthonormal basis for S™™. In addition, using the orthonormal basis, we can represent each

AeS""as A= Zaeﬂim Vml ol Ay Fy.

Proof Note that dim &™™ = |IZ, |. Because the linear independence of (Fy)gelr. ,, 18 clear,
showing that it is orthonormal is sufficient. Let o, B € I . We first consider the case of & #

B.Let (i1, ...,in) := [a] and (j1, ..., jm) := [B]. Then, as (i1, ..., im) Z (J1,---» Jm)»
there exists ko € {1, ..., m} such that iy, # ji,, which implies that the number of values iy,
in the vector (iy, ..., i;) is not equal to that in the vector (ji, ..., j,). Using Lemma 2.7,

we then have
m!
(f‘x’fﬂ>: ayeil'“ ﬂ|ye]1 “Jm
m! [m!
= - F<yell lm’e.]l ]m>
‘/ '\ 0 la(l) ln(m)’e./l “Jm
B n: aeGm

m! 1
f Y et

eSSy, k=1
=0.

Second, we consider the case of « = B. Let (i1, ..., i) := [e]. Then,

IIf.xIIF: («5”811 i @iy i)

m‘ 1
= Z l_[elkelff<k)

'aesmk 1
=1.
Therefore, (Fy)aeln, is an orthonormal basis for S™™.
In addition, for e e I, let

N o] :={(i1, .. .im) € NV | (ig(1), - -+, igm)) = [o] for some o € Gp,}.

From the symmetry of .4, it then follows that

.A= Z Azl lmel]
i1,..., im=1
= Z Z Ail...,‘meiln.,’m
€I, (i1eenim) ENY [a]
= Z ‘A[a] Z eil"'im
el (it seenim)EN []
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> A % > Aol

acl?,, oeS,

m! m!
> o e | o e

ael”

Z \/7 Al Fa-

ael?

=m

[m}

For convenience, we write the coefficients of A € S™™ with respect to the orthonormal
basis (Fo)aer  taken in Lemma 2.8 as (A7 )qer . That is, each A € S™™ is written as
=m o =m

A= Y Al F. 6)

acl?,,

Because S™™ and H™"™ are linearly isomorphic by the mapping (5), foreach A € S™™, there
exists & € H™™ such that (A, x®") = 0(x). The following lemma links the coefficients
(A )aerm,, with the coefficients of 6.

Lemma 2.9 Suppose that A € S"™ and (Oy)aclr,, € RIZn satisfy

x®m) = Z O x®. @)

acl,

Then, A}— ol /mlby forall e € T2,

Proof Let A be in the form (6). It then follows from Lemma 2.7 that

|
(A, x®) = <Af Vo x®’">

acl?,,
= > A7 <e1® ®e1®m®en®~~®en,x®m>
— —— — —
acl, «y factors a,, factors
m!
= D Ay
aclt o

=m

As this equals ), 6,x® and by comparing the coefficients, we obtain the desired result.
[m]

Lemmas 2.8 and 2.9 will be used to prove the technical result (Lemma 3.8) in Sect. 3.3.

2.4 Copositive and completely positive cones

Let K be a closed cone in an n-dimensional real inner product space (V, (-, -)). Then, we
define

COP™"(K) := (A € S"™(V) | (A, x®") = 0 forallx € K},
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CP™(K) := conv{x®" | x € K}

and call them the COP and CP cones (over K), respectively. In the case in which V = R”
and K = R’} , the COP and CP cones reduce to the COP tensor cone, written as COP"™" and
the CP tensor cone given by, for example, [45, 47]. In the case of m = 2 and V = R”, under
the identification between S™2 and S”, we have

COP(K) := COP"’2(K) ={AeS"|x"Ax > Oforallx € K},
CP(K) := CP"2(K) = convixx ' | x € K},

which are the COP and CP matrix cones [22], respectively. Because we considered both the
tensor and matrix cases, we generally omit the terms “tensor” and “matrix”.
We now discuss the duality between COP""™ (K) and CP"™" (K).

Proposition 2.10 Let K be a closed cone in V.

i) COP™™(K) = CP"™"(K)*.
(i) IfK is also pointed and convex, then CP"™"" (K) is a closed convex cone.

Proof We first prove (i). Let A € COP™™(K). Then, for any x; € K and A; > 0 such that
> ;A =1, we have

<A, > A,-x,@m> = hilA xE), (8)

As (A, xi®’") and A; are nonnegative for all i, (8) is also nonnegative, which implies that
A e CP""™(K)*. Conversely, let A € CP"»"™(K)*. For any x € K, because x®" ¢
CP"(K), (A, x®™") > 0 follows from the definition of dual cones. Therefore, we obtain
A € COP™"(K).

We now prove (ii). The convexity of CP" ™ (K) follows from its definition. In addition,
CP™™(K) is a cone because K is a cone. To prove the closedness, let {Az}r S CP™"(K)
and suppose it converges to some A, € S (V). Note that CP™" (K) can be represented as
CP"™(K) = cone{x®" | x € K} as it is a convex cone containing zero (the origin). There-
fore, by Carathéodory’s theorem for cones [4, Exercise B.1.7], every element of CP™" (K)
can be written as the sum of at most d := dim S”" (V) elements in the form of x®” with
x € K; for every k, there exist xz; with x;; € K (i = 1,...,d) such that 4; = Zld 1 x,‘fm.
As int(K*) is nonempty under the assumption on K, we take a € int(KK*) arbitrarily. Then,
we obtain

d

d
(Ag, a®") Z (@, a®) = 3" (i, )" — (Aso, a®") (k — 00).
i=1 i=1

Given that xy; € K, (x4;, @) > 0 for any k and i. Therefore, {(x;, a)}i is bounded for each
i.

Then, {x;;}; is bounded for each i. To observe this, let {k(/) | I € N} denote the set of
indices k such that x;; # 0. Showing the boundedness of {xy();}; is sufficient. Let B :=
KnNn{y € V| (y,a) = 1}. Note that B is compact. Then, for each /, there exist o;; > 0
and y; € B such that x¢); = ay;y;;. Given that (xxq)i, a) = ay;, the sequence {oy;}; is
bounded. Combining it with the boundedness of {y;;}; € B leads to the boundedness of
{xx@yi b = {ouiyiihi-
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Thus, by taking a subsequence, if necessary, we assume that {x;}; converges to some
Xooi for each i. The closedness of K implies that x.; € K. Therefore,

d d
— 1; — 1; ®m __ ®m n,m
A = Jlim Ac = fim D i = QAR < PR
i= i=

which means that CP™" (K) is closed. O

Corollary 2.11 Let K be a pointed closed convex cone. Then, COP™™ (K) and CP™"™ (K) are
dual to each other.

Proof 1t follows from (ii) in Proposition 2.10 that CP™™(K) is a closed convex cone. Tak-
ing the dual of (i) in Proposition 2.10 and using Theorem 2.1, we obtain COP"™" (K)* =
CP""(K). O

In this study, we focused only on the case in which K is a symmetric cone, which is a
pointed closed convex cone. In this case, Corollary 2.11 is applicable to COP""(K) and
CP""(K).

2.5 Homogeneous polynomial function on inner product space

Let (V, (-, -)) be an n-dimensional real inner product space. A homogeneous polynomial
function of degree m on V is the mapping V 3 x +— (A, x®") for some A € S (V).
H"™™(V) denotes the set of homogeneous polynomial functions of degree m on V, i.e.,
Hn,m(v) — {(A’x®m> | Ae Sn,m(v)}. As HV™M — {(A’x@)m) | Ae Sn,m}’ Hn,m(Rn)
agrees with H™"™.

As the definition of £™-2"  ™2m (V) denotes the set of sums of squares of homogeneous
polynomial functions of degree m on V. To represent the set 2" (V) more explicitly, we
prove the following lemma.

Lemma2.12 (A, x®")? = (S(A® A), x®"™) for any A € S*™ (V).

