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Abstract

In this paper we construct a new type of noise of fractional nature that has a strong regularizing
effect on differential equations. We consider an equation driven by a highly irregular vector
field and study the effect of this noise on such dynamical systems. We employ a new method
to prove existence and uniqueness of global strong solutions, where classical methods fail
because of the “roughness” and non-Markovianity of the driving process. In addition, we
prove the rather remarkable property that such solutions are infinitely many times classically
differentiable with respect to the initial condition in spite of the vector field being discontin-
uous. The technique used in this article corresponds, in a certain sense, to the Nash—-Moser
iterative scheme in combination with a new concept of “higher order averaging operators
along highly fractal stochastic curves”. This approach may provide a general principle for
the study of regularization by noise effects in connection with important classes of partial
differential equations.
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1 Introduction
1.1 Background and Main Result
Consider the ordinary differential equation (ODE)

d X X
EXt:b(t,X,), Xo=x, 0<t=<T (€))
for a vector field b : [0, T] x RY — R4,

It is well-known that the ODE (1) admits the existence of a unique solution X;, 0 <t <
T, if b is a Lipschitz function of linear growth, uniformly in time. Further, if in addition
b e Ck([O, T] x RY: Rd), k > 1, then the flow associated with the ODE (1) inherits the
regularity from the vector field, that is

(x — XF) e CKRY; RY).

However, well-posedness of the ODE (1) in the sense of existence, uniqueness and the
regularity of solutions or flow may fail, if the driving vector field b lacks regularity, that is if
b e.g. is not Lipschitz or discontinuous.

In this article we aim at studying the restoration of well-posedness of the ODE (1) in the
above sense by perturbing the equation via a specific noise process B;, 0 < ¢t < T, that is
we are interested to analyze strong solutions to the following stochastic differential equation
(SDE)

t
Xf:x—i—/ b(t,X})ds+B;,, 0<t<T, )
0

where the driving process B;, 0 < ¢ < T is a stationary Gaussian process with non-Holder
continuous paths given by

Hy,
B =) 1B 3)
n>1
Here B M n > 1lare independent fractional Brownian motions in R4 with Hurst parameters
H, € (0, 3),n > 1 such that
H, \ 0

forn — oo. Further, >, |A4] < ocofori, e R,n > 1.

We recall (for d = 1) that a fractional Brownian motion B with Hurst parameter H €
(0, 1) is a centered Gaussian process on some probability space with a covariance structure
Rp (¢, s) given by

I
Ru(t,s)=E [B,HB;”] = ST 2 5P s =0,

In addition, B¥ has a version with Holder continuous paths with an exponent strictly smaller
than H. The fractional Brownian motion coincides with the Brownian motion for H = %,

but is neither a semimartingale nor a Markov process, if H # % We also recall here that a
fractional Brownian motion B! has a representation in terms of a stochastic integral as

t
BH :/0 Ky (t, u)dW,, “4)
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where W. is a Wiener process and where Ky (¢, -) is an integrable kernel. See Sect.2 and e.g.
[55] and the references therein for more information about fractional Brownian motion.

In fact, on the other hand, the SDE (2) can be also naturally recast for ¥;* := X; — B, in
terms of the ODE

t
Vit / b(s, Y1), ®)
0

where b* (¢, y) := b(t, y + B;) is a “randomization” of the input vector field b.

Using Malliavin calculus combined with integration-by-parts techniques based on Fourier
analysis, we want to show in this paper the existence of a unique global strong solution X~*
to (2) with a stochastic flow which is smooth, that is

(x — X5 e C*°RYRY) ae. forall 1, (©6)
when the driving vector field b is singular, that is more precisely, when
be L], :=L(0,T]; LP R, RD) N L' RY; L2([0, T RY)

for p,q € (2, oo]. More precisely, the main result of our paper, whose proof will be given
in Sect. 5, is the following:

Theorem 1.1 Assume that the conditions for A = {A;}{2, with respect to B. = BH in
Theorem 4.16 hold. Suppose that b € Cg’p, p.q € (2,00]. Let U C R? be an open and
bounded set and X;, 0 <t < T the solution of (2). Then for all t € [0, T] we have that

X, e ([ LA @ whe ).

k>1a>2

We think that the latter result is rather surprising since it seems to contradict the paradigm
in the theory of (stochastic) dynamical systems that solutions to ODE’s or SDE’s inherit their
regularity from the driving vector fields.

We also mention that Theorem 1.1 is the first result! in the literature on the C-
regularization by noise of singular ODEs in the sense of (6).

1.2 Possible Applications to PDEs and the Theory of Dynamical Systems

We expect that the regularizing effect of the noise in (2) will also pay off dividends in PDE
theory and in the study of dynamical systems with respect to singular SDE’s:

For example, if X* is a solution to the ODE (1) on [0, 00), then X : [0, o0) x R —> R4
may have the interpretation of a flow of a fluid with respect to the velocity field u = b of an
incompressible inviscid fluid, which is described by a solution to an incompressible Euler
equation

u; + (Du)u+vP =0,V -u=0, (7)

where P : [0, 00) x R —> R is the pressure field.

! In this context, we would like to point out that related results to ours appeared in the literature about 2 years
after the completion of our paper. See Harang and Perkowski [34], which is partially based on our article, or
Galeati and Gubinelli [27, 28], in which the authors also analyze path-by-path solutions for (distributional)
vector fields in Besov—Holder spaces and other types of regularizing noise. See also Galeati [26] for an
overview.
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Since solutions to (7) may be singular, a deeper analysis of the regularity of such solutions
also necessitates the study of ODE’s (1) with irregular vector fields. See the seminal works of
DiPernaand Lions [22] and Ambrosio [3] in connection with the construction of (generalized)
flows associated with singular ODE’s.

In the context of stochastic regularization of the ODE (1) in the sense of (2), however,
the obtained results in this article naturally give rise to the question, whether the constructed
smooth stochastic flow in (6) may be used for the study of regular solutions of a stochastic
version of the Euler equation (7).

Regarding applications to the theory of stochastic dynamical systems one may study the
behaviour of orbits with respect to solutions to SDE’s (2) with singular vector fields at sections
on a 2-dimensional sphere (Theorem of Poincaré-Bendixson).

Another potential application pertains to a modified (stochastic) version of the Theorem of
Kupka—Smale [62], which may lead to a corresponding result on the residuality of hyperbolic
critical elements, for which pairs of critical elements have transversal invariant manifolds, in
the case of singular SDE‘s on smooth compact manifolds. The proof of the classical Kupka—
Smale theorem (see e.g. [56]) is based on the study of the properties of the differential of the
smooth (time-homogeneous) vector fields. However, in the case of a singular SDE, the proof
may rely on the investigation of the smooth stochastic flow (6) in Theorem 1.1.

Finally, we point out that our method for proving Theorem 1.1 allows for the to study of
dynamical systems associated with (2) in a deterministic sense, that is in the path-by-path
sense of Davie [17]. The latter means that one can find a measurable subset Q* (depending
on the initial value x) in the space of continuous functions on [0, 7] with probability mass
(i.e. Wiener measure mass) 1 such that for all € Q* the deterministic ODE

t
f(t,X)ZX-i—/ b, f(s,x))ds +Bi(w), 0 <t =T
0

has a unique solution f(-, x) in the space of continuous functions on [0, T'].

Moreover, when the vector field b in (2) is essentially bounded and integrable, one can
also show that * can be chosen to be independent of the initial value x and that f (¢, -) €
C®(R4; RY) for all 7. See [6] in connection with Theorem 1.1.

1.3 Discussion of Previous Results and Our Approach

We mention that well-posedness in the sense of existence and uniqueness of strong solutions
to (1) via regularization of noise was first found by Zvonkin [69] in the early 1970s in the one-
dimensional case for a driving process given by the Brownian motion, when the vector field
b is merely bounded and measurable. Subsequently the latter result, which can be considered
a milestone in SDE theory, was extended to the multidimensional case by Veretennikov [65].

Other more recent results on this topic in the case of Brownian motion were e.g. obtained
by Krylov and Rockner [37], where the authors established existence and uniqueness of
strong solutions under some integrability conditions on b. See also the works of Gyongy
and Krylov [31] and Gyongy and Martinez [32]. As for a generalization of the result of
Zvonkin [69] to the case of stochastic evolution equations on a Hilbert space, we also mention
the striking paper of Da Prato et al. [18], who constructed strong solutions for bounded and
measurable drift coefficients by employing solutions of infinite-dimensional Kolmogorov
equations in connection with a technique known as the “Ito—Tanaka—Zvonkin trick”.

The common general approach used by the above mentioned authors for the construction
of strong solutions is based on the so-called Yamada—Watanabe principle [67]: The authors
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prove the existence of a weak solution (by means of e.g. Skorokhod’s or Girsanov’s theorem)
and combine it with the property of pathwise uniqueness of solutions, which is shown by
using solutions to (parabolic) PDE’s, to eventually obtain strong uniqueness. As for this
approach in the case of certain classes of Lévy processes the reader may consult Priola [59]
or Zhang [68] and the references therein.

Letus comment on here that the methods of the above authors, which are essentially limited
to equations with Markovian noise, cannot be directly used in connection with our SDE (2).
The reason for this is that the initial noise in (2) is not a Markov process. Furthermore, it is
even not a semimartingale due to the properties of fractional Brownian motion.

In addition, we point out that our approach is diametrically opposed to the Yamada—
Watanabe principle: We first construct a strong solution to (2) by using Mallliavin calculus.
Then we verify uniqueness in law of solutions, which enables us to establish strong unique-
ness, that is we use the following principle:

Strong existence ‘—i— ’ Uniqueness in law ‘ = ’ Strong uniqueness |.

Moreover, our approach for the construction of strong solutions of singular SDE’s (2)
in connection with smooth stochastic flows is not based on techniques from Markov or
semimartingale theory as commonly used in the literature. In fact, our construction method
has its roots in a series of papers [9, 46—48]. See also [33] in the case of SDE’s driven by Lévy
processes, [25, 49] regarding the study of singular stochastic partial differential equations or
[8, 10] in the case of functional SDE’s.

Finally, let us also mention some results in the literature on the existence and uniqueness of
strong solutions of singular SDE’s driven by a non-Markovian noise in the case of fractional
Brownian motion:

The first results in this direction were obtained by Nualart and Ouknine [53, 54] for
one-dimensional SDE’s with additive noise. For example, using the comparison theorem,
the authors in [53] are able to derive unique strong solutions to such equations for locally
unbounded drift coefficients and Hurst parameters H < %

More recently, Catellier and Gubinelli [15] developed a construction method for solutions
of multidimensional singular SDE’s with additive fractional noise and H € (0, 1) for vector
fields b in the Besov—Holder space Bgo*";o, a € R. Here the solutions obtained are even path-
by-path in the sense of Davie [17], which is a stronger property than that of strong uniqueness,
and the construction technique of the authors relies on the Leray—Schauder—Tychonoff fixed
point theorem and a comparison principle based on an average translation operator. Further,
the drift part of the SDE is given by a non-linear Young type of integral. See also Amine et
al. [6], where the authors use Malliavin calculus to establish path-by-path solutions in the
sense of Davie, when the drift part of the SDE is a classical Lebesgue integral and the vector
field is essentially bounded and integrable. We remark that the approach in Catellier and
Gubinelli [15] fails to work in the latter case, since non-linear Young type of integrals don‘t
necessarily coincide with classical Lebesgue integrals, in general.

In this context let us also mention the recent works by Hu et al. [36], which deals with the
study of the Brox diffusion, and Butkovski and Mytnik [14], where the authors obtain results
on the regularization by (space time white) noise of solutions to a non-Lipschitz stochastic
heat equation and the associated flow. Here path-by-path unique solutions in the sense of
Davie [17] are proved.

Another recent result which is based on Malliavin techniques very similar to our paper can
be found in Bafios et al. [9]. Here the authors proved the existence of unique strong solutions
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for coefficients
be L% = L' R L=([0, TI; RY) N LR L0, TI; RY)

for sufficiently small H € (0, %).

The approach in [9] is different from the above mentioned ones and the results for vector
fields b € Lég?ooo are not in the scope of the techniques in [15]. See also [10] in the case of
fractional noise driven SDE’s with a distributional drift.

Let us now turn to results in the literature on the well-posedness of singular SDE’s under
the aspect of the regularity of stochastic flows:

If we assume that the vector field b in the ODE (1) is not smooth, but merely require that
be WP and v -b e L™, then it was shown in [22] the existence of a unique generalized
flow X associated with the ODE (1). See also [3] for a generalization of the latter result to
the case of vector fields of bounded variation.

On the other hand, if » in ODE (1) is less regular than required in [3, 22], then a flow may
even not exist in a generalized sense.

However, the situation changes, if we regularize the ODE (1) by an (additive) noise:

For example, if the driving noise in the SDE (2) is chosen to be a Brownian noise, or more
precisely if we consider the SDE

dX, = u(t,X,)dt +dB;, s,t>0, X,=x¢cR?

with the associated stochastic flow ¢ ; : R4 — R4, the authors in [49] could prove for merely
bounded and measurable vector fields b a regularizing effect of the Brownian motion on the
ODE (1), that is they could show that ¢; ; is a stochastic flow of Sobolev diffeomorphisms
with

P50 05, € L2 WP (R w))

for all s, 7 and p € (1, 00), where WP (R?; w) is a weighted Sobolev space with weight
function w : R? — [0, co). Further, as an application of the latter result, which rests on
techniques similar to those used in this paper, the authors also study solutions of a singular
stochastic transport equation with multiplicative noise of Stratonovich type.

Another work in this direction with applications to Navier—Stokes equations, which
invokes similar techniques as introduced in [49], deals with globally integrable u € L4
forr/d +2/q < 1 (r stands here for the spatial variable and ¢ for the temporal variable). In
this context, we also mention the paper [24], where the authors present an alternative method
to the above mentioned ones based on solutions to backward Kolmogorov equations. See
also [23]. We also refer to [59, 68] in the case of «-stable processes.

On the other hand if we consider a noise in the SDE (2), which is rougher than a Brownian
motion with respect to the path properties and given by a fractional Brownian motion for
small Hurst parameters, one can even observe a stronger regularization by noise effect on
the ODE (1): For example, using Malliavin techniques very similar to those in our paper,
the authors in [9] are able to show for vector fields b € L(I,gfooo the existence of higher order
Fréchet differentiable stochastic flows

x> X)) e CKR?) ae.forall 1,

provided H = H (k) is sufficiently small.
Another result related to the regularity of flows in connection with fractional Brownian
motion can be found in Catellier and Gubinelli [15], where the authors under certain condi-
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tions obtain Lipschitz continuity of the associated stochastic flow for drift coefficients b in
the Besov—Holder space Bg‘o‘%o, aeR.

The method we aim at employing in this paper for the construction of strong solutions
rests on a compactness criterion for square integrable functionals of a cylindrical Brownian
motion from Malliavin calculus, which is a generalization of that in [19], applied to solutions

xxn
dX;" =b,(t, X;")dt +dB,, Xy"=x, n>1,

where b,, n > 0 are smooth vector fields converging to b € L‘,q . Then using variational
techniques based on Fourier analysis, we prove that X; as a solutlon to (2) is the strong
L?-limit of X;"" for all z.

