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Abstract

The 2-sets convex feasibility problem aims at finding a point in the nonempty intersection of
two closed convex sets A and B in a Hilbert space H. The method of alternating projections is
the simplest iterative procedure for finding a solution and it goes back to von Neumann. In the
present paper, we study some stability properties for this method in the following sense: we
consider two sequences of closed convex sets {A,} and { B, }, each of them converging, with
respect to the Attouch-Wets variational convergence, respectively, to A and B. Given a starting
point ap, we consider the sequences of points obtained by projecting on the “perturbed” sets,
i.e., the sequences {a,} and {b,} given by b, = P, (a,—1) and a, = Pa,(b,). Under
appropriate geometrical and topological assumptions on the intersection of the limit sets, we
ensure that the sequences {a, } and {b,} converge in norm to a point in the intersection of A
and B. In particular, we consider both when the intersection A N B reduces to a singleton
and when the interior of A N B is nonempty. Finally we consider the case in which the limit
sets A and B are subspaces.

Keywords Convex feasibility problem - Stability - Set-convergence - Alternating
projections method
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1 Introduction

The 2-sets convex feasibility problem is the classical problem of finding a point in the
nonempty intersection of two closed and convex sets A and B in a Hilbert space H (see [6,
Section 4.5] for some basic results on this subject). Many efforts have been devoted to the
study of algorithmic procedures to solve convex feasibility problems, both from a theoretical
and from a computational point of view (see, e.g., [1,4,5,9,19] and the references therein).
The method of alternating projections is the simplest iterative procedure for finding a solution
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and it goes back to von Neumann [27]. Let us denote by P4 and Pp the projections onto the
sets A and B, respectively, and introduce the following definition.

Definition 1.1 Given a starting point co € H, the alternating projections sequences {c,} and
{d,} with starting point ag, are defined inductively by

d, := Pg(c,—1) and c, := Pa(d,) (n € N).

In the case in which the sequences {c, } and {d,, } converge in norm to a point in the intersection
of A and B, we say that the method of alternating projections converges.

Many concrete problems in applications can be formulated as a convex feasibility prob-
lem. As typical examples, we mention solution of convex inequalities, partial differential
equations, minimization of convex nonsmooth functions, medical imaging, computerized
tomography and image reconstruction. For some details and other applications see, e.g., [1]
and the references therein.

In the present paper we investigate some “stability” properties of the alternating projections
method. We deem that two motivations to develop this study are especially relevant. First,
often the data in concrete applications are affected by some uncertainties, hence the “stability”
of solutions of a convex feasibility problem may be a useful property in the development
of computational method. On the other hand, the other (and the main) motivation of the
paper is theoretical and consists in proving that some conditions ensuring the convergence of
the classical alternating projection method (and well-known in literature, see e.g. [1,5]) also
imply the “stability” of the same convex feasibility problem in the sense described below.

Let us suppose that {A,} and {B,} are two sequences of closed convex sets such that
A, — A and B, — B for the Attouch-Wets variational convergence (see Definition 2.2)
and let us introduce the definition of perturbed alternating projections sequences.

Definition 1.2 Givenag € H, the perturbed alternating projections sequences {a,} and {b, },
w.r.t. {A,} and {B,} and with starting point ag, are defined inductively by

by := Pp,(an-1) and ay:=Pa,(by)  (n€N).

In the sequel, the notations {a, } and {b, } always refer to the perturbed alternating projections
sequences, whereas {c, } and {d,} refer to the standard alternating projections sequences.

Our aim is to find some conditions on the limit sets A and B that guarantee, for each choice
of the sequences {A,} and { B} and for each choice of the starting point @, the convergence
in norm of the corresponding perturbed alternating projections sequences {a,} and {b,}. If
this is the case, we say that the couple (A, B) is stable.

The results reported in this paper can be seen as a continuation of the research considered
in [11]. However, compared with the notion of stability studied in that paper, the approach
developed here seems to be more interesting also from a computational point of view since
it does not require to find an exact solution of the “perturbed problems” (i.e. the problems
given by the sets A, and B,) but only to consider projections on the “perturbed” sets A, and
B,,. Moreover, the techniques used in the proofs are completely different from those of [11].

Clearly, in order that the couple (A, B) is stable, it is necessary that the alternating pro-
jections sequences {c,} and {d,} converge in norm (indeed, we can consider the particular
case in which the sequences of sets {A,} and {B,} are given by A, = A and B, = B,
whenever n € N). Since, in general, this is not the case (see [19,24]), we shall restrict our
attention to those situations in which the method of alternating projections converges. After
some preliminaries, contained in Sect. 2, we consider, in Sects. 3, 4 and 5, respectively, the
following three cases:
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(i) A and B are separated by a strongly exposing functional for the set A, i.e., there exist
X0 € AN B and a linear continuous functional f such that inf f(A) = f(xp) =
sup f(B) and such that (— f) strongly exposes A at x( (see Definition 2.6);
(ii) the intersection between A and B has nonempty interior;
(iii) A and B are closed subspaces.

The structure of the paper is based on the study of the three classes of problems presented
above. Let us point out that these three cases are not exhaustive, i.e., there are situation, not
included in (i)—(iii), in which the alternating projections sequences converge in norm (as a
typical example see [2, Section 5]).

In Sect. 3, we deal with (i). First, it is useful to recall why if (i) is satisfied then the method
of alternating projections for the couple (A, B) converges: by [6, Lemma 4.5.11] or by [21,
Theorem 1.4], the alternating projections sequences {c,} and {d,} satisfy ||c, — d,|| — O.
Then it is easy to verify that f(c,), f(d,) — f(x0) and hence, since f strongly exposes
A at xo, we have that ¢,,, d, — x¢ in norm. Similar assumption on the limit sets has been
considered by the authors and E. Molho in the recent paper [11], in which they proved,
among other things, that if (i) is satisfied and if x, € A,, y, € B, are such that ||x, — y,||
coincides with the distance between A, and B, then x,, y, — x¢ in norm (see the proof of
[11, Theorem 4.5]). In Sect. 3 of the present paper, we prove that if A and B are separated by
a strongly exposing functional f for the set A then, for each choice of sequences {A,}, {B,}
and starting point ag, the corresponding perturbed alternating projections sequences {a, } and
{b,} converge in norm to xg (cf. Theorem 3.4 below). In this case, our approach is essentially
based on suitable approximations of the sets A, and B, by convex and non-convex cones,
respectively.

In Sect. 4, we investigate to what extent it is possible to guarantee convergence of the
perturbed alternating projections in the case A N B is nonempty but does not reduce to a
singleton. Example 4.4 show that, in general, even in the finite-dimensional setting and even
if AN B is bounded, the couple (A, B) may be not stable. On the other hand, Theorem 4.2
ensures that the couple (A, B) is stable whenever int (A N B) # (. We point out that
boundedness of AN B is not required. Moreover, we apply the results of this section to study
a typical mathematical programming problem. Indeed, we investigate the convergence of
perturbed alternating projections for the inequality constraints problem.

Finally, Sect. 5 is devoted to case (iii) where A and B are closed subspaces. The convex
feasibility problem where A and B are subspaces is the original problem studied by von Neu-
mann. In his, now classical, theorem (see [27]), he proved that the alternating projections
sequences {c,} and {d,} converge in norm to P4np(ap). This theorem was rediscovered by
several authors and many alternative proofs were provided (see, e.g., [21,22] and the ref-
erences therein). In Sect. 5, we study the problem of convergence of perturbed alternating
projections sequences in the case in which A and B are subspaces. Example 5.1 below shows
that even in the finite-dimensional setting it is conceivable that the perturbed projections
sequences are unbounded in the case AN B # {0}. For this, in Sect. 5, we focus on the situa-
tion in which A and B are closed subspaces such that AN B = {0}. It turns out that if A + B
is a closed subspace then the couple (A, B) is stable (Theorem 5.2). On the other hand, in
Theorem 5.9, we provide a couple (A, B) of closed subspaces such that AN B = {0} and such
that there exist sequences of sets {A,}, {B,} and starting point a¢ such that the corresponding
perturbed projections sequences are unbounded. Our construction is based on the example,
contained in [16], of two subspaces of a Hilbert space with non-closed sum such that the
convergence of the corresponding alternating projections method is not geometric (for the
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definition of geometric convergence see [16], see also [26] for some results concerning the
convergence rate of the alternating projection algorithm for the case of n subspaces).

