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Abstract

In the present paper, we study different types of stability of the solution of a semi-linear
anticipating stochastic differential equation driven by a Brownian motion, with a random
variable as initial condition. The involved stochastic integral is the Skorohod one. Being the
initial condition random, we need to redefine the stability concepts. The new stability criteria
depend on the derivative of the initial condition in the Malliavin calculus sense.
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1 Introduction

Let W := {W;, t > 0} be a standard Brownian motion defined on a filtered probability space
(22, F,F, P). Consider the stochastic differential equation

0

t

t
bu, Xu)du +/ auXudW,, t>0. (1.1)
0
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Here X : 2 — R is an F—measurable random variable, b : [0, 00) x R x Q2 — R is an
F-adapted random field and a : [0, c0) x € — R is an F-adapted random process. Since the
initial condition X is a random variable, then the stochastic integral has to be an anticipating
one that allows us to integrate processes that are not necessarily adapted to the underlying
filtration F. Here we use the well-known Skorohod integral, introduced by Skorohod in
[17], which is an extension of the classical It0 integral. The existence and uniqueness of the
solution, and other properties, of anticipating stochastic differential equations like (1.1) have
been studied in [4, 5, 12]. See also [14]. This type of equation has proven to be useful in
quantitative finance, for instance in insider trading modeling. See, for example, the recent
paper [6] and the references therein, and [13].

The purpose of the present paper is to study different types of stability of the solution of
Eq. (1.1). Being X a random variable we need to extend the concept of stability. Concretely
we introduce three types of stochastic stability: weak stability in probability, exponential
p—stability and exponential stability in probability. We prove that the solution of equation
(1.1) satisfies all these types of stability under suitable conditions. The case in which Xy
is a constant, where anticipative calculus is not necessary, is treated by Khasminskii in [9]
(Sections 1.5—1.8 and Chapter 5). See also Arnold [2] (Chapter 11) and Gard [7] (Chapter
5).

Stability means insensitivity of a system to small changes in the initial state. In a stable
system, the trajectories that are close to each other at a specific instant continuous to be close
to each other at the subsequent instants. Lyapunov developed in 1892 a method to determine
stability of a system despite not knowing its explicit solution. For deterministic dynamical
systems a theory of stability of solutions is very well developed, see for example [3]. On
other hand, it is clear that stability is a very important property in applications. For example,
for stable systems such that explicit solutions are not known we can try to find approximated
solutions using numerical methods.

Stochastic stability has been developed much more recently. To generalize determinis-
tic stability to stochastic stability it is not straightforward. Different definitions have been
considered in the literature. During the last decades many results based on the Lyapunov
point of view have been obtained for It6 stochastic differential equations, see Chapters 1 and
5 of Khasminskii [9] as a main reference. As it is pointed out by Khasminskii, the study
of stability is important in many applications of stochastic dynamical systems (see also the
references in [9]). In particular, the stability of linear systems has applications in automatic
control (for instance, [11, 16]).

In the present paper, as far as we know, we extend for the first time Khasminskii notions
of weak stability in probability and exponential stability in probability to the case of random
initial condition, and therefore, to the case of an anticipating stochastic differential equa-
tion. Different results of stability of the solution are obtained. Malliavin differentiability
hypotheses are naturally required.

In Sect. 2 we recall some preliminary results about Malliavin calculus and anticipative
Girsanov transformations, following essentially Buckdhan [5] and Nualart [14]. In Sect. 3
we establish the existence and uniqueness of the solution of Eq. (1.1), extending the result for
the linear case (b(u, x) = b(u) - x) proved in Buckdhan [4]; see also Buckdhan [5] (Theorem
3.2.1). The proof of this existence and uniqueness result is sketched in the Appendix (Section
6.1). The solution of Eq. (1.1) is written in terms of an auxiliary process Z, whose properties
are analyzed in Sect. 4. Finally, in Sect. 5, we introduce the three new types of stochastic
stability, suitable to our context, and prove different stability results for the solution of Eq.

(1.1).
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2 Preliminaries

In the present paper we assume (€2, F, P) is the canonical Wiener space. That is, 2 is the
family of all continuous functions from [0, c0) to R null at 0, F is the Borel o -algebra of €2,
when this is equipped with the topology of uniform convergence on compact sets, and P is the
probability measure such that the canonical process W;(w) = w(t) is a standard Brownian
motion. Moreover, F := {F;,t > 0} is the completed natural filtration of W. We denote
by B(R), the Borel o-algebra on R, and, for any 7" > 0, we denote by Pr, the progressive
o-algebraon 2 x [0, T].

2.1 Malliavin calculus and Sobolev spaces

Let C°(R") be the family of all the C*°-functions from R" to R that are bounded together
with all their partial derivatives. Consider the class S of smooth random variables F of the
form

F=f(Wy.....W,). (2.1)

with f € C;°(R") and 11, ..., 1, € Ry. For the smooth functional F given in (2.1), we
define its derivative in the Malliavin calculus sense as the process

n
DyF = 00 f(Wyo .o, W) lljo.1(s), s > 0.
j=1

.....