To be more specific (in the case of time-homogeneous vector fields), we “linearize” the
problem of finding strong solutions by applying Malliavin derivatives D' in the direction of
Wiener processes W' with respect to the corresponding representations of BH in (4)in
connection with (3) and get the linear equation

u
D, X" =/ b (X3"Dy X "ds + Ky (u, 1)I7,0 <t <u,n>1, )
t

where b,, denotes the spatial derivative of b,,, Ky the kernel in (4) and 1; € R*4 the unit
matrix. Picard iteration then yields

DIXN" = Ky (u, )1y + Z/ by (XEM) by (XS K (s1, D) ladsy . .. ds
r<s)<---<sp<u

m>1
9

In a next step, in order to “get rid of” the derivatives of b, in (9), we use Girsanov’s change
of measure in connection with the following “local time variational calculus” argument:

/ 1 ()D* f (By)ds =/ D f(2)L(t, 2)dz
O<sy<--<sp<t Rdn

:(—1)'“'/d f@D*L"(t, 2)dz, (10)
R"

for By := (By,,...,B,,) and smooth functions f : R — R with compact support,
where D"‘ stands for a partial derivative of order || for a multi-index «). Here, L (t, z) is
a spatially differentiable local time of B. on a simplex scaled by a non-negative integrable
function « (s) = k1(s) ...k, (5).

Using the latter enables us to derive upper bounds based on Malliavin derivatives D’ of the
solutions in terms of continuous functions of ||, || cd , which we can use in connection with

a compactness criterion for square integrable functlonals of a cylindrical Brownian motion
to obtain the strong solution as a L2-limit of approximating solutions.

Based on similar previous arguments we also verify that the flow associated with (2) for
be Lﬁg‘ » is smooth by using an estimate of the form

t xeU

ak xX,n
sup sup £ WX’

o
] = Cpaatikat (Iballg )on=1

for arbitrary k > 1, where Cp 4.4 1 k01 : [0,00) — [0, 00) is a continuous function,
depending on p,q,d, H = {Hp}u>1,k, 2, T fora > 1 and U C RY a fixed bounded
domain. See Theorem 5.1.
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We also mention that the method used in this article significantly differs from that in [9]
and related works, since the underlying noise of B. in (2) is of infinite-dimensional nature, that
is a cylindrical Brownian motion. The latter however, requires in this paper the application
of an infinite-dimensional version of the compactness criterion in [19] tailored to the driving
noise B..

1.4 Discussion of Some General Principles Underlying Our Methodology

It is crucial to note here that the above technique explained in the case of perturbed ODE’s
of the form (2) reveals or strongly hints at a general principle, which could be used to study
important classes of PDE’s in connection with conservation laws or fluid dynamics. In fact,
we believe that the following underlying principles may play a major role in the analysis of
solutions to PDE’s.

1.4.1 Nash-Moser Principle

The idea of this principle, which goes back to Nash [52] and Moser [50], can be (roughly)
explained as follows:

Assume a function @ of class CX. Then the Nash-Moser technique pertains to the study
of solutions u to the equation

Q) = P(uo) + f, an

where uy € C™ is given and where f is a “small” perturbation.

In the setting of our paper, the latter equation corresponds to the SDE (2) with a (non-
deterministic) perturbation given by f = B. (or ¢B. for small ¢ > 0). Then, using this
principle, the problem of studying solutions to (11) is “linearized” by analyzing solutions to
the linear equation

(v =g, (12)

where @' stands for the Fréchet derivative of ®. The study of the latter problem, however,
usually comes along with a “loss of derivatives”, which can be measured by “tame” estimates
based on a (decreasing) family of Banach spaces E;, 0 < s < oo with norms |-|; such that
Ns=0Es = C*°. Typically, E; = C® (Holder spaces) or E; = H* (Sobolev spaces).

In our situation, Eq. (12) has its analogon in (8) with respect to the (stochastic Sobolev)
derivative D' (or the Fréchet derivative D in connection with flows).

Roughly speaking, in the case of Holder spaces, assume that

O ()Y () = Id
for a linear mapping ¥ (u), which satisfies the “tame” estimate:

Y )gly < CU8la4n + 181 (A + lulgsr))

fornumbers A, r > Oand & > 0. In addition, require a similar estimate with respect to @' ().
Then, there exists in a certain neighbourhood W of the origin such that for f € W Eq. (11)
has a solution u(f) € C¢. Solution here means that there exists a sequence u;, j > 1in
C°° such that foralle > 0, u; —> uin C*7® and ®(u;) —> P(ug) + f in Cotr=¢ for
Jj —> oo. The proof of the latter result rests on a Newton approximation scheme and results
from Littlewood-Paley theory. See also [1] and the references therein.
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1.4.2 Signature of Higher Order Averaging Operators Along a Highly Fractal Stochastic
Curve

In fact another, but to the best of our knowledge new principle, which comes into play
in connection with our technique for the study of perturbed ODE’s, is the “extraction” of
information from “signatures” of higher order averaging operators along a highly irregular
or fractal stochastic curve y; = B; of the form

(@7 By @, 1 By o), T By @), )

— (L, f b b 2z,
R

/ b2 (x@ 4 o) T2l (79)d 7, / b3 (x®) 4 z3) T2l (23)dz3, . )
R2d R3d
e RI¥4 x R? x RI*4 x ... (13)

where b : R — R< is a “rough”, that is a merely (locally integrable) Borel measurable
vector field and

seeedp— ool

il J1 ik
Lt (zy) = (D* Lie(t, 2n)) 11, jumr,j=d

for multi-indices 1+ n=1:7: 1wl ¢ Ngd of order ‘ozj‘""’j”*"j'l"""lk’ =n+k — 1 for all
(fixed) Iy, ..., Iy € {1,...,d}, k > 0and x™ := (x,...,x) € R™ Here L is the local

time from (10) and the multiplication of b®"(z,,) and T’y oAl (zn) in the above signature is
defined via tensor contraction as
d
GO @) @)y = Y B @ity T @) oy o = 20
Jlseessjn—1=1

If £ = 0, we simply set

7/l by () = T (b) (x) = / DL 2)dz
R

foralln > 1.

The motivation for the concept (13) for rough vector fields b comes from the integration
by parts formula (10) applied to each summand of (9) (under a change of measure), which
can be written in terms of Tf’y’l"”"lk b)(x) fork = 1.

Higher order derivatives (D')* (or alternatively Fréchet derivatives D* of order k) in
connection with (9) give rise to the definition of operators Tlf’y’ll""’lk (b)(x) for general
k > 1 (see Sect.5).

For example, if n = 1, k = 2, k = 1, then we have for (smooth) b that

1 1
/ b"(x + ys)ds = / b"(x + By)ds
0 0
= (/db(x“) +m)(DzLi<r,zo)z,,zzdm>
R

= (/ b(xD +Z1)r;”1”2(z1)dz1>
Rd 1<ly.ly<d

- (T,”*“*’2 (b)(x)) cR! @R (14)

1=<ly,lr=d

I<h,lh=d
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In the case, whenn = 1,k = 0,k = 1 and y, = BtH a fractional Brownian motion for

H < %, the first order averaging operator T,1 ¥ along the curve y; in (13) coincides with that
in Catellier and Gubinelli [15] given by

TV (b)(x) = /tb <x + BH) ds
t - 0 s ’

which was used by the authors- as mentioned before- to study the regularization effect of y;
on ODE’s perturbed by such curves. For example, if b € Bgo"';o (Besov—Holder space) with

o>2— ﬁ then the corresponding SDE (2) driven by B admits a unique Lipschitz flow.
The reason why the latter authors “only” obtain Lipschitz flows and not higher regularity
may be that they do not take into account in their analysis information coming from higher
order averaging operators 7}"”/’]1""’[" for n > 1, k > 1. Here in this article, we rely in
fact on the information based on such higher order averaging operators to be able to study
C*-regularization effects with respect to flows.

Let us also mention here that Tao and Wright [64] actually studied averaging operators of
the type T,y along (smooth) deterministic curves y, and the improvement in bounds of such
operators on L? along such curves. See also [35, 51] and the recent work of [30] and the
references therein.

On the other hand, in view of the possibility of a geometric study of the regularity of
solutions to ODE’s or PDE’s, it would be (motivated by (14) natural to replace the signatures
in (13) by the following family of signatures for rough vector fields b:

Stn(b)(x) o (17 Ttn,y(b)(XL (Tln,y,ll (b)(X))1<ll<d ’ (Ttn’%llq[2 (b)(X))ldl h<d o )

e TR == [[@_RY).n>1,
k>0

where we use the convention ®?= | R¢ = R. The space T (R?) becomes an associative algebra
under tensor multiplication. Then the regularity of solutions to ODE’s or PDE’s can be
analyzed by means of such signatures in connection with Lie groups & C Tj(R%) :=
{(g0. g1,..) € T(RY) : go = 1}.

In this context, it would be conceivable to derive a Chen-Strichartz type of formula [63]
by means of S;'(b) in connection with a sub-Riemannian geometry for the study of flows.
See [11] and the references therein.

1.4.3 Removal of a “thin” Set of “worst case” Input Data via Noisy Perturbation

As explained before well-posedness of the ODE (1 ) can be restored by “randomization” or
perturbation of the input vector field b in (5). The latter suggests that this procedure leads to
a removal of a “thin” set of “worst case” input data, which do not allow for regularization
or the restoration of well-posedness. It would be interesting here to develop methods for the
measurement of the size of such “thin” sets

The organization of our article is as follows: In Sect.2 we discuss the mathematical
framework of this paper. Further, in Sect.3 we derive important estimates via variational
techniques based on Fourier analysis, which are needed later on for the proofs of the main
results of this paper. Section4 is devoted to the construction of unique strong solutions to the
SDE (2). Finally, in Sect. 5 we show C°°-regularization by noise B. of the singular ODE (1).
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1.5 Notation

Throughout the article, we will usually denote by C a generic constant. If 7 is a collection
of parameters then C will denote a collection of constants depending only on the collection
7. Given differential structures M and N, we denote by C°(M; N) the space of infinitely
many times continuously differentiable function from M to N with compact support. For a
complex number z € C, 7 denotes the conjugate of z and i the imaginary unit. Let E be a
vector space, we denote by |x|, x € E the Euclidean norm. For a matrix A, we denote |A] its
determinant and || A || its maximum norm.

2 Framework and Setting

In this section we recollect some specifics on Fourier analysis, shuffle products, fractional
calculus and fractional Brownian motion which will be extensively used throughout the
article. The reader might consult [43, 44] or [21] for a general theory on Malliavin calculus
for Brownian motion and [55, Chapter 5] for fractional Brownian motion. For a more detailed
theory on harmonic analysis and Fourier transform the reader is referred to [29].

2.1 Fourier Transform
In the course of the paper we will make use of the Fourier transform. There are several

definitions in the literature. In the present article we have taken the following: let f € L' (RY)
then we define its Fourier tranform, denoted it by f, by

1763 :/If(x)e’Z”“x’aRddx, £ eR?. (15)
R(

The above definition can be actually extended to functions in L?(R?) and it makes the
operator L>(R?) 5 f > f e L*(R?) a linear isometry which, by polarization, implies

(f, 8 2wey = (f> Q) 2wey,  frg € LX(RY),

where

(fr &) = fR [ f@g@dz, f, g€ LR

2.2 Shuffles

Let k € N. For given my, ..., my € N, denote
J
my.j :=Zmi,
i=1
e.g.mpx =mi+---+myandsetmg := 0. Denoteby S, = {o : {1,....,m} — {1,...,m}}

the set of permutations of length m € N. Define the set of shuffle permutations of length
mpg =mip+---mg as

Smi,...,mp):={0c €Sy :om;; +1) <~ <o@mriy), i =0,...,.k—1},
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and the m-dimensional simplex in [0, T']™
A?g’t =01, ..., S) EN0, T i tg <51 < -+ <s8m<t}, to,t €[0,T], to<t.

Let f; : [0,T] — [0,00),i =1, ..., my be integrable functions. Then, we have

k—1
1_[ m; S 41 Gmy+1) - s Gmpp )dSmy 41+ Sy
i=0 7 D'
_— (16)
N 2 /m [ fowywndws - dwp,,,.
o~leSimy,...m Digt =1
The above is a trivial generalisation of the case k = 2 where
mi+my
wesresm <t L1 FiG)dst dsmm
10<Sm +1<"<Smy4+my <t i=1 (17)

my—+my

= Z / 1_[ f(r(i)(wi)dwl"'dwm1+mza
hy<wi< <wm1+m2<t

o*‘eS(ml,mz) i=1

which can be for instance found in [42].

We will also need the following formula. Given indices jo, ji, ..., jk—1 € N such
that 1 < j; < mjqp1,i = 1,...,k — 1 and we set jo := mj + 1. Introduce the subset
Sitvejia(my, oo, my) of S(my, ..., my) defined as

S (my. - mg) = {a € Stmy,...,mp): o(myi+1) <--- < a(mpg+ji — 1),

o) =1, m1;i+jiSlfml;i+1,i=0,...,k—1].

We have
mi:k
. [ fiGsodsi - dsm,
APE s ATR cex A
1007205y g4y 105my+jp =1

mi:k

= / 10<81<"<Smy <Sm+j, 1_[ Si(si)dsy - 'dsml;k
fo

<Smytmy+1 <" <Smy+my <Smi+my+jy j—1

10 <Smy+mp_y+1 <" <Sm oty <t

mi:k

- Z / Hfa(i)(wi)dwl s d Wiy (18)
1

<w|<---<w, <t .
oleS) ey (miemy) 0=11 Mk i=1

(my + -+ my)!
#S(my, ..., my) = s
mip!---myg!

where # denotes the number of elements in the given set. Then by using Stirling’s approxi-
mation, one can show that

#S(my, ..., my) < CMH
for a large enough constant C > 0. Moreover,

#Sjl,...,jk_l(ml’ e mk) < #S(ml, ey mk).
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2.3 Fractional Calculus

We pass in review here some basic definitions and properties on fractional calculus. The
reader may consult [41, 61] for more information about this subject.

Suppose a, b € R with a < b. Further, let f € LP([a, b]) with p > 1 and & > 0.
Introduce the left- and right-sided Riemann—Liouville fractional integrals by

1 X
110 = fos / (x = 9 F()dy

and
Bf0 = 5 )/ (v — 0% f(dy

for almost all x € [a, b], where I" stands for the Gamma function.

Furthermore, for an integer p > 1, denote by 17, (L?) (resp. ;" (L”)) the image of
LP([a, b)) oftheoperatorl (resp. 1"‘ ).If f e I (L”) (resp. f € I"‘ (LP))and0 < a < 1
then we define the left- and right- szded Rlemann—LlouVllle fracttonal derivatives by

X
DY) = [ T
ra —e)dx J, (x—y)~

and

™ f(y)
Dy 100 = a) dx / G

The above left- and right-sided derivatives of f can be represented as follows:

1
Dg+f(x)=r(1_a)( f(x) /f(X) fo , )

(x _ a)"‘ y)oH—l
o . 1 fx) fx) — f(Y)
Dyt = ri=w ((b ) / (y— et )

By construction one also finds the relations
D) =f
forall f € 17, (L?) and
L ) =f
forall f € LP([a, b]) and similarly for 1, and Dj_.

2.4 Fractional Brownian Motion

Consider a d-dimensional fractional Brownian motion BH = (BH (1) B,H @ ), 0 <

t < T with Hurst parameter H € (0, 1/2). So BH is a centered Gaussian process with
covariance structure

. . 1
(Rig (. 5)n,j = BB OB = 615 (2 52— =P i j=1...d.

where §; j = 1if i = j and §; ; = 0 otherwise.
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One finds that E[|BY — B |?] = d|t — s|*!. The latter implies that B¥ has stationary
increments and Holder continuous trajectories of index H — ¢ for all ¢ € (0, H). In addition,
one also checks that the increments of B¥, H € (0, 1/2) are not independent. This fact
however, complicates the study of e.g. SDE’s driven by the such processes compared to the
Wiener setting. Another difficulty one is faced with in connection with such processes is that
they are not semimartingales, see e.g. [55, Proposition 5.1.1].

