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Abstract

Let N be an n-dimensional compact riemannian manifold, with n > 2. In this paper, we prove
that for any « € [0, n], the set consisting of homeomorphisms on N with lower and upper
metric mean dimensions equal to « is dense in Hom (V). More generally, given o, 8 € [0, n],
with o < B, we show the set consisting of homeomorphisms on N with lower metric mean
dimension equal to « and upper metric mean dimension equal to 8 is dense in Hom(N).
Furthermore, we also give a proof that the set of homeomorphisms with upper metric mean
dimension equal to n is residual in Hom(N).

Keywords Mean dimension - Metric mean dimension - Topological entropy - Genericity

1 Introduction

In the late 1990’s, M. Gromov introduced the notion of mean topological dimension for a
continuous map ¢ : X — X, which is denoted by mdim(X, ¢), where X is a compact
topological space. The mean topological dimension is an invariant under conjugacy. Further-
more, this is a useful tool in order to characterize dynamical systems that can be embedded
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in (([0, 112, &), where o is the left shift map on ([0, 1™ (see [12], [13]). In [8], Lin-
denstrauss and Weiss proved that any homeomorphism ¢ : X — X that can be embedded in
(([0, 11™)%, &) must satisfy that mdim(X, ¢) < m. In [6], Gutman and Tsukamoto showed
that, if (X, ¢) is a minimal system with mdim(X, ¢) < m/2, then we can embed it in
(([0, 1%, &). In [11], Lindenstrauss and Tsukamoto presented an example of a mini-
mal system with mean topological dimension equal to m /2 that cannot be embedded into
(([0, 17™)%, o), which show the constant /2 is optimal. Some applications in information
theory can be found in [10] and [9].

The mean topological dimension is difficult to calculate. Therefore, Lindenstrauss and
Weiss in [8] introduced the notion of metric mean dimension, which is an upper bound for
the mean topological dimension. The metric mean dimension is a metric-dependent quantity
(this dependence is not continuous, as we can see in [3]), therefore, it is not an invariant under
topological conjugacy.

1.1 Metric mean dimension

Let X be a compact metric space endowed with a metric d. For any n € N, we define
d, : X x X — [0, 00) by

dy(x, y) = max{d(x, y), d(¢(x), p(»)), ..., d(¢" ' (x), ¢" " W)}

Fix ¢ > 0. We say that A C X is an (n, ¢, €)-separated set if d,(x,y) > &, for any two
distinct points x, y € A. We denote by sep(n, ¢, €) the maximal cardinality of any (n, ¢, €)-
separated subset of X. Set

1
sep(¢, €) = lim sup— logsep(n, ¢, €).
n—oo N

We say that E C X is an (n, ¢, €)-spanning set for X if for any x € X there exists
y € E suchthatd,(x, y) < €. Letspan(n, ¢, ¢) be the minimum cardinality of any (n, ¢, €)-
spanning subset of X. Set

1
span(¢, €) = lim sup— log span(n, ¢, €).
n—oo N
Definition 1.1 The ropological entropy of ¢ : X — X is defined by
hiop(¢) = lim sep(¢, €) = lim span(¢, ¢).
e—0 e—0

Definition 1.2 We define the lower metric mean dimension and the upper metric mean dimen-
sion of (X, d, ¢) by

mdimy (X, d. ¢) = lim inf SO &) _ iy g PP ©)
e—

|log ] ¢—0  |loge]
and mM(}(ad, d)) =llmsupw :hmsu M’
e—0 |logel e—0 | log €|

respectively.

Remark 1.3 Throughout the paper, we will omit the underline and the overline on the notations
mdimy; and mdimy when the result be valid for both cases, that is, we will use mdimy; for
the both cases.
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In recent years, the metric mean dimension has been the subject of multiple investigations,
which can be verified in the bibliography of the present work. The purpose of this manuscript
is to complete the research started in [5], [14] and [2], concerning to the topological properties
of the level sets of the metric mean dimension map.