Now, we introduce the spaces ]D)]}’p ,where k € N, 7 > 0 and p > 1. On S, consider the
semi-norm

k
; 1
Wl pr = IFllp+ Y ||</[0 . |DLFIdz)2 ],
i=1 '

where || - ||, stands for the norm in L?(2). It is well-known that the operator DF is closable
from S C L?() into LP(; L2([0, T1¥)), see Nualart [14] (Section 1.2). Thus, the space

]D)];’p is defined as the completion of the family S with respect to the semi-norm || - ||, p, 7.

Note thatif 0 < T < T, we have ]D)kT’P C ID)kf’p.

As in Buckdhan [5], ID)]}’OO (resp. [5)/}’00) denotes the family of all random variables F €

D42 such that F e L°(Q) and D"F € L*®(; LA([0, T1™)) (resp. D" F € L™(RQ x
[0, T1), form=1,... k.

For T > 0, the Skorohod integral with respect to W, denoted by ér, is the adjoint of the
derivative operator D : ]f))lToo C L*® () — L (2 x [0, T]). Thatis, u is in Dom 87 if and
onlyifu € L! (2 x [0, T]) and there exists a random variable §7 (1) € LY(Q) satisfying the
duality relation

T
E [ / u; D, th] =E[Srw)F], forevery FeDy®™. (2.2)
0

Sometimes, when u € L2 (Q x [0, T']), we consider the Skorohod integral as the adjoint of
D : ]D)lT’2 c L? (Q) — L2 (2 x [0, T]). That is, u € Dom dr, if and only if, there exists
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87 (u) € L% (2) such that (2.2) holds for any F € DIT’Z. Note that the first definition of §7 is
an extension of the second one.

The operator §7 is an extension of the It6 integral in the sense that the set Lg x[0,T)
of all square-integrable and adapted processes with respect to the filtration generated by W is
included in Dom &7 and the operator 7 restricted to L,% (22 x [0, T]) coincides with the Itd
stochastic integral with respect to W. For u € Dom 87, we make use of the notation 67 (1) =
fOT u8W; and for ¢ € [0, T] and ully ;) in Dom 87, we write 87 (ulljo,q) = fot u S W.
Observe also that for 0 < T < T,if u € Dom §;, then ull[oj] € Dom 8t and in this case,
87 (u) = 87(ully 7)) = fo ugdWs.

Let St be the family of processes of the form u(-) = 27:] Fjh;(-), where for any
Jj=1,...,n, Fjis arandom variable in S and 4 : [0, T] — R is a bounded measurable

function. We denote by ILIT’ 27 the closure of St with respect to the semi-norm

ull} s = E ( / ulds + / T(Dsu,fdsdr),
[0.7] AT

where AIT = {(s, t) € [0, T]2 1S > t} , and by IL;, the closure of St with respect to the
semi-norm

llullf 7 = ullf o p 7 +E (/ T(DrDsuozdrdsdz) :
AZ

with Ag = {(,s,t) €0, T]3 :r Vs > t}. Observe that L?l(Q x [0, T]) C ]L¥ for any
T > 0, with Dyu; = D, Dgu; = 0 fors > t and (r, s,t) € Ag.
Finally, for a process X € }LlT’z’f and given p > 1, we denote by D~ X the process in
LP (2 x [0, T]) such that
T
lim sup  E(|DsX; — (D™ X)|")ds =0 (2.3)

n=oeJo (sf%)v0<t<.v

f

if such a process D~ X exists. Henceforth, the space ]LIT’ZI; represents the family of processes

X € Ly such that (2.3) is satisfied.

2.2 Anticipative Girsanov transformations

Following Buckdhan [5], and in order to establish the existence of a unique solution to Eq.
(1.1), we introduce two families A = {A;;, 0 <s <t} and {T;, ¢t > 0} of transformations
on the Wiener space €2 through the equations

A
(As10). = . —/ ar (A, rw)dr 2.4)
SA-
and
I
(Tyw). = w. —i—/ a,(T,w)dr, we Q. 2.5)
0

Define A; := Ap,;. Notice that, from Buckdhan [5] (Section 2.2), if a € L2([0,T1; ]D)lT’OO),
Eqgs. (2.4) and (2.5) have a unique solution for 0 < s <t < T, and moreover, Ay ; = T, A;.
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Additionally, if a is also an adapted process, the Girsanov theorem (see Buckdhan [5],
Proposition 2.2.3) implies

E(F(As,1)Ls,) = E(F), (2.6)
for F € L*°(R2), where

t 1 t
Ls; :=exp {/ a,dW, — 5/ arzdr} . 2.7
s s

In the following, we use frequently the fact that if F' is F;—measurable, t > s and a is an
adapted process, then F(A;) = F(Ay) and F(T;) = F(Ty).

