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Abstract

In the article Criteria for Strong and Weak Random Attractors’ necessary and sufficient
conditions for strong attractors and weak attractors are studied. In this note we correct two
of its theorems on strong attractors.
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We correct two theorems which provide criteria for strong attractors given in [1].

We use the same assumptions and notation as in [1], i.e. let ¢ be a continuous
random dynamical system on a Polish space (E,d) over a metric dynamical system
(2, Z, (V1)rer, P). We use the same letter d for the complete metric on E and the Hausdorff
semi-distance on subsets of E. For a subset A of E we denote the closed 5-neighborhood of
Aby A%,

In the article the following two types of strong attractors are studied:

e B-attractors, i.e. attractors that attract all bounded subsets of E,
e (C-attractors, i.e. attractors that attract all compact subsets of E.

In [1, Theorem 3.1, Theorem 3.2] the following two theorems have been stated:

Theorem 1 (Original erroneous formulation) The following are equivalent:
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(i) ¢ has a strong B-attractor.
(ii) For every ¢ > 0 there exists a compact subset C, such that for each § > 0 and each
bounded and closed subset B of E it holds that

PN et 9 )BSCl Y =1 —e.

$>0128

(iii) There exists a compact strongly B-attracting set w — K ().

Theorem 2 (Original erroneous formulation) The following are equivalent:

(i) @ has a strong C-attractor.
(ii) For every ¢ > 0 there exists a compact subset C. such that for each § > 0 and each
compact subset B of E it holds that

PIUUNet.0w)BSCl Y =1

s>01=s
(iii) There exists a compact strongly C-attracting set w — K ().

The following example shows that the original formulations of Theorem 1 and Theorem
2 are incorrect.

Example 1 Choose E = R, = {0} and consider ¢(t, w)x := x + ¢t forallt > 0,x € E,
w € . This continuous RDS satisfies for all bounded subsets B C R

U N et 9B < (et 9-0)B

T>0t>T T>0t>T
C Qp) =] Jot. 9 0)B=0.
T>0t>T

This RDS has no C-attractor and hence also no B-attractor.

In particular, (i) and (ii) of Theorems 1 and 2 of the original formulation are not equivalent.
This example shows in particular that also the following stronger property is not sufficient
to ensure strong B-attractors:

(ii)” For every ¢ > 0 there exists a compact subset C, such that for each § > 0 and each
bounded and closed subset B of E it holds that

P{Qp@) S Cl}>1—e.

The following is a corrected version of Theorem 1: The condition (ii) is modified. In
addition, condition (iii) is formulated more precisely than in the original formulation.

Theorem 1 (Corrected formulation) The following are equivalent:

(i) ¢ has a strong B-attractor.
(ii) For every ¢ > O there exists a compact subset C. such that for each § > 0 and each
bounded and closed subset B of E there exists a T > 0 such that

PIJet. 9 B Clt =1—e
t>T
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(iii) There exists a random set K C E x Q such that K (w) is P-a.s. compact and K attracts
all bounded subsets, i.e.

lim d(¢(t,9_;0)B, K(w)) =0 P-a.s.
11— 00
for every bounded subset B.
Remark 1 By [2, Lemma 3.5] and its proof we have that

Jet.?0)BeB®.F and Qp(w) € BR.F

t>T

for all bounded closed subsets B of E. Here B denotes the Borel o-algebra of E and .# the
P-completion of .. Therefore, we have by the measurable projection theorem that

Njwe| | Jot.v 0B cC

t>T

W

=prg | 1 Joet. 9B n{(E\C)) x @} | €

t>T

where prg 1 E x Q —  denotes the projection onto 2. Hence, the expression in (ii) of
Theorem 1 is well-defined.

Proof The proof is similar to the proof presented in [1].

Equivalence of (i) and (iii) is proven in [3, Theorem 13], see also [4, Theorem 3.4, Remark
3.5].

We first show (i) == (ii): Let ¢ > 0 be arbitrary. Since E is a Polish space and the
attractor A is a random variable taking values in the compact sets, there exists a compact
subset C, C E such that

PlA(@) € Ce} = 1—¢/2 ey

(see Crauel [5, Proposition 2.15]). Let B € E be a bounded and closed set. Then we have
by (1)

tlim d(p(t,9_;w)B, A(w)) =0 P-as.,
—00

i.e. for every § > O there exists a T(w) > 0 such that for all t+ > T(w) we have
d(p(t,¥_;0)B, A(w)) < § P-almost surely. Hence, there exists some deterministic 7 > 0
such that

PIJet. 9 10)B C A’} =1—¢/2. )

t>T

Combining (1) and (2) implies (ii).

Now we show (ii) = (iii): Let (Bx)ren be a sequence of bounded closed subsets of E
such that By € By C B> ... and such that for any bounded subset B C E there exists some
k € N such that B C Bj. We modify the random attractor constructed in the proof given
in [1] to ensure that it is indeed a random set: We define A(w) to be the (unique) smallest
closed random set that contains UkeN Qp, (w), see [3, Proposition 17]. By (ii) for all ¢ > 0
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there exists a compact set C. C FE such that for every § > 0 and for every k € N there exist
T (k) > 0 such that

Py et oBicCit=1-s
t>T (k)

Using that Cy is closed, this implies that P{Q2p, (w) € C;} > 1 —¢. As Qp, (w) € Qp,,, (®)
this implies P{{_J; <y 8, (@) € C¢} > 1 — . This implies by the properties of A(w) given
by [3, Proposition 17] that A(w) is a compact random set.

It remains to prove that A(w) attracts all bounded sets. To this end consider an arbitrary
bounded subset B of E and let k € N be such that B C By. Let ¢ > 0 be arbitrary. By (ii)
there exists for every m € N some 7, > 0 such that

Pld| | et.9 B Cc| <1/mt >1-¢

t>Ty

which implies

=

P { sup d(¢(t, ;) By, C¢) < 1/m for infinitely many m} >1—e.

To obtain the previous inequality we used for My, := {sup,> 7, d(p(t, @) By, Ce) < 1/m}
that

o0 o0
P [ﬂ U Mm:| = lim P [U Mm:| > linrln_)s;pP[Mm] >1—¢.
neNm=n m=n
Hence, we have
P { lim d(g(t, 9_w) By, Ce) = 0} >1—¢

—00

Due to 2, € A and compactness of C, this implies
P[lim d(¢(t, V—;w) By, A(w)) # 0] < e.

11— 00

The assertion follows as the previous inequality holds for arbitrary ¢ > 0. O

The following is a corrected version of Theorem 2. It follows from the proof given in [1]
and the corrected proof of Theorem 1. (One can use e.g. [3, Lemma 8] to verify that Qp is
invariant.)

Theorem 2 (Corrected formulation) The following are equivalent:

(i) @ has a strong C-attractor.
(ii) For every ¢ > O there exists a compact subset C. such that for each § > 0 and each
compact subset B of E there exists a T > 0 such that

PiJot. 0 0)BCClt = 1—e.
t>T

(iii) There exists a random set K C E x Q such that K (w) is P-a.s. compact and K attracts
all compact subsets.
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