In [5], Theorem C, the authors proved the set consisting of continuous maps ¢ : [0, 1] —
[0, 1] such that mdimy, ([0, 11, | - |, ) = mdimm ([0, 11, ||, ¢) = o, forafixeda € [0, 1], is
dense in C°([0, 1]) (see also [2], Theorem 4.1). Furthermore, in Theorem A they showed if
N is an n-dimensional compact riemannian manifold, with n > 2, and riemannian metric d,
the set of homeomorphisms ¢ : N — N such that mdimy (N, d, ¢) = n contains a residual
setin Hom(N) (see a particular case of this fact in [14], Proposition 10). Next, for any n > 1,
the set consisting of continuous maps ¢ : N — N such that

mdimy; (N, d, ¢) = mdimm(N, d, ¢) = o

is dense in CO(N), for a fixed « € [0, n] (see [2], Theorem 4.5, and [1], Theorem 3.6).
We consider the next level sets of the metric mean dimension for homeomorphisms:

Definition 1.4 For «, B € [0, n], with o < B, we will set
HP(N) = {¢ € Hom(N) : mdimy;(N, d, ¢) = « and mdimy (N, d, ¢) = B}.
If « = B, we denote Hy (N) by Hy(N).

If n = 1, then Hf(N) =@ for0 < « < B < 1. This is due to the fact that any
homeomorphism on a one-dimensional compact Riemannian manifold has zero topological
entropy, leading to zero metric mean dimension. Our initial result is presented in the following
theorem, proved in [1], Theorem 3.6, specifically for continuous maps on the interval.

Theorem 1.5 Let n > 2. For any o, B € [0, n], with @ < B, the set Ho'?(N) is dense in
Hom(N).

Using the techniques employed to prove Theorem 1.5, we will provide a new proof of Theorem
A in [5], that is:

Theorem 1.6 The set H(N) = {¢ € Hom(N) : mdimm(N, d, ¢) = n} contains a residual
set in Hom(N).

Yano, in [15], defined a kind of horseshoe in order to prove the set consisting of home-
omorphisms ¢ : N — N with infinite entropy is generic in Hom(N), where N is an n
dimensional compact manifold, with n > 2. If we want to construct a continuous map with
infinite entropy we can consider an infinite sequence of horseshoes such that the number of
legs is unbounded. For the metric mean dimension case, in [5] and [14] the authors used
horseshoe in order to prove the set consisting of homeomorphisms ¢ : N — N with upper
metric mean dimension equal to n (which is the maximal value of the metric mean dimension
for any map defined on N) is generic in Hom(N). To get metric mean dimension equal to
n we must construct a sequence of horseshoes such that the number of legs increases very
quickly compared to the decrease in their diameters.

Estimating the precise value of the metric mean dimension for a homeomorphism, and
hence to obtain a homeomorphism with metric mean dimension equal to a fixed « € (0, n),
is harder and not trivial sake. We need to establish a precise relation between the sizes of
the horseshoes together with the number of appropriated legs to control the metric mean
dimension. This is our main tool (see Lemma 2.3).
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The paper is organized as follows: In Sect. 2, we will construct homeomorphisms, defined
on an n-cube, with metric mean dimension equal to «, for a fixed « € (0, n]. Furthermore,
given «, B € [0, n], with « < B, we will construct examples of homeomorphisms ¢ :
[0, 17" — [0, 1]" such that mdimy,([0, 1]*,d, ¢) = « and mdimy ([0, 11, d, ¢) = B. In
Sect. 3, we will prove Theorem 1.5. Finally, in Sect. 4, we will show Theorem 1.6.