3 Anticipating semi-linear equations

In this section, for T > 0 fixed, we consider the anticipating semi-linear stochastic differential
equation

t t

X,=X0+f b(s,XS)ds—l—/ as X;8Ws, 0<t<T, 3.1
0 0
where the random variable X and the coefficients a and b satisfy suitable conditions.

The following will be the hypotheses used in the paper. Some hypotheses are stronger
than another ones, but we introduce them in this way not to ask for conditions stronger than
we need in some results.

X1) Xg € L*®(Q).

(X2T) Forany T > 0, Xo € ]ﬁ)%oo (Note that this implies (X1)).

(X3T) Xy satisfies (X2T) and there exists a constant > 0 such that Xo > n for all @ or
Xo < —n for all w.

(AIT) a € Li([O, T1; ID)IT’OO), that is, a is an F—adapted process in L2([O, T1; ]D)lT’OO).

(A2T) a satisfies (A1T) and moreover a € L®([0, T] x ) and Da € L®(2 x [0, T]?).

BIT) b: Q2 x[0,T] x R — RisaPr ® B(R)—measurable random field such that there
exist an adapted non-negative process y € L>®(2 x [0, T]) and a constant L > 0

satisfying
b, x) = b, M| < yilx —yl,  sup |[b(,0)]lec <L,
1€[0,T]
for all x,y € R and ¢ € [0, T] w.p.1. Recall that || - || stands for the essential

supremum of a random variable. Let’s denote

T
C1 ::/ Vs lloods.
0

(B2T) b satisfies (B1T), b(¢,0) = O for all ¢+ € [0, T'] and any fixed T > 0. b has almost
surely continuous trajectories in ¢ and x, and 9, b(¢, x) exists and it is continuous in
t and x.

(B3T) b satisfies (B2T), b(-,x) € LP([0, T']; DIT’p) forall p >2andx € R, b(t, x) € ]D)IT’OO
forall t € [0, T] and x € R, D;b(s, -) is a measurable random field continuous on
x for any s and ¢, and there exists a non-negative process M € L! ([0, T1?, L>®(Q))
such that | Dgb(t, x, w)| < M (s, t) |x| and

T
cy := sup / [|M (7, $)||cods < o0.
B

0<r<T
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(B4T) Assume that b satisfy (B3T) for any 7 > 0 and has the form
b(t,x) =bix +¢(t, x),

where b € L®(2 x [0, T1), Db € L®(Q2 x [0, T1?) and ¢ satisfies (B37T) with a
certain process § in the role of process y in (B2T). Moreover, the function 8§¢(t, X)
exists, it is continuous in ¢ and x and it is bounded uniformly on 2 x [0, T'] x R.

Now we proceed as in Nualart [14] (Theorem 3.3.6). Consider Lo ; defined in (2.7).
Remember that Hypothesis (A1T) implies that for 0 < s < ¢, Lo s(T;) = Lo s(Ts). Also
notice that Hypotheses (A1T) and (B1T) imply that for all x € R and almost all w € €2, the
equation

t
Zy(w,x) =x +/ Ly N(T,w)b(s, Loy (Ti0) Zs(w, x), Tyw)ds, t €[0,T],  (3.2)
) O

has a unique solution. The relation between this equation and Eq. (3.1) is given by the
following theorem:

Theorem 3.1 Assume (X1), (AIT) and (BIT) hold. Define
Xt = LO,tZz(At, XO(AI))- (3-3)

Then, the process X = {X;, 0 <t < T} satisfies 1|o,;1(-) a.X. € Dom 7 forallt € [0, T],
belongs to L' (2 x [0, T1) and is a solution of Eq. (3.1). Conversely, if Y € L'(€2 x [0, T1)
is a solution of Eq. (3.1) and a satisfies (A2T) then Y agrees with the right hand side of (3.3).

Remarks 3.2

1. Note that _in the linear case (i.e. b(s, x) = by - x), Hypothesis (B1T) has to be applied
to y := |b| This is treated in Buckdhan [5] (Theorem 3.2.1). In this case, (3.3) has the
form

t
X, = Lo, ~exp{/ ESds} - Xo(Ay), t > 0.
0

2. The semi-linear Eq. (3.1), when a is a deterministic function of L2([0, TY), is considered
in Nualart [14] (Theorem 3.3.6). In the present paper, following ideas stated in Buckdhan
[5] (Chapter 3), we extend the result in Nualart [14] to the case that a is a process that
satisfies Hypothesis (A1T) and y is random.

3. Assume (X1), (A2T) and (B1T) are satisfied for any T > 0. Note that in this case,
Theorem 3.1 says that equation (3.1) has a unique solution on €2 x [0, co) given by (3.3).
For the existence we only need to assume that, foreach T > 0, y € L'([0, T], L®()).
Condition y € L*°(Q x [0, T']) is needed for the uniqueness.