2 Notations and preliminaries

In this section we introduce some preliminary notions and related results, valid in real normed
spaces. Let X be a real normed space with the topological dual X*. We denote by Bx and Sy
the closed unit ball and the unit sphere of X, respectively. For x, y € X, [x, y] denotes the
closed segment in X with endpoints x and y. For a subset K of X, « > 0, and a functional
f € Sx+ bounded on K, let

S(f,a,K) :={xeK; f(x) >sup f(K)—a}

be the closed slice of K given by « and f.
For f € Sxy+ and o € (0, 1), we denote

Cfoo):={x e X; f(x) zalxll}, V(f, ) :={x € X; f(x) < allx|]}.

It is easy to see that C(f, o) and V (f, o) are nonempty closed cones and that C(f, «) is
convex.

For a subset A of X, we denote by int (A), dA, conv (A) and conv (A) the interior, the
boundary, the convex hull and the closed convex hull of A, respectively. We denote by

diam(A) = sup, yeq llx — yll,
the (possibly infinite) diameter of A. For x € X, let
dist(x, A) := inf |la — x]||.

acA
Moreover, given A, B nonempty subsets of X, we denote by dist(A, B) the usual “distance”
between A and B, that is,

dist(A, B) := inf dist(a, B).
acA
Let us now introduce some definitions and basic properties concerning convergence of

sets. By c(X) we denote the family of all nonempty closed subsets of X. Let us introduce the

(extended) Hausdorff metric 4 on c(X). For A, B € ¢(X), we define the excess of A over B
as

e(A, B) := supdist(a, B).

acA

Moreover, if A # ) and B = () we put e(A, B) = oo, if A = (J we put e(A, B) = 0. For
A, B € ¢c(X), we define

h(A, B) := max{e(A, B), e(B, A)}.
Definition 2.1 A sequence {4} in c(X) is said to Hausdorff converge to A € c(X) if
limj h(Aj, A) =0.

Next we recall the definition of the so called Attouch-Wets convergence (see, e.g., [23,
Definition 8.2.13]), which can be seen as a localization of the Hausdorff convergence. If
N e Nand A, C € ¢(X), define

en(A,C) = e(A, C) € [0, o),
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where A = A N N By, and define
hn(A, C) ;= max{en(A, C),en(C, A)}.

Definition 2.2 A sequence {A;} in c¢(X) is said to Attouch-Wets converge to A € c(X) if,
foreach N € N,

lim; hy(Aj, A) =0.
In the sequel, we shall use the following two results several times.

Theorem 2.3 (see, e.g., [23, Theorem 8.2.14]) The sequence of sets { A, } Attouch-Wets con-
verges to A iff

SUP| x| <N |dist(x, A,) — dist(x, A)] > 0 (n — 00),
whenever N € N.
As an easy consequence of the theorem above we have the following fact.

Fact2.4 Let A be a nonempty closed convex set in X. Suppose that {A,} is a sequence of
closed convex sets such that A, — A for the Attouch-Wets convergence. Then, if {a,} is a
bounded sequence in X such that a, € A, (n € N), we have that dist(a,, A) — 0.

Proof Since {a,} is bounded, there exists N € N such that ||a,| < N, whenever n € N. By
Theorem 2.3, we have

dist(a,, A) < SUP| x| <N |dist(x, A,) — dist(x, A)| = 0 (n — 00),
and the proof is concluded. O

The Attouch-Wets convergence is widely used to study approximation and optimization
problems and it is a natural variation of the Hausdorff convergence. Moreover, Theorem 2.3
shows that it coincides with uniform convergence on bounded sets of the functions dist(-, A,)
(n € N). The use of such convergence may be more appropriate than the Hausdorff conver-
gence especially when we work with unbounded sets. To see this, consider the following
example: take closed hyperplanes A,, A C X being the kernels of functionals x,\, x* € Sx»
(n € N), respectively. It is easy to see that {A,} Hausdorff converges to A iff eventually
A, = A. On the other hand, if x;; — x™ in norm then {A,} Attouch-Wets converges to A.
For more details on the Attouch-Wets convergence see [23] and the references therein.

Let us recall that, given a normed space Z, the modulus of convexity of Z is the function
8z : 10,2] — [0, 1] defined by

87(n) = inf {1 -

x-l—y‘

;x,yEBx,le—yIIZn}-

It is clear that §z(n1) < &z(n2), whenever 0 < n; < 12 < 2. Moreover, if r > 0 and
n € [0, 2r], we have

X+y

réz (1) :inf{r -

;x,y €rBy, |lx — yll zn}-

In particular, if r, M > 0 and x, y € r By are such that ||x — y|| > M then we have

c1+

=r[1=82(59)]. ™

We say that Z is uniformly rotund if §7(n) > 0, whenever € (0, 2]. It is well known that
Hilbert spaces are uniformly rotund.
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Lemma 2.5 Let Z be a uniformly rotund normed space. Let K, M > 0, then there exists
&’ > 0 such that, if p € [0, K] and if C is a convex set such that p — &' < ||c|| < p + &/,
whenever ¢ € C, then diam(C) < M.

Proof Suppose without any loss of generality that M < 2. We claim that any ¢’ € (0, 1)

such that &’ [2 A (KLH)] 82 <K+1) works. Let p € [0, K] and let C be a convex

set such that p — &’ < ||c|| < p + &/, whenever ¢ € C. First, observe that, since §7 assumes
values in [0, 1], we have ¢’ < %. Hence, if p < %, we have

diam(C) <2(p +¢&') < M.

Now, suppose that p > and let us prove that diam(C) < M. Suppose on the contrary
that there exist ¢y, ¢ € C satisfying ||c; — c2|| > M. Putr := p + ¢'. By (1) and since
% € C, we have

cr+c
p—¢& <|——

=r[1=0 ()] =r[1-62(2%)]-

Therefore, we have &’ [2 — &7 <KL+1)] > 08z <K+1) > %82 (KLH), a contradiction. 0O

Let us recall the notions of strongly exposed point and strongly exposing functional. This
notions, and the corresponding dual versions (see, e.g., [12, Definition 6.2]), play an important
role in the theory of Banach spaces.

Definition 2.6 (see, e.g., [15, Definition 7.10]) Let A be a nonempty subset of a normed
space X, a € A, and f € X*\ {0}. We say that f strongly exposes A at a if f is a support
functional for A at a (i.e., f(a) =sup f (A)) and x, — a, whenever {x,} is a sequence in
A such that lim,, f(x,) = sup f(A). If this is the case, we say that a is a strongly exposed
point of A.

Let us recall the geometrical meaning of the notion of strongly exposing: f € Sy+ strongly
exposes A at a iff f(a) = sup f(A) and

diam(S(f, o, A)) > Oasa — 0T;

that is, f € Sx+ strongly exposes A at a iff f is a support functional for A at a and the
diameter of the slice of A given by the functional f at level & goes to 0 as o goes to 0.
Let us recall that a body in X is a closed convex set in X with nonempty interior.

Definition 2.7 (see, e.g., [20, Definition 1.3] or [14]) Let A C X be a body. We say that
x € dA is an LUR (locally uniformly rotund) point of A if for each ¢ > 0 there exists § > 0
such thatif y € A and dist(dA, (x + y)/2) < § then ||x — y|| < &. We say that A is an LUR
body if each point in dA is an LUR point of A.

If A = By, the previous definition coincides with the standard definition of local uniform
rotundity of the norm at x. Hence, By is an LUR body iff the norm of X is LUR. The notion
of LUR norm is a natural generalization of uniform rotundity and plays an important role in
the theory of Banach spaces (see, e.g., [15] for the definition of and the main results on LUR
norms; see also [13,14] for some recent results involving this notion). Moreover, it is easy to
see that, in the case X is finite-dimensional, a body is LUR iff it is strictly convex (i.e., its
boundary does not contain nontrivial segments).
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Lemma 2.8 Let A be a body in X and suppose that a € A is an LUR point of A. Then, if
f € Sx= is a support functional for A in a, f strongly exposes A at a.

The lemma is well-known in the case the body is a ball (see, e.g., [15, Exercise 8.27]) and
in the general case the proof is similar (see, e.g., [11, Lemma 4.3]).

The next lemma gives a characterization of those functionals f that strongly expose a set
A in terms of containment of A in translations of cones of the form C(f, «).

Lemma 2.9 Let A be a convex set in X such that 0 € A. Let f € Sx+ be such that f(0) =
inf f(A) and let xo € Sx be such that f(xo) = 1. Let us consider ¢ : (0,1) — [0, oo]
defined by

gl@)=inf{lA>0;, ACC(f,a) —Axg} O<oa<]l).
Then () is o(e) as o — 0T iff (— f) strongly exposes A at 0.

Remark 2.10 Observe that if « € (0, 1) is such that e(«) is finite then, in the definition
of the function ¢, the infimum is actually a minimum. Hence, in this case, we have that
A CC(f,a) — e(a)xo.