2 Homeomorphisms on the n-cube with positive metric mean
dimension

Letn > 2. Given «, 8 € [0, n], @ < B, in this section we will construct a homeomorphism
¢a,p, defined on an n-cube, with lower metric mean dimension equal to o and upper metric
mean dimension equal to B (see Lemma 2.4). This construction will be the main tool to prove
the Theorem 1.5, since if a homeomorphism present a periodic orbit, then we can glue, in
the C-topology, along this orbit the dynamic of ¢, B-

The construction of ¢, g requires a special type of horseshoe. So, let us present the first
definition.

Definition 2.1 (n-dimensional (2k + 1)"~!-horseshoe) Fix n > 2. Take E = [a, b]" and set

|E| = b — a. For a fixed natural number k > 1, take the sequencea =19 <] < -+ < tap <

tag+1 = b, with |t; — t;_1| = fk;fl, and consider

Hiyiyoiny = la, b1 X [ty 1, 1] X -+ X [ti,_ 1,8, 1, forij € {1,...,4k+1}.
Take a = 50 < 51 < -+ < Sp41y-1—2 < Spk41y-1—1 = b, with [s; — s5;_1| =
W, and consider
Vi =[si—1, 5] % [a, b]"™", forl=1,2,...,2Qk+1)""" —1.

We say that E € A C R”" is an n-dimensional (2k + D"~ Lhorseshoe for a homeomorphism
¢o:A— Aif:

e ¢(a,a,...,a,b)=1(a,a,...,a,b)and ¢(b,b,...,b,a) = (b,b,...,b,a);

e Forany H;, i, ..i,_,»withi; € {1,3,..., 4k+1}, thereexistssomel € {1, 3,...,2(2k+
1"~! — 1} with
o(V)) = Hjy iy,....in_y and @ly, : Vi — Hjy iy, i,_, i linear.

e Forany/=2,4,...,22k+ 1)1 —2,4(V}) C A\E.

In that case, the sets H;, ,,..i,_;, Wwith i; € {1,3,...,4k + 1} are called the legs of the
horseshoe.

In Fig.1 we present an example of a 2-dimensional 5-horseshoe. In that case, k = 2,
we have 2(2k + 1) — 1 divisions V; of [a, b]2, and 2k + 1 legs H;, fori = 1,3,5,7,9. In
Fig.2 we have a 3-dimensional 9-horseshoe (we only show ¢ (E) N E in that figure). In that
case, k = 1, we have 2(2k + 1)2 — 1 divisions V; of [a, b]3, and (2k + 1)2 legs H; ;, for
i,j=1,3,5.

Note if E = [a, b]" is an n-dimensional (2k + 1)~ -horseshoe for ¢, then

¢2(Vl1 N Hi{” i@ # W,

..........

foranyly, b € {1,3...,2Qk+1)"yandi\", ..., iV i® i e (1,3, 4k+1)
(see Fig.3).
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H,
D ¢(V2)
Hsy
o(Va)
Vi |Va(Va Vi Ve |Ve V2 IValVg H;
o(Vs)
Hy
o(V3)
Hy
(@ V,i=1,...,9 (b) H,i=1,3,....,9
Fig.1 2-dimensional 5-horseshoe
Y
Hs,
Hsb'l
H 4
»
1 }{3‘1
13587
s
L1 [Hi
z 1L
% Hsl1
z
Vi Viz
(@ V,i=1,...,17 (b) H;j,i,j€{l,3,5)
Fig.2 3-dimensional 9-horseshoe
H »(V1) ¢
H.
a T[]
’ ¢(Va)
: CII 1™ ((C &
H, ))
i 2 3 Vi V5 ¢(%)
(@) Vi, H; () ¢(E) (©) ¢*(E)