Proof Fix an orthonormal basis vy, ..., v, in V arbitrarily. In addition, using the basis, we
write A € S™™ (V) in the form (4). Given that

n m
(A2 = 3 Ay [ ] o),
i i k=1

I15eeey Im=

we have
n 2m
(A XM= 3" Ay Aiyyin | [ Vi) ©)
TR k=1

Moreover, as A ® A = ZZ ,,,, i1 Ay iy Ay g1 Vi i s (A @ A, x®2my agrees with
(9). Therefore, by applying Lemma 2.7, we obtain the desired result. O

Using Lemma 2.12, we can express X2 (V) as conv{(./ (A ® A), x®") | A € S""(V)).
Through the isomorphism H"2"(V) 5 (A, x®™) > A € §"2"(V), the set ©"2" (V)
is mapped onto the set conv{.-#(A ® A) | A € 821 ()} denoted by SOS™2" (V). We
define MOM™ 2" (V) := SOS"™2" (V)* and call it the moment cone. Because SOS™2" (V) is
a closed convex cone [9, Lemma 2.2], SOS™?" (V) and MOM™2" (V) are dual to each other.
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3 Sum-of-squares-based inner-approximation hierarchy

Let (E, o, @) be a Euclidean Jordan algebra of dimension . In this section, we aim to pro-
vide an inner-approximation hierarchy described by an SOS constraint for the COP cone
COP™™(E4). In Sect. 3.1, we first provide an inner-approximation hierarchy for the cone
of homogeneous polynomials that are nonnegative over a symmetric cone in R”. Using the
results in Sect. 3.1, we provide the desired approximation hierarchy in Sect. 3.2. In Sect. 3.3,
we discuss its dual. Subsequently, we fix an orthonormal basis vy, ..., v, for the given
Euclidean Jordan algebra (E, o, e) and let ¢ : E — R” be the associated isometry.

3.1 Approximation hierarchy for homogeneous polynomials

If we define xQy := ¢ (¢~ (x) o1 (y)) and x4y := x T y for x, y € R”, then (R", O, $)
is also a Euclidean Jordan algebra. Hereafter, to emphasize that R” is a Euclidean Jordan
algebra and (R”, ¢, ) depends on the choice of ¢, we write the Euclidean Jordan algebra
R”" as ¢ (E). We note that the symmetric cone ¢ (E)+ associated with the Euclidean Jordan
algebra (¢ (E), O, 4) satisfies

PE); ={x0x | x € p(E)} = {p(x)0P(x) | x € E} = ¢ (E4). (10)

We illustrate an example of (10), the isometry ¢, and the product ¢ using the Euclidian
Jordan algebra introduced in Example 2.4.

Example 3.1 Let (S", o, @) be the Euclidian Jordan algebra introduced in Example 2.4. We
define the linear mapping svec: S" — R™2 as

svec(X) := (X11, V2X12, X22, . ., V2 X1, .. ., ﬁxn—l,n, Xnn)

. . . nn+l)
for each X € S". Then, the mapping svec(-) is an isometry between S” and R™ 2 ; i.e.,

XeY = svec(X) ' svec(Y)holdsforall X, Y € S”.Letsmat(-) denote the inverse mapping of
svec(-). If we define xQy := svec(smat(x) o smat(y)), and x4y := xTy forx,y e Rn(n;l) R
n(n+1
then (R e , O, #) is also a Euclidean Jordan algebra. The symmetric cone associated with
n(n+1)

the Euclidean Jordan algebra (R™ 27, O, #) is svec(S"}).

Here, we derive an inner-approximation hierarchy for the cone of homogeneous polyno-
mials that are nonnegative over the symmetric cone ¢ (E, ). Let

COP"" (¢ (B4)) = 10 € H™™ | 6(x) = O forall x € $(E+))

be the cone of homogeneous polynomials in n variables of degree m that are nonnegative
over the symmetric cone ¢ (E, ). For each r € N, we define

Izlr(fl?,r(¢(E+)) = {9 e H"" | (xTx)rQ(xQx) c EH,Z(rer)}'

Proposition 3.2 Each IEKH(I" S(@Ey) is a closed convex cone, and the sequence
{IE%? (@ (E))}, satisfies the following two conditions:

i) KE0, @(E4) S K, 1 (@(E) S COP" (p(E)) forall r € N.
(i) intCOP"" (¢ (E4)) S U2 KR, (@ (E-)).
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In the following, the notation “IEKHQ" L@ED) T cop™™ (¢ (E4))” is used to represent
the two conditions mentioned in Proposition 3.2. The notation is not limited to the sequence
{IC&’I\'?, +(@(E4))},. To prove Proposition 3.2, we exploit Reznick’s Positivstellensatz, which
is described as follows:

Theorem 3.3 [49, Theorem 3.12] Let 6 € H™2". If6(x) > Oforallx € R"\ {0}, then there
exists ro € N such that (x Tx)"00(x) € x"-200+m),

Proof of Proposition 3.2 Note that 6 (xOx) € H m2m for each 0 € H™™" because the product
O is bilinear; thus, the set Ky, (¢ (E+.)) is well-defined for each r € N. IC%\? H(@(E})) can

be shown to be a closed convex cone from the counterpart properties of X2+ n the
following, we prove Kyt , (¢ (E4)) 1 COP" " (¢ (E.)).

To prove (i), let 8 € Eﬁ’;\’]’r((p (E.)). Then, there exist py, ..., py € H™ " such that

N
(x %) 0(x0x) = Y pi(x). an
i=1
Using this, we obtain

N n
(xTx) o ox) = ZZ(XJP!‘ (x))? € Zm2rtmtl)

i=1 j=1

which means that 6 € Kt (¢ (E+)). Now, we assume that & ¢ COP " (¢ (E.)). Then,
from (10), it follows that there exists X € ¢ () such that 6(X0X) < 0. As X # 0 and
¥TX > 0, wehave (X TX) 0 (XO¥) < 0. However, (11) implies that (¥ T ¥)" 6 (¥ O¥) must take
a nonnegative value, which is a contradiction. Therefore, we obtain 6 € 67(7)_77”" (@ (EL)).
To prove (ii), let 6 € int (?/(\977’”” (¢(E4)). Then, as ¢ (E) is a closed cone, it follows that
O(y) > 0 forall y € ¢p(EL)\{0}, i.e., 0(xOx) > O for all x € ¢(E)\{0} = R"\{0}
(see [55, Observation 1], for example). Thus, by Theorem 3.3, there exists rp € N
such that (x Tx)00(xOx) € T200+tM which means that 6 € E’;ﬁ(ﬁm (pEy) <

UrZo KK (9 (E+). o
Note that the set IE"N’I(I"’r(¢(E+)) is defined by an SOS constraint. This constraint can
be written as a semidefinite constraint of size |IZ,, .| = <n + Ztnf B 1>, which is

polynomial in n and m for each fixed r € N.

3.2 Approximation hierarchy for symmetric tensors

In this subsection, we translate the result of Proposition 3.2 to the case of symmetric tensors.
Given that (x e x)" (A, (x o x)®") € H"20+™(E) for each r € N and A € §""(E), there
exists a unique A" € S22+ () such that

(x 0 X)" (A, (x 0 x)®") = (AN, x®20+m)y
Using the symmetric tensor A we define

Ky (B4 == {A € S"E) | A7 € SOS™2r+m ().
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Theorem 3.4 Using the orthonormal basis vi,...,v, for E, we define v €
Hom(S"™"™(E), H™™) in the same manner as for (5). Then,

i) Y(COP™™([E4)) =COP" " (¢(E4)).
(i) ¥ (Kax - E) = KK (@ (Ep)).
(iii) Each ICKH(I" (Ey) is a closed convex cone, and the sequence {ICNN L(E)), satisfies
KNG (Eg) + COP™M(ES).

Proof We first prove (i). Let 6 = ¥ (A) € Y (COP™™(E,)) and A € COP™™(E.). Then,
for any x € E, we have

0(p(x)0P(x)) = (A, ¢ (B ()0 (x))®™)
= (A, (x 0 x)®™)
>0,

usmg qb L@ (x)0p(x)) = x o x and A e COP™™(E4). Therefore, we have 6 €
C(’)P (¢(E+)) Conversely, letd € COP (¢(IE+)) and A := y~1(0) € S*™(E). Then,
for any x € E, in the same manner as the discussion above, we obtain (A, (x o x)®") =
0(d(x)OP(x)) > 0, using ¢ (x)Op (x) € ¢p(EL). Therefore, A € COP™™(E,), and thus,
0 =¥ (A) € y(COP""(E4)).

Second, we prove (ii). Let 6 = ¥/(A) € ¥ (K, (E4)) and A € K\, (Ey). As A €
Kﬁfﬁ,r(E”’ there exist Aj, ..., Ay € S™ T (E) such that (x e x)" (A, (x o x)®") =
SN (A xBTS (A ¢ (x)®0 M) @ B for each i, it follows that

(xTx) 0(x0x) = (¢~ (x) @ 7 (X)) (A, ¢~ (xOx)®™)
= <¢*1 x) e (X)) (A (7 (x) 0™ (x)®™)

Z'Al’ —l(x)®(r+m)) EE”‘Z(H_'"),

Therefore, we have 6 € Kﬁﬁ ,(#(E)). Conversely, let 6 € ng\? (#(E)). Then, there

exist Ap, ..., Ay € 8™ +"(E) such that (x x)"0(x0x) = SN (A;, ¢~ (x)®0+m)2,
Let A := y~1(8) € 8™ (E). Then, in the same manner as in (i), we have

(x 0 X)" (A, (x 0 x)®") = (¢(X)T¢(X))’9(¢(X)<>¢(X))

Z (r+m) 2n,2(r+m) (E)

Finally, (iii) can be proven by the linear isomorphism of ¢ and Eg&” SOEL)) 1

——n,m
COP ~ (p(Ey)). |
Note that ICKH(? ,(E) does not depend on the choice of the orthonormal basis vy, .. ., v, or

isometry ¢. We call the sequence {ICNNJ (E4)}, the NN-type inner-approximation hierarchy.
In the case where the symmetric cone E, is the nonnegative orthant R” , this hierarchy is
essentially identical to the SOS-based one provided by Igbal and Ahmed [29, Eq. (19)]. They
are generalizations of that provided by Parrilo [40] to tensors.