Proof of Lemma 2.9 On the contrary, suppose that &(a) is not o(a) asa — 07, then there exist
M > 0and @, — O™ such that e(et;) > Ma,,. Forn € N, letz, € A\ [C(f, ay) — Mayxo]
and observe that

f@n) + Moy, = f(zp + Mayxo) < apllzn + Moyxoll.
Hence it holds
0 < f(zn) < apllzn + Moy xoll — Moy, = oy (lzn + Mayxoll — M).

Since o, > 0, from the previous inequality we have |z, + Ma,xol| > M. Hence, by the
continuity of the norm, eventually it holds ||z, | > % So, eventually we have

0< f( Zn ) ay llzn+Mayxol| =M <y, llznll+Man—M <

oy
llzall llzall llzall "

In particular, we have f(zd\fz Zn”) — 0" asn — o0o. Since A is convex, 0 € A, and eventually

% < 1, we have that eventually ZIHIZ i”” € A. Hence, by the definition of strongly exposing
functional, we have that (— f') does not strongly expose A at 0.
For the other implication, suppose that & () is o(a) as @ — 0F. We have that eventually

(for @ — 0T) g() is finite and, by Remark 2.10,
ACC(f, o) —e(a)xo.

Letx € AN{z € X; f(z) < «?}, then eventually
allx + e(@)xoll < f(x + e(@)xg) = f(x) + (@) f(x0) < & + &)

and hence

()
el < llx + e@)xoll + lle(e)xoll < llx + e@@)xoll +e@) <o+ == +&().
This proves that
diam(S(—f,@* A) = 0 (@ — 07),

and hence that (— f) strongly exposes A at 0. O
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In the following two lemmas we analyse some relations between the Attouch-Wets con-
vergence of a sequence of sets and the containment of the sets of the sequence in a cone of
the form V(f, o) or C(f, o). Roughly speaking, the first lemma says that, if the limit set B
is contained in a half plane given by a functional f € Sx+, then the sets B, Attouch-Wets
converging to B, are eventually contained in a translation of a cone of the form V (f, «).

Lemma2.11 Let B, B, (n € N) be closed convex sets in X such that B, — B for the
Attouch-Wets convergence, and f € Sx=. Suppose that xo € Sx is such that f(x9) = 1 and
suppose that 0 € B C {x € X; f(x) <O0}. Then, for each o € (0, 1) and ¢ > O, there exists
no € N such that B, C V(f, ®) + exo, whenever n > ny.

Proof On the contrary, suppose that there exists a sequence of integers {ny} such that, for
each k € N, there exists
by, € By \ [V(f, @) + exol.

Since
lx —bll = f(x —b) z &,
whenever x € C(f, a) + exp and b € B, we have
dist(B, C(f, o) + exp) > 0.

Hence, by Fact 2.4, {b,, } is unbounded and we can suppose without any loss of generality
that ||b,, || > 1 (k € N). Since b,, ¢ V(f, o) + exg, we have

S On) = f (b —ex0)+¢€ > allbyy, — exoll + €= allbn || — eallxoll + & = allbnll. (2)

Let § = min{e, «/2}, since 0 € B and B, — B for the Attouch-Wets convergence, we can
suppose without any loss of generality that, for each k € N, there exists dy € (§Bx) N By, .
For k € N, let us consider the convex combination of b,, and dj

Hb”k H_l

o 1
W = b + T, 7

[

di € By,
and observe that ||wi|| < 1+ ||dk|| < 1 + 8. Moreover, by (2), we have
F) = fu) g — Il = @ = ldill =2 = 8 = §.
"k

Since {wy } is abounded sequence, by Fact 2.4, dist(wy, B) — 0.Hence we geta contradiction
since {wi} C {x € X; f(x) > «/2} and

dist(B, {x € X; f(x) > «a/2}) > 0.

m}

The next lemma is the counterpart of the previous result for cones of the form C(f, «). In
its proof we shall need the following fact.

Fact2.12 LetO < B <a < landlet0 < ¢ < &'. Then

dist(C(f,a) —exo, V(f, B) —&'xg) > 0.

@ Springer



Journal of Global Optimization (2021) 81:323-350 331

Proof Let0 < § < (I_O&# Let us prove that, if x € C(f, @) — exp and b € By, then
z:=x+8b ¢ V(f,B) — &xp. To do this, it is sufficient to check that f(z + &¢'xp) >
Bllz + &'xoll. Since (1 — a)(¢’ — &) — 8(1 + ) > 0, we have
Fz+e'x0) = fx +8b+¢'x0) = fx +exo) + f(8b) + f(e'x0 — ex0)
allx +expll =8+ (&' —e)
allx 4+ &'xoll — alle’xo — exoll — 8 + (£ — &)
allz+ x|l —as =8+ (1 —a) —¢)
allz +&'xoll = Bllz + &'xoll,

IV IV 1V

\Y

and the proof is concluded. O

Lemma2.13 Let A, A, (n € N) be closed convex sets in X such that A, — A for the
Attouch-Wets convergence, f € Sx+, a € (0, 1), and ¢ > 0. Suppose that xo € Sx is such
that f(xo) = 1 and suppose that 0 € A C C(f, ) — exq. Then, for each B € (0, «) and
&' > ¢, there exists ny € N such that A, C C(f, B) — &'xo, whenever n > ny.

Proof Suppose on the contrary that there exists a sequence of integers {ny} such that, for
each k € N, there exists

ap, € AVlk \ [C(f’ ﬁ) - S/X()].
Since ap, + €'xp ¢ C(f, B), we have

fan, +€"x0) = flan) + & < Bllan, + &'xoll. 3)
Fix any y € (B, «) and let M > 1 be such that M > azf/y. Finally, let 6 € (0, 1) satisfy
0 < min{M — az_g;/, M?_/‘_;ﬁ) }. Therefore, it follows:
(@ M—6>
®) 527 <v.

Since, by Fact 2.12,
dist(A, V(f, B) — ¢'x0) = dist(C(f, @) — exo, V(f, B) — €'x0) > 0,

applying Fact 2.4, we have that {a,, } is unbounded. Hence we can suppose without any loss

of generality that ||a,, | > M (k € N). Moreover, since 0 € A and A, — A for the Attouch-

Wets convergence, we can suppose without any loss of generality that, for each k € N, there

exists ¢y € Ay, NOBx. For each k € N, consider the convex combination of a,, and ¢

Nl || —M
lan |

. M
by := Tatng 1 an, + Ck € Angs

and observe that M — 6 < ||b|| < M + 6. Now, by (3), we have
flan) < Bllan, + €'xoll — & < Bllan || + Be' — &' < Bllan, .

and hence

MB+6 MB+0
< 9 16l < v l1brlls

MIC) | pery < Mp+6 < il .
letng | o

where the last inequality holds by (b). Moreover, since {by} is bounded and A C C(f, o) —
&xo, by Fact 2.4, we have that

dist(bk,C(f,oz)—sxo) -0 (k- o).

fbr) =
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Since f(w) > a|w| —2¢, whenever w € C(f, o) —exp, and since ¢’ > ¢, by the continuity
of f and of the norm, we have that eventually f(by) > «|bx| — 2¢’. Hence we have that

allbell = 2¢" < f(bo) < yl1bxll.

By (a), we have that eventually || bg || < 2e

Say < M — 6, a contradiction since ||bg|| > M — 6.

O
In the sequel, we shall use the following elementary fact.

Fact2.14 Letn; € N, 0 < M| < My, and & € (0, 1). Let {t,,} be a sequence of nonnegative
numbers such that, for each n > ny, we have:

(1) ifty, thy1 > My then tyqq < &ty
(ii) ifty < M then t, 1 < M>.

Then eventually we have t,, < M>.

Proof Clearly, (i) implies that there exists ng > n such that #,, < Mj. Let us prove that
t, < My, whenever n > ng. Suppose on the contrary that the set E = {n € N; n > ng, t, >
M>} is nonempty and let np = min E. By (ii), we have that M| < t,,—1 < M. By (i), we

get a contradiction considering the couple ,,,_1, t,. O

3 The case where the intersection of limits sets is a singleton

In the sequel of the paper, we restrict our attention to Hilbert spaces, since we need some
additional geometrical structure. From now on, let H be a real Hilbert space. If u, v € H\ {0},
we denote as usual

(u,v)

cos(u, V) 1= Ly

where (u, v) denotes the inner product between u and v.