Fig.3 E is the first square, is a 2-dimensional 3-horseshoe for ¢

The assumptions ¢(a,a,...,a,b) = (a,a,...,a,b) and ¢(b,b,...,b,a) = (b, b,
..., b, a) is just to be able to extend ¢ to a homeomorphism ¢ : E' — E’, where E’ is an
n-cube with E C E’, such that ¢|yz = Id and hiop(@") = hiop(PlEng(E)) (see Lemma 2.2).
Thus, our strategy to prove the Theorem 1.5 will be to use local charts to glue such horseshoes
along of periodic orbits of a homeomorphism.
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Lemma2.2 Let E, E' € R" be closed n-cubes with E ; (E)° and fix k € N. There
exists a homeomorphism ¢ : E' — E’ such that ¢|g : E —> E is an n-dimensional
(2k + 1)-horseshoe, ¢y = Id and hiop(@) = hiop(PlEng(E))-

Inspired by the results shown in [5] and [14] to obtain a homeomorphism ¢ : N — N with
upper metric mean dimension equal to dim(N), we present the next lemma, which proves
for any « € (0, n], there exists a homeomorphism ¢ : C := [0, 1]" — C, with (upper and
lower) metric mean dimension equal to «.

On any n-cube E C R”, we will consider the metric inherited from R”, || - ||, given by

Gers s xn) = (s e )l Z\/(m =y = )%

Lemma 2.3 Let ¢ : C — C be a homeomorphism, Ey = [ax, by]" and E;_ sequences of cubes
such that:

Cl. E; C (E})° and (E})° N (E})° = fork #s.

C2. §:=UL E, CC.

C3. each Ej is an n-dimensional 3"~V _horseshoe for ¢;

C4. Foreachk, ¢| E| E; — E satisfies the properties in Lemma 2.2;
C5. ¢levs : C\S — C\S is the identity.

We have:
(i) Fora fixedr € (0,00), if |Ex| = 3%for each k € N, where B > 0 is a constant, then
n
dimpm(C, || - ||, $%) = ——.
mdimp (C, || - ||, ¢7) 1

(ii) If |[Ex| = k%for each k € N, where B > 0 is a constant, then
mdimm(C, || - [}, ¢*) = n.
Proof We will prove (i), since (ii) can be proved analogously. Set ¢ = ¢2. Note that

mdimp (C, || - I, ¢) = mdimm (S, || - [, ¢ls)-

[Ex]

2035 —1 . There exists k > 1

Take any ¢ € (0, 1). For any k > 1, set g =
such that ¢ € [ex41, €x]. We have

B
Q2GH—1)3F

sep(n, ¢, €) = sep(n, ¢, &) = sep(n, ¢|g,ng (k). €x) foranyn > 1.
Since E} is an n-dimensional 3%@=D _horseshoe for ¢, for each k > 1, consider

HF

. k
iinein_y = lai, bl X [t~ ty 1 % - x (8, -1, 6, 1, foriy =1,...,2(3%) — 1,

and
VI =l sl x ax, i)' forl=1,...,235" " —1,
as in Definition 2.1. Foreach j = 1,...,n —1,leti; € {1,3,5,...,2(3%) — 1} and take

Cli = HF NVF foreachl e {1,3,...,235" ! —1}.

vnln—1 01,02,.00in—1
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Forr=1,...,mleti\”, ..., i e(1,3,...,23 =1}, 1, € (1,3,...,23)" ' - 1}
and set

—1 k k
ck ) [go <c ) nc }
-(2) -(2) -(1) (1) ) (2) (1) (l)
Ljg By sy oy oy ey 2y L e lj »

jrrh olpy

Ck —(m—1)

1o m,m m =9

§ TR RO i DOOON Y P F g e
ck mc
L N PN IR
Jm’ | e S 1 ool Sl ey

From the definition of ¢, these sets are non-empty. Furthermore, we can choose a sequence

St,....80 € {1,3,..., 2(31‘)”_1 — 1} such that, if x and y belong to different sets
Cf(m),i{m) o \ o - where sU) € {s1.... sy} then dy (x, y) > &. Note that