Remark 3.5 The NN-type inner-approximation hierarchy can be extended to the SOS cones
proposed by Papp and Alizadeh [39]. Let A and B be real inner product spaces of dimensions /

@ Springer



846 Journal of Global Optimization (2024) 88:831-870

and n, respectively, andleto: Ax A — B be abilinear mapping. The SOS cone is then defined
as X, := conv{x; ox; | x; € A}. Note that each element of X, can be written as the sum of at
most n elements x; © xq, ..., X, ©x, such that x1, ..., x, € A, by Carathéodory’s theorem
for cones. If (A, B, ¢) is formally real, or equivalently, if X, is proper [39, Theorem 3.3],

then
n r n o
Xi ®p X; A, Xi © X
K (Z0) i= | A e S (B) (2 >< @1 ) >

c Zln,Z(r+m) (A”)

is a closed convex cone for each r € N and satisfies K" (Z,) 1 COP™™(Z,), where o4
denotes the inner product on A.

3.3 Dual ofic',;’,;’j,(]E+)
Next, we discuss the dual cone of ICKIQ +(Ey). By considering its dual, we can provide
an outer-approximation hierarchy for the CP cone CP""™ (E). Although the closure hull
operator is generally required to describe the dual cone, we succeeded in removing it for the
case in which the symmetric cone [E is the nonnegative orthant R, .

Let ¢ : §m20+m(E) — §"™(E) be the adjoint of the linear mapping A — A", so
that

(A, cPx) = (AP, x) forall AeS"™([E) and X € SP2HM(E).  (12)

Using the linear mapping C”, we define C;"™" (E4) = {C(X) | X € MOM™-20 ) ()},

Proposition 3.6 It follows that Kﬁfgr(E+) = CM™(EL)*, and thus, ICKI‘QJ,(IE_F)* =
cl ™ (Ey).

Proof Let A € K\ ,(E4). Then, A" e SOS™2U*™)(E) by definition. For any X €
MOM™20+m (E), it follows from (12) and the duality between MOM™2U+™)(E) and
SOS™20+m) () that (A, (X)) = (AT, X) > 0, which means that A € C;"™ (E)*.

Conversely, let A € C"(E;)*. Then, for any X € MOM"2U+"™ (), because
C(Xx) e CP™(EL), it follows that (AT, X) = (A, C")(X)) > 0. Therefore, AT €
MOM™ 2+ (E)* = SOS™ 2+ (E), which means that A € K\, (E).

Given that C;"""(E4) is a convex cone, by taking the dual, we have IC&(I" SED* =
cctM(EL). O

We could not prove that C;*™ (E., ) itself is closed, and the closure hull operator is required
to describe the dual of ICEI'\I" ,(E). Therefore, whether K\, (E+) and G (E) itself are
dual to each other is an open problem for a general symmetric cone E_. The difficulty
originates from a lack of understanding of the moment cone MOM"-2" (EE).

As aspecial case, we consider the symmetric cone [E to be the nonnegative orthant R’} . In
this case, we demonstrated in Proposition 3.9 that the dual of SOS™ 2" (R") can be explicitly
described by a semidefinite constraint; this answers a question posed by Chen et al. [9] of
whether the membership problem of the dual of SOS™2" (R") can be solved in polynomial
time or not. Furthermore, the closedness of C;"" (R} ) (written as C;""" hereafter) is shown
by exploiting this result.
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Definition 3.7 For X € &"2" let M"" (X) be a matrix in S'=» with the («, ﬁ)th element

Xa+p) fora, B € I, . Then, we define M"™ (X e SV | MMT(X) € S—’”}

=m"

We aim to demonstrate that the dual of SOS™2" (R") agrees with M2,

Lemma3.8 For A € S™™, let 0 be the element of R'=n satisfying (7). Then, (.#(A ®
A), X) =0T M""(X)0 for all X € S™2m,

Proof Let (Fy)acin ,, be the orthonormal basis for §™™ defined in Lemma 2.8. From
Lemma 2.12 and (7), we have

(Y(A@A),x@’") — (A,x®m>2 — Z Z gaeﬂ x?.
yell,, \ «.Bell,
y=a+p
Therefore, from Lemma 2.9, when we represent . (A ® A) with the orthonormal basis
(Fy) yel',, for S™2" _ the coefficient . (A ® A)y can be written as

(2 )I Z

a, Bel.

=m

y=a+p

(AR A =

for each y € I, . In addition, from Lemma 2.8, each X € S"-2" can be written as

2!
Z (m) y

vell,,

Then, we have

2m)!
(FARA),X)= ) (2m)‘ D babp <\/7X[y]>
yEH—Zm a,fel”

=m

y=a+p
= > Xatrpfabp
o, Bel”,,
=0 "M (X)6.

[m}

Proposition 3.9 The dual of SOS™?" (R") is M™>" . In particular, it follows that M™>" =
MOM™2™(R™),

Proof Let X € M™?" Foreach A € SOS™2"(R"), there exist AW AW e g guch
that A = Zle F(AD © AD). For each AD, let ) = (90(:))01611”:,” € RIZn be such that it

satisfies (7). Then, it follows from Lemma 3.8 and M (X) € S]%”’ that

k k
(A, X) = Z (AP @ AD), x) =" OD) M ()P > 0,
i=1 i=1

which means that X € SOS™2" (R")*.
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Conversely, suppose that X' € SOS™2m (R"y* We take 6 = (O)aerr,, € RIZn arbitrarily
and let A be the element of S™™ satisfying (7). Then, it follows from Lemma 3.8 and
S (AQ A) € SOS™2"(R™) that " M""™(X)0 = (S (A ® A), X) > 0. Therefore, X €
Mn,Zm.

By the definition of MOM™2" (R"), it follows that MOM™2"™ (R") = SOS™2" (R")*.
Combining this with SOS™?"(R")* = M™?" shown above, we have M™?" =
MOM™2m(R"). o

Using Proposition 3.9, we show the closedness of C;*™ . When the Euclidean Jordan algebra

(E, o, o) is that given by Example 2.2, the (if, ..., i,,)th element of C")(X) € S™™ is

r!
C(r)(X)iyuim = Z E‘X[ZdJFZZ;”:leiI]' (13)

n
acl?,

See [29, Eq. (29)] for this derivation.

Lemma3.10 Suppose that X € M™?" e, M""(X) € S{%’". Using X, we define X' €
Sn,2m as

;| &1 (ifall of the elements of y are even),
vl 0 (if some of the elements of y are odd)

foreachy e I, . It then follows that M"™" (X') € SH%’”.

Proof The set I is partitioned as two disjoint sets I’

n
oo Zn.even and ]Izm’ odd» Where

2, even := {a € IZ, | All of the elements of @ are even},

Znodd :={e € IZ,, | Some of the elements of @ are odd}.

In addition, the elements of {0, 1}"\{0} are ordered as 4§, ..., §»_; (e.g.,81 = (1,0, ..., 0)).
Then, let

n = {a €I, 44 | All of the elements of @ — §; are even}

=m,odd,i

fori =1,...,2" — 1. Note that the parity between a and §; agrees for every @ € IZ | 4, ;
and that the sets Him,oddi i = 1,...,2" — 1) are disjoint. Then, for a, 8 € I, ,
all elements of o + B are even if and only if « and B belong to the same set of
I evens I odd. 1>+« - » I odd. 201 - Therefore, from the definition of A", we note that

M""(x ifl =J),

Mn,m(X/)IJ _ Xy @ )

o (otherwise)
for I, J = Hn:m,even’ﬂim,odd,l’""Him,odd,?’—l’ where M™"™(X');; is the submatrix
obtained by extracting the rows of M"™™(X’) indexed by I and columns indexed by J.
Because M™™(X) is semidefinite, M™™ (X') is as well. |

Proposition 3.11 C™ is a closed convex cone, and thus, K;’ﬁr(Ri) and C"™ are dual to
each other.