If K is a nonempty closed convex subset of H, let us denote by Pg the projection onto
the set K, i.e. the map sending any point in H to its nearest point in K. Several times without
mentioning it, we shall use the variational characterization of best approximation from a
convex set in Hilbert spaces: let K be as above, x € H and yp € K, then yop = Pk (x) if and
only if

(x — 0,y — yo) <0 whenevery € K. )
It is easy to see that, if x ¢ K, (4) is equivalent to the following condition:
Iy = yoll = llx = yllcos(yo — y, x —y) whenevery € K\ {yo}. (&)
Moreover, if K is a subspace of H then (4) becomes
(x —y0,y —y0) =0 whenevery € K. (6)
Let us recall the definition of stability for a couple (A, B) of subsets of H.

Definition 3.1 Let A and B be closed convex subsets of A such that A N B is nonempty. We
say that the that the couple (A, B) is stable if for each choice of sequences {A, }, {B,} C c(H)
converging for the Attouch-Wets convergence to A and B, respectively, and for each choice
of the starting point ag, the corresponding perturbed alternating projections sequences {a;, }
and {b,} (defined as in Definition 1.2) converge in norm.
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Remark 3.2 We remark that in the above definition we can equivalently require that there
exists ¢ € A N B such that a,, b, — ¢ in norm.

To prove the remark we shall need the following lemma, whose proof is probably known but
for which we did not find any reference.

Lemma 3.3 Let X be a Hilbert space. Suppose that a sequence {A,} in c(X) Attouch-Wets
converges to A € c(X). Then the corresponding sequence of projections {Pa,} uniformly
converges on bounded set to Py.

Proof Without any loss of generality we can suppose that 0 € A. Let us prove that, for each
K, M > 0, there exists ny € N such that
sup ||Pa,x — Pax| <=M,
xeK By
whenever n > ng. By Lemma 2.5, there exists ¢’ € (0, K) such that, if p € [0, K] and if C

is a convex set such that p — &’ < ||c|| < p + &', whenever ¢ € C, then diam(C) < M. Since
{A,} Attouch-Wets converges to A, there exists ng € N such that, for n > ng, we have

(i) A,N3KBx C A+ ¢'By;
(i) AN3KByx C A, + ¢ By;
Letx € KBy, y = Pax,n > ngand y, = Py, x.Put p = ||x — y|| and observe that p < K.

By (i), lx — yull < p + &’ and hence ||y, || < [lxIl + lx — yall < 3K. Hence, by (i), yn
belongs to the convex set

C:=(A+¢Bxy)N[x+ (p+¢)Bxl.

Moreover, since dist(x, A) = p, we have dist(x, C) > p — ¢’. By Lemma 2.5, diamC < M
and hence ||y, — y|l = || Pa,x — Pax|| < M. By the arbitrariness of x € K By, the proof is
concluded. O

Proof of Remark 3.2 Tt suffices to prove that if the perturbed alternating projections sequences
{an} and {b,,} converge in norm then they both converge to the same point belonging to AN B.
Without any loss of generality, we can suppose that O € B. Let us start by proving that if
a, — cthenc € AN B.

We claim that the sequence { P4, P, } uniformly converges on the bounded sets to P4 Pp.
To see this observe that:

e Since 0 € B, we have || Pgx|| < ||x||, whenever x € X;
e Since projections are nonexpansive, we have
| Pa, P, x — Pa,Ppx| < || Pp,x — Ppxl|l,

whenever x € X andn € N;
e Foreachx € X andn € N, we have

I Pa, Pp,x — PAPpx|l < ||Pa,Pp,x — Pa, Ppx| + || Pa, Ppx — P4 Ppx||.
The previous observation implies that, for N > 0, , we have

sup || Pa, Pp,x — PAPpx| <
lxl[ =N

sup ||Pp,x — Ppx||+ sup [[Pa,Ppx — PaPpx| <
lxI<N lxI<N

sup || Pp,x — Ppx||+ sup [[Pa,y — Payl.
lell<N Iyll<N
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Since A, — A, B, — B for the Attouch-Wets convergence, by Lemma 3.3, { P4, } uniformly
converges on bounded set to P4 and {Pp,} uniformly converges on bounded set to Pg. The
claim follows by the previous inequality.

Since {a,} is bounded and

any1 = Pa, Pp,a, = Py Ppa, + (Pa, Pp, — PaPp)ay,

passing to the limit as n — oo, and using the claim, we obtain ¢ = P4 Pgc. By [2, Facts 1.1,
(ii)], we have that ¢ € A N B. Similarly, we have

by = PB,,an = Ppa, + (PB,, — Pg)a, — Ppc =c,
and the proof is concluded. O

The main aim of this section is to prove that under the assumption that the sets A and
B are separated by a strongly exposing functional f for the set A (i.e. condition (i) in the
introduction) the couple (A, B) is stable. The following theorem is the main result of this
section.

Theorem 3.4 Let H be a Hilbert space and A, B nonempty closed convex subsets of H.
Suppose that there exist y € A N B and a linear continuous functional f € Sy+ such that
inf f(A) = f(y) = sup f(B) and such that (— f) strongly exposes A at y. Then the couple
(A, B) is stable, i.e., if we let {A,} and {B,} be two sequences of closed convex sets such
that A, — A and B, — B for the Attouch-Wets convergence, then, for each ay € H,
the corresponding perturbed alternating projections sequences {a,} and {b,} (with starting
point ag), converge to y in norm.

Before starting with the proof of the theorem we need some preliminary work. First of all,
let us observe that without any loss of generality we can suppose that y = 0 and hence that

inf £(A) = f(0) = sup f(B).

Suppose that xo € Sy is such that f(xg) = 1,1.e., f is represented by xo, in the sense that
f() = (xo, ). Then it is straightforward to give the following representation of the cones
C(f,a)and V(f, @), introduced at the beginning of Sect. 2: if we define

C(0) :={x € H\ {0}; cos(x, xo) = sin(9)} U {0} (0 € (0, 7)),
then the set C(0) coincides with C(f, «), where « = sin 8. Similarly, if we define
V(0) :={x € H\ {0}; cos(x, xp) <sin(0)} U{0} (@ € (O, %)),

then the set V (6) coincides with V(f, o), where @ = sin 6. In the proof of Theorem 3.4,

we shall need the following fact, stating that, if 0 < 0; < 6, < %, then the “angle” between

non-null vectors in C (6;) and V (), respectively, is uniformly bounded away from the origin.

Fact3.5 Suppose that 61,6, € (0, 5) are such that 61 < 6. If x € C(62) \ {0} and y €
V(01) \ {0} then cos(x, y) < cos(02 — 61).

Proof For z € H \ {0} define
0(z) = % — arccos cos(z, xg) = arcsin cos(z, xg).

Observe that

z € C(6h) < cos(z, xg) = sinby & arcsin cos(z, xg) > 6 < 6(z) > 0;. (7)
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Similarly, we have
ze V() & 0(z) <06 8)

Let us define x| := x — f(x)xp and y; := y — f(y)xo (where x and y are as in the statement
above), observe that

bl \/“XHZHXJCZXO = \/1 - <m)2>2 = V1= [cos(x, x0)I? = cos[f(x)].

Similarly, we have Hy—“” cos[#(y)]. Taking into account the fact that

1@ _ (z, x0) = cos(z, xp) = sin[0(z)] (z € H\ {0}),
Izl lIzll
we have
cos(ry) = LU O) | G _ SOFO) |

eyl =yl = miyl iyl
sin[6(x)] sin[0/(y)] + cos[0 (x)] cos[6 ()]
= cos[B(x) — H(»)] < cos(6 — 0),

where the last inequality holds since, by (7) and (8), we have 6(x) — 6(y) > 6, — 6. ]

Proof of Theorem 3.4 Fix M > 0, it suffices to prove that the sequences {a,} and {b,} are
eventually contained in 2M By . Let f € Sy+ and xo € H be as above. Let ¢ : (0,1) —
[0, oo] be the function defined by

g() :=inf{A >0; A C C(f,a) — Axp}, a € (0,1).

By Lemma 2.9, e(«) is o(a) as @ — 0. Observe that
° %arcsin(Zoe) =a+o()asa — 0T

e 2¢(30) = o(xx) as ¢ — 0.

Hence, eventually, as @ — 07, we have

(A) 28(30[) <M/2

(B) s1n[ arcsin(2a)| + 25(301) < sm[% arcsin(2a)|;

©) 20 — ﬁ2@(30{) > sm[6 arcsin(2a);

D) cos[é arcsin(2a)] + %[28(30{)]2 < cos[ﬁ arcsin(2a)].
In particular, we can fix 8 € (0, 1/3) such that if 6 := % arcsin(2p) and &’ := 2¢(38) then
¢ < 1and
(a) ¢ < M/2
(b) sin6 + 8’ < sm( 0)

(c) sin(26) — 5’ > sm( 0);

(d) cos(36) + M(s’)2 < cos(L6).