(1
L R G RS WA R LS|
we have 3"’”3"(" Dm — 3""’” sets of this form. Hence,

sep(m, ¢, &) > 3knm - and thus sep(e, €) > log 3kn
Therefore,
, 1 3kn
mdimy (S, [ - [ ¢ls) = limint 2@ oy 10857
e—>0 |loge| k—o0 | log ex41]
- lim log 3k" . log 3k"
= lim ————
T S0 log[(2(3*+1) — 1)3*k+Dr B=17 7 k500 log[3k+D+k+Dr)
n
r+1°
On the other hand, note that M% — 1"? as k — oo. Hence, for any

log 3kn n_
l0g42GH) D3 B-1] = T+ +34.
Hence, suppose that ¢ > 0 is small enough such that ¢ < €. Set Q; = () ¢" (Ey) and take
nez

8 > 0, there exists ko > 1, such that, for any k > k¢, we have
Q = |J Q. We have
keN
mdimp(C, | - ||, ¢) = mdimp (2, | - [|. ¢lg)-

If x € §, then x belongs to some C Take sV, ... sUm) ¢

(m) (m) " i S -

Ljm L P PR R e
{s1,...,83¢} with
IsU) — ;1= min [s® —1;], foteachi=1,...,m,
t=1,....m
and furthermore d,, (x, y) < 4¢; for any y € Cs(jm) 0G0 D0 Hence, if
Y i PR ) R O e
Y = U’]‘.zlEj, for every m > 1, we have
k 3jnm 3knm
span(m, ply,. 4e) < Y —— <k
& &

Jj=1
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Therefore,
3knm
span(<p|yk, 48) <1im log [k ] log 3kn n N 5
—_— su = < '
|log4e| - m—>oop m|log4ex| 10g[4(2(3k) — 1)3krB—1] 1+r

This fact implies that for any 6 > 0 we have

mdimy (S, || - |l ¢ls) < " 15 andhence mdimm(S, -1 els) < 7n
The above facts prove that mdimy (C, || - ||, @) = % 0

Given a, B € [0, n], with o < B, in the next lemma we construct an homeomorphism
¢ : [0, 17" — [0, 1]" such that

mdimy ([0, 11", || - |l ¢) =« and mdimm ([0, 11%, || - . ) = B.

Lemma 2.4 For every a, B € [0,n], with o < B, there exists a homeomorphism ¢qp :
[0, 11" — [0, 11" such that

a = mdimy ([0, 11", || - II, ¢a,p) < mdimm ([0, 11", | - II, da,p) = B

Proof We will prove the case 8 < n. First, we will show there exists a homeomorphism
¢o,p : [0, 17" — [0, 17" such that

0 = mdimy; ([0, 11", || - Il. ¢0,p) < mdimm ([0, 11", || - II, do,8) = B.

Fixr > Oand set b = 7. Setap = 0 and @, = ZT(JS,, forn > 1, where C =

1 .Let Ex = [ak, by]" and E/, « satisfying the conditions C1 and C2, C4 and C5

Zl =0 3ir ;lr
inLemma 2.3, with |Ey| = 3k, ,and such that each E« is an n-dimensional 37 _horseshoe for
o, and otherwise ¢ g| g, is the identity on Ej.. We can prove mdimy ([0, 117, |||, ¢o,8) = 0

and mdimm ([0, 117, 1 - [l ¢0,8) = B.
Now consider « < . From Lemma 2.3(i), we have there exists ¢, € Hom([0, 1]") such
that

mdimy ([0, 1]%, || - ||, $e) = mdimpm ([0, 11", || - ||, ¢o) = .
Set ¢pg,p € Hom([0, 1]") be defined by
T, ogopoTi(x) ifxel0, 1],

bap(@) =T, oy o Tr(x) ifx €[5 11",
X otherwise,

where 7} : [0, 11" — [0, 1]" and T : [}, 1]" — [0, 1]" are bi-lipchitsz maps. We have
mdimy ([0, 11", 1| - I, e p)

= max(mdimy; ([0, 1/21", 1| - Il §uplg, 1 o) mdlimyg ([1/2, 11 11 I, Gl 3 1p0))
= max{mdimy ([0, 11", || [l ¢o,5), mdimyy ([0, 11", [ - Il ¢}
= mdimy ([0, 11", [| - [ ¢a) = cx.