In what follows let us briefly discuss the construction of fractional Brownian motion via an
isometry. In fact, this construction can be done componentwise. Therefore, for convenience
we confine ourselves to the one-dimensional case. We refer to [55] for further details.

Let us denote by £ the set of step functions on [0, 7] and by H the Hilbert space, which
is obtained by the closure of £ with respect to the inner product

(11o.r1> Lio.s1) = Ru(t, 5).

The mapping 1jo,] — B/ has an extension to an isometry between H and the Gaussian
subspace of L2(£2) associated with B¥ . We denote the isometry by ¢ — B ().

The following result, which can be found in (see [55, Proposition 5.1.3]), provides an
integral representation of Ry (¢, s), when H < 1/2:

Proposition 2.1 Let H < 1/2. The kernel

t H*% gl 1 Ly t 3 i
Kp(t,s) =cn (;) (t—s) _§+(§—H>s§_ /u 2w —s)""2du |,

where cy = \/(I—ZH)ﬂ(lz—ZH,H—H/Z) being B the Beta function, satisfies

IAS
Ry(t,s) :/ Ky(t,u)Kgy (s, u)du. (19)
0
The kernel K g also has a representation in terms of a fractional derivative as follows
1 1
Ku(t,$) = cul (H + 5) s3H (Dt{ HuH*%> (s).
Let us now introduce a linear operator K7, : £ — L%([0, T]) by
. r Ky
(Kpo)(s) = Ku(T,s)p(s) + | (o) — (p(s))T(t’ s)dt
N
forevery ¢ € £. We see that (K}, 110,1))(s) = Kn(t, s)1j0,11(s). From this and (19) we obtain
that K}, is an isometry between £ and L2([0, T']) which has an extension to the Hilbert space

H.
For a ¢ € H one proves the following representations for K7;:

(Kje)(s) = cul (H + %) sz (DfrH”H_%w(u)> (s),

1 1_
(Kpe)(s) = cpl (H + 5) (D;f Hw(s)) (s)

T H-}
+cH (% - H)/ o ()(t —s)H’% (1 - (2) 2) dt.
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1_
On the other hand one also gets the relation H = [ TZ, " (L?) (see [20] and [2, Proposition
oD

Using the fact that K}, is an isometry from 7 into L2([0, T1), the d-dimensional process
W = {W;,t € [0, T]} given by

W, == BT (K™ (1jo.)

is a Wiener process and the process B! can be represented as
t
BH =f Ky(t, s)dWs. (20)
0

See [2].

In the sequel, we denote by W. a standard Wiener process on a given probability space
endowed with the natural filtration generated by W augmented by all P-null sets. Further,
B. := BH stands for the fractional Brownian motion with Hurst parameter H € (0, 1/2)
given by the representation (20).

In the following, we need a version of Girsanov’s theorem for fractional Brownian motion
which goes back to [20, Theorem 4.9]. Here we state the version given in [53, Theorem 3.1].

1
In preparation of this, we introduce an isomorphism Ky from L2([0, T']) onto 10H++2 (L%
associated with the kernel Ky (¢, s) in terms of the fractional integrals as follows, see [20,
Theorem 2.1]

1 g Yol 1
(Kup)(s) = Igts2 712 " s" 29, ¢ e L*([0,T)).

Using the latter and the properties of the Riemann-Liouville fractional integrals and
derivatives, one finds that the inverse of K g is given by

_ g f-H g1 H+}
(Ki'o)(s) =527 HD2 "sH 2D o(s), ¢ eIy, (LY. 1)
Hence, if ¢ is absolutely continuous, see [53], one can prove that
—1 H-1 %_H 1_H
(Kg'o)s) =sH7215 52719/ (5), ace. (22)

Theorem 2.2 (Girsanov’s theorem for mel Let u = {u;,t € [0,T]} be an F-adapted
process with integrable trajectories and set B,H = BtH + f(; usds, t €0, T]. Assume that

(i) fousds € IOT%(LZ([O, T1), P-a.s.
(it) E[&r] =1 where

T . 1 T . 2
£ = exp{—/ Ky (/ u,dr) (s)dWs — 7/ Ky (/ urdr) (s)ds}.
0 0 2 Jo 0

Then the shifted process BH isan F -fractional Brownian motion with Hurst parameter
H under the new probability P defined by Z—Ilz = ér.

Remark 2.3 For the multidimensional case, define

(Kue)(s) i= (Kge)(s), ..., (KugP)(s)*, ¢ € L*([0, T]; RY),

where * denotes transposition. Similarly for K ;11 and K7;.
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Finally, we mention a crucial property of the fractional Brownian motion which was
proven by [57] for general Gaussian vector fields.

Letm e Nand 0 =: 19 < t; < --- < t, < T. Then for every &;,....&, € R there
exists a positive finite constant C > 0 (depending on m) such that

m

m
H H 2
var |y (sj,Btj —B,H>Rd >CY gl E[
j=1

j=1

B,’,?’—BH

tj—1

2
} . (23)

The above property is known as the local non-determinism property of the fractional
Brownian motion. A stronger version of the local non-determinism, which we want to make
use of in this paper and which is referred to as two sided strong local non-determinism in the
literature, is also satisfied by the fractional Brownian motion: There exists a constant K > 0,
depending only on H and T, such that forany t € [0, T],0 < r < t,

Var [B,”| {BSH r—s| > r” > Kr2H, (24)

The reader may e.g. consult [57] or [66] for more information on this property.

3 A New Regularizing Process

Throughout this article we operate on a probability space (€2, 2, P) equipped with a filtration
F :={Fi}iero,7) where T > 0 is fixed, generated by a process B. = BH = {]ESIH,I e [0, T}
to be defined later and here 2 := Fr.

Let H = {H,}s>1 C (0, 1/2) be a sequence of numbers such that H, \, 0 forn — oo.
Also, consider A = {X,},>1 C Rasequence of real numbers such that there exists a bijection

{(n:i, #0} > N (25)

and
> 1Al € (0, 00). (26)
n=1

Let {W"},>1 be a sequence of independent d -dimensional standard Brownian motions
taking values in R4 and define for everyn > 1,

t t t *
B,”"~”=/ KHn(t,s)de=</ KHn(t,s)dwg’»‘,...,/ KHn(t,s)dW;”d) .27
0 0 0

By construction, B.H”’", n > 1 are pairwise independent d-dimensional fractional Brow-
nian motions with Hurst parameters H,. Observe that W”" and pHnn generate the same
filtrations, see [55, Chapter 5, p. 280]. We will be interested in the following stochastic

process

o0
B =3 1,8/, 1€[0,T]. (28)

n=1
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Finally, we need another technical condition on the sequence A = {A,},>1, which is used
to ensure continuity of the sample paths of B¥:

oo
Zmus[ sup |BSH"’"|:| < 00, (29)

=1 0<s<l1

Bfn'n

€ LY(Q) indeed, see e.g. [12].

The following theorem gives a precise definition of the process B and some of its relevant
properties.

where SUPp<s<]

Theorem 3.1 Let H = {H,},>1 C (0, 1/2) be a sequence of real numbers such that H, \ 0
forn —> o0 and » = {Ay}a=1 C R satisfying (25), (26) and (29). Let {B"""}*° | be a
sequence of d-dimensional independent fractional Brownian motions with Hurst parameters
H,, n > 1, defined as in (27). Define the process

o0
B == 1,B"". 1e[0.T],
n=1

where the convergence is P-a.s. and Bfl is a well defined object in L*(2) for everyt € [0, T].
Moreover, BZH is normally distributed with zero mean and covariance given by

o0
E[BY )] = 302 Ru, (),
n=1

where x denotes transposition, 1 is the d-dimensional identity matrix and Rpn(t,s) =
% (SZH" + 2 — s |2H") denotes the covariance function of the components of the frac-
tional Brownian motions B,H”’”.

The process B has stationary increments. It does not admit any version with Holder
continuous paths of any order. B has no finite p-variation for any order p > 0, hence BY
is not a semimartingale. It is not a Markov process and hence it does not possess independent
increments.

Finally, under condition (29), BY has P -a.s. continuous sample paths.

Proof One can verify, employing Kolmogorov’s three series theorem, that the series con-
verges P-a.s. and we easily see that

o0 oo
E[BIP1=a) 22 <d(1+1)) 32 <,
n=1 n=1
where we used that x* < 1 4 x for all x > 0 and any « € [0, 1].
The Gaussianity of IB%tH follows simply by observing that for every 8 € R?,
1 00 d 2,2Hn 2
E [exp {i(@, BtH)Rd” — o7 Znmt 2=t Mt 6
where we used the independence of BtH ™" for every n > 1. The covariance formula follows
easily again by independence of BtH ol
The stationarity follows by the fact that B»-" are independent and stationary foralln > 1.
The process B could a priori be very irregular. Since B is a stochastically continu-

ous separable process with stationary increments, we know by [45, Theorem 5.3.10 ] that
either B has P-a.s. continuous sample paths on all open subsets of [0, 7'] or B is P-a.s.
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unbounded on all open subsets on [0, T']. Under condition (29) and using the self-similarity
of the fractional Brownian motions we see that

o
E|: sup |1535H|} < Z|An|TH"E|: sup |Ban’"|}

5€[0,T] =l s€l0.1]

selV,

o0
<SU+T)Y lE [ sup IBf"v"|:| < o0

n=1

and hence by Belyaev’s dichotomy for separable stochastically continuous processes with
stationary increments (see e.g. [45, Theorem 5.3.10]) there exists a version of BH with
continuous sample paths.

Trivially, B is never Holder continuous since for arbitrary small « > 0 there is always
no > 1 such that H, < « for all n > ng and since the sequence A satisfies (25) cancellations
are not possible. Further, one also argues that B# is neither Markov nor has finite variation
of any order p > 0 which then implies that B is not a semimartingale. O

We will refer to (28) as a regularizing cylindrical fractional Brownian motion with asso-
ciated Hurst sequence H or simply a regularizing fBm.

Next, we state a version of Girsanov’s theorem which actually shows that Eq. (31) admits
a weak solution. Its proof is mainly based on the classical Girsanov theorem for a standard
Brownian motion in Theorem 2.2.

Theorem 3.2 (Girsanov) Let u : [0,T] x @ — R¢ be a (jointly measurable) F-adapted
process with integrable trajectories such that t +— for usds belongs to the domain of the

operator KP_I,,IO from (21) for some ny > 1.

Define the R?-valued process
- t
IB%,H = IB%,H +/ ugds.
0

Define the probability Fno in terms of the Radon—Nikodym derivative

d Py,
AP ér,
where
1o /TK*(l/' d)()dW”0 lfTK”(lf d)()zd
i=expq— — | ugds ) (s)dW]0 — — — [ usds ) (s St
T P 0 Hno )\n() 0 ' s 2 0 Hno )‘-n() 0 '
If E[ ;0] = 1, then B isa regularizing R‘i—valued cylindrical fractional Brownian

motion with respect to F under the new measure P,, with Hurst sequence H.
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Proof Indeed, write

t 0
> Hy,
]EBIH = / usds + ryyB; " "y E A,,BtH"’n
0 n#ng

1 ! Hy, >
SN P 1
no J0

n#ng

1 4 t 00
=An0 <)\—/0 usds—i—/(; Kszo(fvS)dW;l(’) + Z )‘nBthn

o n#ngo

t oo
= Jng (/ Ky, (. s)dwgm) + Y aBM
0 n#ngo

~ t 1 ’
W/ = W +/ KI;nlO (T/ urdr> (s)ds.
0 no JO

Then it follows from Theorem 2.2 or [54, Theorem 3.1] that

where

~Hn s t ~
B, " ;=/0 Ko, (1. 5)d W

is a fractional Brownian motion with Hurst parameter H,, under the measure

dPp, T 1 [
o _ exp{—/ Ky (—/ usds> (s)dwro
dPno 0 "0\ Any Jo

1 T . 1 . 2
_5/0 KHnO <)Lno/0 usds> (s)| dsy.

Hence,
o]
B =" B,
n=1
where
Hy,n .
FHon _ B,™ if n # no,
t T ) mHygno . ,
B, " if n=ng
defines a regularizing R?-valued cylindrical fractional Brownian motion under Ppy. O

Remark 3.3 In the above Girsanov theorem we just modify the law of the drift plus one
selected fractional Brownian motion with Hurst parameter H,,. In our proof later, we show
thatactually ¢ +— fot b(s, ]BXH )ds belongs to the domain of the operators K 1?1,,1 foranyn > 1but
only large n > 1 satisfy Novikov’s condition for arbitrary selected values of p, g € (2, oo].

Consider now the following stochastic differential equation with the driving noise B,
introduced earlier:

t
X,:x—i—/ b(s, X)ds +BH, 1 €0, T], (30)
0
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where x € R? and b is regular.

The following result summarises the classical existence and uniqueness theorem and
some of the properties of the solution. Existence and uniqueness can be conducted using the
classical arguments of L2([0, T x 2)-completeness in connection with a Picard iteration
argument.

Theorem 3.4 Let b : [0, T] x R? — R? be continuously differentiable in R? with bounded
derivative uniformly in t € [0, T] and such that there exists a finite constant C > 0 inde-
pendent of t such that |b(t, x)| < C(1 + |x|) for every (t,x) € [0, T] x RY. Then Eq. (30)
admits a unique global strong solution which is P -a.s. continuously differentiable in x and
Malliavin differentiable in each direction W', i > 1 of BE. Moreover, the space derivative
and Malliavin derivatives of X satisfy the following linear equations

a ! 0]
—X, =1 —l—/ b'(s, Xy)—X,ds, tel0,T]
ax 0 ax

and

t
Dy X, = 7Ky, (1, 10)Lq +/ b'(s, Xs)Dy Xsds, i>1, 10,6 €[0,T], 10<t,
1

0

where b’ denotes the space Jacobian matrix of b, I, the d -dimensional identity matrix and
D;O the Malliavin derivative along W', i > 1. Here, the last identity is meant in the LP -sense
[0, T.

4 Construction of the Solution
We aim at constructing a Malliavin differentiable unique global F -strong solution to the
following equation

dX; = b(t, X))dt +dB, Xo=xeR?, te]0,T], (31

where the differential is interpreted formally in such a way that if (31) admits a solution X.,
then

t
X, =x +/ b(s, X;)ds +BH 1 € [0, T],
0

whenever it makes sense. Denote by Lf, = L9([0, T]; L?(RY; R?)), p, q € [1,00] the
Banach space of integrable functions such that

1/q

T q/p
£l = (f (/ If(t,z)lpdz) d:) - oo,
r 0 Rd

where we take the essential supremum’s norm in the cases p = oo and g = oo.
In this paper, we want to reach the class of discontinuous coefficients b : [0, T'] x R4 — R4
in the Banach space

8, = LU0, T]; LP R R) N L' R4 L0, T RY),  p,q € (2, 0],
of functions f : [0, T] x R4 — R with the norm

I leg =Wy + 1l
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for chosen p, g € (2, oo], where
LY, == L'®R L®([0, T]; RY)).

We will show existence and uniqueness of strong solutions of Eq. (31) driven by a
d-dimensional regularizing fractional Brownian motion with Hurst sequence H with coeffi-
cients b belonging to the class Eg’ . Moreover, we will prove that such solutions are Malliavin
differentiable and infinitely many times differentiable with respect to the initial value x, where
d>1, p,q € (2,00] are arbitrary.

Remark 4.1 We would like to remark that with the method employed in the present article,
the existence of weak solutions and the uniqueness in law, holds for drift coefficients in the
space L?,. In fact, as we will see later on, we need the additional space L <]:o to obtain unique
strong solutions.