Since, by Remark 2.10, 0 € A C C(f,38) — €(3B)xo, by Lemma 2.13, we have that
eventually

A, C C(f,2B) —2e(3B)xg = C(20) — &'x.
Since, 0 € B C {x € H; f(x) <0}, by Lemma 2.11, we have that eventually
B, C V(0) + &'xp.
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Since0 € ANB, A, — A and B, — B for the Attouch-Wets convergence, eventually there
exist x, € A, N (¢)2By and y, € B, N (¢/)2By. o
Claim Eventually, if a,,, by, b,+1 ¢ M By, the following conditions hold:

(i) an —x, € C(30);

(i) by —x, € V(30);
(i) @y — yot1 € C(30);
(V) bu+1 = yut1 € V(50).

Proof of the claim Let us prove (i) and (ii), the proof of (iii) and (iv) is similar. To prove (i),
observe that, since ||x,|| < (¢)% < ¢, we have

fan —xp) = flan +€'x0) — 2¢’,
since a, € A, C C(20) — &'x and using the triangle inequality, we have

fla, + &'xg) — 2’ > sin(20)|a, + &'xp|| — 2&’
sin(20) (|lan — x|l — 2¢") — 2¢’

lldn — Xall (sin(ze) _ 2£’sin(20)+2£’> ’

v

[latn —2xn |l

finally, by (c) and since ||a, — x| > |lan|l — x|l > %, we obtain

lan = x| (sin(20) — 25REDL2LY > a,, — x, | (sin(20) — §¢)
> [lay — xa | sin(30),
To prove (ii), we proceed similarly: since ||x,|| < &', we have
Fbn —xn) < f(by — €'x0) + 26
since b, € B, C V(9) + & x¢ and using the triangle inequality, we have

f by — &'xg) + 26’ < sin(@)||b, — &'xp]| + 2¢’
sin(®) ([1by — x|l + 2¢") + 2¢’
b — ol (sin6 + 2sinee2e’y
< 116y — x|l (5in 6 + S-¢')

< |lby — xa | sin(36),

A

where the last two inequalities hold by (b) and since ||b,, — x, || > b, || — l|xnll > % The
claim is proved. O

Now, since a, = P4,b, and x,, € A, by (5), it holds
lan — xull < 1y — xull cOS(an — X, by — xp). (©)]

Then we can observe that, by (i) and (ii) in our claim and by Fact 3.5, we have that eventually,
ifa,, by, ¢ M By, itholds ||a, — x,| < by, — xa|| cos(%é). Since [|x, || < (€)%, we have

lanll < llan = xall + (€)% < [Iball + ()7 ]cos(16) + (¢/)?
< Iballlcos(36) + & (€)% < |Iball cos(36),
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where the last inequality holds by (d). Similarly, since b, +1 = Pp,a, and y,4+1 € B, itholds
1Dn+1 — Yut1ll < llan — Yua1ll c0S(bpy1 — Yn+1, Gn — yn+1). By (iii) and (iv) in our claim
and by Fact 3.5, we have that eventually, if a,,, by+1 ¢ M By, it holds ||b,+1 — Yu+1ll <
lan = Yns1ll cos(50). Since [[yat1ll < (¢")%, we have

1Bnr1]l < [llanll + ()21 cos(30) + ()2 < llanll[cos(36) + & (€)?] < llan || cos(36).

where the last inequality holds by (d).
By (9) and by the observations above, there exists n; € N such that if n > n; then the
following conditions hold:

(@) if ay, by ¢ M By then ||| < ||byll cos(£0), and if ay, byt ¢ MBpy then ||byq || <
llan |l cos(36);
(B) if b, € MBy then |la,|| < ||b,|l +2¢’ < 2M, and if a, € MBpy then ||b,11] <

lanl +2¢" < 2M.
By (@), (B), and applying Fact 2.14, with § = cos(é&) < 1, to the sequence {t,} given by

{Io11 lall 16211, llazll, - - .},
it follows that eventually a,,, b, € 2M By . ]

Corollary 3.6 Let H be a Hilbert space, B a nonempty closed convex subset of H, A a body
in Handy € dA an LUR point of A such that AN B = {y}. Then the couple (A, B) is stable.

Proof Since (int A) N B = ¢, by the Hahn-Banach separation theorem, there exists f € Sy
such that

inf f(A) = f(y) = sup f(B).

Since y is an LUR point of A, by Lemma 2.8, (— f) strongly exposes A at y. The thesis
follows by Theorem 3.4. O

Remark 3.7 1t is worth noting the following facts about the results presented above.

(i) Inthe recent paper [18], aresult concerning the convergence of iterates of nonexpansive
mapping has been obtained under a geometrical condition involving LUR points.

(ii) In Theorem 3.4, the assumption that (— f) strongly exposes A at y cannot be removed.
Indeed, the celebrated example of Hundal (see [19]) provides a couple of sets (A, B)
suchthat: (a) ANB = {0}; (b) there exists f € Sy suchthatinf f(A) = 0 = sup f(B);
(c) there exists a starting point whose corresponding alternating projections sequences
do not norm converge (and hence the couple (A, B) is not stable).

(iii)) The additional assumption that “(— f) strongly exposes A at y” contained in The-
orem 3.4, geometrically represents the fact that, not only the sets A and B have to
“touch” at the point y and are separated by using the functional f, but also that the
diameter of the slice of A at level « given by the functional (— f) goes to 0 as o goes
to 0.

4 The case where the interior of the intersection of limits sets is
nonempty

The main aim of this section is to prove that, under the assumption that the interior of A N B
is nonempty, the couple (A, B) is stable.

We start by the following two dimensional fact. Even if the argument used is elementary,
we include a sketch of a proof for the sake of completeness.
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Fact4.1 Let H be a Hilbert space and K > ¢ > 0. Then there exists a constant . > 0 such
that, whenever C is a closed convex subset of H containing € By and x € K By, we have

llx = Pex|l < n(llx|l = [ Pcx]D- (10)

Proof We claim that u = K /& works. Let us denote y = Pcx. We can (and do) assume that
y and x are not proportional, if else (10) trivially holds, since ||x — Pcx| = ||x|| — || Pcx] <
w(lx|l — 1| Pcx|)). Hence, since e By C C,wehavethate < ||y|| < ||x|| (the strict inequality
& < |ly|l holds since x and y are not proportional). In the sequel of the proof we work in the
2-dimensional subspace Y := span{x, y}. Let w € €Sy be such that:

(i) The line containing {y, w} is tangent to € By;
(i) The segment [y, w] intersects the segment [0, x].

The existence of such an element w is guaranteed by the fact that
lx = yll = llx = Pex|l < llx — eqpll = lIxll — &, (an

where the inequality holds since sﬁ € C. Indeed, since ||y|| > e, there are two points
wi, wy € &Sy satisfying (i). Moreover, at least one of the segments [y, w1], [y, wz]intersects
the segment [0, x] iff y is contained in the closed half plane T containing x and determined by
the tangent line to € By at the point sﬁ. Finally, observe that{y € Y; ||[x —y| < ||x||—¢} C
T. Hence, (11) implies that one of the two points wy, w, satisfies (ii).

Let us denote by 0 (u, v) the angle between two not null vectors u# and v. Since the vectors

w and w — y are orthogonal, we clearly have

sinf(—y. w—y) = 5l = 2 = /K. (12)
Let us denote z = %x, by the variational characterization of best approximations from
convex sets in Hilbert spaces and by the fact that ||z|| = || y||, respectively, we have:

D) 0x —y,w—y)=m/2;
(i) O0(—=y,z—y) <m/2.

It follows that 6(x — y, z — y) > 8(—y, w — y) and hence that
¥ = Y1l = smaatyz I — 2l < @y X — 2l < Sl =zl = £ dxll = Iy,

where the last inequality holds by (12). O

The following theorem is the main result of this section and it is an application of the
previous argument.

Theorem 4.2 Let H be a Hilbert space and A, B nonempty closed convex subsets of H.
Suppose that int (A N B) # @, then the couple (A, B) is stable.

Proof Without any loss of generality, we can suppose that O € int (AN B). Let{A,}and {B,}
be two sequences of closed convex sets such that A, — A and B, — B for the Attouch-
Wets convergence. Suppose that {a,} and {b,} are the corresponding perturbed alternating
projections sequences with respect to a given starting point ag.