Proof Showing the closedness of ;""" is sufficient. Let {A;}x € C/™ and suppose that the

sequence converges to some Ay, € S™™. For each k, there exists Xy € M2 +™) such that
Ar = € (Xy). We note from (13) that C") (Xy) is independent of (X)(p) such that some
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elements of y € HiZ(r+m) are odd. Thus, by Lemma 3.10, we can assume that such (X))

is 0 without loss of generality. As C(X,) = Ao (kK — 00), we observe that

2

!

" _ r!

IC”@ale= | 3 | X ey e | = Mslr
ilyeim=1 \ael,

Note that each (Xk)pq 425 el is nonnegative because it is a diagonal element of the
semidefinite matrix M™" " (Xy). Therefore, {(Xi)pq12 YU e
(i1,...,im) € Ny and @ € I, and {X;}; is as well. Thus, by taking a subsequence
if necessary, we assume that the sequence {X}}; converges to some X. Given that
{Xile © Mm20Hm) and pm20+m) g closed, we have Xso € M™20+1)  Therefore,

Aso = lim C () =C(Xy) € CMM,
—00

[]}k is bounded for each

which implies that C;*" is closed. i

4 Approximation hierarchies exploiting those for the usual copositive
cone

In this section, we provide other approximation hierarchies for the COP cone over a symmetric
cone by exploiting those for the usual COP cone. Let (E, o, e) be a Euclidean Jordan algebra of
dimension ». In addition, for A € S ([E) and an ordered Jordan frame (cy, ..., ¢x) € F(E),
let A(cy, ..., c) € S™™ be the tensor with the (i1, . . ., i )th element (A, i, ® - ®ci,).
(The tensor is guaranteed to be symmetric by the symmetry of A.)

The following lemma is key to providing the desired approximation hierarchies.

Lemma 4.1

COPM™(E,) = (1 (AeS"E) | Al ....ca) €COP™™) (14)
(c1,.ncrk) €S (E)

Proof Let A € COP™™(E,). Forany (cy,...,cx) € §(E) and x € R{,lf, we have

rk
(Aler, o), x®") = Y (A ey ® -+ ® ¢y, )Xy -+ X,

{1 (&) )

which is nonnegative given that kazl xic; € E4.
Conversely, suppose that A belongs to the right-hand side set of (14). For any x € E,

there exist (x1,...,xk) € Rf‘f and (c1,...,ck) € F(E) such that x = ka:l x;ci. As
Alcy, ..., cx) € COP™M we can show (A, x®") > 0, 1.e., A € COP™™(E.) in the same
manner as the above discussion. ]

The characterization of the COP cone over a symmetric cone is somewhat redundant
because the Jordan frames we considered are ordered, and thus, the same set appears multiple
times on the right-hand side of (14). To solve this problem, we provide a more concise
characterization of COP™"™(E.).
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Definition 4.2 For each 0 € G,,, let &2, be the linear transformation on S™™ defined by
(PsAiyvipy = As(i))-oi) foreach A € S and (i1, ..., i) € NJ'. Aset K € S is
said to be permutation-invariant if Z, K = K forall 0 € G,,.

Note that because &, is invertible and 2! = 2, forall ¢ € &,,, Definition 4.2 can be
equivalently stated such that #; A € K holds forall A € K and o € G,,.

Lemma4.3 COP™™ is permutation-invariant.

Proof Let A € COP™™. Then, for any o € &, and x € R}, we have

n
(‘@UA7 x®m) = Z A(T(il)"'o'(im)'xil o 'xim

I15eees Im=

I
.M:
|
>
&
=
Q
L
=
Q
L
&

i1,y im=1

= (A, (xo.—l(l), P xa—l(n))®m>

>0,
for which the last inequality follows from the fact that (x, -1}y, - - ., Xo-1(y)) € Ry ifx € RY.
O
Lemma4.4 Let K C S™™ be a permutation-invariant set and let A € S™™(E). If
Alet, ..., ck) € K for a given (c1, ..., ck) € S(E), then Alcs(1y, .., Coak) € K for
all o € Gy.
Proof Because K is permutation-invariant, we have &, A(cy,...,cx) € K. Then, the
(i1, ..., im)th element of Z; A(cy, ..., ck) 18

Alct, oo ei)do(iy)-oim) = (A Cogin) @+ ® Coin))

which equals the (i1, ..., i,;)th element of A(cs(1), - . ., Cok)). Therefore, we have
Alco(1)s -5 Coak)) = PoAlct, ..., cm) € K.
]
The symmetric group & acts on the set §(E) by o - (c1, ..., k) = (Co(1)s - - -5 Cok))-

Let §.(E) be a complete set of representatives of Gk -orbits in §(E). Then, using Lemmas 4.3
and 4.4, we obtain the following, more concise, characterization of COP™" (E_.), compared
with that using Lemma 4.1.

Theorem 4.5 Let K C S pe q permutation-invariant set and consider F.(E) C § C
F(E). Then, the set

[\ (AeS""®)| A, ..., cu) € K)
(T crk)ET

is the same regardless of the choice of §. In particular, the claim holds when K = COP™-™,
and it follows that
COPY™(E4) = m (A eS"E) | Aci, ..., cx) € COP™™). (15)
(€1,eesCrk)ET

The idea for providing inner- and outer-approximation hierarchies for COP™" (E..) is to
approximate COP™ ™ on the right-hand side set in (15) from the inside and outside.
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4.1 Inner-approximation hierarchy

Throughout this subsection, we only consider the case of m = 2. Generally, even if {Iﬁk}, is
an inner-approximation hierarchy for COP™:2 i.e., T* 4 COP™2, the sequence obtained
by replacing COP™2 on the right-hand side set in (15) with T'™% is not guaranteed to con-
verge to COP™2(E. ). However, if we choose the polyhedral inner-approximation hierarchy
provided by de Klerk and Pasechnik [10] as {I,r.k},, the induced sequence is indeed an inner-
approximation hierarchy for COP"-2(IE, ). The hierarchy {I{ill‘),r }r provided by de Klerk and
Pasechnik [10] is defined as

I‘rjlf,’r :={A € S* | (*"1)"x " Ax has only nonnegative coefficients}

and satisfies ijlf)m + copr2,
The following theorem plays an important role in proving that the sequence induced by
{Iélf,’r}r converges to COP™2(E,).

Theorem 4.6 ([10, Corollary 3.5]; also see [44, Theorem 1]) Let A € int(COP™?2), and set
L := maxi<j j<ik |Aij| and & := ming g a1 x"Ax > 0. Ifr € Nsatisfiesr > L/» —2,
then A € I(rjll(,’r.

Proposition 4.7 We fix a set § with §.(E) € § C F(E). Let

I, B = [ (AeS" B | Al ... ca) € Tip, ). (16)

Then, each Igp,r (E4) is a closed convex cone and Ig’P’r(E_,_) 0 COP”’Z(E+).

Proof Given that each Zcrlllﬁ’r is a closed convex cone and that the mapping A — (A, ¢; ® cj)
is linear for each (c¢1,...,ck) € Fandi, j =1,...,1k, IgP’r(EQ is a closed convex cone.
In the following, we prove Zgp  (E4) 1 COP"2(Ey). As the sequence {Iélf,’r}, satisfies
Iglf,!r - I(Ti]f’,r 4 S COP™:2 for all r € N, it follows from Theorem 4.5 that the sequence
{Zgp . E)}r satisfies Tip  (E1) € Typ . (E4) © COP"2(Ey) for all ¥ € N. Next, let
A € intCOP™2(E,). Using A, we define

L(A;cr, ..., ax) = max [(A, ¢ ®cj)l,
i<i,j<rk
MA; ¢ty ..., k) := min xTA(cl, e, CH)X
xeAk—1
for each (cy, ..., ck) € F(E), and also define
LA = sup _LAcr...,cw),
(€15eesCrk) €T
MA; ) = inf  _AAcrs .. ok)
(1, Crk) €S

for § € {F, F(E)}. Given that A € int COP"2(E,) and that the sets A~ and F(E) are
compact, we have L(A; §(E)) < +ocoand L(A4; F(E)) > 0.Because L(A; §) < L(A4; S(E))
and L(A; §) > A(A; F(E)), we obtain L(A; F) < 400 and A(A; F) > 0. Now, let rp :=
[L(A; §)/A(A; 3] € Nand fix (cq, ..., cx) € § arbitrarily. Then, because

- L(A; %) o L(A;cy, ..., o) 5
AMA; T) MA; cr, .., k)

ro

)
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Theorem 4.6 implies that A(cy, ..., ck) € Icrllli’ro. Because ry is independent of the choice
of (c1, ..., cr) € §, we obtain A € Tp , (E4) C U Zip (B O

Remark 4.8 As it can be seen from the proof of Proposition 4.7, if a non-decreasing sequence
{Iﬁk}, satisfies Iéll‘)’r - Ifk C COP™®2 forall r € N, the sequence obtained by replacing
COP™2 on the right-hand side set in (15) with Z'X is also an inner-approximation hierarchy
for COP™2(E,). In addition, Proposition 4.7 can be extended to the case of general m
by using the polyhedral inner-approximation hierarchy provided by Igbal and Ahmed [29],
which is a generalization of that provided by de Klerk and Pasechnik [10], for COP™-",

Note that Igpqr(E+) is defined as the intersection of the infinitely many sets in general
even if m, the order of tensors, is limited to 2. This means that the inner-approximation hier-
archy induces a semi-infinite conic constraint. Initially, the tractability of the approximation
hierarchy seems to be the same as the COP cone because C(’)P”’Z(EJr) can also be described
by a semi-infinite constraint. However, when the symmetric cone E. is the direct product
of a nonnegative orthant and one second-order cone, each IC’{PJ (E4+) can be represented by
finitely many semidefinite constraints.