Proof Since the proof of this theorem is long and similar to those in Nualart [ 14] or Buckdhan
[5], we only sketch it in the Appendix (Subsection 6.1). For details, the reader can see the
references [4, 5, 14]. O

4 Some properties of process Z

In this section we establish some properties of process Z introduced in Eq. (3.2).
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Lemma4.1 Let T > 0 and assume (A2T) and (B2T) hold. Then, the solution Z of Eq. (3.2)
satisfies

t
|Z(w, x)| < |x|exp (/ ||Vs||ood5) < |x]e! 4.1
0
and
¢
|0xZi (w, x)| < exp (/ ||J/s||oodS> <e, “4.2)
0

Sfor (t,x) € [0, T] x R and for almost all w € L.

Proof Letw € Qbesuchthat(B2T)issatisfied. Note thatbeing L s adapted to the underlying
filtration [F, Eq. (3.2) can be written as

t
Zi(w,x)=x +/ LEi(Tsa))b(s, Los(Tyw)Zs(w, x), Tsw)ds, te€[0,T]. (4.3)
o O
Inequality (4.1) is an immediate consequence of Gronwall’s lemma, (A1T) and (B2T). Taking

partial derivatives with respect to x in Eq. (4.3) and using Hartman [8] (Section 5.3) and (A2T)
we obtain that 9, Z; (w, x) exists and satisfies the equation

t
nZi(w,x) =1 +/ 0:D) (s, Los(Tsw) Zs(w, x), Tsw)0: Zs(w, x)ds, t €[0,T],
0

4.4)
whose explicit solution is given by
t
0xZi(w, x) = exp (/ (0xD) (s, Lo,s (Tsw) Zs (o, x), Tsw)dS) . 4.5)
0
Finally (B1T) and (A2T) give that inequality (4.2) is true. ]
Lemma4.2 Fix T > 0. Assume (AIT) and (B2T) hold. Then, for x € R,
(t, w) = Z; (Ao, x)
is Pr-measurable and belong to ¥ .
Proof Let ty € (0, T]. Then, (3.2) implies
t
Zi(Apyw,x) =x —|—/ L&; b(s, LosZs(Ayyw, x))ds, t €0, 1] (4.6)
0

Note that thanks the fact
L({i b(s, Losy) — Lai b(s, Los Y)| < llyliLeqo,rix [y — ¥,

we have the previous equation has a unique solution. Moreover, this solution is adapted since

b is Pt ® B(R)-measurable. So, t — Z;(Ay,, x) is F;-measurable for all ¢ € [0, #o]. In

particular, Z;(A;, x) is F;-measurable for all € [0, #y], and consequently, for all € [0, T'].
Finally, for s < ¢,

Zs(As, x) = Zs (AT Ar, x) = Z3(AsTi Ay, x) = Z(Ay, X),

where the second equality is a consequence of the fact that Z,(A;, x) is F;-measurable.

Moreover, thanks to inequality (4.1), the solution belongs to L3(Q2 x [0, TY). So, it belongs

to LE. O
T
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Lemma4.3 Let T > 0. Assume that (AIT) and (B2T) are satisfied. Then, for x > 0 (resp.
x < 0), we have

t t
Z:(As, x) > xexp[ —/ )/Sds} (resp. Z; (A, x) < xexp[ —/ ysds]),
0 0

foranyt € [0, T] and w € Q for which (B2T) is true.

Proof We know that Z;(A;, x) satisfies Eq. (4.6). Assume x > 0. The negative case is
analogous. Fix w €  satistying (B2T). Assume there exists g such that Z, (A, x) > 0 for
allu < t9 and Z;, (A4, x) = 0. On [0, 1], using (B2T), we have

~VuLouZu(Au, x) < b, Lo.uZu(Au, X)) < YuLouZu(Au, X).
Therefore, for ¢ € [0, t],
0, Z(As, x) = La; b(t, Lo Zi(Ar, X)) = =i Zi(Ay, X). 4.7)

Hence, by Hartman [8] (Remark 1 of Theorem 4.1 in Section 3.3), we have

t
Z,(A,,x)zxexp[—f )/Sds}, t <.
0

In particular, for t = 19,

]
0 zxexp{ —/ ysds}.
0

and this is a contradiction. Therefore, Z; (A;, x) is positive forall ¢ € [0, T] and, consequently,
(4.7) is satisfied for ¢ € [0, T], which gives that the result holds. ]

Lemma4.4 Let T > 0. Assume that (A2T) and (B3T) hold. Then, for all p > 2 and x € R,
the process Z;(A;, x) belongs to LP ([0, T], IDIT’p), and forr,t € [0, T] we have

t

Dy Zi(As, x) = /

rAt

U, s) [(D,LGDbGs, LosZs(Ay, )
+ Ly (0)(s, Lo Zs(Ay, 0))(Dy Lo ) Z(Ag, %) 4.8)
+Lg Deb(s, Dozt 7,40 | 45,
where
U(t,s) :=exp {/St(axb)(u, LouZ,(Ay, x))du} .