This solution is neither a semimartingale, nor a Markov process, and it has very irregular
paths. We show in this paper that the process B is a right noise to use in order to produce
infinitely classically differentiable flows of (31) for highly irregular coefficients.

To construct a solution the main key is to approximate b by a sequence of smooth functions
b, a.e. and denoting by X" = {X},t e [0, T]} the approximating solutions, we aim at
using an ad hoc compactness argument to conclude that the set {X”},>1 C L?(S) for fixed
t € [0, T'] is relatively compact.

As for the regularity of the mapping x +— X7, we are interested in proving that it is
infinitely many times differentiable. It is known that the SDE d X, = b(¢t, X;)dt 4+ d B,H ,
Xo = x € R admits a unique strong solution for irregular vector fields b € Lég?ooo and that
the mapping x — X} belongs, P-a.s., to Ckif H = H(k,d) < 1/2 is small enough. Hence,
by adding the noise B, we should expect the solution of (31) to have a smooth flow.

Hereunder, we establish the following main result, which will be stated later on in this
Section in a more precise form (see Theorem 4.16):

Let b € ﬁg.p, p,q € (2,00] and assume that A = {A;};>1 in (28) satisfies certain
growth conditions to be specified later on. Then there exists a unique (global) strong solution
X = {X;,t € [0, T]} of equation (31). Moreover, for every t € [0, T], X; is Malliavin
differentiable in each direction of the Brownian motions W", n > 1 in (27).

The proof of Theorem 4.16 consists of the following steps:

(1) First, we give the construction of a weak solution X. to (31) by means of Girsanov’s
theorem for the process B# | that is we introduce a probability space (2, 2(, P), on which
a regularizing fractional Brownian motion B and a process X. are defined, satisfying
the SDE (31). However, a priori X. is not adapted to the natural filtration F = {F;};¢[0,7]
with respect to B

(2) In the next step, consider an approximation of the drift coefficient b by a sequence of
compactly supported and infinitely continuously differentiable functions (which always
exists by standard approximation results) b, : [0, T'] x RY — RY n > 0 such that
bn(t, x) = b(z, x) forae. (t, x) € [0, T] x R? and such that Sup,>o ||bn||£§ < M for
some finite constant M > 0. Then by the previous Section we know that for e';(,:h smooth
coefficient b,, n > 0, there exists unique strong solution X" = {X7, ¢ € [0, T]} to the
SDE

dX" =b,(t, X")du +dBH, 0<1<T, X} =xeR" (32)
Then we prove that for each ¢ € [0, T'] the sequence X} converges weakly to the condi-

tional expectation E[X;|F;] in the space L>(2) of square integrable random variables.
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(3) By the previous Section we have that for each t € [0, T] the strong solution X/, n > 0,
is Malliavin differentiable, and that the Malliavin derivatives D{ X[',i > 1,0 < s < t,
with respect to W' in (27) satisty

t
Dix" =x,»1<H,.(z,s)1d+/ B, X") DI X"du,
N

foreveryi > 1 where b}, is the Jacobian of b, and I, the identity matrix in R9%d Then, we
apply an infinite-dimensional compactness criterion for square integrable functionals of a
cylindrical Wiener process based on Malliavin calculus to show that for every ¢ € [0, T']
the set of random variables {X}'},>0 is relatively compact in L2(2). The latter, however,
enables us to prove that X} converges strongly in L%(Q) to E[X,|F;]. Further we find
that E[X,|F;] is Malliavin differentiable as a consequence of the compactness criterion.

(4) We verify that E[X,;|F;] = X;. So it follows that X, is ;-measurable and thus a strong
solution on our specific probability space.

(5) Uniqueness in law is enough to guarantee pathwise uniqueness.

In view of the above scheme, we go ahead with step (1) by first providing some preparatory
lemmas in order to verify Novikov’s condition for B Consequently, a weak solution can
be constructed via a change of measure.

Lemma4.2 Let BY be a d-dimensional regularizing fBm and p, q € [1, 00]. Then for every
Borel measurable function h : [0, T] x R — [0, o0) we have

g H
E [/0 h (t,IEB, )dt] < Cllhllg, (33)

where C > 0 is a constant depending on p, q, d and H. Also,

T
E [exp {/ h (t,IB%t”) dt}] < A(lhll 1) (34)
0 P

where A is an analytic function depending on p, q, d and H.

Proof Let B be a d-dimensional regularizing fBm. By a conditioning argument and by the
independence of increments of the Brownian motion it is easy to see that for every Borel
measurable function 7 we have

T
E [/ h(t, B dn ]-",O}
fo

T 2
_ _ Z
= f / h(n, Y +2)(2m) d/zo'to,‘til 2O | l dz
1 d 204 4,

Here

dty.
1
Y=302 1 da fo Ky (11,5)d W!

1
Gt%),tl = Var an/ K, (11, $)dW}

n>1 o

= Zxﬁ/ (K, (11, 5))%ds.

4l
n>1 fo

On the other hand, one finds that

1
/ (Kn, (t1,))%ds > Cp, |t; — to|*Hn
to
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for a constant C, > 0 which depends on H,,.
So

2 2 2H,
Op i =Y haC, It — 1o

n>1

Applying Holder’s inequality, first w.r.t. z and then w.r.t. 1 we arrive at

T
E [/ h(ty, Bhdt ]-',0}
fo

T a/p Va o1 ey /d'
<C / / h(tr, x1)Pdx, dt / (Gtz ) )*dq (p'=1)/2p d 7
1o Rd i) 04

for some finite constant C > 0. The time integral is finite for arbitrary values of d, ¢’ and p’.
To see this, use the bound Zn a, > ap, for a, > 0 and for all ng > 1. Hence,

T oo
/ (Z JnCa(t1 = 10)*"
0]

n=1

—dq'(p'=1)/2p’
) dt;

T
—d ’( ’_])/2 / _ s ’
< (Any Cog) T f[ (11 — t0) o' W' =DIP' g
0

then for fixed d, ¢’ and p’ choose ng so that H,,dq'(p’ — 1)/p’ < 1. Actually, the above
estimate already implies that all exponential moments are finite by [58, Lemma 1.1]. Here,
though we need to derive the explicit dependence on the norm of /.
Altogether,
1/q

T T q/p
E[/ h(n, By fm]fc / (/ h(rl,xl)ﬂdm) an) .69
to to R4

and setting 7o = 0 this proves (33).
In order to prove (34), Taylor’s expansion yields

T oo T T T m
E[exp{/ h(r,BF)dr”:lJrZE / / / l—[h(tj,IBg)dtmudtl
0 m=1 0 Jn fm=1 j—1

Using (35) iteratively we have

T Y cm T ) alp \"M4 lelhll'z?)
E [exp{/o h(t, B; )dt” < 7(’%!)]/(1 (/0 (/Rdh(t,x) dx) dt) = 7(’%!)]/(1 ,

and the result follows with A(x) := > o, ﬁx

m, O

Lemma 4.3 LetB be a d-dimensional regularizing fBm and assume b € LY, p, q € [2, oo].
Then for everyn > 1,

t 1
m—>/ b(s, BY)ds € ' T2 (L2(0, T]), P —as.,
0

i.e. the process t +—> f(; b(s, IBsH)ds belongs to the domain of the operator K[;nl for every
n>1, P-as.
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1 1
roo sing the property that D, 4 = or [ € s we need to show
Proof Using th hat Dy, 210 2 (f) = f f L2([0, T]) d to sh

that for every n > 1,

Hy+1

D,

/' Ib(s, BM)|ds € L*([0,T]), P —a.s.
0

Indeed,

‘D(ﬁ*% ([ Ib(s, Bf)ws) 1)
0

1 ( 1 f b, B\
= u, u
U (L —H,) \sHnts Jo !
1 ! 3 (!
+<H+E>/ (t—s)_H"_ff |b(u,IB%,7)|duds)
0 s

1 1 1 ! _H 3
< : -+ | H+ = (t—s) """ 2ds
(3 = Ha) \i'ht2 2/ Jo

t
/ |b(u, B )|du.
0

Hence, for some finite constant Cy 7 > 0 we have

‘Dgff% (/0 IbGs, Bﬁ’»ds) 0

and taking expectation the result follows by Lemma 4.2 applied to |b|2. O

2 T
< cH,T/ b, B Pdu
0

We are now in a position to show that Novikov’s condition is met if 7 is large enough.

Proposition 4.4 Let IB%,H be a d-dimensional regularizing fractional Brownian motion with
Hurst sequence H. Assume b € L'{,, P,q € (2,00]. Then for every u € R, there exists ng

with H, < % — ifor every n > nqo and such that for every n > ng we have

P
Ky (i /'b(r,B,H)dr> (s)
"\ Jo

T
E|expin /
0
for some real analytic function Cy,, H, d,.,7 depending only on in, Hy, d, T and pu.

In particular, there is also some real analytic function Cy,, g, 4., depending only on A,
H,, d, T and n such that

T . * "
E[e < / K;! (i / b(r,Bf’Mr) (s)dW;’> }sé‘ﬂ,w,ﬂnbny),
0 " )\n 0 P

for every u € R.

2
ds }:| < an,Hn,d,u,T(llblng)

Proof By Lemma 4.3 both random variables appearing in the statement are well defined.
Then, fix n > ng and denote 6! := K (% Jo G, BH )|dr) (5). Then using relation (22)
we have

1 1_
07| = | —sth=1 12, H"s%—Hwb(s,B?’)I‘
o
/| $
= Ul f (s = )2 2P b B dr. (36)
F (j - Hn) O
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Observe that since H,, < % — %, p € (2, 0o] we may take ¢ € [0, 1) such that H,, < ﬁ — %
Ite
&

and apply Holder’s inequality with exponents 14¢ and —==, where the case ¢ = 0 corresponds

to the case where b is bounded. Then we get

s L\
|e;?|§cg,x,,,Hnsﬁ*”"*%</ |b<r,18£’)|‘%dr) , (37)
0
where

e DU =(+e)H +1/2)F D (1 + (1 +6)(1/2 = H)T
&, Hy = 1 .
2l (5 = Hy) T (1 = (1 + &) Hy)) T

Squaring both sides and using the fact that [b| > 0 we have the following estimate

2¢
T I+e
2 _oH — l+e
671> < €2, 1,5 2H,-1 (/ Ib(r, BH)| ™ dr> , P—a.s.
0

Since 0 < 2£ < 1 and [x]* < max{e, 1 —a}(1 + |x|) forany x € Rand @ € (0, 1) we

1+e
have

T T
/ |07 2ds < Ce oy o T (1 +/ Ib(r,IBfI)I%dr> , P—a.s. (38)
0 0

for some constant Cg, g, 7 > 0. Then estimate (34) from Lemma 4.2 with 7 =

Ceny Hy T U bls# with ¢ € [0, 1) arbitrarily close to one yields the result for p, g € (2, oo].
O

Let (2,2, P) be some given probability space which carries a regularizing fractional
Brownian motion I§H with Hurst sequence H = {H,},>1 and set X; := x +I§,”',t e [0, T],
x € RY. Set 60 := (Kglo (% Jo b(r, X,)dr)) (¢t) for some fixed ng > 1 such that

n, i’lo

Proposition 4.4 can be applied and consider the new measure defined by

dP,,
dP,,

— no
= ZT s
where

00 t t
1
z =T ™), = exp{/o (670)" awr — 5/0 |6S”°|2ds}, 1[0, T).
n=1

In view of Proposition 4.4 the above random variable defines a new probability measure
and by Girsanov’s theorem, see Theorem 3.2, the process

t
BA = X, —x —/ b(s, Xs)ds, te[0,T] (39)
0

is a regularizing fractional Brownian motion on (€2, 2, P,,) with Hurst sequence H. Hence,
because of (39), the couple (X, B#) is a weak solution of (31) on (§2, 2, Pyy). Since ng > 1
is fixed we will omit the notation P,, and simply write P.

Henceforth, we confine ourselves to the filtered probability space (2,2, P), F =
{Ft}tefo, ) which carries the weak solution (X, BH) of (31).
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Remark 4.5 In order to establish existence of a strong solution, the main difficulty here is
to show that X. is  -adapted. In fact, in this case X, = F,(B¥) for some progressively
measurable functional F;, t € [0, T] on c(o,T]; ]Rd) and for any other stochastic basis
(Q Ql P ]B%) one gets that X, := Ft(IB%) t € [0 T], is a solution to SDE (31), which is
adapted with respect to the natural filtration of BB.. But this exactly gives the existence of a
strong solution to SDE (31).

We take a weak solution X. of (31) and consider E[X;|F;]. The next result corresponds
to step (2) of our program.

Lemma4.6 Let b, : [0,T] x R — R? n > 1, be a sequence of compactly supported
smooth functions converging a.e. to b such that sup,- ||b, ”L‘; < oo. Lett € [0,T] and

X[ denote the solution of (31) when we replace b by b,. Then for every t € [0, T] and
continuous function ¢ : R — R of at most linear growth we have that

n

o(X!) =5 Elo(X)|F,
weakly in L2().

Proof Let us assume, without loss of generality, that x = 0. In the course of the proof we
always assume that for fixed p, ¢ € (2, co] then ng > 1is such that H,, < % — % and hence
Proposition 4.4 can be applied.

First we show that

t . *
5<i/ Ky (/ b,,(r,Bff)dr> (s)dwg,m)
)‘no 0 "0 0
t . *
—>5</ Ky (i/ b(r,IBsf’)dr) (s)dwgm) (40)
0 "0 }\no 0

in L?(Q2) for all p > 1. To see this, note that

K_l ( ! /b(r B! )dr)(s)—>K < ! /b(rIB )dr)(s)
Ao Ao

in probability for all 5. Indeed, from (37) we have a constant Cy. 5, . g,, > 0 such that

a (1 [ H a (1 [ H
E“KH"0 (M/O bu(r, B! )dr) o) - Kj! (M/o b(r, B! )dr) (s)‘:l

1 g 1 $ H T IS?
< Cengtnys T 03 ([ by B — b, B ar ) 0
0

asn — oo by Lemma 4.2.
Moreover, {K ;! (L= fib,( Bf)dr)] _ is bounded in L2(0, 1] x € R). This is
n ng n>

directly seen from (38) in Proposition 4.4.
Consequently

¢ 1 1 . *
/ Ky ( / by (r, BH)dr> (s)dW! — / H (* f b(r,IB%ﬁ)dr) (s)d W'
0 "0 )\no 0 "0 )\no 0

and
K : bu(r,BM)d : b(r,BH)d ’
Hno <)\-no /0‘ (r ) r) (S) Hno <)"}’l0 / (r ) r) (S)

ik
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in L*(2) since the latter is bounded L7 (2) for any p > 1, see Proposition 4.4.

By applying the estimate |e¥ — ¢”| < e* ™Y |x — y|, Holder’s inequality and the bounds in
Proposition 4.4 in connection with Lemma 4.2 we see that (40) holds.