4.1.1 Full expression of T3, (E;)

Let (Ey, o1, o1) and (Ep, o2, e2) be the Euclidean Jordan algebras associated with the non-
negative orthant R’;' and second-order cone "2 shown in Examples 2.2 and 2.3, respectively.
Then, E := E; x E; = R*1™2 ig the Euclidean Jordan algebra with the induced symmet-
ric cone R’}r‘ x L™ and rank tk = n; + 2. We set n := nj + ny and reindex (1, ..., rk)
as (11,...,1n1,21,22),1e.,1i ;=i fori = 1,...,nyand 2i := ny +i fori = 1, 2.
Section4.2 uses this notation. In addition,

0, 0,

F= (g“>,...,(‘3‘"1>, 12,1 12 veS§n? (17)
" 2 v/2 -v/2

is a set satisfying §.(E) € § € §(E) (see Example 2.2, Example 2.3, and Proposition 2.6).
Under the identification between §”? and S”, the inner-approximation hierarchy (16) with
the set (17) is

Tip, (By) = ﬂ {A €S"| f(x; A, v) has only nonnegative coefficients} ,
vesn2—2
where
-
230 xiien 230 xiieni
f(x;A0) = X21 + x22 Al x21+x2 ,
(x21 — x22)v (x21 — x22)v

frxs A, v) = (x "D f(x; A, v).

(18)

Note that f(x; A, v) is doubled for the convenience of the following calculation; however,
the set Zjp , (E++) is unchanged. Let A € S" be partitioned as follows:
AL 402D (22T
A= | am))T g2 (qei2yT
A(22)  4122)  4(2222)
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with A(ll) c Snl, A(l2l) c Rnl, A(122) c R(rufl)xn]’ A(2121) c R, A(2122) c anfl’ and
A®22D) ¢ §m2-1 T addition, for such A € S* and

e LSRR Nk,
=0

we let

MDA, @) =4 el AW — o diagd") ] + (@2 +az)a] 4120

+ (221 + a2) (@21 +az — DAGIZD

MOV (A, @) = 2(a21 — 02) APy + (@21 — am) (@21 + a2 — DAC,

M (A, @) := {(a2] — am)? — (21 + a22)} AP
and define

(11 @1 T
MA. @) = <M (A, ) M'“V(A, ) > esm,

M (A ) M (A, a)

where diag(A1D) € R™ is the vector of the diagonal elements of A, Then, after some
calculations, we have

| T
faAn= Y %(3}) M(A, a) (:})x«.
wrED= [ ) {AeS"

ael
N’ 1
() )
ael® , vesm—?

r42
ﬂ {AeS" | M(A, &) € COPOL™))

acl™®

Therefore,

=r+2
There exists , € R such that
= ﬂ Ae§ 1 0 o f (19)
_ 2
act M(A, 0) — 1, (0 _1'1271> € ST

where the last equation follows from [52, Corollary 6]. In summary, Zjp . (E4) can be

described by |]Ir=kr »| semidefinite constraints, which is bounded by tk"+2 and whose size is
ny. We call the sequence {Zjp . (E+)}, the dP-type inner-approximation hierarchy.

4.1.2 Concise expression of IgP r(]E.,.)

In this subsubsection, we explain that the expression (19) can be made more concise. First,
we show that the number of constraints in (19) can be halved. For &« = (o, a1, a22) €
I* o let @ == (a1, a2, a21) € I* 5. As MIV(A, @) = MID(A, ), MPD(A, @) =
—M®Y (A, @), and M@? (A, &) = M?? (A, a) for each A € S", we have

N 1
( ) M(A, &) (v) >0 forall ve §™22

v
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T
(! MDA @) —MPD (A, 0T (1 -
(v) (_M(Zl)(A,a) M(ZZ)(A,a) ) <v> >0 forall veS

h
1 MW A, 0) MDA, )T 1 -
— (—U) (M(ZD(A, (Z) M(ZZ)(A, Ol) ) (_v> > 0 forall ve S"7~. (20)

When v takes every element of §m2=2 _y also takes every element of §"2=2_ Thus, (20) is

equivalent to
T
1 1 np—2
v M(A, o) v >0 forall ve §"°.

That is, taking the intersection with respect to ¢ € Hr:kr ) with @y < app in (19) is sufficient.

This can be explained by the fact that the ordering of a Jordan frame can be ignored because
Iéll‘, . 18 permutation-invariant; thus, we can apply Theorem 4.5.

Next, we show that some semidefinite constraints in (19) can be written as second-order
cone or non-negativity constraints. If & = (a1, @21, 22) € ]Ir:kr i) satisfies

1 1
a = Ek(k 1), axn= Ek(k_l— Dk =0,...,[vr+2]),

then MY (A, @) = O. In this case,

1\ " 1
(v) M(A, a) <v> >0 forall ve S§??

e MM A 0)+2M?V A, a)Tv>0 forall ve §>2
— M4, a) -2 MY (A, @) >0

MU (A, ) .
A <2M<21>(A,a)> eL™

In particular, when &k = 0, i.e., o] = app = 0, as M(zl)(A, o) is also zero, the above
second-order cone constraint reduces to the non-negativity constraint MV (A, &) > 0.
Finally, we show that the size of some semidefinite constraints can be reduced by 1. If

a = (a1, a1, axn) € I%, , satisfies on1 = oy # 0, we have M@V (A, a) = 0. Then,

N’ |
(:;) M(A, @) <v> >0 forall ve S22

e MU 0)+ 0 MDA, 0)v >0 forall ves=2
&= M (A, @) + Amin(MP (A, @) > 0
= MDA @+ M (4, 0) e SPT,

where Amin(-) denotes the minimum eigenvalue for an input matrix.

4.2 Outer-approximation hierarchy

Unlike the case of inner-approximation hierarchies, an outer-approximation hierarchy for
COP™M always induces that for COP""™ (E.).

Proposition 4.9 Let {O;k’m}r be a sequence such that each O;k’m is a closed convex cone,

and the sequence satisfies the following two conditions:
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6) (’);Ii'l" - (’)ﬁk’mfor allr e N.

(i) cCOP™m = N2, o™,

In the following, the notation “Oﬁk’m 1 COP™™” is used to represent the two conditions as
in the case of inner-approximation hierarchies. We fix a set § with §.(E) C § C F(E). Let

Or"MEL) = m {AeS"(E)| Alcy, ..., cx) € O;k’m}. 21
(€1seCrk) €T

Then, each Oy (E.) is a closed convex cone and OF™ (Ey) | COP™™(E.).

Proof Because O;"" (E ) can easily be shown to be a closed convex cone and O} (E;) €
O™ (E4) forallr € Nin the same manner as Proposition 4.7, we prove only COP™™ () =

N2y OF ™ (E4). The “C” part follows from Theorem 4.5. To prove the “2” part, let A €
ﬂfio OF™(EL). Then, A(cy, ..., cx) € Oﬁk’m for all » € Nand (cy,...,cx) € §. By

the convergence assumption (ii) on {Oﬁk’m}r, we have A(cy, ..., cx) € COP™™ for all
(c1,...,ck) € §. Thus, from Theorem 4.5, we obtain A € COP™™(E,.). O

Remark 4.10 The set | ;2 Z}p , (E4) involves the intersection with respect to Jordan frames
and the union with respect to the depth parameter r. Therefore, to establish the convergence
int COP™2(E,) C U Zip ,(E4) in the proof of Proposition 4.7, it is necessary to take ro
such that it is independent of Jordan frames.

On the other hand, the set (7o, O; " (E.) involves the intersection with respect to the
depth parameter as well as Jordan frames. Thus, as seen in the proof of Proposition 4.9,
the order of the depth parameter and Jordan frames is interchangeable in showing the
convergence COP™™(Ey) = (oo, Oy ™ (E4), which makes the proof easier than the
inner-approximation hierarchy.