Analogously, we prove mdimm ([0, 11", || - ||, ¢pa,p) = mdimm ([0, 117, || ||, 0,5) = B.O
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3 Homeomorphisms on manifolds with positive metric mean
dimension

Throughout this section, N will denote an n dimensional compact riemannian manifold with
n > 2 and d a riemannian metric on N. On Hom(/) we will consider the metric

d(¢,p) = max(d(@(p). ¢(p)). d¢~ " (p), ¢ " (p))}  forany ¢, 9 € Hom(N).

It is well-known (Hom(XN), c?) is a complete metric space. The main goal of this section is
to prove Theorem 1.5.
Good Charts For each p € N, consider the exponential map

exp, : By (0,) CTyN — Bs(p) S N,

where 0, is the origin in the tangent space T, N, &’ is the injectivity radius of N and B (x)

denote the open ball of radius € > 0 with center x. We will take §y = %/ The exponential
map has the following properties:

e Since N is compact, §" does not depends on p.
e exp,(0,) = pandexp,[Bsy (0p)] = Bsy (p);

® exp,: B;s, (0p) — Bsy (p) is a diffeomorphism;

o Ifv € Bs,(0),), taking g = expp(v) we have d(p, q) = ||v||.
e The derivative of exp,, at the origin is the identity map:

D(expp)(()) =id:T,N — T,N.

Since exp, : Bsy (0p) = Bsy (p) is a diffeomorphism and D(expp)(O) =id: T,N —
T,N, we have exp p Bsy (0,) — Bsy (p) is a bi-Lipschitz map with Lipschitz constant
close to 1. Therefore, we can assume that if vy, v, € Bs, (0),), taking g1 = expp(vl) and
¢ = expp(vz), we have d(q1, g2) = |[vi — v2||. Furthermore, we will identify Bs, (0,) C
T, N with Bs, (0) = {x e R" : |Ix]| <y} S R".

Recall that if « = 8 € [0, n], then

HZ(N) := Hy(N) = {¢ € Hom(N) : mdim\(N, d, ¢) = mdimm(N, d, ¢) = a}.
Theorem 3.1 For any « € [0, n], the set Hy(N) is dense in Hom(N).

Proof Let P"(N) be the set of C”-diffeomorphisms on N with a periodic point. This set is

CY-dense in Hom(N) (see [4, 7]). Hence, in order to prove the theorem, it is sufficient to show

that Hy (N) isdensein P"(N).Fix ¢y € P"(N) and takeany ¢ € (0, §5). Suppose that p € N

is a periodic point of ¥, with period k. Let 8 > 0, small enough, such that [—8, B]" C B £ ).

Foreachi =0,...,k — 1, N\¢(expyi(, d[—B, B1") has two connected components. We

denote by C; the connected component that contains ¥ (p). Consider the positive number
y=_min_ d@" (), ¥ (expyig A=, BI") > 0.

i=0,...,

Let A € (0, min{y /2, B}), such that

eXPyiti(py[—A, A" € Cjyy foreachi =0,...,k—1.
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The regions [—8, B1"\(—A, )" and Ci41\ expyi(,) (—A, A)" are homeomorphic. For each
i=0,...,k—1, take

hi = 9[=B. BI" — exp i\, (0Ci+1)
u exp;ilﬂ(p) oY 0 eXPyi(p) (U).
Then, there exists a homeomorphism
Hi: [=B. B1"\ (=2 )" — exp_ iy, [Cint \ €xDyiv(py (=2, 1)1,
such that
Hilgr—aapr = Id and H;ly—pg g = h;.
If g € Ri = expyi(,) (=B, BI"\(=4, 1)"), we can write
q = expyi(p)(2), forsomez e [—f, BI" \ (=1, 1)".
Set ¢y : N — N, given by