Similarly, one finds that

! ¢
exp i<a,/ b,,(r,]BrH)drH — exp {<a,/ b(r,IB%fl)dr>}

in LP(Q)forall p>1,0<s<t<T,a R
In order to complete the proof, we note that the set

k
¥ i= {exp Z(aJ,IB% ) IB%,IIJ ) :{aj}l;zl CR 0=ty <--<tr=tk>1
Jj=1
is a total subspace of L2(2, ;, P) and therefore it is sufficient to prove the convergence

nll)ngoE [(‘P(X,n) - E[‘P(Xt)u—z]) 5] =

for all £ € %;. In doing so, we notice that ¢ is of linear growth and hence w(IB%,H ) has all
moments. Thus, we obtain the following convergence

k
E|oxtyexp > (o) B - B )
j=1

k 1
= E | op(X)exp Y (aj, X}, = X} 1—/t ba(s, X™)ds)

j= -1

—_

=E | 9B exp ) (o, B —B
=1

[

tj t
_/ bn<s,1@f)ds>}s</ Ky ( 1 /bn(r ]B”)dr> (s)de‘))}
tii 0 "0 \ Ang Jo

j—

— E | pB)exp Z(a.,,Bf/I—BHf

t/ . *
_/' b(s, B )ds) } : / b(r,IBs{f)dr> (s)dWs”o>:|
ti )‘no 0

J

k
=FE | p(X;)exp Z<aj,IB%H t, ]>
j=1

k
— E | Elp(X)|F ] exp Z(Q,,BH IB%f/Il>
j=1

[m}

‘We now turn to step (3) of our program. For its completion we need to derive some crucial
estimates.
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In preparation of those estimates, we introduce some notation and definitions:
Let m be an integer and let the function f : [0, T]" X (Rd )™ — R be of the form

f(s,2) = Hfj(Sj,Zj), S=(s10eeeysm) €[0T, 2= (21,....2m) € RDH™,

j=1
41)
where f; : [0, T] x RY - R, Jj =1,...,m are smooth functions with compact support.
Further, let 5c : [0, T]" — R a function of the form
m
x(s) =[] Gp). selo, 11", (42)
j=1
where »; : [0, T] — R, j =1, ..., m are integrable functions.
Let oj be a multi-index and denote by D%/ its corresponding differential operator. For
@ = (a1, ..., a,) viewed as an element of N‘éx’" we define || = Z?’zl Zflzl ozﬁ.l) and
write

DYf(s.2) = [ [ DY £;(s). 2))-

Jj=1

The objective of this section is to establish an integration by parts formula of the form

J

where B := B, for a random field Aoj: . In fact, we can choose Aof: to be

D*fGs.Bods = [ AL@. 2z, 3)
(Rtl)m

m
0.t

m
AL®,1,2) = Q)" /(]Rd)m /m l_[ FiGsjszj)(—iuy)* exp{—i(u;, By, — z;)}dsdu.
0,1 j=1
(44)
Let us start by defining A({ (0, t, z) as above and show that it is a well-defined element of
L3(Q).

We also need the following notation: Given (s, z) = (S1, ..., Sm, 21 ---»> Zm) € [0, T]" X
(R?)™ and a shuffle 0 € S(m, m) we define
2m
fo(s,2) =[] fioun i 2o i)
j=1
and
2m
o (8) = l_[ Ho(H)1(55),
j=1

where [jlisequalto jifl < j <mandj—mifm+1<j<2m.
For a multiindex «, define

.tz Hy)

d 2m
1
::ll,/ZoN) ! E / , || ds;...d
=1 @l A o . 2) Hy@+2 %, o) ) o o

oeS(m,m) 0,1 j=1 ‘Sj —Sj—1
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respectively,
w0, t, Hy)
d 1
“[[/elkop / |%U<s>|]‘[ ——dsi.dsm,
=1 oeS(m,m) j=1 |SJ —8j—-1 r(d+ z:[:]wlﬂ(j)l)

Theorem 4.7 Suppose that \IJ({(G, t,z, H), W (0,t, H) < oo for some r > ro. Then,

A(]; 0, t, 2) as in (44) is a random variable in L*(Q2). Further, there exists a universal constant
C, =C(T, Hy,d) > 0 such that

’Af(e ‘, z)‘ 1< 2ch"”r'“'q;f(e 1,2, Hy). 45)
Moreover, we have

‘E[ AL@,1,2)dz]| <
(Rd)m

L mj2+al2 12
mdcm ¢ 1_[ “fJ “L‘(]Rd Lo([0,T1)) (W5 (0.1, Hy)) /
j=1
(46)

Proof For notational simplicity we consider @ = 0 and set B. = BH, Abf(t, 7) = Ag(O, t,2).
For an integrable function g : (RY)" —s C we get that

‘/ . gluy, ..., up)duy ... duy
(Re)y™

=/ g(ul,...,um)dul...dum/ gWmt1s s Um)dumyy ... dusy
(Rd)m ( d)m

2

=/ g(ul,...,um)dul...dum(—l)dm/ g(—um+1,...,—u2m)dum+1 -..dI/thv
(Rdym (Rdym
where we employed the change of variables (u,+1, ..., U2m) —> (—Um+1, ..., —U2.;y) i
the last equality.
This yields
2
a2
= Q@m) "= / [T/ 2p(=iu e B g s,
(RJ)Zm (V;l)‘ =1

/ H SfinGsj, zpp(=iuj)*ile <uj’Bjj 7Zm>dsm+1 coodsoypduy .. duoy,
Al

0.t j=m+1

m

(27_[) 2dm( l)dm Z / l_le_i<z_f’llj+u_/'+m>
d)2m .
j=1

oeS(m,m)
m 2m
Af (i
X /2 fo(s,2) 1_[ ua[(;)’)] exp Z Uo(j), B dsi...dsypduy ... .dusy,,
At j=1 j=1

where we applied shuffling in connection with Sect.2.2 in the last step.
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By taking the expectation on both sides in connection with the assumption that the frac-
tional Brownian motions B! ’Hi, i > 1 are independent we find that

E “Ag(t,z)‘z]

— (2].[)7211711 (_l)dm Z / l_[ e*i (z/',u/' +uj+,,,>
(]Rd)Zm

o€S(m,m) j=1

2m 2m
Ao (j
X /2 fo(s,2) l_[ ua'(j()m exp Var E Uo(j)s IBSS] dsy...dsoyuduy . ..dusy,
ApY j=1 j=1

= ()" 2dm(_1ydm Z /)M He (zjsujtinjim)

oeS(m,m) j=1
Ao
[ fo(s,2) l_[ MG[(/()”

e § TR ver | Lt e o))

o (j)
n>1
() ()
coduy” . duy,,
m
)~ 2dm (_1ydm / (zjoujtuejpm)
= Q@m) 2" (=1 Y i ]'[
oeS(m,m) j=1
2m d
Ao (i
/ fo (s, z)]'[ ;(;;”HHexp{——x2(<u0(])>u<,<2m> Qn<(ua(,)>1<,<zm>}dsl s

n=11=1

(1 ) (1 )
du, d“a<2m) duu(l) d“a<2m)*
47)

where * stands for transposition and where
Qn = Qu(s) == (EIB B Di<i,j<om-

Further, we get that

2m

/Az ol [ ]'[]'[

(eY)] (eY] (d)
du o) - du(r(Zm) d”a(l) du(r(Zm)d . dsom
(O]
<[ s | u
NG (Rd)2m 1:[1[13 J
X l_[exp{ff)f( O u(l)>}

du(l) .. .du(l) .. .du(d) .. .du(d)dsl ...dsom

:fAz oG5, z)\l_[/ } o

O]
Us(j)

a(l) ) d
[o(j)]
"TTT e {—fﬁ((ug(]))k,@n) O () 1= j<om)

n>1I=1

"‘[am]

o 1
l m' exp {—Ekf (Q,u(]), u(”)} duﬁl) .. .dugrfldsl ..dsoy,

(48)
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where
!
u® = (M.(/»))]Sjgzm.

‘We obtain that

/ 2m
[}
u.
m '/
e i

2m
_ 1 1 ~1/2. ()
= 22 (det Q)12 /Rm EKQ' “ ’e-’>

1

a(?. 1
o exp {—Ek,z. (Qru(l), u(l))} du(ll) dul?

2m

NN 1
701 | exp {_5 <u(1), ud))} du(l” . .dul

2m>

where ¢;,i = 1, ...,2m is the standard ONB of R?" .
‘We also have that

2m
—1/2
[ (Fifer )
]Rm /=1

MO 1
LY {_5 <u(l), u<1)>} du'” .. dul)

o
Yo ()]

= Q1)"E ﬁ ’<Q,“/2z,ej>
j=1

where
Z ~ N(O’ I2m><2m)-

On the other hand, it follows from Lemma B.6, which is a type of Brascamp-Lieb inequality,
that

2m

£ | o"2.0)

j=1

o
Yo ()]

2/

< m = Z l_[ Aim (i),

JTESZ|Q(1)| i=1

where perm(}_) is the permanent of the covariance matrix Y = (g; j) of the Gaussian
random vector

(7'z.er)..... (07" Z, &) (07 Z.e2)..... (07 ?Z,e2).... (07 Z, eom). ... (@77 Z, e2m)).

0] PR, (U] PRI, U] s
Y1) times (2 times s (2my) IMES

|a(l)| = Z;’Ll oz;l) and where S, denotes the permutation group of size n.
Furthermore, using an upper bound for the permanent of positive semidefinite matrices
(see [7]) or direct computations, we find that

2/ 2/
perm (Z) = Z 1_[ Ain@) < (2 ‘a(Z)D! 1_[ ajj. (49)
ﬂESz|a([)| i=1 i=1
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Letnowi € [Z,]C;i a[(é)(k)] +1, 21{21 o:[(i)(k)]] for some arbitrary fixed j € {1, ..., 2m}.

Then
o= [lo 207 7]

Further, substitution yields
elfor .00 2]
2 1
= (et Q)2 /RZM (. ¢j)" exp (—5 <Qru,u>> duy ...duzy,

1 1
= (det 0,)'/? T fz,,, U3 exp <_§ (Oyu, u)> duy ...dusy,

In the next step, we want to apply Lemma B.7. Then we obtain that

1
/ u?exp (—f(Qru,u)) duy...duy
RZm 2

(27.[)(2m71)/2 5 1 5 1

:7(deth)l/2 Av exp —Ev afva—]2
Qm)™ 1

T (et )12 & ]2

where a = Var[B YFII’, R ngﬂ without Bg’]

‘We now aim at usmg strong local non-determinism of the form (see (24)): Forall¢ € [0, T']

O<r<t:

Var[BtH’ BSH’, [t —s| > r] > K 21

for a constant K depending on H, and T'.
The latter entails that

(det O, (s)'/? > K@m=D/2 gy 1Hr |5y — sy 5 5o — som—1 |

as well as
2 . ) ) 2H ) 2H,
o] sz1n{‘s]—s],1| s —sj‘
Hence
2m 0] 2m
1—[0 2075y <K~ 2ml—[ 1
[0)
. 24, . 2H,
j=1 j=1 mm{|sj —sjo1] 0N s — s ’a["“”}
! 1
= Cmﬂa()' 1_[ [0)
4H,.a[0(j)]

j= l|s1_sj 1’

for a constant C only depending on H, and 7.
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So we conclude from (49) that
2‘01”)

pern () = (2o T o
Qn)" 1 ) [(rlr)un

7

9

2m
s (H)ﬂ(

j=1

< Gl e ]

Jj=1 |Sj —Sj—

1
|4H' o

N0
lo (/)] (
<./ perm E
Jj=1
1

/(2 |a([)})‘Cm+|o[(l)‘ 1_[ )
i=1sj —sj-1 2Hral)

Therefore we see from (47) and (48) that

E [’Ag(e, 1, z)ﬂ

"oy / Ifa(sz)ll_[/

‘ 0] wm

oeS(m,m)
exp {—f <Q,u(1), u(l)>} du(ll) .. .du%dsl .. dsoy
Y / £ (5. 2 1
o )L2md (det Q(s))d/2
oeS(m,m)

1
H,/(z\am )vcm+\a<l>|1—[ st dsu
j=1 s]—s] 1| ¥ ()]
1
7Mmcmd+|ot\1_[ /(2 |a(l)|)v /2 | fo (s, 2)]
0,t

)\2md
oeS(m,m)

2m 1
dsy...dsy
l_[ Hy@d+23 o) ) "

j=1 |Sj —8j—-1

for a constant M depending on d.
In the final step, we want to prove estimate (46). Using the inequality (45), we get that

’E [f AZT@,1, z)dz]
(Rd)m

, 12 1
< \A”((M@\) dz < —
\/;Rd)rzz ( )\.’{nd

cm/2+‘“‘/2f | 0,1, 2, H))?dz.
R )m
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By taking the supremum over [0, 7] with respect to each function f;, i.e.

| floin G 20 )| < swp | fioinGis 2] J = 1,...,2m

Sj€

we find that

‘E U AZI@,1, z)dz}
(Rd)m

2m 1/2
1 m/2+|e|/2 d
= g © oeStmim) / @iy H”f["””( AeoD ooy | 42

12
1
(]‘[\/ala“w)' > / m(s)\]_[' H(lela(n)dsl...dsz,n)
S loj

oeS(m,m) —S8j-1

12
1 V4
:Wcm/zm‘/z max /(Rd)n (H | fienCs 2o | Lo o, TJ)> dz- (WZF©,t, H))'?

" oeS(m,m)

1 2+lal/2 - » 12
= md ezl ~/(.Rd)m [Tl 2 oo o,y 42 - (UG O, 1, Hy)) !
j=1

r

1 2+el/2 12
xmdcm/ o 1_[ 113G 2Dl 1t oo,y - (VO 12 H)'VE.

j=1

Using Theorem 4.7 we obtain the following crucial estimate (compare [4, 5, 9, 10]):

Proposition 4.8 Let the functions f and > be as in (62), respectively as in (42). Further, let
0,0r,t [0, T],0/ <0 <t and

#j(s) = (K, (s,0) — Kp, (s, 0,0 <s <t

forevery j = 1,...,m with (¢1,...,&en) € {0, 1}" for 0,07 € [0, T] with 6/ < 6. Let
o€ (Ng)’" be a multi-index. If for some r > rg

— Yr
(d -1 +2z, 105(1))

holds for all j, where y,, € (0, Hy,) is sufficiently small, then there exists a universal constant
Cy, (depending on Hyj, T and d, but independent of m, { f;}i=1,...m and a) such that for any
0,t €0, T)with6 <t we have

-----
m

E/m [1 D% fitsj. Bs;)seis)) | ds

j=1

6 — 07\ 0 Xj=1€i | "

m+|e| . . (Hyy—5—Vrg) 21— &j

= )undc 1_[Hff("Z/)”LWRd;quo,TD)( 06/ > e
j=1

(M @Ja®r) " (¢ — o) Hrtmd 2D sty eyt

/2"
r (—H,(zmd FAlal) + 2 (Hy = b = yg) Xy 6 +2m)
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Proof From the definition of Ay f (44) we see that the integral in our proposition can be
expressed as

m
/ [1D0% fitsj, BIsj(s)) | ds = / AZT 0,1, 2)dz.
Azlz = Rdm
By taking expectation and using Theorem 4.7 we get that

),

L ompatial/2 T 12
= Wcr 1_[ ”f](s Zj)||Ll(Rd;L°°([O,T])) : (w:(ea t, Hr)) / s

r

m
AT fisi. B | ds
0.0\ j=1
j=1

where in this case

WO, 1, Hy)

d 2m
=[Tvelh X2 /AzmH(Km-(sw@)—KH,<sj,0/>>%<m
=1

oeS(m,m) 0 j=1
1
Hy(d+2 X afl) )

dsy...dsyy.

|S/' —Sj-1

We wish to use Lemma B.2. For this purpose, we need that —H, (d + 22;121 a[(?(j)]) +

(Hyy — % — Yro)élo(jy) > —1forall j =1,...,2m. The worst case is, when g4 (;)] = 1 for

1
all j.So H, < —— 2 forall i, since H,, > H,. Therfore, we get that
/ D VR / e £

1 2)
o Hry=277r0) L1 €lo (i

0 — 07\ 70 Zimi o)
06/ )

WEO. 1 H) < CE Y (

oeS(m,m)

d
« l_[ /(2 |O[(l) |)!Hy(2m)(t _ 9)—Hr(2md+4|a|)+(Hr—%—)’r) Z?’il S[g(j)]+2m’
=1

where IT,, (m) is defined as in Lemma B.2 and where Cj, is a constant, which only depends
on Hy, and T. The factor IT, (/) has the following upper bound:

2 / :
l_[],il r (] — Hr (d + 22121 a[(U)(])])>
r <_Hr(2md +a4lal) + (Hy = 5 = 7)) 721 €lo(n + 2’")

I, (2m) <
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Note that Z?Z’l elo(j)) = 22— &j. Hence, it follows that
(WO, 1. Hp))'"?