Remark 4.5 Note that (4.8) is the solution of the linear stochastic differential equation
t
Dy Zi(Ay, x) = / (DrL&l)b(S, LosZs(As, x))ds
rAt

t
+/ L(Ii(axb)(sv LO,sZs (A, x))(DrLO,s)Zs (A, x)ds
,

ava

t
+/ LaiDrb(S, Dlz=LoZ,(As,x)dS
.

AL

t
+/ (0xD)(s, Lo,sZs(As, x))DrZs(Ag, x)ds, t € [0, T].
r

Nt

See for example [2], Section 8.2.
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Proof of Lemma 4.4 The proof is inspired in [14] (Section 2.2). Let ¢ := ¢1 V ¢3 Vv 1. Recall
that ¢; and c; are finite constants thanks (B17') and (B3T), and Z;(A;, x) satisfies Eq. (4.6).

We consider the Picard approximations of Z;(A;, x). For n = 0 we define
Zz,(O)(Azy X)=x
and we apply induction on n to define, for n > 1, the adapted and continuous process
13
Zt,(n) (A, x) =x+ f L(Ily b(s, Los Zs,(n—l)(Asv x))ds. (4.9)
0

We divide the proof in two steps.

1. In this first step we prove that for any n > 0, Z. (,)(A., x) is a continuous and adapted
process boundedin L” ([0, T1x€2) forany p > 1, uniformly in n. Moreover, Z; () (A;, x)
converges to Z;(A;, x) with probability one, uniformly in ¢t € [0, T'], and in L? ([0, T] x
Q), forany p > 1.

Note that from (4.9) and (B2T), we have

t
|Zs,(n+1)(Ar, X)| < |x| +/ Vs 1 Zs, ) (As, x)|ds, tel0,T].

0
Therefore, iterating this inequality, we have |Z; (,)(A;, x)| < |x|e! for all n € N and
te[0,T].
On the other hand, we have

t t
1Zt,) = Zi, )| = /o Ly, 1b(s, LosZs 0)(As. X)lds < |x]| /0 Ysds,

and iterating again, we obtain

t
|Zi (n+1) — Zt,(my] < / La,i |b(s, Lo,sZs,(n)(As, X)) — b(s, Lo s Zs,(n—1)(As, x))|ds
0

t
Sf VS|ZS.(n)(As’ x) _Zs,(nfl)(Asv x)|ds
0

t
B / yods)™ L.
0

~ (m+1)!
Thus,
00 00 o
_ -1 L
Z(:)lzt,(n+l) Zt,m| = c1lx] X(:) o = cretix] <00
n= n=

implies the statement.
2. Now we want to check the differentiability of Z;(A;, x) in the Malliavin calculus sense.
Using Lemma 1.5.3 in [14], it is enough to check that, for any » > 0 and p > 2,

Z: i (As, x) € LP([0, T]’]D)lT,p)

and

n>00<r<T r<t<T

sup sup E( sup |Dth,(n)(At»x)|p> < 00.
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Note that Z; 0)(A;,x) = x € LP([0, T],]D)IT”') for all p > 2. Now, assume that

Z:, (A, x) € LP([0, T], ]D)lT’p) for all p > 2. Then, using (4.9), (A2T), (B3T) and
[10] (Lemma 2.2), we have, for r < ¢,

t
D, Zt,(n+l)(At7 X) = / (DrL(;i) b(s, LO,_\'ZS,(n) (As, x))ds
r
t
+/ L(Ii(axb)(& LO,sZs,(n)(As, x))(DrLO,s)Zs,(n) (Ag, x)ds
-
t
+/ (0xb) (s, Lo.s Zs,(n) (A, X))DrZs,(n)(Asv x)ds
-

t
-1
+f LO!SD,-b(S, 2, w)|z:L()VSZL(,,)(AX,x)dS~
-

On the other hand, being Z. (,)(A., x) an adapted process, for any r > t we have
D, Zt,(n) (A, x) =0.

Now putting together the first two terms on the right hand side we have
t
|Dr Zi. 1y (Ar, )] < / Vs - (IDALG Lol + LG 1D, Losl) - 1Zs, Ay, ) 1ds
r
t
+/ VS'DVZS,(n)(Asv x)|dS
.

t
+/ Lo - M(r.s) - |Los| - 1Zy.0 (As. Olds. 1€ [r, T1.
r

Defining
K(r.s) :=|DrLg,||Los| + Lol IDrLos|

and joining the first and the third term on the right hand side we obtain
t
IDr Zt (n41)(Ar, X)| < / [ysK(r,s) + M(r, )1 Zs,mn)(As, x)|ds
r

t
+/ V5| Dy Zs () (As, x)|ds, telr,T]
,

Hence,

T T
Dy Zt (n+1y (A, X)| < (( sup K(r,s))/ ysds—i—/ M(r,s)ds)
r<s<T r r

sup |ZS,(}’£)(AS1 x)'