By [25, Proposition 27] we have that A, B,, — AN B for the Attouch-Wets convergence.
Hence, by [3, Theorem 7.4.2], we can suppose without any loss of generality that there exists
& > 0 such that eBy C A, N B,, whenever n € N. Since 0 € A, N B,,, we have that
lanll < 11bnll, I1bn]l < llan—1| and hence there exists K > & such that {a,}, {b,} C KBpg.
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By Fact 4.1, we have that there exists u > 0 such that ||a, — b,|| < w(|byll — lla,ll) and
l6n — an—1ll < pw(llan—1ll — 16, 1)). Hence

SN Ulan — an—il) < S0 (lan — ball + 1oy — an—11)
<3N wllan—1ll = llan ) = nlllaoll — llanll) < pK.

This proves that the series ), .n(an — an—1) is absolutely convergent and hence convergent.
Hence, the sequence {a,} is convergent. Similarly, we have that also the sequence {b,} is
convergent and the proof is complete. O

By combining the results contained in Sect. 3 and the previous theorem we have the
following corollary, describing the stability property for the couple (A, B) where A and B
are bodies.

Corollary 4.3 Let H be a Hilbert space, suppose that at least one of the following conditions
holds.

(i) Ais a closed convex set with nonempty interior, f € H* \ {0} is such that f strongly
exposes A at the origin, and B = {x € H; f(x) > a}, where a < 0.
(ii) A, B are bodies in H such that A is LUR and AN B # (.
(iii) A is a closed ball in H and B is a body such that AN B # (.

Then the couple (A, B) is stable.

Proof (i) If « < O then int (A N B) # @ and we can apply Theorem 4.2. If &« = 0 apply
Theorem 3.4.

(ii) If int (A N B) # @ we can apply Theorem 4.2. If int (A N B) = ¢}, since A and B are
bodies, we have that int (A) N B = (. Since A is an LUR body, there exists y € dA
such that A N B = {y}. Apply Corollary 3.6.

(iii) follows by (ii), since H is uniformly rotund and hence each closed ball in H is in
particular an LUR body.

O

The following simple 2-dimensional example shows that it is not possible to avoid the
assumptions in Corollary 4.3.

Example 4.4 Let H = R? and let us consider, for each i € N, the following subsets of H:

A= COnV{(l, l)s (_17 1)7 (17 O)s (_17 O)}7
Con = conv {(1, 1), (=1, 1), (1, ), (=1, 0)};
Con—y = conv{(1, 1), (=1, 1), (1,0), (=1, Dk
B = conv{(l, —1), (=1, -1), (1,0), (=1,0)}
Do = conv {(1, =1), (=1, =D, (1, =), (=1, 0)};
Daj—1 = conv {(1, =1), (=1, =1), (1,0), (=1, =)}
Itis easy to see that C, — A and D, — B for the Attouch-Wets convergence. We claim that
the couple (A, B) is not stable. To prove this, let us consider the starting point zg = (0, 0)
and observe that, if we consider the points a; = (P¢, Pp,)*zo, then a; — (1, 0) and hence

there exists Ni € N such that
lak, — (1.O)I| < §.
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Define A, = C| and B, = D; whenever | < n < Nj. Similarly, if we consider the points
a,% = (Pc, PDz)ka}\,I , then a]% — (—1, 0) and hence there exists N € N such that

la}, = (—=1,0)] < 3.

Define A, = C; and B,, = D; whenever N| + 1 < n < N + N,. Then, proceeding
inductively, it is easy to construct sequences {A,} and {B,} converging respectively to A
and B for the Attouch-Wets convergence and such that the perturbed alternating projections
sequences {a,} and {b,}, w.r.t. {A,} and {B,} and with starting point z¢, do not converge.

Inequality constraints

Inequality constraints are a typical example of problem that can be solved by projections
and reflections methods (see, e.g., [5, Remark 3.17]). This problem appears very in often in
mathematical programming theory and reveals to be a stable problem under mild assumptions.
Indeed, in the rest of this section, we will show that under suitable additional hypotheses also
the method of perturbed alternating projections sequences can be applied to deal with such
a problem.

Given a closed convex cone K in a Hilbert space H (recall that a subset K of H is called
cone if Ak € K, whenever A € [0, 00) and k € K), we denote by K ™ its negative polar cone,
i.e., the closed convex cone defined by

K™ :={x € H; (x,k) <0, wheneverk € K}.

Let us suppose that a € H \ {0}, b € R, and define A := {x € H; (a,x) > b}. Then the
following assertions hold true.

o IfintK #0,ay,...,a, € H,by,...,b, > 0and
B:={xeH; (aj,x)<b;,i=1,...,n}

then int (B N K) # @. (It follows since B contains a neighbourhood of the origin.)
o Ifint K # Wanda ¢ K~ thenint (AN K) # (. (Since there exists k € int (K) such that
(a, k) > 0, there exists A > 0 such that (a, Ak) > b. This implies that Ak € int (ANK).)
e Ifa € int (K~)and b = O then A and K are separated by a strongly exposing functional
for the set K. (It follows by [8, Theorem 3.4].)

Hence, by combining the previous observation, Theorem 4.2, and Theorem 3.4, we obtain the
following result about the convergence of perturbed projections for the inequality constraints
problem.

Theorem 4.5 Let K be a closed convex cone in a Hilbert space H. Suppose that at least one
of the following conditions holds true.

(i) intK #0,ay,...,a, € H, by,...,b, >0, and
B:={xeH; (a,x)<b;,i=1,...,n}.
(ii) intK #0,a ¢ K—,b €R, and
B :={x € H; {(a,x) > b}.
(iii) a € int (K~) and
B:={x e H; {(a,x) >0}.
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Then the couple (K, B) is stable.

As a corollary, we obtain the following finite-dimensional result, where the cone K is the
standard nonnegative lattice cone in RY, a very common assumption in many application.

Corollary 4.6 Let H = RN and K = {(x1,...,xn) € RV, x¢ >0,k=1,..., N}. Suppose
that at least one of the following conditions holds true.

(i) ai,...,a, € H,by,...,b, >0, and
B:={xeH;(a,x)<b,i=1,...,n}L

(ii) a¢ K—,b eR, and
B:={x € H; (a, x) > b}.

(iii) a € int (K~) and
B:={x € H; (a,x) > 0}.

Then the couple (K, B) is stable.

5 Perturbed alternating projections sequences for subspaces

In this section, we study the convergence of the perturbed alternating projections sequences
in the case where the limit sets are subspaces. The following elementary example shows that
if the intersection of the subspaces is non-trivial, in general, convergence does not hold.

Example 5.1 Let H = R? and let us consider A, = A = B = {(x, y) € RZ; y=0}(n € N).
1

For each i € N, let us consider the line C, := {(x, y) e R?; y = % — 72X} passing through
the points (0, %) and (%, 0). Let us consider the starting point zo = (0, 0) and observe that, if
we consider the points a,l = (PaPc, Y20, then a,l — (1, 0). Hence, there exists N1 € Nsuch
that |lay, || > % Define B, := Ci whenever 1 < n < Nj. Similarly, if we consider the points
a,% = (Py Pcz)ka}\,1 then a,% — (2, 0). Hence, there exists N> € N such that ||a12\,2|| > 1.
Define B, := C3 whenever N1 + 1 < n < Nj + N,. Then, proceeding inductively, it is easy
to construct a sequence {B,} such that the perturbed alternating projections sequences {a, }
and {b,}, w.r.t. {A,} and {B,} and with starting point zg, are unbounded.

In order to avoid such a situation we consider the case in which the intersection of the
subspaces reduces to the origin. We have the following theorem.

Theorem 5.2 Let H be a Hilbert space and suppose that U,V C H are closed subspaces
such that U NV = {0} and U + V is closed. Then, the couple (U, V) is stable.

In the proof of the theorem above we shall use the following notation: if W is a subspace of
H and e € (0, 1), let W(¢) C H be the set defined by

W(e) == (eBg)U{w € H \ {0}; Ju € W \ {0} such that cos(u, w) > 1 — ¢}.