Cm 0 —0r Yro Zj=1 £j Q(Hr*%fyro) ZT:] £j
-0 g0y

(T @ o) ™ ¢ — gy ma2ed=toig =4y Ko
X

172°
r (—H,(zmd +dlal) +2(Hy— L = yg) Ty + 2m)

1
where we used H?fl 'd—H,(d+2 27:1 (x[(a)(j)]) < K™ for a constant K = K (y,,) > 0
and Ja; + ...+ an < Jai1 + ... . /a, for arbitrary non-negative numbers ay, ..., a,. 0O

Proposition 4.9 Let the functions f and » be as in (62), respectively as in (42). Let 6,1 €
[0, T]with 6 < t and

5j(s) = (Kp (5. 0)9.,0 <'s <1

forevery j =1,...,mwith (¢1,...,&y) € {0, 1}". Let @ € (Ng)m be a multi-index. If for
somer > rg
% - yr()
d )
(a-1+2%L o)

holds for all j, where y,, € (0, Hy,) is sufficiently small, then there exists a universal constant
C,, (depending on H,j, T and d, but independent of m, { f;}i=1,...m and a) such that for any
0,t €0, T])with® <t we have

H, <

.....

m

E/m [ D% £itsj. Bs;)sejs)) | ds

Agr \j=1

1 " 1 m
o 2 (Hry=3) 0 ¢
= 5 Cn TG 2l gaisqony 6072 =11
r ]:1

1/4 m
(1—[7:1(2 |a(1)|)!> / (t — )~ Hrmd+2laD+(Hyy =3 =yrg) Ty &j+m

172"
r (—H,(zmd o) +2 (Hry — 4 — 1) 0y 65 + 2m)
Proof The proof is similar to the previous proposition. O
Remark 4.10 We mention that

ﬁ (2]a®]) = @ apct

=1

for a constant C depending on d. Later on in the paper, when we deal with the existence of
strong solutions, we will consider the case

oz;l) € {0, 1} forall j, I
with

o] = m.
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The next proposition s a verification of the sufficient condition needed to guarantee relative
compactness of the approximating sequence {X}'},>1.

Proposition 4.11 Let b, : [0, T]1 x R — R4, n > 1, be a sequence of compactly supported
smooth functions converging a.e. to b such that sup,,- ||b, ”Lqp < 00, p,q € (2,00]. Let
X" denote the solution of (31) when we replace b by by,. Further, let C; for ro = i be
the (same) constant (depending only on H;, T and d) in the estimates of Proposition 4.8
and 4.9. Then there exist sequences {o;}7° |, B = {Bi}{2, (depending only on {H;}{2 ) with
O<a; < Bi < %, 8 = {8;}2, as in Theorem A3 and A = {A;}72, in (28), which satisfies
(25), (26), (29) and which is of the form A; = ¢; - (C;) being independent of the size of
sup, > [1bn ”ﬁ;’ ) for a sequence {¢;}7° | and a bounded function ¢, such that

oo

3 N 2 50)
— 1— 2—2(ﬂi—l¥i)5l,2 ’
=

sup E[| X|I*] < oo

n>1

Supz / E[| D}, X} P ldig < C (SUP 16l 2 ) < 00,

n>1 n>1

and

% 1 ¢ o E[|D} X} — D!, X}||]
sup — / / - diodt;
nzl,; (1 —2726Bi—e)s? Jo Jo ltg — to| 12 0
= (SUP ||bn||£g ) < o0
n>1 P

for allt € [0,T], where Cj : [0,00) — [0,00), j = 1,2 are continuous functions
depending on {H;}7°,, p, q, d, T and where D' denotes the Malliavin derivative in the
direction of the standard Brownian motion W', i > 1. Here, || - || denotes any matrix norm.

Remark 4.12 The proof of Proposition 4.11 shows that one may for example choose A; =
- @(Cy) in (28) for g(x) = exp(—x'%) and {¢;}?°, satisfying (50).

Proof The most challenging estimate is the last one, the two others can be proven easily.
Take 1y, t(’) > O such that 0 < t(’) < to < t. Using the chain rule for the Malliavin derivative,
see [55, Proposition 1.2.3], we have

!
D;OX;' =1 Kp (t, t0)1a —l—/ b;l(tl, X[nl)DtOX[nldtl

fo
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P-as. for all 0 < 1y < t where b),(t,2) = (%b,(f)(t, Z)) ., denotes the Jacobian

i,j=1,...,
matrix of b, at a point (¢, z) and I, the identity matrix in R¢*¢_ Thus we have

D, X} — Dy X}
=i (Ky, (t,10)1g — Kg, (¢, 15) 1q)
+/tot by (t, X)) D} X} dity — fz/t bl (1, X?I)Dféxﬁdn
0
= Ai(Kp, (t,t0)1g — Kp, (1, 1)) 1q)
_ /IO ! bl (11, X;’l)DféX{’ldtl + /to t by (1. X )(D}, X} — DféX,"] )dt

H[ [
= }\ilcto’,(/)(t)ld - (D;(/)X,'f) — i K g, (to, 1)) 1a)

t
+/ by (t1, X7)(D; X1, —D;(,)X{’)dtl,
1

1
0
where as in Proposition 4.8 we define
H,' /
Kol (0) = K (1, 10) = K (1.15).
Iterating the above equation we arrive at

Di

o

X{ — Dy X} = LI 1y

10,1y

o0 m
+h Y /A § ]_[b;(tj,xg)/cgfté(tm)zddtm...dn

m=1 0.0 j=1

o0 m
- Id+m2:1/y7 ]_[b,/,(tj,XZ;)dtm---dtl (D;(,)XZ]—)»,-KHi(tQ,t(/))Id),

0.1 j=1

On the other hand, observe that one may again write

oo m
Dy Xiy = iKp (0, 10)la =45 ) / [T X (Kt . 16)1a) it - - - dr.

m=1 1(’).10 j=I
In summary,

D, X} = Dy X[ = di (15, 10) + 213 (1. 10) + & 5 (15, 10).
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where
111§, 10) := Kp', (01g = Ky (¢ 10) L = K, 1, 16)
(1, 10) := Z/ Hb/ @, ;;)}Cgft(,)(;mﬂd dty - - dt
lotj 1
(19, 10) := — | la + Z/ ]_[b/ (tj, X} )dty, -+~ dt
m=1 fol] 1
Z v l_[b’ U2 XK g, s 1) L)ty -l
m=1 t 1o J=1
Hence,

EL D X — Dy X['1°] < i (ELNN G, 10)I1P]+ ELIZ (05 10) 1] + ELIES (1. 10)11%1) -

It follows from Lemma B.1 and condition (50) that

4 ”Il (107 tO)”LZ(Q) ,
Z [ —o- 2(}3,—(1,)52/ / |1+2Bi dtodty

lto — to

< l 4H;—6y; —2Bi—1
Z 1 — 2 2<ﬂl—al)52t =

for a suitable choice of sequence {8;}i>1 C (0, 1/2).
Let us continue with the term 73 (¢}, to). Then Theorem 3.2, Cauchy—Schwarz inequality
and Lemma 4.4 imply

E[IL} (1}, 10) 1]
412

< Cllball 9 E Z/ [T 6305 + BEOKE ot di | |

torj 1

where C : [0, o0) — [0, 00) is the function from Lemma 4.4. Taking the supremum over n
we have

sup C(llby l 4) =: €1 < oc.
n>0 ’
Let || - || from now on denote the matrix norm in R4*< such that ||A|| = Zf j=1 |a;j| for
amatrix A = {a;j}; j=1,...,q, then we have
2
E[||15 (9, 10)[I]

ZZZ

m= ljk lll ..... ]—l

.....

0
/ 20 (rl x + B! )
AR, axy,

0 :
O ) (tmv x+ Bf’) ICt’:ft(,) (tw)dty - - - dty

a
x —p™ (tz,x +]ij) o

.X]2

2
L4(Q,R))

D
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Now, the aim is to shuffle the four integrals above. Denote

d 0 (U
T3 (8. t0) :=/m o 2 b (t x+IB%H) : Hb’(l v (tm,xHB%,’j) o ).
(52)

Then, shuffling J7' (t(’], fo) as shown in (17), one can write (J; (t(’), 1)) as a sum of at most
22" summands of length 2 m of the form

/2 I (tl,x-l-B{l{)---ggm (tzm,x-l-Bgm)dtzm---dtl,
Am

10t

where foreachl =1, ..., 2m,
0 ; 0 ; :
g Cox+BH)y et —o (. x+B"), —b C.x+BIHKH (), jk=1,....d}.
0Xx Xy 10,1)

Repeating this argument once again, we find that J3 (7, f0)* can be expressed as a sum
of, at most, 28 summands of length 4 m of the form

/4 g" (tl,x —HBfl’) g <t4m,x +B{Zm)dz4m Cdn, (53)
Am

10.t

where foreachl =1, ..., 4m,
3 CR _
g Cox+BTy e b, x + BT, —bP (. x + B (), jk=1,....d}.
0Xk Xy 10,1

It is important to note that the function IC , ', (-) appears only once in term (52) and hence

only four times in term (53). So there are 1ndlces Jis--., ja € {1,...,4m} such that we can
write (53) as

4m 4
H H; )
A4m l_Ilb?(tj’x—l_Btj) HKto,té(lJ[)dmm"'dtls
0 \j= _

where

8 .
bl x +B) e {@b,‘,”(.,xﬂaaﬂ), j,k:l,...,d}, I=1,...,4m.

The latter enables us to use the estimate from Proposition 4.8 for Zf Mer=4lal=4m,

Zle aﬁ.[) =1foralll, H < ﬁ for some r > i combined with Remark 4.10. Thus we
obtain that

(EC3 @, 00

1 2m m o — t (Hi—%5—v)
< Wc ||bn| LY(R4: L% ([0,T1)) tOt() 0
C(d)m((gm)y)l/IG It — |—H,(md+2m)+(H,'—l—Vi)+m
[(—Hy(2-4md +4 -4m) +2(H; — 5 — y;) + 8m)!/3

for a constant C(d) depending only on d.
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Then the series in (51) is summable over j, k, Iy, ..., l,,—; and m. Hence, we just need
to verify that the double integral is finite for suitable y;’s and §;’s. Indeed,

2y 1-28
/ /t ’[0 i ‘t2<H[ V’>|t—l‘0| Z(H, 2 yl)dl‘(]dl‘() < o0,

|tt |2V’ 0

whenever 2 (H; — § — ;) > —1,2y; — 1 =28 > —land 2 (H; — } —yi) — 2y > —1
which is fulfilled 1f for instance y; < H;/4and 0 < B; < y;.

Now we may choose for example a function ¢ with ¢(x) = exp(—x'99). In this case, we
find that

1\ %
CP"i = ¢iCI"9(C)) < ¢ (—) mo
50
So, finally, if H, for a fixed r > i is sufficiently small, the sums over i > 1 also converge
since we have ¢; satisfying (50).

For the term /3 we may use Theorem 3.2, Cauchy—-Schwarz inequality twice and observe
that the first factor of I3 is bounded uniformly in o, ¢ € [0, T] by a simple application of
Proposition 4.9 with £; = 0 for all j. Then, the remaining estimate is fairly similar to the
case of I3 by using Proposition 4.9 again. As for the estimate for the Malliavin derivative
the reader may agree that the arguments are analogous. O

The following is a consequence of combining Lemma 4.6 and Proposition 4.11.

Corollary 4.13 Foreveryt € [0, T]and continuous function ¢ : R? — R with at most linear
growth we have

(X" 222 0(E[X|F])

strongly in L*(Q). In addition, E[X,|F;] is Malliavin differentiable along any direction W',
i > 1 of BY. Moreover, the solution X is F-adapted, thus being a strong solution.

Proof This is a direct consequence of the relative compactness from Theorem A.3 combined
with Proposition 4.11 and by Lemma 4.6, we can identify the limit as E[X,|F;]. Then the
convergence holds for any bounded continuous functions as well. The Malliavin differentia-
bility of E[X,|F;] is verified by taking ¢ = I; and the second estimate in Proposition 4.11
in connection with [55, Proposition 1.2.3]. ]

Finally, we can complete step (4) of our scheme.
Corollary 4.14 The constructed solution X. of (31) is strong.

Proof We have to show that X, is F;-measurable for every 7 € [0, T] and by Remark 4.5 we
see that there exists a strong solution in the usual sense, which is Malliavin differentiable.
In proving this, let ¢ be a globally Lipschitz continuous function. Then it follows from
Corollary 4.13 that there exists a subsequence ng, k > 0, that

o(X%) = 9(E[X,|F]), P —a.s.

as k — oo.
Further, by Lemma 4.6 we also know that

P(X}) = E[p(X)|F]
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weakly in L2(£2). By the uniqueness of the limit we immediately obtain that
¢ (E[X(|F]) = Ele(X)|F:], P—as.

which implies that X; is F;-measurable for every ¢ € [0, T']. O

Finally, we turn to step (5) and complete this Section by showing pathwise uniqueness.
Following the same argument as in [60, Chapter IX, Exercise (1.20)] we see that strong
existence and uniqueness in law implies pathwise uniqueness. The argument does not rely
on the process being a semimartingale. Hence, uniqueness in law is enough. The following
Lemma actually implies the desired uniqueness by estimate (37) in connection with [40,
Theorem 7.7].

Lemma4.15 Let X be a strong solution of (31) where b € L‘]],, P,q € (2,00]. Then the
estimates (33) and (34) hold for X in place of BH. As a consequence, uniqueness in law

holds for Eq. (31) and since X strong, pathwise uniqueness follows.

Proof Assume first that b is bounded. Fix any n > 1 and set

1
=Ky (E/o b(r,X,)dr) (s).