As in Proposition 4.7, the outer-approximation hierarchy induces a semi-infinite conic
constraint. However, as with the inner-approximation hierarchy, when the symmetric cone
E, is the direct product of a nonnegative orthant and second-order cone and m = 2, if

. . . . k,2 .
we choose an appropriate golyhedral outer-approximation hierarchy as {O, "}, (written as
{Oik }, hereafter), each O (E_ ) (written as O7(E4) hereafter) can be represented by finitely
many semidefinite constraints.

4.2.1 Full expression of O] (E;)

Let [E be the same Euclidean Jordan algebra with the induced symmetric cone R} x L"2 as
defined in Sect. 4.1.1. The polyhedral outer-approximation hierarchy {O™%}, we use is based
on a discretization of the standard simplex and written as
OF= () {AesS"|xTAx >0}, (22)
xestk!
where éﬁk ~1 is a finite subset of A ~! for each » € N. This type of outer-approximation

hierarchy includes, for example, that given by Yildirim [53]. The outer-approximation
hierarchy (21) induced by the set (17) and polyhedral outer-approximation hierarchy (22) is

OrEy = () () {AeS | fx;4,v) =0}

vesn2—2 xeS{k_l
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where f(x; A, v) is defined as (18). Let

1
N(x, A) = Z JM(A,oc)x"‘.
ael®,

Then,

orEn= () ) {AGS"

xesik—] vESnZ—Z

(1) v (1) =0}

[ {A€S"| N(x, A) e COP(OL™))

xesk !
There exists z, € R such that
= [) jAes” 10 - (23)
_ 2
x€8§k71 N(xrA) tx (0 _In271) ES+

In summary, O7 (E; ) can be described by the |8§k —1| semidefinite constraints of size n. In
particular, if we use the outer-approximation hierarchy {Oﬁk}, proposed by Yildirim [53],
then 8™ ~! is given by

s = tx e AZTT | (k+2)x e N, (24)
k=0

and |6 ~!| is bounded by rkz(rkr’k+ 1_1—1 ), which is polynomial in rk for every fixed » € N (see

[53, Eq. (10)]). We call the sequence {O} (E)}, obtained by exploiting the hierarchy given
by Yildirim [53] the Yildirim-type outer-approximation hierarchy.

4.2.2 Concise expression of O (E,.)

As with the inner-approximation hierarchy, we can make the expression (23) more concise.
Let N(x, A) be partitioned as follows:

(11) 21) T
N(x’A):(N (x, A) N@D(x, A) )

NCD(x, A) N®(x, A)

where NOD(x, 4) € R, N®(x,4) € R and N®(x,4) € §2! and x =
(x1,x21,X22) € R™ . Then, we have

NI (x, A) = 4] AMWx; 4+ 4(xa; + x00)x] ATV 4 (xg) 4 x22)2 412D
NV (x, A) = 2(x21 — x2) A" x) + (43) — x3,) A1)
N (x, A) = (x21 — x22)* A,

First, the number of constraints in (23) may be reduced. Suppose that §™ ~! is permutation-
invariant in the sense of Definition 4.2. (Note that S®! = R'™ ) For example, (24) is
permutation-invariant. For x = (x1, x21,x22) € 8§k_1, let X := (x1,x22,x21) then
¥ € 8™~ because 88 ~! is permutation-invariant. Given that NIV (¥, A) = NIV (x, A),
NCD® A) = —N®D(x, A), and N®? (%, A) = N® (x, A) for each A € S, taking the

intersection with respect to x € 8§k —1 with xo; < x5 in (23) is sufficient for the same reason
as for Sect. 4.1.2.
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Second, some semidefinite constraints in (23) can be written as non-negativity constraints.
If x = (x1,x21,x20) € 8§k_1 satisfies xo; = x22, then we have N(zl)(x, A) = 0 and
N@ (x, A) = O. Therefore, the constraint

N 1
(v> N(x, A) (v) >0 forall ve §™22

reduces to NV (x, 4) > 0.

5 Comparison with other approximation hierarchies

The previous sections provide new approximation hierarchies applicable to the COP cone
COP(K) over the cone K = R"!' x L"2. For such K, those given by Zuluaga et al. [55]
and Lasserre [33] are also applicable to COP(K). In this section, we analytically compare
some properties of the proposed approximation hierarchies for COP(K) with other existing
hierarchies. In the following, we set n := n| + ny as in Sect. 4 and reindex (1, ...,n) as
(11,...,1ny,21,...,2np),i.e.,li :=ifori =1,...,n1and2i :=n+ifori =1,..., ny.
We use this notation for numerical experiments in Sect. 6 as well.
First, the cone K = R"! x LL"2 can be represented as a semialgebraic set

oV x)i=x =06 =1,...,n1),
Bu () =221 2 0,
¢(1)+2(x) =e'x >0,

i)(x) =3 = X2, x5 20
where e = (1,,4+1,0,,-1) € int(K); thus, the inner-approximation hierarchy given by
Zuluaga et al. [55] is applicable to COP(K). Note that the inequality e'x > 0 in (25)
is redundant but necessary to deriving the hierarchy (see [55, Assumption 1]). The inner-
approximation hierarchy for COP(K) is summarized as follows:

x eR" , (25)

Theorem 5.1 [55, Proposition 17] Let

X keN, m— Z];':l deg(¢i;) € Nis even,
EMM(K) = conv { 2 1—[ Gi, | v H" (m=Y%_, deg(@i;)/2. (26)
i 1 .
= eV 0@ =1k

and Kzyp,(K) = {A € S" | (e"x)'x"Ax € E""*2(K)} for each r € N. Then, the
sequence {Kzvp,r (K)}, satisfies Kzvp,,(K) 1 COP(K).

In the following, we call the sequence {Kzyp ,(K)}, the ZVP-type inner-approximation
hierarchy. Although the representation (26) of the set E”-" (K) is somewhat abstract, we can
represent it recursively.

Lemma 5.2 Ifm = 2k for some k € N, then
Ei‘l,m (K)

i=1,... 2
:conv<2”’2ku{w¢fl) i yeees L2,

} U{yel | v e E"’Zk—z(Kn)

w c En’Zk_](K)
n42 1)//(0) c En,Zk,
1 1 _
= 1//(0) + Z wt( )¢l( ) + 1/1(2)(1)(2) 1//;1) c En-2k I(K),
i—1 ¢(2) e En’2k72(K)
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If m =2k + 1 for some k € N, then

conv (: lqui(l)

np+2
1 1
{Z wi( )¢l( ) + w(2)¢(2)

i=1

i=1,...,n1+2, o) n.2k—1
i uwel 1y e o)

E™™(K)

Ipi(l) = En’Zk(K),
I)0(2) = En,Zkfl(K) .

From Lemma 5.2, we note that each Kzyp » (K) can be described by semidefinite constraints.
More precisely, the size and number of the semidefinite constraints that define the set E™-" (K)
can be calculated.

Proposition 5.3 Let

+1 +1
1 rk +v/rk2 +4)" k —v/ik2+4\"
ay = -
Vik? +4 2 2
for each m € N. Note that a,, is the mth term of the recurrence a3 = 1K a1 + apm with
initial conditions ag = 1 and a1 = 1k and is of order O (n'"). If m = 2k for some k € N,
then E™"™(K) is described by ay; semidefinite constraints of size |I, ;| (i =0, ..., k). If
m = 2k + 1 for some k € N, then E™"(K) is described by ay;+1 semidefinite constraints of
size I, | (i =0,...,k).

Second, we introduce the outer-approximation hierarchy given by Lasserre [33]. Let
A(K) := {x € K | e'x < 1}, which is a compact set of R". Note that A € COP(K)
if and only if A € COP(A(K)) for each A € S" with a slight abuse of notation. Let v be the
finite Borel measure uniformly supported on A(K), i.e., v(B) := f 5 la@)dx for each B in
the Borel o -algebra of R”, where 1) is the indicator function of A(K), and the notation
dx represents the Lebesgue measure. Then, the moment y = (yg)qen Of the measure v
satisfies

Ya :=/ x%dv

21! (X072, @z tna—1)! T2, T (Bai)

- m (if all of a2y, . . ., a2y, are even),
=1 (22 aztna—1) rHaDIT (272, o) " 27
0 (if some of a2, . . ., a2y, are odd)
foreach & = (a1, @21, ..., @24,) € N, where I'(-) denotes the gamma function and fy; :=

(api+1)/2fori =2, ..., ny.See “Appendix A” for the calculation of (27). Using the moment,
the outer-approximation hierarchy for COP(K) given by Lasserre [33] can be constructed,
which we call the Lasserre-type outer-approximation hierarchy.