0<s<T
t
+ f VS|DrZs,(n)(AS7x)|dsv tel0,T]
.
Consequently, using (B3T), Lemma 4.1 and Step 1, we have

1D Ziuy (Ars )| < lxlee” (14 sup K(r.9))

r<s<T

t
+/ VS'DVZS,(H)(AS’ x)|ds, telr,T].
-
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Applying Gronwall’s Lemma with  and w fixed, we obtain

t
1D Zo ) (A, )| = feleetg(r, @, T) exp | / yds| < |xlee*g(r, 0. T), (4.10)

r

where g(r,, T) := 1+ sup, .,y K(r,s). Note that the right-hand side of (4.10) is
independent of n and ¢ € [r, T].
We know by Step 1 that Z; (,41)(A;, x) € LP (). So, it remains only to check

sup ]E( sup |D,Zt,(,,+1)(A,,x)|p> < 00,
0<r<T r<t<T

uniformly in n > 0.

Note that, by (4.10), we have

E( sup |Dth,(n+1)(At»x)|p) < x[PePe*PE (Jg(r, 0, T)IP) |

r<t<T

for all n € N. Therefore, the problem reduces to check

p
sup E{|1+ sup K(r,s) < 00.
0<r<T r<s<T

Using Holder inequality, it is enough to see

0<r<T r<s<T

sup IE( sup K(r,s)”) < 00,

which, by applying Holder inequality again, is equivalent to check

sup E (Jar|*?) < oo,

0<r<T

s 2p
sup E| sup /Drauqu < 00
0<r<T r<s<T |Jr

and

T
sup E/ lau|? - |Dy ay|Pdu < oo.
r

0<r<T

The first and third statements are obvious from (A2T). The second one is true thanks to
Burkholder-Davis-Gundy inequality and (A2T). Therefore, Z; () (A;, x) is a well defined

object in D7 and Z.(A., x) € L”([0, T}, ID)IT’p).
Finally, (4.8) follows from (4.6) and Remark 4.5. (]

5 Stability of the solution

Remember that Theorem 3.1, under Hypotheses (X1T), (A2T) and (B1T), implies that there
exists a unique solution of Eq. (3.1) in L(§2 x [0, T']) for any T > 0.
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5.1 Auxiliary results

In this section we establish some auxiliary tools that we need to study the stability of the
solution of Eq. (3.1).

Lemma5.1 Let T > 0. Assume (X2T), (A2T) and (B3T) hold. Then, Z;(A;, Xo(A;)) belongs
1.2.f
tolL;™’ and for s > t we have

DsZi(Ar, Xo(Ar)) = 9xZi (A, Xo(Ar))(Ds X0)(Ar).

Proof By Lemma 4.2 the process t — Z;(A;, x) is in the space ILIT’Z’f. Assume first that
Xo € S. Proceeding as in Ocone and Pardoux [15] (proofs of Lemmas 2.3 and 2.4), together
with (4.1) and (4.2), we obtain that for s > 1,

D;Z;(Ar, Xo(Ar) = 0 Zi (A, X0(A)Ds(X0(Ar)) = 0xZi (As, Xo(A1)) (D5 Xo0)(Ay),

where the last equality is a consequence of Buckdhan [5] (equality (2.2.26)). Hence, the
result is satisfied due to Buckdhan [5] (Proposition 2.1.2) and (4.4). ]

Lemma5.2 Let T > 0. Assume (X2T), (A2T) and (B3T) hold. Let X be the solution of (3.1).
Then, X € LP([0, T1, Dy") forall p > 1.

Proof Observe that (2.7), Propositions 1.3.8 and 1.5.5 in [14] and (A2T) establish that
Lo. € LP([0, T], ]D)]T’p) for any p > 1. Hence, by Theorem 3.1 it is enough to show that

Z.(A., Xo(A)) € LP([0, T], ID)IT”’) for all p > 1. Toward this end we first assume X € S.
In this case, Lemmas 4.1 and 4.4, (4.8) together with the dominated convergence theorem,
(A2T) and (B2T) yield that we can proceed as in the proof of Lemma 2.1 in [10] to see that
Z.(A., Xo(A) € LP([0, T1, DyP) with

DsZi(Ar, Xo(Ar) = Dy Zi (A, X)|x=xo(a)) + (0xZ1)(Ar, X0 (A1) D5 (Xo(A))).

Hence, Buckdhan [5] (Proposition 2.1.2, Lemma 2.2.13, and (2.2.26)) yield, for any s, ¢ €
[0, T],

D;Z;(Ar, Xo(Ar) = Dy Zi(Ar, X)|x=xXo(a,) + (0xZ1)(Ar, X0 (A1) (Ds Xo)(Ar). (5.1)

Finally, the result follows from (A2T), (B2T), (4.4), (4.8), Lemma 4.1, Buckdhan [5]
(Proposition 2.1.2) and the dominated convergence theorem. O

For any v € (0, 1], we consider the Lyapunov function
F(x,y)=Ix"¢e”", x,y€R. (5.2)
The following result is the main tool for the study of the stability of the solution to (3.1).