Since b is bounded it is easy to see from (36) by changing B with X and bounding b that
for every k € R,

T T
Ep [exp{—ZK/O (n;’)*dwgl—zﬁfo |n;‘|2ds” =1, (54)

dP ro 1T
— = - "yAW! — "2ds .
aP GXP{ /0 (ng)"d W 2/0 g | S}

Hence, X; — x is a regularizing fractional Brownian motion with Hurst sequence H under

P. Define
T [T 5
& = exp{—/c/ n"*dw! — 5/ 0¥ ds}.
0 0

where

Then,
T P T 5
Ep[¢7] = Ep [eXP{—K/O () dwy — 5/0 7| ds”
T T I( T
=Ep [exp{—x/ H*dw! —Kz/ |n?|2ds}exp{<K2+ 7)/ Ing’lzds}]
0 0 2 0
o (7 12
< (E,; [expiz‘xz+§‘/ |n;’|2ds”)
0

in view of (54).
On the other hand, using (38) with X in place of BH we have

T T
/ |77x|2d5 = Cs,k,,,H,,,T (1 +/ [b(r, Xr)|1%dr> , P—as.
0 0
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for any ¢ € (0, 1). Hence, applying Lemma 4.2 we get

2.,k - K 1+e 1/2
EF [‘g’__ﬂ < e‘K +2|Cg,An,Hn,1 (A (Ca,ka,,,T ’Kz-l- E‘ 1] = ”L‘,’,)) ,

where A is the analytic function from Lemma 4.2.
Furthermore, observe that for every k € R we have

Eplef] = Eples. (55)

In fact, (55) holds for any b € L;’, by considering b, := bl{p|<s), n > 1 and then letting
n — oo.
Finally, let § € (0, 1) and apply Holder’s inequality in order to get

’ ] B 1,158 T r 148 s
Ep [/ ht, X)dt | < T (E; [(gT) ; ]) <E; U ht, X)) dtD ,
0 n 0

and

T ] s LD 5 T ﬁ
Ep[exp{/o h(t,X,)dt} <7 (E;,[(gT)T]) <E;[exp{(1+5)/0 h(z,x,)dz”> )

for every Borel measurable function. Since we know that X; — x is a regularizing fractional
Brownian motion with Hurst sequence H under P, the result follows by Lemma 4.2 by
choosing § close enough to 0. O

Using all the previous intermediate results, we are now able to state the main result of this
Section:

Theorem 4.16 Retain the conditions for . = {X;};>1 with respect to B in Theorem 4.11. Let
be [,g.p, P, q € (2, 00]. Then there exists a unique (global) strong solution X;,0 <t <T
of Eq. (31). Moreover, for every t € [0, T1, X, is Malliavin differentiable in each direction
of the Brownian motions W", n > 1 in (27).

5 Infinitely Differentiable Flows for Irregular Vector Fields

From now on, we denote by X;** the solution to the following SDE driven by a regularizing
fractional Brownian motion B¥ with Hurst sequence H:

X" = b, X )di +dBl, s.0€[0.T], s<i X}¥=xecR

We will then assume the hypotheses from Theorem 4.16 on b and H.

The next estimate essentially tells us that the stochastic mapping x — X;* is P-a.s.
infinitely many times continuously differentiable. In particular, it shows that the strong solu-
tion constructed in the former section, in addition to being Malliavin differentiable, is also
smooth in x and, although we will not prove it explicitly here, it is also smooth in the Malli-
avin sense, and since Hormander’s condition is met then implies that the densities of the
marginals are also smooth.

Theorem 5.1 Letb € C°((0,T) x RY). Fix integers p > 2 and k > 1. Choose a r such that
H, < m Then there exists a continuous function Cy g u, p.5.7,7 - [0, oo)2 — [0, 00),
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depending onk,d, H., p, p,qand T.

3k
sup sup E ’ X"
5.1€[0,T] xeR? dx

P
:| < Ck.d.H,.p.5.q.T (||b||L§, ||b||Lgo> .
7

Proof For notational simplicity, let s = 0, B. = BH and let X7, 0 <t < T be the solution
with respect to the vector field b € C2°((0, T) x R?). We know that the stochastic flow
associated with the smooth vector field b is smooth, too (compare to e.g. [38]). Hence, we
get that

d ' 9
S Xi=l +f Db(u. X}) - =~ Xidu, (56)
)

where Db(u, ) ‘RY — L(R?, RY) is the derivative of b with respect to the space variable.
By using Picard iteration, we see that

3
7x;‘_1d+2[ Db(u, X%) ... Db(u, X Yduy, . ..duy, (57)

m>1

where
AL =, o)) €10, T1" 10 <upy <--- <up <t}

By applying dominated convergence, we can differentiate both sides with respect to x and
find that

a—zx)c Z/ [DbGu, XZ,) ... Db(u, X3, )] ity ... duy.
X m m

Further, the Leibniz and chain rule yield

9
—x[Db(ul,X“M‘I)...Db(um, X ]

m
9
=) :Db(ul,X;‘l)...Dzb(ur,X’u“)a—Xj o Db(tty, XE ),
r x r m

where D2b(u, ) = D(Db(u, ) : RY — L(R?, L(R?, RY)).
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Therefore (57) entails

82 X < X 2 X
SaXi = > /m. > Dby, X)) ... D*b(uy, X))

my>1 AOJ r=1

x | 1+ Z/ ny DP@LX3) . Dby, X7 YdUm, ... dv)

mo>1 0ur

x Db(uyr41, X, ) ...Db(up,, X;; ddup, ...du;

Ur+1 um

=y Z/ Db(u1, X;) - D*b(uy, Xip) . Dby Xy it - .. duy

m1>1r=1
FX ST [ [ P i)
mi>1r=1my>1 A AOur

X
upir) o

x Db(v1, X})) ... Db(un, X3, ) Dby, X

dvmz...dvlduml ...du1
=11+ L. (58)

Db, X5, )

In the next step, we wish to employ Lemma B.8 (in connection with shuffling in Sect. 2.2)
to the term /5 in (58) and get that

Z Z Z /"‘l+mz ml+m2(u)duml+m2 -duy (59)

m1>1r=1my>1

foru = (ui, ..., Um +m,), where the integrand Hmlerz ) € R? ® R @ R? has entries
given by sums of atmost C(d)™ "2 terms, which are products of length 1 +m, of functions
being elements of the set

gy Dty @

PYAON wm‘imww%%r=1wnﬂ,¢“+~-+%”§2,%”6le=L”qd
X1... X4

Here it is important to mention that second order derivatives of functions in those products
of functions on A'"“Lmz in (59 ) only occur once. Hence the total order of derivatives |o| of
those products of functlons in connection with Lemma B.8 in the Appendix is

| =my +my + 1. (60)
Letusnow choose p, ¢, r € [1, oo) such that cp = 27 for some integer g and %—i—% = 1. Then
we can employ Ho Ider’s inequality and Girsanov’s theorem (see Theorem 2.2) combined

with Lemma 4.4 and obtain that

E[I]1"]

<wm>2222

mi>1r=1my>1 i€l

p
(61)

HB
/ml+mz i Wdumy 1m, .. duy
L2 (Q;R)
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where C : [0,00) —> [0, 00) is a continuous function depending on p, p and g. Here
#1 < K™ for a constant K = K (d) and the integrands HEB (u) are of the form

" my+my
H )= [ mu). e A l=1,....m +m
=1

where

A= By(l)xl ..By(d)x

)4y
ub(”(u,x—i—]&), r=1,...,d,
yO 44 y@ <2 D eNg, 1=1,---,d

As above we observe that functions with second order derivatives only occur once in those
products.
Let

24
J = (/ H]Z-B(u)duml+m2...du1> .
A’"l+’"2

0,1
By using shuffling (see Sect.2.2) once more, successively, we find that J has a reprsentation
as a sum of, at most of length K (¢)™!*™2 with summands of the form

24 (my+my)

/A . [T Awnduzimimy- .. dur., (62)
0,1

=1

where f; € A forall[.

Note that the number of factors f; in the above product, which have a second order
derivative, is exactly 29. Hence the total order of the derivatives in (62) in connection with
Lemma B.8 (where one in that Lemma formally replaces X;; by x + B, in the corresponding
terms) is

loe| =29(my +mp + 1). (63)
We now aim at using Theorem 4.9 for m = 29(m + m3) and ¢; = 0 and find that

29 (my+my)

E qu<m,+mz) 11_! S1up)duza gnyymy) - - - duy
b =

< Cm1+m2(”b”Léo)2q(ml+m2)

5 (224 (my + my + 1)H /4
[(—H, (2d24 (my + my) + 429 (my 4+ my + 1)) 4+ 229 (my + my))!/?

for a constant C depending on H,, T, d and q.
Therefore the latter combined with (61) implies that

ET[ 121171
scdbl,n [ Y2 3 kmEm(|p) ) mtm)
’ mlzlmzzl
% (24 (my +ma + 1)H1/4 W),,
F(—Hr(2d2‘1 (ml + m2) + 42‘1(m1 + my + 1)) + 224 (ml + mz))l/z
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for a constant K depending on H,, T, d, p and q.

Since 2(d1+3) < mll T, for m, my > 1, one concludes that the above sum con-
nmy+my

2(d+2
verges, whenever H, < m

Further, one gets an estimate for E[||I;||”] by using similar reasonings as above. In sum-
mary, we obtain the proof for k = 2.

We now give an explanation how we can generalize the previous line of reasoning to the
case k > 2: In this case, we we have that

8k
ﬁx;‘:]l‘}'"“F[zk—l» (64)
whereeach I;,i =1, ..., 2k=1ig a sum of iterated integrals over simplices of the form Ag{t,
0<u<t,j=1,...,k with integrands having at most one product factor D*b, while the
other factors are of the form D/b, j <k — 1.
In the following we need the following notation: For multi-indices m. = (my, ..., my)
andr := (r1, ..., rk—1), set
j
m; = Zmi
i=1
and
mi my me_y
m>1 mi>1ri=lmy>1r= rp—1=1mp>1
r<m

In what follows, without loss of generality we confine ourselves to deriving an estimate with
respect to the summand Io«—1 in (64). Just as in the case k = 2, we obtain by employing
Lemma B.8 (in connection with shuffling in Sect.2.2) that

Lici= ) / i Mmooy @Oy ity (65)
m=>1 AO.I
ri<m;
I=1,...k—1
for u = (u,, u1), where the integrand HX (u) € ®“TIRY has entries
Vg o5 UL), g mi..Fmy j=1 ,

which are given by sums of at most C (d)™!++" terms. Those terms are given by products
of length m + ... my of functions, which are elements of the set

E)V(l)xl“.aV(d)x

D 4gy (@
[ O O, XYY, =1, ... d,
YDt b y@ <k, y® eNy,i=1,...,d

Exactly as in the case k = 2 we can invoke Lemma B.8 in the Appendix and get that the total
order of derivatives |«| of those products of functions is

el =my+...+mp+k—1. (66)
Then we can adopt the line of reasoning as before and choose p, c,r € [1, 00) such that

cp = 24 for some integer ¢ and % + % = 1 and find by applying Holder’s inequality and
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Girsanov’s theorem (see Theorem 2.2) combined with Lemma 4.4 that

E[|| Iyx-1|"1
14

(67)

=capl (> X

m>1 iel
rlgmf
I=1,...k—1

B
H; W dum 4qmy - - - dun
Am1+m2
0,1 L2 (:;R)

where C : [0,00) —> [0, 00) is a continuous function depending on p, p and g. Here
#1 < K™+t for a constant K = K (d) and the integrands H?(u) take the form

my+-etmy
Hw = [T i, e A I=1omi 4t my,
I=1

where
2y gy @)
gy ety
A=l 7 on b (u,x+B,), r=1,....d, .
YD y@ <, yOeNy, I=1,...,d
Define

24
B
J = (\/Agl*m*mk Hi (M)dum1+...+mk . du1> .

Once more, repeated shuffling (see Sect.2.2) shows that J can be represented as a sum of, at
most of length K (¢)™1 " with summands of the form

29 (my4---+my)

A24(1111+---+r11k) 1_[ ‘fl(ul)duzq (mytemg) - - - dbt] ’ (68)
0.1 =1

where f; € A foralll.

By applying Lemma B.8 again (where one in that Lemma formally replaces X7 by x + B
in the corresponding expressions) we obtain that the total order of the derivatives in the
products of functions in (68) is given by

lel =29(my + -+ mp +k —1). (69)
Then Proposition 4.9 for m = 29(my + ...+ my) and &; = 0 yields that

29 (my4---+my)

lE [qulllxl+~--+zlzk) l_[ fl(ul)duzq(ml+m+mk) e du1j|
N

q
< cmt +rnk(”b“LéQ)2 (my+--4my)

o (QQImy + ... +m +k—1)HY4
C(—H,(2d29(my + - - +my) +429(my + - +my +k — 1) +229(my + - - +my))1/2

for a constant C depending on H,, T, d and q.
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Thus we can conclude from (67) that

P

E[lek—l ”P] < C(”bHLZ) ( Z Z Km1+'.<+mk(Hb”Léo)Zq(ml-O-...+mk)

my>1 my>1

5 (QQ4my + - +my +k — 1)H/4 A
T(—Hy 2d24 (my + -+ +my) +429(my + - +my +k — 1)) + 229 (my + - - - + my))1/2

scaelg [ X X k™Al

P\ m>1 I1,...[p=0:
L +-+Hg=m
5 (@4 m +k — 1)n'/4 NEAY
C(—Hy (2d29m + 429 (m + k — 1)) +224m)1/2

for a constant K depending on H,, T, d, p and q.
Since H, < m by assumption, we see that the above sum converges. Hence the
proof follows. O

Finally, we are coming to the proof of the main result of this paper (Theorem 1.1), which
shows that the regularizing fractional Brownian motion B “produces” an infinitely con-
tinuously differentiable stochastic flow x — X;, when b merely belongs to C‘z” » for any
p.q € (2,00].

Proof of Theorem 1.1 First, we approximate the irregular drift vector field b by a sequence of
functions b, : [0, T] x RY - R, n > 0in CX((0,T) x R?, R?) in the sense of (32). Let
X™* = (X"t € [0, T} be the solution to (31) with initial value x € R? associated with
by.
We find that for any test function ¢ € C°(U, R4 ) and fixed ¢ € [0, T'] the set of random
variables

(X7, @) = / (X", o(x))padx, n >0
U

is relatively compact in L2(2). In proving this, we want to apply the compactness criterion
Theorem A.3 in terms of the Malliavin derivative in the Appendix. Using the sequence {6;}{°,
in Proposition 4.11, we get that

> 1 T
Y SE /0 IDED (X, ) Pds]
i=1 i
2

00 1 T d
_ i,(j) vn,x,(0)
=Y S%E[/O ( > DyVx; <p,(x)dx> ds)

i=1 v =1

S T
_ 1 .
= 2771917 oy H5UPP (@)} sUp 3 5 F [ / ||D;X7”‘||2ds} :
xeU i—1 % 0

where D*() denotes the Malliavin derivative in the direction of W' /) where W' is the
d-dimensional standard Brownian motion defining B#+" and W-() its j-th component, A
the Lebesgue measure on R, supp (¢) the support of ¢ and || - || a matrix norm. So it follows
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from the estimates in Proposition 4.11 that
33132 : IDHXT )32 @uio.ry < CNON7a@a payM5uPP ().
i=1

Similarly, we get that

n

“w Z / /T E[ID, (X}, ¢) — Di{X["", 9)|I’] e
no = (12 203: —ai)52 |5 — 51428

for some sequences {o;}i2,, {8:}72; as in Proposition 4.11. Hence (X;"", @), n > 0is rela-
tively compact in L2(£2). Denote by Y; () its limit after taking (if necessary) a subsequence.
By adopting the same reasoning as in Lemma 4.6 one proves that

n—oo

(Xi" 9) — (X, 9)
weakly in L2(£2). Then by uniqueness of the limit we see that

(X[ 9) — Vi) = (X, 9)

in L2() for all ¢ (without using a subsequence).
We observe that X;"", n > 0 is bounded in the Sobolev norm L2(Q2, W5 (U)) for each
n > 0and k > 1. Indeed, from Proposition 5.1 it follows that

; 2
81
sup || X712 wiry = SU E ’ X
i L2(Q,Whe (U)) PZ x| e
S sup E ||
Un>0

< Q.

The space L>(Q2, Wk (U)), a € (1, 00) is reflexive. So the set {X]"*},>¢ is (relatively)
weakly compact in L2($2, W& (U)) for every k > 1. Hence, there exists a subsequence
n(j), j = 0 such that

X/ sy e LA @, Wheu)).

j*)OO

We als know that X}"* — X7 strongly in L?() for all 7.
Soforall A € Fand ¢ € C8° (R?, R?) we have for all multi-indices y with |y| < k that

E[14(X;, D"¢)] = lim E[14(X]"", D7 )]

J—>0o0

lim (=D E[A(D? X/ o) = () E[1,(D" Y, )]
Jj—00

Using the latter, we can conclude that
X; e L*(Q, W), P —a.s.