Theorem 5.4 [33, Sect. 2.4] For each r € N, we define

I,
KL (K) =4 es" | M (fay) eS¢ ]

where M, (fay) is the symmetric matrix with the (e, B)th element Z?,j:l AijYotBreite;
foreach a, B € IL,. Then, the sequence {Kv ,(K)}, satisfies K1 ,(K) | COP(K).

The above discussion indicates that the three (dP-, ZVP-, and NN-type) inner-
approximation hierarchies and two (Yildirim- and Lasserre-type) outer-approximation
hierarchies for COP(K) are basically described by semidefinite constraints. Table 1
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Table 1 Comparison of the number and size of semidefinite constraints defining the rth level of each
approximation hierarchy {/C, }, for COP(K)

Type Direction Number Size

dP (proposed) Inner |]Ii‘r +2| no

ZVGP Inner Includes at most rk semidefinite constraints of size |I" 1L 41 (see

—L2

Proposition 5.3 for details)

NN (proposed) Inner 1 [, iy

Yildirim (proposed) Outer |6::k -1 | (see (24)) np

Lasserre Outer 1 T2, |

summarizes the approximation hierarchies, from which we can observe the characteristics of
each approximation hierarchy. In particular, the dP- and Yildirim-type approximation hierar-
chies have features that differ from those of the ZVP-, NN-, and Lasserre-type approximation
hierarchies.

First, the number of semidefinite constraints defining the dP- and Yildirim-type approx-
imation hierarchies is exponential in r but depends only on n; and not on n, because
rk = n1 + 2. In addition, their size is linear in n,. Thus, they would not be affected much
by the increase in n7, and n; determines to extent to which depth parameter r can be com-
putationally increased. Conversely, the other approximation hierarchies include semidefinite
constraints whose maximum size is exponential in » and dependent on n = n + nj. Thus,
they would be considerably affected by the increase in n; as well as in nj. The numerical
experiment conducted in Sect. 6 demonstrates this theoretical comparison.

Second, the dP- and Yildirim-type approximation hierarchies are defined by multiple
but small semidefinite constraints, which means that linear conic programming over these
hierarchies can be reformulated as SDP with a block diagonal matrix structure. In this case, we
can conduct some of the operations in the primal—dual interior-point methods independently
for each block [19], thereby reducing the computational and spatial complexity.

6 Numerical experiments

In this section, we consider the following COPP problem with the COP cone COP(K) over
K =R} x L™
4 :
maximize y

v, S
subjectto  yE,+ 8 =C, (28)

S € COP(K),

where C is a symmetric positive definite matrix. Note that the dual problem of (28) is

mini;nize (C, X)

subject to  (E,, X) =1, (29
X € CP(K).

Both (28) and its dual problem (29) satisty Slater’s condition; thus, (28) is ideal in a sense.
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Lemma 6.1 Both problems (28) and (29) satisfy Slater’s condition, i.e., they have a feasible
interior solution if C is a symmetric positive definite matrix.

Proof Let yg := 0 and Sy := C. Then, (yg, So) is a feasible interior solution of (28). Next,
let

En1 +In] 1n1 0n1><(nz—1)
X)) = L, 2m+1 0, |,
0(}1271))(}11 Onzfl 2In271
1

- n%+3n1+4n2—1

and we prove that X is a feasible interior solution of problem (29). Let

M ._ L
w":=,...,0, 1,0,...,00€K (i=11,..., 1n),
ith

) . .

u® :=(0,,1,0,...,0, 1 ,0,...,00eK (i=22,...,2m),
ith

u? = (0,,1,0,...,0, —1,0,...,0) e K (i=22,...,2m),
——

ith
u® = (1,41, 0n,-1) € int(K).

Then, they span R" as each x € R" can be written as

In 2n
x= Zl xiugl) + %(u%) +ul)) + Zz %(ul@ - ul@).
i=11 i=22
Therefore, it follows from [22, Theorem 3.3] that
1n 2n 2n
X, = Z uﬁl)(uf”)T + Z ul@(ul@)—r + Z ul@) (ul@)T +u® @7
i=11 i=22 i=22

€ int CP(K).

Giventhat (E,, X)) = n%+3n1+4n2—1 > 0,weobtain (E,, Xo) = land X € int CP(K).
m}

All experiments in this section were conducted on a computer with an Intel Core i5-
8279U 2.40 GHz CPU and 16 GB of memory. The modeling language YALMIP [35] (version
20210331), the MOSEK solver [37] (version 9.3.3), and MATLAB (R2022a), were used to
solve optimization problems. Based on Lemma 6.1, a coefficient matrix C in problem (28)
was randomly generated such that it was symmetric positive definite. We measured three
types of time when solving the optimization problems:

e preparetime: Time taken before calling YALMIP commands optimize or solvesos.

e yalmiptime: Time between calling the above commands and beginning to solve an
optimization problem in MOSEK.

e solvertime: Time required to solve an optimization problem in MOSEK.

We defined the total time as the sum of the three types of time, and the calculation was
considered invalid when the total time exceeded 7200s.
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6.1 Comparison of approximation hierarchies

Table 1 lists five approximation hierarchies for COP(K) we have introduced. Here, we solve
optimization problems obtained by replacing the COP cone COP(K) in (28) with the approx-
imation hierarchies. For convenience, we hereafter call such problems dP-type approximation
problems (of depth r), for example. The YALMIP command opt imi ze was used when solv-
ing dP-, Yildirim-, and Lasserre-type approximation problems, and solvesos was used
when solving ZVP- and NN-type approximation problems. For each approximation hierar-
chy, we continuously increased the parameter » that decides the depth of the hierarchy until
the total time exceeded 7200s. When solving dP- and Yildirim-type approximation prob-
lems, the concise expressions mentioned in Sects. 4.1.2 and 4.2.2 were adopted. (Sect. 6.2
investigates their numerical effect.) The pair (n;, ny) was set to (20, 5), (5, 20), and (5, 25).

Tables 2, 3 and 4 show the results of (n1, ny) = (20, 5), (5, 20), and (5, 25), respectively.
These tables report the solver and total time because some of the approximation hierarchies
spent most of the total time before beginning to solve optimization problems in MOSEK.
Although we used YALMIP for convenience, the total time would be substantially reduced
if we implemented these approximation hierarchies directly.

As shown in Tables 3 and 4, the optimal values of the ZVP- and NN-type inner-
approximation problems agree with those of the Yildirim-type outer-approximation prob-
lems, which implies that the ZVP-, NN-, and Yildirim-type approximation hierarchies almost
approach the optimal value of the original COPP problem (28) for (n1, ny) = (5,20) and
(5, 25).

Although all Lasserre-type outer-approximation problems were considered unbounded,
this would result from the moments (27) taking infinitesimal values. Indeed, the MOSEK
solver provided a warning about treating nearly zero elements, and we determined that y,
is approximately 3.52 x 10737 for (n1,n2) = (5,25) and & = 2e; € R3O, for instance.
Hence, the Lasserre-type outer-approximation hierarchy is numerically unstable, whereas
the Yildirim-type outer-approximation hierarchy is numerically stable.

The results of this numerical experiment support the theoretical comparison mentioned
in Sect. 5. As shown in Tables 3 and 4, the dP- and Yildirim-type approximation hierarchies
are not affected much by the increase in n,. The solver and total time required to solve the
dP- and Yildirim-type approximation problems with (n1, n2) = (5,25) is less than twice
as long as those with (n1, n2) = (5, 20) regardless of r, except for r = 0. Conversely, the
others are considerably affected by the increase in n;. For example, the solver and total time
required to solve the NN-type inner-approximation problem with (n1, ny) = (5, 25) of depth
0 is more than ten times as long as those with (n1, ny) = (5, 20). In addition, although the
increase for r = 0, 1 is mild, those required to solve the ZVP-type inner-approximation
problem with (ny, n2) = (5, 25) of depth 2 is also approximately ten times as long as those
with (n1, n2) = (5, 20).!