expyi+i(p Hi(2), if g € Ri = expyi(p) ([=B. BI" \ (=2, 1))
¢a(q) = 1 €XPyiti(p) Gu(€Xpl (@), if g € Dj = expyi(y) (=1, A1")
¥ (q), otherwise,

where ¢y : [—A, A]" — [—A, A]" is ahomeomorphism which satisfies ¢ |g[—»,2]» = Id and
mdimp ([=2, A", |- ], ¢a) =,
(see Lemma 2.3). Set K := U;‘:_(} D;. Note that N \ K is ¢, invariant and
mdimp (N \ K, d, ga|N\k) = 0.
Hence,
mdimy (N, d, ¢o) = mdimy(K, d, ¢q|k).
Note if ¢ € D;, we have
()’ (@) = exPy s otk () © ($)’ 0 X1 (q)
and (¢a)*(9) = expyi(y) © (@a) 0 exp (@)

Hence, D C D;isan (s, ¢, €)-separated set if and only ifexpwi(p)(D) C Nisan (s, @y, €)-
separated set for any € > 0. Therefore, sep(s, ¢ |k, €) = k sep(s, ¢q, €). Therefore,

mdimy (K, d, ¢o| ) = mdimp (=2, A", || - |1, ¢a),

which proves the theorem. O

The last theorem proved Theorem 1.5 in the case « = B = n. The proof of the general case
will be a consequence of the above arguments, in fact:

Proof of the Theorem 1.5 The proof follows similarly to the proof of Theorem 3.1, changing
¢ by a continuous map ¢y, g: [—A, A" — [—A, A]" such that

mdimy ([—A, 21", || - I, ¢pa,p) =@ and mdimp([—A, 21", || - |, ¢, ) = B,

as in the Lemma 2.4. O
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4 Tipical homeomorphism has maximal metric mean dimension

To complete this work, in this section we show Theorem 1.6, which was proved in Theorem
A in [5], however, we will present an alternative proof of this fact using the techniques of
Sects.2 and 3.

Definition 4.1 (n-dimensional strong horseshoe) Let E = [a, b]" and set |E| = b — a. For a
_ b— _ b— P

fixed natural numberk > 1,setd; = ﬁ ande; = W.FOI‘I =0,1,2,...,4k+1,

set t; = a + id; and consider

Hi, s, . =la,b] x [tjj—1, t; ] x -+ x [ti, =1, ti, 1,

win—1
forij € {1,...,4k+1}.For/ =0,1,2,..., 2(2k+1)”_] —2,sets; = a+le; and consider
Vigr = st 51411 x [a, b]" 7"

We say that E € A C R" is an n-dimensional strong (e, 2k + D" Y-horseshoe for a
homeomorphism ¢ : A — A if |E| > € and furthermore:

e Forany H; iy, iy 1>
D"~ — 1} with

withi; € {1,3,...,4k + 1}, there exists [ € {1,3,...,22k +

Hi|,i2,...,i,,,1 - ¢(Vl)o
o Foranyl=2,4,...,22k + 1)"! —2,4(V;) C A\E.

Remark 4.2 Note if €’ > ¢, then any n-dimensional strong (¢’, (2k + 1)"~1)-horseshoe for
¢ is an n-dimensional strong (€, (2k + 1)"~H-horseshoe for ¢.

Using local charts, the last definition can be done on the manifold N.

Definition 4.3 Let N be an n-dimensional riemannian manifold and fix £ > 1. We say that
¢ € Hom(N) has an n-dimensional strong (€, (2k + 1)"~V)-horseshoe E = [a, b]", if there
is s and an exponential charts exp; : Bs, (0) — N, fori =1, ..., s, such that:

® i = €XP(i+1)mods © P © exp;1 : Bs(0) — Bs, (0) is well defined for some § <
e E is an n-dimensional strong (e, (2k + 1)"~1)-horseshoe for ¢;.