Since k > 1 is arbitrary, the proof follows. ]
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Appendix A: A Compactness Criterion for Subsets of L?(Q)

The following result which is originally due to [19] in the finite dimensional case and which
can be e.g. found in [13], provides a compactness criterion of square integrable functionals
of cylindrical Wiener processes on a Hilbert space:

Theorem A.1 Let B;,0 <t < T be a cylindrical Wiener process on a separable Hilbert
space H with respect to a complete probability space (2, F, u), where F is generated by
B;, 0 <t < T. Further, let Lys(H, R) be the space of Hilbert-Schmidt operators from H
toRandlet D : D2 — L2(Q: L2([0, T]) ® Lus(H, R)) be the Malliavin derivative in
the direction of By, 0 < t < T, where D2 is the space of Malliavin differentiable random
variables in L*(S2).

Suppose that C is a self-adjoint compact operator on L2([0, T)® Lys (H, R) with dense
image. Then for any ¢ > 0 the set

_ 1,2 . —1
G =16 €D Gl 2@ + €7 DG rigurrqo0 rvecmsinmy = €]

is relatively compact in L*>(S2).

In this paper we aim at using a special case of the the previous theorem, which is more
suitable for explicit estimations. To this end we need the following auxiliary result from [19].

Lemma A.2 Denote by vs,s > 0 with vo = 1 the Haar basis of L2([0, 1]). Define for any
O<a< % the operator Ay on L2([0, 1]) by

Aqus =280, if s=2%4j, k>0, 0<j<2
and
Agl = 1.

Then fora < B < % we have that

1 LSO = ol
2 2
||Aaf||L2(lo,m52(||f||L2([0,“)+1_2_209_&)]0/0 )

Theorem A.3 Let D' be the Malliavin derivative in the direction of the i-th component of B;,
0<t<1i=>1 Inaddition, let0 < o < i < % and 8; > 0 for all i > 1. Define the
sequence Ay ; = 2 —kaig, ifs = 2k 4 j,k>00<j< 2k i > 1. Assume that Asi — 0
fors,i —> oo. Let ¢ > 0 and G the collection of all G € D"? such that

G2 < c.
o i 12

35, HD’G‘ <c

— L2(2;L2(0,1]))

i>1
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and

! b PiG — DG
2(1_2—2@—))52/0 /0 T dedu <.

i>1 It —u

Then G is relatively compact in L*(2).

Proof As before denote by vy, s > 0 with vgp = 1 the Haar basis of Lz([O, 1]) and by

e’ = (ei,-)u, i > 1 an orthonormal basis of Lys(H,R) (= H* ) where ¢;, i > 1is an

orthonormal basis of H. Define a self-adjoint compact operator C on L2([0, 1) ® Ly s(H, R)
with dense image by

Cluy®e)=Agivs®e, s>0, i>1.
Then it follows for G € D'2 from Lemma A.2 that

_ 2
|c 1DGH L2(Q:L2([0.1)®L s (H.R))

=D D MiE [ (DG, vs ®¢; )Lmo D@Ly (H. R))]

i1 s>0
-2 i 2
- Zai |40, D'

L2(2;L2([0,11))
<2%52|o'el,

L2(2;L2(10,11))

I |DiG - DG
n ZZ ” ||L2(Q) didu
(1—=2- 2(/31 al))52 — |12
<M
for a constant M < oo. So using Theorem A.1 we obtain the result. O

Appendix B: Technical Estimates

The following technical estimate is used in the course of the paper.

LemmaB.1 Let H € (0,1/2) andt € [0, T] be fixed. Then, there exists a B € (0, 1/2) such

that
! |KH<r ro) Knu(t, 1) ,
/ / mAIESY, drodiy < oo. (70)

Proof Let 1y, 1, € [0, t], ) < to be fixed. Write

1
Ky (t,10) — Kg(t,15) = cn [fz(to) — filty) + <5 — H) (8:(10) — gt(t{)))] ,

H-1
where f;(19) := (L) : (t — tO)H_% and g, (1) := t f“(t")du to € [0, 1].

10
We will proceed to estimating Ky (¢, t0) — K (¢, tO). First, observe the following fact,

—o —o

y — X

7()( — y)y < Cy_a—)/
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forevery) <y <x <ooanda := (% —H)e(0,1/2)and y < % — «. This implies

t H—3
fi(to) — fi(tg) = <£(1 - to))

H-—1L
t , 2
(7“‘%0
0
Y

H-1— /
t 2 to — 1))V
§C<t—(t—to)> 2y 0= f)
0

(t01))”
(to — 1) H_l_
Ty T
0%
to—t))Y mg-1_ |
(o~ 1) 13 Yt — )" 277,
(toty)r °

Further,

0 fu(t(’))du
u

t —_ !
g1 (10) — g1 () = / Mdu B
0 u t(,)

5/1 fu(tO)_fu(t(/))du
1o u

(1o — 17 /f (u — 1) =377
y du
(t()t())y 1o u
1
(to — 1)) H-L—y /"O (u— l)”‘?‘ydu
(toty)” ° 1 u
(to —10)" H-L—y
(totg)r °
to — 1))’ H-1_
(O /0) t[) 2 y(t—t())Hi%iy'
(l‘olo)’/
As aresult, we have for every y € (0, H),0 < t{) <th<t<T,
fo— 1)V H-1_
Ki(o10) — Ken(o. 1) < Crpp SO0 Hodor ity )

(toty)r °

for some constant Cy v > 0 depending only on H and T'.
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Thus

Lo (Kt to) — Ku(t, 10)*
/ / 1o — 1| 1+2F diodto

to _ 1-28+2y
< C/ / o = 1o~ 2T — )2 g
(to1)>

2H-1-4 fo
:C/O T }’(t—to)ZH’l’zV/O lto — 15|~ 2P (1) 72 difdro
! 1 -2 29N (=2 1) _
C/t02H14y([ )zley( B+2y)I'(=2y + 1) 2ﬁd
0 r=26+10
t
< C/ tgH_l_‘”’_w(t—to)ZH’I*ZthO
0

_ T@H =2 QH —4y =28) aygyapt _
'4H — 6y —2p8)

for appropriately chosen small y and 8.
On the other hand, we have that

f’ "(Ku(t, 1) — Ku(t, 1))
0 Jio

lto — 11 +2#

t |[0 _ t/|—1—2ﬂ+2)/
< Cf 214y )2H7172y/ ol - dildio
0 1o (to)

t t
=C f ! (¢ — / o — 19l ™ P drgarg
0 10

dt}dty

_C/ 2H—1— 6V(t 10)2H=1-28 41,
0
< CrAHH—6y=28-1,

Hence

/‘ " (Kpu(t to) — Kp(t, t()))zdt,dto .
0 .
0 JO

lto — to|1+2F
O
LemmaB.2 Ler H € (0,1/2), 6,1 € [0,T), 6 < t and (g1, ..., &n) € {0, 1" be fixed.

Assume w; + (H - % — )/) gj > —lforall j =1,...,m. Then exists a finite constant
C =C(H,T) > 0 such that

m

[ TTKuts1.0) = Kuntsj 6015y = 5,-11"ds
Al

9t/]

<cm (9 — 0’)}/Zj=1 €j 6(1-1_%—}/) Yy H,/(m) (t— 9)2_’;‘:1 wj+<H—%—y> "y ejtm

00’
fory € (0, H), where

m—1 T (Z{:l wy + (H - % -y) le=1 e+ j) r (wj+1 + 1)
[T, (m) := H F( 1+1 '

j=1 Swit (H=5— )21181+1+1)

(72)
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Observe that if e; = 0 forall j =1, ..., m we obtain the classical formula.
Remark B.3 Observe that
1_[7:1 F(w; +1)
P (Spmyw + (H =5 =) =l e +m)
[T T(w; + 1)
r (Z;'rl:l wj+(H-3-7) YiE +m)

since the function I' is increasing on (1, 00).

IA

Hy(m)

IA

’

Proof First, we recall the following well-known formula: for given exponents a, b > —1 and
some fixed 541 > 5; we have

i+l F'a+1HITB+1)
b b+1
/; (sj+1 =) (sj —0)’ds; = Fatb12) (sj+1 — O) T
We recall from Lemma 70 that for every y € (0, H),0 <0’ <0 < s;p<T,
6 -0

Ku(s;0) — Ky(sj.0) < Cy.r pH=177 (5; — o) =177

’

00"

for some constant Cyy 7 > 0 depending only on H and T'. In view of the above arguments
we have

52
/ |Kg(s1,0) — K (s, 00 |s2 — s11"2[s1 — 60" dsy
0

— gy 1 52 1
<Cy G- €(H777Y)81 ls2 = s1]"2|s1 — 9|w1+(H7TV)£'ds1
I (goryren 6

= C4 wg(Hféfy)sl M(sz _ 6)w1+w2+(H7%7y)51+1
#I ooryre T (i1 + ih2) ’
where
A 1 R
wy = wp + H—E—V e1+1, wy:=wy+ 1.
Integrating iteratively we obtain the desired formula. o

Finally, we give a similar estimate to the previous one.

LemmaB.4 Let H € (0,1/2), 6,t € [0,T], 0 < t and (e1,...,&n) € {0, 1} be fixed.
Assume w; + (H - %) gj > —1forall j =1,..., m. Then exists a finite constant C > 0
such that

m
fm [T(Knsj. 0015 = sj-11"ds

Ae,t j=1
(Hfl)z’?', ¢ ) w‘+(Hfl)Z'f’, &;4m
S Cm0 2 j=1°J H()(m) ([ _9) Jj=1%J 2 Jj=1°J

fory € (0, H), where Iy is given as in (72). Observe that ife; = 0 forall j = 1,...,m
we obtain the classical formula.
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Remark B.5 Observe that
[T Tw; + 1)
(S wy+ (H =) ) e +m)

due to the fact that I' is increasing on (1, 00).

[o(m) <

’

Proof By similar arguments as in the proof of Lemma 70 it is easy to derive the following
estimate

1 1
K1 (sj.0)] < Cp.rls; — 617202
forevery 0 < 0 < s; < T and some constant Cy 7 > 0. This implies

52
/'MMnmwm—me—mwwl
0

H—l) 52 +<H_L)
<Cy 79( . / Is2 — s11"2]s1 — 01" )" ds,
’ 0

1
_co 9(H7%>6‘1 P (wi+wa+ (H—3)er + )T (wa+1) (55 0)w1+w2+(H7%)sl+l
, 1
l"(wl +w2+(H—§)81 +2)
Integrating iteratively one obtains the desired estimate. O
The next auxiliary result can be found in [39].
Lemma B.6 Assume that X1, ..., X, are real centered jointly Gaussian random variables,

and ¥ = (E[Xj Xx])1<j,k<n is the covariance matrix, then

E[IX1]...1Xal] = v perm(%),

where perm(A) is the permanent of a matrix A = (a;j)1<i, j<n defined by

n
perm(A) = Z Hajvﬂ(f)

resS, j=1

for the symmetric group S,.
The next result corresponds to Lemma 3.19 in [16]:

LemmaB.7 LetZi, ..., Z, bemean zero Gaussian variables which are linearly independent.
Then for any measurable function g : R — R we have that

1 n
/g(vl)exp —EVar E v;Zj dvy...dv,
R" °
j=1

(2m)n=D/2 / v o)y
— — Jexp| —zv v,
@et Cov(Zy1, . Z 2 Jo 8\ ) P\ 72

where 012 =Var[Z||Z>, ..., Z,].
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LemmaB.8 Let n, p and k be non-negative integers, k < n. Assume we have functions
fi:l0,T]—- R, j=1,....,nand g :[0,T] — R, i =1,..., p such that

(6] (d)
aaj +...+ozj

fje Wb(r)(u,)(;),r:l,...,d ,j=l,...,n
07 X1...07 xq
and

(1) (d)
aﬁi +.tB;

8i € D

W“”(H,Xﬁ),r:l,...,d ,i=1,...,p
ioXr...0% Xxg

SJora = (oc}l)) € Ngxn and B = (,Bi(l)) € NgXp, where X is the strong solution to
t
x;=x+/ b(u, XHdu+BI, 0<1r<T
0

for b = (bW, ..., 6Dy with b0 € C.([0,T] x RY) for all r = 1,...,d. So (as we
shall say in the sequel) the product gi(r1) - --- - gp(rp) has a total order of derivatives
1B = Z;jzl {7:1 ﬂi(l). We know from Sect.2.2 that

/A" f1(S1)-~-f/<(Sk)/AP 81(r1) ... gp(rp)drp ...dry fra1(Sk+1) - - - fu(Sn)dsy ... ds)
0.t H,A\'k

= Z /Wh‘;(wl)...hg+p(wn+p)dwn+p...dwl, (73)

0€Anp 0,

where hi € {fj.gi : 1 < j

{1,...,n + p} such that #A,, ,
Then the products

n, 1 < i < p}, A, p is a subset of permutations of

<
< C"™P for an appropriate constant C > 1, and sy = .

T(wl) """ hZ+p(wn+p)
have a total order of derivatives given by |a| + |B] .

Proof The result is proved by induction on n. For n = 1 and k = 0 the result is trivial. For
k =1 we have

t
/fl(.vl)/ g1(r)...gp(rp)dry .. .drids
0 Ag’ﬂ

= . fl(wl)gl(wZ)-~-gp(wp+l)dwp+l--~dw17
ApY

where we have put wy = sy, wa =7y, ..., wyy1 = rp. Hence the total order of derivatives
involved in the product of the last integral is given by ZLI ail) + Zle r /3[.(1) =
lal + 181

Assume the result holds for n and let us show that this implies that the result is true for
n+ 1. Eitherk =0,10r2 <k <n+ 1. For k = 0 the result is trivial. For k = 1 we have

fA"H fl(Sl)/Ap g1(r) ... gprp)drp ...dry f2(s2) ... fu+1(Snt1)dSn1 ... ds)

0,51

:‘4 SfiGs1) (A” /;p gl("l)~-~gp(rp)drp'--drle(SZ)-~fn+l(5n+l)d5n+l--‘ds2) dsy.
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Using Sect. 2.2 we obtain by employing the shuffle permutations that the latter inner double
integral on diagonals can be written as a sum of integrals on diagonals of length )4 + n with

. - . +1,0 08
products having a total order of derivatives given by > ,_; Z;’ a0+ Z,f i=1Bi
Hence we obtain a sum of products, whose total order of derivatives is Zz=1 Z’;J_ré Y) +

1 d 1
Y P+ ol = ol + 18I

For k > 2 we have (in connection with Sect.2.2) from the induction hypothesis that

/ . fl(sl)---fk(sk)/p &1(r) ... gp(rp)drp ...dry fra1(k+1) -+ - fut1 (Snt1)dSns1 ... ds)
As,t Aﬁ,sk

t
=/ f1(51)/ f2(52)~~-fk(5k)/ gi1(r1)...gp(rp)dry...dr
0 AZ.SI Ag.xk
X fir1Gr1) - Jut1 Snr1)dSpt1 - . . dsads)

=) / fisn) / hS (W) .. kg ot p)d Wiy p .. dwidsy,

g€EA,,

where each of the products 4] (w 1) (wp+p) have a total order of derivatives given by

n+ /4
Do Z”+1 Dy r, ﬂ(l) Thus we get a sum with respect to a set of permutations
Antt,p w1th products having a total order of derivatives which is

n+1
ZZ“(Z)+ZZ/§”’+ZM” ol + 181
=1 j=2 =1 i=1
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