As shown in Tables 2 and 3, the dP- and Yildirim-type approximation hierarchies are
considerably affected by the increase in n1. The solver and total time required to solve the
dP- and Yildirim-type approximation problems with (n1, n) = (20, 5) is longer than those
with (n1,n2) = (5,20) for each r, and the difference rapidly increases with r. Because
n = ny + ny is the same for the two pairs and because n; in the pair (n1, n2) = (20, 5)
is smaller than that in the pair (n1, ny) = (5, 20), we can conclude that the increase in the
required time results from the increase in n1. Conversely, if 7 is small, we can increase

! This is because, as shown in Table 1, the maximum size of the semidefinite constraints defining the ZVP-type
inner-approximation hierarchy increases from |1’ 1l=nto [ I =n(n+1)/2 when r increases from 1 to 2.
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Table 5 Solver time (solt) and total time (tott) required to solve the optimization problems obtained by
replacing the COP cone COP(Ri x L2 in (28) with the dP- and Yildirim-type approximation hierarchies
with the full expressions

dp Yildirim

r solt solt ratio tott tott ratio solt solt ratio tott tott ratio
0 0.03 1.23 0.71 0.62 0.04 297 0.27 148
1 0.08 3.63 0.77 1.64 0.11 2.34 0.78 2.06
2 0.26 2.95 1.82 240 0.30 2.58 2.03 2.27
3 0.57 3.34 4.47 2.88 0.98 2.60 5.65 2.46
4 1.17 257 7.45 1.93 1.96 2.86 13.37 2.67
5 2.34 1.89 15.04 2.25 4.44 2.70 36.01 291
6 5.17 2.02 33.12 242 8.57 2.70 92.24 322
7 7.81 1.94 65.96 2.61 15.44 271 258.37 3.72
8 12.25 2.14 143.70 2.99 32.80 2.60 700.01 4.03
9 19.66 1.71 304.94 2.97 57.39 2.56 1893.38 4.39
10 34.48 227 690.06 346 95.71 2.49 4710.17 4.37
11 50.02 2.14 1465.11 3.66 * 400 * 400
12 71.78 1.81 2943.20 3.77 * +00 * 400
13 108.49 1.90 5723.38 3.64 * * * *

14 * +00 * +00 * E * *

15 * 400 * +00 * E * *

The “solt ratio” (resp. “tott ratio””) column lists values obtained by dividing “solt” (resp. “tott”) in this table
(the case of not making the expressions more concise) by that in Table 4 (the case of making the expressions
more concise). The asterisk * indicates that the total time exceeded 72005, and the symbol 4-oc in the columns
of “solt ratio” and “tott ratio” indicates that the total time in this table exceeded 7200 s, whereas that in Table 4
did not. The ratios that are more than 1 are in bold. All values are rounded to the second decimal place

depth parameter r and, in this case, the Yildirim-type outer-approximation hierarchy may
approach a nearly optimal value of the COPP problems.

Finally, the ZVP- and NN-type inner-approximation hierarchies provided much tighter
bounds than that of the dP-type in all cases, and, as mentioned above, the two hierarchies are
guaranteed to approach nearly optimal values even at a depth of O for (n1, n2) = (5, 20) and
(5, 25). Moreover, the time required to solve the ZVP-type inner-approximation problems of
depth 0is much shorter than that for the NN-type ones. Therefore, from a practical perspective,
using the zeroth level of the ZVP-type inner-approximation hierarchy may be preferable if
aiming to obtain a reasonable lower bound of the optimal value of the original problem (28).

6.2 Effect of concise expressions of dP- and Yldrm-type approximation hierarchies

In this subsection, we investigate the numerical effect of the concise expressions of the dP-
and Yildirim-type approximation hierarchies mentioned in Sects. 4.1.2 and 4.2.2. The dP-
and Yildirim-type approximation hierarchies with the full expressions are provided by (19)
and (23), respectively. Except for the differences in the expressions of these approximation
hierarchies, the experimental settings were the same as those in Sect. 6.1.

Table 5 provides the results of (11, np) = (5, 25). The information of the optimal values
is omitted because those of the dP- and Yildirim-type approximation problems with the full
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expressions are the same as those provided theoretically (and numerically). The effect of the
concise expressions is significant, and the solver and total time required to solve the dP- and
Yildirim-type approximation problems with the concise expressions are shorter than those
with the full expressions, except for the total time of solving the dP-type inner-approximation
problem of depth 0. Note that the effect was also confirmed for (ny, n2) = (20, 5).

7 Conclusion and future works

In this study, we provided approximation hierarchies for the COP cone over a symmetric cone
and compared them with existing approximation hierarchies. We first provided the NN-type
inner-approximation hierarchy. Its strength is that the hierarchy permits an SOS representation
for a general symmetric cone. We then provided the dP- and Yildirim-type approximation
hierarchies for the COP matrix cone over the direct product of a nonnegative orthant and
second-order cone by exploiting those for the usual COP cone provided by de Klerk and
Pasechnik [10] and Yildirim [53]. Remarkably, they are not affected much by the increase in
the size of the second-order cone, unlike the NN-type and existing approximation hierarchies.
Combining the proposed approximation hierarchies with those existing, we obtained nearly
optimal values of COPP problems when the size of the nonnegative orthant is small.

Unfortunately, the infinity of a set of Jordan frames is guaranteed to be solved in Sects. 4.1
and 4.2 only when the symmetric cone is the direct product of a nonnegative orthant and
second-order cone and m = 2. However, as shown by the following proposition, we obtain
an outer-approximation hierarchy implementable on a computer for the COP cone over a
general symmetric cone by replacing a set § of Jordan frames appearing in (21) with its finite
subset §, such that the union |, §, is dense in §. The proof is omitted for brevity.

Proposition 7.1 Let {O™"™}, be a sequence such that each O™ is a closed convex cone and
okm 1 COP™™ We fix a set § with §(E) € § € F(E) and let {F,}, be a non-decreasing
sequence of finite subsets of § such that Ufio §r is dense in §. Let

OFmE = (] (AeS"™E)| Al ..., cx) € OF™M).

(€1seesCrk) €T

Then, each (7)7’"1 (Ey) is a closed convex cone and (7)7”" Ep) | COP™™(EL).

The characterization of COP™ ™ (E..) provided by Theorem 4.5 might be also useful to
investigate its geometric properties. For example, faces® are geometric objects of a closed
convex cone, and the facial structure of the usual COP cone has been investigated so far
[11, 15]. The following proposition enables us to study the facial structure of COP™" (E)
through that of the usual COP cone appearing in the characterization of COP™"™ (E,.).

Proposition 7.2 Let F be a face of COP™™. Then,

COP"™Ey; F):= | {AeS"™®) | Al ....cx) € F)

(€1seesCrk) €T

is a face of COP™™ (EL).

2 Recall that a nonempty convex subcone F of a closed convex cone K is a face of K if the following condition
holds: forany x, y € K,if x + y € F,thenx,y € F.
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Proof Since A(c1, ..., ck) is linear with respect to A € S™™ (E) foreach (cy, ..., ck) € 5,
we see that COP™"™ (E; F) is aconvex subcone of COP"™ (E.).For A, B € COP™"(E,),
we assume that

A+ B e COPY"™(Ey; F). (30)
Let (c1, ..., cik) € § be arbitrary. Then, it follows from (30) that
Aler, o ohe) + Bler, ..o, ek) = (A+ B)(ers ..., ok) € F.

The two tensors A(cy,...,ck) and B(cy, ..., ck) belong to COP™™ gince A, B €
COP™™(E,). Given that F is a face of COP™™ we see that A(cy,...,cx) and
B(cy,...,ck) belong to F. As (c1,...,cx) € § is arbitrary, we obtain A, B €
COP™™(E4; F). O

Finally, questions arise concerning the inclusion among the dP-, ZVP-, and NN-type
inner-approximation hierarchies. In the numerical experiment conducted in Sect. 6.1, the
ZVP- and NN-type inner-approximation hierarchies provided considerably tighter bounds
than the dP-type. In the case in which the symmetric cone is a nonnegative orthant, the
dP-type inner-approximation hierarchy is well known [10] to be included in the ZVP- and
NN-type ones, which agree with that provided by Parrilo [40]. Investigating whether the
inclusion also holds where the symmetric cone is the direct product of a nonnegative orthant
and second-order cone would be interesting.
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Appendix A: Calculation of (27)

Note that we can represent the set A(K) as

| Ger o € A
x=(x1,x210,...,Xm,) €R N
(x22, ..., X20,) € B 7 (x21)
where

AT =z e RYT 2T < 1,
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B" ! (xo) i={z e R | |iz]2 < x21).

Then, for a = (a1, @21, ..., a2,,) € N", it follows that

Vo =/ x%dv
:/ x%dx
AK)

— o] 0] o) [
- /A"l“ T (,/[;nz—l( )x22 © Ko, dxy - dx2n2> dxdxy;.
< x21

From [18], we note that

o) ¥2ny
/ _x22 ...xznz dez...denz
B"271(xa1)

SU2 s tny—1
21_[;22 F(ﬁZi)X21’72 !

= - (if all of @y, . . ., a2y, are even),
=1 (T2 witm— 1) (22, f20) " (AD)
0 (if some of a2, . . ., carpp, are odd).
As (Al) implies that y, = 0 where some of a2, ..., a2,, are odd, we consider the case in
which all a2, ..., a2y, are even. In this case, we have

2 n:lig r(,BZi)
(X2, 00i +n2 — 1) T2, Boi
2! (2 e+ — DT, T(Ba)
T (X e Ao — 1) (n+ DT, Boi)

See [23], for example, to obtain the last equation.

n2
_ ) D iz itna—1
Ya = /'ll+] X1 X1 dx1dxy)
N
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