To simplify the notation, we will set ¢; = ¢ foreachi =1,...,s.
For € > 0 and k € N, we consider the sets
H(e, k) = {¢2 € Hom(N) : ¢ has a strong (e, k)-horseshoe}
I
_ _ (n—1)
H(k)_UH<i2’3ln )
ieN
o0
H=[)HK.
k=1

Lemma 4.4 The set H is residual.

Proof Clearly, for any € € (0, 85) and k € N, the set H (¢, k) is open and nonempty.
We claim that the set H (k) is dense in Hom(N). In fact: fix € P"(N) with a s-periodic
point. In the same way as the proof of the Theorem 3.1, every small neighborhood of the
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orbit of this point can be perturbed in order to obtain a strong ( llz 3nki ) horseshoe for a ¢

such that ¢ be close to i for a large enough i. Thus H (k) is a dense set, and a fortiori
o0

H = () H (k) is residual in Hom(N). O
k=1

Finally, we prove Theorem 1.6.

Proof of the Theorem 1.6 1t is sufficient to prove that mdimy (N, d, ¢) = n for any ¢ € H.
For this sake, take ¢ = ¢> € H. We have ¢ € H (k) for any k > 1. Therefore, for any

k € N, there exists iy, with iy < ix41, such that ¢ has a strong lz 37Kk ) _horseshoe

1
k
E; = [ag, bi]", such that |Ey| > i%, consisting of rectangles
k
i _ k ks oy ik k
Hijj ey = Laie bl Qe g 1, 1<ty oyt

with j; € {1,3,...,23%%) — 1},

and
VE =[5k, sK] % [ax, be]™™, forl e (1,3, ..., 230=Dy _ 1y,
with
Hfl,jz,...,jn_l < ¢>(Vlk)° for some /.

Forij e {l,...,2(38) — 1} andl = 1,...,2(3kk)"=1 — 1, take

k k].

in1—10 i,y

k ik ok k k
Liveing = o sp I [ty 5 T x [,

Fort =1,...,mleti”, ..., i" e {1,3,...,23") 1} andforl; € (1,...,2(3kk)"1—
1}, set

k k
( =
(1 (1 (1 (1
h @ lfl*)l 11’15) }i)

k -1 k k
€ e 2 1 n =¢ |¢ (C 2 2 ) NE" 1
i@ i@ 1O bt it il

k __—(m-1) m—1 k k
c = C NE
i O = {90 ( lm,i}'"),.“,ij[’f)l,...,zz,ifz),...,iff_)l) 1,000 ]

ofn—1 o fn—1
Furthermore, set

~k k
C =exp|C .
lm,ifm) ;m ~-Jl,i§]) L p lm,if'") L IR

otn—100 > in—1 o in—100 1 > in—1
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1

1 kik -
R We can choose at least 3** sub

For any k& > 1, take &

indices pi, ..., pyip in {1,...,23F%)"1 — 1} such that if x € Cp, .., and y €
Cpityoin_y» With s # t, then di(x,y) > ¢&. Hence, if x and y belong to differ-
~k : (1) (1)
ent sets Cp(’”),if"’),...,i('"),,...,p“),i,“),...,i(“,’ with p@ € {p1,..., py }and i}”, ....i)" | €
{1,3,..., 2(3“") — 1}, we have that d,, (x, y) > €. Hence,
sep(m, @, &) > 3kiknm - and thus sep(@, &) > log 3Kk

Therefore,

- , log 37kik log 37kik

mdimpy (N, d, @) = limsupM > lim 287 _ lim su _20g - =n

ksoo |logex] k—oo |log ekl koo log[4if(2(3Kik) — 1)]

This fact proves the theorem, since for any ¥ € Hom(N), the inequality mdimm (N, d, ¢) <
n always holds (see [14], Remark 4). ]
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