Theorem 5.3 Let T > 0. Assume Hypotheses (X3T), (A2T) and (B4T) hold. Let X be the
solution of (3.1) given by (3.3) and

t 2
Y :=/ (5S—‘;—f+es)ds, t€[0,T],
0

where ¢ := {g5,s € [0, T1} is a positive adapted process belonging to L*(Q2 x [0, T]).
Then, for any t € [0, T] we get

t 2
E(F(X,, Y)) = E(IXol") + vE (/ F(X,, Yy) [u% + @ - ss] ds>
0 s
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0y Zs (Asa XO(AS))

t
+V(U _ I)E (/0 F(XS, Ys)as Zs(AS’ XO(AS))

: (Don)(As)dS> .
(5.3)

For simplicity we will write

t
E(F(X:, Y1) = E(IXol") + vE (/0 F(Xs, Ys)n(S)dS>

with
ag‘z (s, Xs) 0 Zs(Ay, Xo(Ay))

—+ —— -+ (- l)asm(DsXO)(As)~ 3.4

Remark 5.4 Note that as a consequence of Lemmas 4.1 and 4.3 we have, for either Xg > 0
a.s.or Xo <Oa.s.,

0xZs(As, Xo(As)) | _ &
Zs(As. Xo(A)) |~ 1Xo(A9)”

Proof of Theorem 5.3 Note that by (X2T) the random variable Xy € ID)IT’2 and then, there
exists a sequence {X(()") € S, n > 1} that converges to Xy in ]D)lT’Z. By (X3T) we can assume
that | X (")l > g for all n € N, where n > 0 is given by Hypothesis (X3T).

Being a, bande processes in Lﬁ(Q x [0, T]), itis well-known that we can consider three
sequences {a™, n > 1}, {b", n > 1} and {¢™, n > 1} of adapted processes of the form

my—1 my—1 my—1
o =Y Finllaun®, 5" =" Giallin®. " =Y Einliu0),
i=0 i=0 i=0
with F; ,, G; n, Ei » € S, such that
(n) 2 w7 7
m1E/ h —m]m=q MlE/ % —@]m=o
n—+0o n—-+400 0

and

lim ]E/ 6™ — & %dt = 0.
n—oo
Moreover, observe that given (X2T), (A2T) and (B4T), it is straightforward to prove that
XS oo 1@ oo @107 116 |2 (@x10,71) and |6 e @x[0,T}) are bounded respec-
tively by the norms ¢||Xollco, ¢llallLe@x[0,71)» €lIbllLe@x[0,77) and c||e]|Le@xo, 1) for
a certain generic constant ¢ > 1. .

But we are interested in approximating a, b and ¢ by continuous processes. Towards this
end, let n € N. For each n, define

and
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We can consider functions k; € C°(R), with values in [0, 1], that approximate indicator
functions in the following sense:
Lt el tin],
K70 = 1 1
0,t¢ [ti—nj,(ti+1+"7)AT].

Then, we can change the previous processes {a(”), n > 1}, {5(”), n > 1} and {8(”), n>1}
by continuous and adapted versions of the form

my my my
a” =3 Fa k). B =Y Giak"). e = Ei.kl©).
i=1 i=1 i=1
with F; ,, G; n, Ei » € S, such that

T 2 T _12
lim E / [af”)—a,] di =0, lim E / [b,(")—b,] di =0
0 0

n—+oo n——+00

and

T
lim E/ 6™ — ¢,dt = 0.
0

n—+oo

The fact that we can change 1l ;] by kl.(”) (#) is proved by the arguments used in Sect. 6.2.
The approximation of ¢ is slightly more complicated. See Sect. 6.2 for details. In Sect. 6.2,
we consider the adapted random field

X
¢><"><z,x>=/ YO dy, a1,
0

where
Y (1, x) = 8,9 (1,0) + g (/ v, y)dy) ,
0

with g smooth enough,

n—1 n?-1

PO =Y 3 HOKY ) 1 ). n= 1

i=0 j=—pn2

and Hi('}) € S. Taking into account the construction in Appendix (Sect.6.2) we can prove

that ¥ (¢, x) is bounded and that ¥ ™ (¢, x) —> 8%(]5 (t, x) when n tends to +oo for almost
all (w,t,x) € Q x [0, T] x R. Moreover, we can also check that 1/f(”)(t, xX) — 0o (t, x)
almost surely when 7 tends to 400, the function ¥ " (¢, x) is uniformly bounded with respect
all the parameters (including n) and

n——+00

T 2
lim E / f (800 — 9™, )] dedx =0,
K JO

for any compact K C R. As a consequence, we also have

T 2
lim sup IE/ [¢(z,x)—¢<">(t,x)] dt = 0. (5.5)
0

n—>+00 , cg
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Now, we divide the proof into two steps. First, we prove the result using the simple
processes defined above and then, for the general case.