Hence, W (¢) is the union of the ball of radius ¢ centred at the origin and an “approximation”
of the subspace W by a non-convex cone, more precisely, the cone containing all the vectors
whose angle with W is less that arccos(1 — €). We have the following fact.
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Fact5.3 Let W be a subspace of H and ¢ € (0, 1). We have
W(e) = (eBy) U{w € H\ {0} 3u € W N |w||Sy such that |lu — w|*> < 2ellw]*}.
13)

Moreover, it holds

dist(H \ W(e), W) > 0.
Proof Observe that the set

{we H\ {0}; Ju € W\ {0} such that cos(u, w) > 1 — ¢}
coincides with
{fwe H\{0}; Ju € W N ||lw| Sy such that cos(u, w) > 1 — &}.
Now, if ||u]| = ||lw] # 0, the law of cosines, implies that
llu = vlI* = 2[w|* (1 — cos(u, w)),

and hence (13) holds.
Let us prove that dist(H \ W(e), W) > 0. Suppose on the contrary that there exist
sequences {x,} C W and {y,} C H \ W(e) such that ||x, — y,|| = 0. Since eBx C W (¢),

we have that ||y, || > . Since ||x,| > |lvall — llxn — yall, eventually we have ||x,| > %
Moreover, we have ”;LH — 1 and ”Vlrlly;)ﬁn” — 0, as n — o0. Then, we can observe that
n n
eventually
(Xn,Xn) (Yn—Xn,Xn) 1 [l [y —=Xall
cos(x = s e
s ¥n) = oo Tl al = Tonl — * Tonl

Hence, cos(x,, y,) — 1,as n — oco. A contradiction with the fact that {y,} C H\ W(¢).O
In the proof of the theorem above we shall need the following two lemmas.

Lemma5.4 Let H be a Hilbert space and U a subspace of H. Let {A,} be a sequence of
closed convex sets such that A,, — U for the Attouch-Wets convergence. Then, for each
e € (0, 1), it eventually holds that A,, C U (¢).

Proof On the contrary, suppose that there existe € (0, 1) and a sequence {ny} of integers such
that, for each k € N, there exists x,, € Ay, \U(¢). By Fact5.3, we have dist(U, H\U (¢)) >
0. By Fact 2.4 and since A, — U for the Attouch-Wets convergence, the sequence {x,, }

is unbounded, and hence we can suppose, without any loss of generality, that |[x,, || > 1,
1—&)(1+ &

whenever k € N. Let y € (0, 1) be such that %&rigf)) < 1 and let k € N be such that
2

there exists zx € A,, Ny By. Consider the convex combination
Wi = Axp, + (1 —A)zk € Ay,

where A = and observe that by the triangular inequality wehave 1 —y < |Jwi || < 14y.

1
xn, I1°
For each u € U, taking into account that x,,, ¢ U (¢) (k € N), we have
(Wi, u) = Mxny, u) + (1= 2)(zr, u) < ull(1 — )l|Axn, | + llziHlull

< [lull(1 = &) Axp, | + yllull = lul (1 —e)(A + 1)

e (I-&)(1+15)
= (1= D llullwel =r=gyyai

(-e)(1+1%)
= (1= Dl G55y = (4= Dlulllwell.
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The previous chain of inequalities implies that cos(wy, u) < 1 — 5;hence, wy € A, \U(3),
whenever k € N. Since {wy} is a bounded sequence, by Fact 2.4, dist(wy, U) — 0. We get
a contradiction since, by Fact 5.3,

dist(U, H\ U(%)) > 0.
[}

Lemma5.5 Let U, V be closed subspace of a Hilbert space H such that U NV = {0} and
U + V isclosed. Let M € (0, 1), then there exist € € (0, M) and n € (0, 1) such that, for
eachx e U(e)\ MBy,y € V() \ MBy and 7 € ¢ By, we have cos(x —z,y —z) <.

Proof By [16, Lemma 3.5], we have that
Q:=sup{<a,b>;acVNSy,belUNSy} <1

That s, the angle between two nonnull vectors in U and V, respectively, is uniformly bounded
away from the origin. Fix any n € (€2, 1) and take ¢ € (0, M) such that

(fe) (@ + ) <.

Suppose that x € U(e) \ MBy, y € V(¢) \ MBy and z € ¢By. By (13), there exist
ueUN|x||Sygandv € VN |yl Sy such that ||x —u|| < +/2¢||x]| and ||y —v|| < +/2¢]|y].
Hence, x' :=x —u —z € 3./eBy and y' := y — v — 7z € 3./e By. Then we have:

(x—z.y—2) = (@+xv+y)
= (. v) + . y) + (6 v) + (1 )
< Q| lllyl +3vElxl +3VElyl + e
< Ixlyl@+ 35 + 35 + 5

[lx]l II) Il
< IxlylR + &F + )

< xelyllR + )

Ll (o ¢ 13VE)

< llx = zllly — 2l = pi=

Since the function ¢ +— i is decreasing on the interval (e, oo) and since ||x||, ||y] €

[M, 00) C (g, 00), we have

llx]| H)” (Q—i— 15[)

[lxll—e Nyl
Hx—dMy—dKM%)(Q+1N3
nllx — zlllly — zlI.

(x—z,y—2) = llx —zlllly -zl

INIA

We are now ready to prove our theorem.

Proof of Theorem 5.2 Let {A,} and {B,} be two sequences of closed convex sets such that
A, — U and B, — V, for the Attouch-Wets convergence, and let ap € H. Let us consider
the corresponding perturbed alternating projections sequences {a,} and {b,}, with starting
point ag.

Fix an arbitrary M € (0, 1), then it suffices to prove that eventually a,, b, € 3MBg.
Lete € (0, M) and n € (0, 1) be given by Lemma 5.5. Let us consider the sets U (¢), V (¢)
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and observe that, by Lemma 5.4, there exists ng € N such that if n > ng then A, C U(¢)
and B, C V(¢). Letus fix ¢ € (0, ) such that n + % < %, then there exists an integer
ny > ng such that, for each n > ny, there exist x, € A, N&¢’By and y, € B, N&'By.

Suppose that n > n, we can observe that:

e by the equivalent formulation of the variational characterization of best approximation
from a convex set in Hilbert spaces (5), and by Lemma 5.5, if a,, b,, ¢ M By, it holds
llan — xull < 11by — x4 |ln (remember that a, = Pa,b,) and hence

lanll < lan — xall + & < n(lball + &) + & < Iball(n + 2) < L |byll;
e similarly, if a,, b,+1 ¢ M By, it holds
b1l < T llanl:
e by (5),if b, € M By then
lanll < llan = xall + & < by — xu | + &' < |16y +2¢" < 3M

and, similarly, if a, € M By then ||b,41] < 3M.

By the items above and applying Fact 2.14, with § = '7%1 < 1, to the sequence {t,,} given

by
{Io11 lall, 16211, llazll, - - .},
it follows that eventually a,,, b, € 3M By. ]

The remaining part of this section is devoted to proving that the assumption on the closed-
ness of the sum of the subspaces, in Theorem 5.2, cannot be removed. This result is contained
in Theorem 5.9 below and is inspired by the construction contained in [16, Section 4], in which
the authors considered two closed subspaces U, V of a Hilbert space such that U NV = {0}
and U + V is not closed.

Notation 5.6 In the sequel of the present section, we adopt the following notation.

H =1,

e If, foreach 1 € N, x” is an element of H, we denote by {x”} the corresponding sequence
in H. Moreover, if h € N is fixed, we can consider x" as a sequence of real numbers and
we write x = {x,},‘}n.

e Suppose that {6,} C R is a bounded sequence and let us consider the linear continuous
operator D : H — H given by Dx = D{x,} := {6,x,} (x = {x,,} € H).

e Z := H @ H is endowed with the inner product (-, -) 7 (denoted in the sequel simply by

(-, -)) defined by

(z1,22)z = {(x1, y1), (x2, ¥2))z = (X1, X2) g + (V1. Y2)H»

where z; = (x;,y,) € Z (i =1, 2).
e Suppose that b = {b,} € H and consider the closed convex subsets of Z defined as
follows:

A={(x,y)€Z; y=0} and V:={(x,y)eZ; y=>b+ Dx}.
Observe that A is a subspace of Z and V is an affine set in Z.
The following remark concerns the computation of projections onto sets A and V, defined

as above.
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Remark 5.7 1f («, B) € Z then we obtain immediately that P4 («, 8) = («, 0). Now, let us
suppose that («, 0) € A and let us compute Py («, 0). If we denote Py («, 0) = ({x,,}, {b, +
6,xn}), by the characterization of best approximation in Hilbert space, we have, for each
{wu} € H,

<({xn —an}, {bn + Onxn}), (yn}s {gn)’n})> =0.

Hence, we must have x,, — «;, + b,,0,, + x,,@,% = 0, whenever n € N. That is, foreachn € N,
: R
it holds x,, = ey Hence,

PaPy ({o}, 0) = (455741, 0).

Repeating N times the same argument yields:

3 —Onby Y (1462
(PP ({an), 0) = (U0 ) ). (14)

In the sequel we shall need the following result concerning Attouch-Wets convergence of
certain sequences of sets.

Lemma 5.8 Let Z be defined as above. Let {b""} C H be a norm null sequence (i.e., |b"|| —
0). Let D, D" : H — H (n € N) be linear bounded operators such that D" — D in the
operator norm. Then, if we define

W:={(x,Dx) e Z;xe€ H} and W, ={(x,b"+D"x)e Z;, x € H} (ne€N),

we have that W, — W for the Attouch-Wets convergence.

Proof Letus fix N € N. If z = (x, Dx) € W N N By then we can consider 7’ = (x, b"* +
D"x) € W, and observe that

lz —2'llz=IDx = D"x = 0"z < N|D — D"|| + 16" || 1.
Similarly, if w = (y, " + D"y) € W,, N\ N Bz then we can consider w’ = (y, Dy) € W and
observe that

lw—w'llz =Dy = D"y =b"|lg < NIID = D"|| + 6" | .
Hence, hy (W, W,) < N||D — D"*|| + ||b"|| = 0 (n — 00), and the proof is concluded. O

Theorem 5.9 Let Z be defined as above and A := {(x, y) € Z; y = 0}, then there exist

(a) B a closed subspace of Z,

(b) z0 € Z,

(c) {An}, {Bn} two sequences of nonempty closed convex sets Attouch-Wets converging to
A and B, respectively,

such that the perturbed alternating projections sequences (w.r.t. {A,} and {B,} and with
starting point zg), are unbounded.

Proof Let us consider the sequence {&,} C R, given by &, = 47", and let us consider the
operator D : H — H, given by D{x,} = {£,x,}. Then define B = {(x,y) € Z; y = Dx}
and, for each n € N, put A, = A. Now, consider any zo = ({«t,}, 0) € A such that o, > 0
(n € N)and ||zo|| < 1.
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Let us put, No = 1 and, for eachn € N, (x,?’l = «y,. We shall define inductively (with
respect to i € N) positive integers Nj, sequences of elements of H

far st ),

positive real numbers M}, and sets C;, C Z such that:

(@) 2" k> (1 M) S0 (e )2 > 28
(i) Cp, = {(x,b"+D"x) € Z; x € H}),where D" : H — Hisgivenbth{xn} = {Gfx,,}
and where b = {bf{}n € H and 9,’: € R are given by

0 ifn<h

. ho &, ifn<h
n - h—1,Nj_, 1M, and 9n =
on &n M,

ifn>h —3r-En ifn>h’

(i) ()"}, 0) = PaPe, (fen™ "™ 11,, 0);

(V) ({ah™),,0) = PaPc, (ap" 10, 0), 1 € N;
IR ESD ShCARD LD DRI DRI
(vi) cxﬁ’t > 0, whenever n, t € N.

Let us show that this is possible. Let 2 € N and suppose we already have N,_; € N and
elements

fop ™ e e H
such that the following conditions hold:

_ h—1,Np_y
e 24— 1> 3% (@, THZ

h—1,Nj_
e o, "' >0, whenevern € N.

(Observe that for h = 1 the two conditions above are trivially satisfied since ao Mo —

N
@y > 0and Y0 (an M) = z0)% < 1.)
By combining these two relations, we obtain that

b pp s 2kl l>Z(athhl) > Z(ah”’h > 0.
n=h+1

Hence there exists a positive real number M), such that (i) holds true. Now, let us consider
C}, defined as in (ii). Then, by the relations in (iii) and (iv), we define {aﬁ”}n (t € N). We
just have to prove that there exists N € N such that (v) is satisfied and that (vi) holds true.
Let N € N. By (14) in Remark 5.7, since ({o/""},,. 0) = (P4 Pc,)Y (ot ™ """=1},,, 0), and
taking into account the definitions of b" € H and {9,?},1 C R contained in (ii), we have that,
for each n > h,

1+Mh 2 !
o N — h—l,N;,,l E Tkt 25”)
n =0n (1+ ZSZ)N
Similarly, for each n < h, we have
ah‘N a/h I,Np— 1
no T (+enV
Since
L DI (gD MM (DY
— h
O< (1+ S)N = TS 1+ M, (N — o0)
n Mh n
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and
ey~ 0 (V= 00),

we have that, forn > h,

h—1,Nj_,

0<a™N 214+ Mpy)a, (N — 00),

and that, forn < h,

h,N

0<a,” =0 (N — ).

As an application of Lebesgue monotone convergence theorem, we have that

lim Z(oth 2= lim Z @ N)? = (1 + My)? Z (e N2,

n h+1 n=h-+1
Hence, by (i), there exists N, € N such that

h,Np h,Np
24 h > ZZOZI((X,, "2 > Z;.,o:h+1((¥n "2 > 2k,

and (v) is satisfied. Moreover, it follows immediately by our construction that condition (vi)
is satisfied.

Now, if ZZ;& Ny <n < ZZ:O Ny, put B, = Cj,. By our construction, it holds that
ay = ("M}, 0) where N = 22:1 Ng. In particular,

o0
2 2 2 2 h,Np~\2 h
BN 1% = 1PabN 1> = [ Paybn|l* = llan]* = Y (apV)? > 2
n=h+1

and hence the the sequences {a,} and {b,} are unbounded.

It remains to prove that B, — B for the Attouch-Wets convergence or, equivalently, that
C,, — B for the Attouch-Wets convergence. In view of Lemma 5.8, it suffices to prove that
the sequence {b"} is norm null (i.e., ||b"|| — 0) and that D" — D in the operator norm.

By the inequalities in (i) and (v), we have

h—1,Np_1

L+ M2 h— 1) > (L+ Mp)2 Y0, (o )2 > oh

and hence

h
(1+ Mp)? > thﬁ

Therefore the sequence {M}} is bounded away from 0. Hence, the sequences {Mi} and

{5 1+Mh } are bounded above by a positive constant K. Then, by the definition of b" in (ii), we
have

h—1,Np, h—1,Nj =
16" < K&nllfon™ ™ Mar < grlton ™" Hm < vV2iT+h -1,

where the last inequality holds by (v). Moreover, by the definition of 9,}1‘ in (ii), we have that
1D — DMx|? < 30241 — 36w < (L4 K2R lIxI? (x = {xa) € H).
Therefore, finally we obtain that
ID —D"|| < (1+K)& 41— 0.

[m}
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6 Conclusion and final remarks

In this paper, we introduced a notion of stability for the alternating projection method related
to a couple (A, B) of closed convex subsets of a Hilbert space H. Namely, we consider two
sequences of closed convex sets {A,} and {B,}, each of them converging, with respect to
the Attouch-Wets variational convergence, respectively, to A and B. Given a starting point
ap € H, we consider the sequences of points obtained by projecting on the “perturbed” sets,
i.e., the sequences {a,} and {b,} given by b, = Pp, (a,—1) and a, = Pa,(b,). The main
results of the paper, summarized in the next theorem, show that some classical assumptions
implying norm convergence of the standard alternating projections method also guarantee
its stability, i.e., norm convergence of {a, } and {b, }. Moreover, we provided some examples
showing that we cannot omit the assumptions contained in our results.

Theorem 6.1 Let H be a Hilbert space and A, B nonempty closed convex subsets of H. Then
the couple (A, B) is stable if at least one of the following conditions is satisfied.

(a) There exist y € AN B and a linear continuous functional f € Sy such thatinf f(B) =
f () =sup f(A) and such that f strongly exposes A at y.

(b) Aisabodyandy € dA is an LUR point of A such that AN B = {y}.

(c) int (AN B) # 0.

(d) A, B are bodies in H such that A is LUR and AN B # (.

(e) H is finite-dimensional and A, B are bodies in H such that A is strictly convex and
ANB #4.

(f) A, B are closed subspace of H such that AN B = {0} and A + B is closed.

(g) H is finite-dimensional and A, B are closed subspace of H such that AN B = {0}.

In the next remark, we collect some interesting problems and some possible subjects of
further studies.

Remark 6.2 (i) In the present paper, we focused on the stability of the alternating projec-
tions method. It is clear that a similar study can be considered also for other projection
and reflection method, such as the Douglas-Rachford method.

(ii) A natural question is to what extent our results can be generalized to Banach spaces
in which a notion of projection is defined (see [17] for some results in this setting
concerning the alternating projection method). Even if some of the arguments contained
in our paper work in general Banach spaces (for example, those contained in Sect. 2),
the proofs of the main results presented above rely on the geometrical structure of
Hilbert spaces and on the peculiar properties of projections in such spaces.

(iii) Another natural question is whether it is possible to extend our approach to the much
more general setting of fixed point algorithms. For some result in this direction, but
under different assumptions, see e.g., [7,10,18].

(iv) A subject of further study will be the application of the perturbed alternating projection
method to concrete examples (such as the so called noiseless phase retrieval problem).
Indeed, we think that the notion of stability, introduced in our work, may be a useful
property also in the study of concrete applications.
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