1. Here, we fix n € N. Let Z™ be the solution to (3.2) when we change a and b by a™
and b, respectively. Note that the change of a by a® implies the change of operators

Ay ; and T;. Here, we also change X by and X(()").

By Lemma 4.4, we have that Z,(”)(Agn), x) e LP([0,T]; DIT’p) forany p > landx € R.
Moreover, from Lemma 5.1, we also have, for s > ¢,

Dz (A", X (A7) = 0,2 (A", XA (DX ) (4")
t
= exp { / 80" (u, L Z (A", xg")(A,("’)))du}
0
x (szgm) AM, (5.6)

where the last equality follows from (4.5). Remember that, as a consequence of the
definition of b we have that 3,6 is bounded on Q x [0, T] x R. Hence we have
that Z,(") (A;n), X (()”) (Ag"))) is a bounded process because of Hypothesis (B2T), (3.2) and

(4.1). The fact that Z{" (A", X" (A™)) € LF N LF(Q x [0, T]), for any B > 2, is not
obvious since in Lemma 4.2 the initial condition is deterministic. The fact of belonging
to ¥ can be proved by considering the approximation

m (n) ;4 (n)
() 4 () Koo (AT
E 0xZ; " (A, ,xj)/ Uyj 1 (0)dx, (5.7
. 0
j=—m

and taking into account (4.5), Lemmas 4.2 and 4.4 and the assumptions on the coefficients.

Now it is easy to see that X,(") = Lg’lt) Z,(”)(Agn), Xg”(A;"))) belongs to ¥ with

Dth(n) = L(()"t) DSZI‘(”)(At(ﬂ)’ X(()n)(Agn)))’
DX = (D,L§)) D, 7" (A", X{" (A"
+L D, D, 2" (AT, X§" (AM)), (5.8)

s > t and for any r € [0, T'].

Now our goal is to use Remark 4 of Theorem 3 in Alos-Nualart [1] in order to apply the
It formula (3.2) of that paper.

Note first of all that hypotheses on a implies

LY € LP(Q x [0,T1), forany p > 1, (5.9)

and (4.1) and the hypotheses on X ((]") imply that

T 2 2
E( /0 ‘a§’1>Lgf'§z§”)(A§'l>,xf)’”(Ag”)))) ds) < o0 (5.10)

From (5.6) and the hypotheses on 5™, ¢ and X(()") it is clear that

’DSZ,(”)(AY'), X(()”)(Af”)))’ <C, s>1. (5.11)
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So, hypotheses on a™ and X(()") , (5.9) and (4.2) implies that

N0

We also need to study (5.8). We divide it into three parts. Hypotheses on X(()") and a™
(in particular a™ is adapted), (5.9) and (5.11) give

A

and

=0k

In order to deal with the remaining term we need to take into account the following

2 2
ED, (a§">L§)f’jz§">(A§">,X(()”>(A§">)))’ dr) ds <oo.  (5.12)

2
2
(Duaﬁ*ﬂ) L D Z (AP, X(()”’(Ag'”))’ drdu) ds < 00, (5.13)

2
2
a™ (Dungﬁ) D, ZM (AW, X(‘]">(A§">))‘ drdu) ds < co. (5.14)

a LG DD Z (AM, X (AM))
r
—a"L" D, [exp{ / 8:b™ (v, L 2 (A, Xé"’(Aﬁ'l))))du} (pex(?) (Aﬁ"))].
0

The factor with D, (Ds X (()")> (A™) is bounded as before thanks hypotheses on a™ and

X (()"). On the other hand, we have
r
a L) D, [exp i/ 0.6 (v, LG 28 (A, X <A£")>>>d”” (Px(?) 4™
A ,

= A(r,u,s)+ B(r,u,s),

with
r
A(r,u,5) = a™ LD, [exp{/ Efj‘)du”
’ 0
,
X exp { /0 8,6 (v, L) ZM (AL, X((J")(Aﬁ”))))dv} (DeX§”) (),
r
B(r.u,s) = a™L" exp { / bff’)dv} (szé”)) (A™)
' 0

;
x Dy, [exp { / 3™ (v, L§) ZM (A™, X(()”)(Ag'”)))dv” )
0

Using similar arguments as before we can show

T T ps 2
/ E (/ / |A(r, u, s)|2drdu> ds < o0. (5.15)
0 0 Jo

Hypotheses on a™, b and X(()") , the construction of ¢, (5.9), (5.11) and arguing as
in (5.12), we can obtain

2

T T ps
/ E (/ / |B(r,u, s)|* drdu) ds < oo. (5.16)
0 0 0
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Notice that using a™, b™ and ¢™ we can also define

t (n)y2
Y[(ﬂ) ::/(; <B§n) (Cl 2) + (n)) dS [0’ T].

Moreover we can consider Fy, (x, y) := oy (x) e™"Y where o, is an infinite derivable

function such that a, (x) = |x| on (—1, )¢ and 5= < @, (x) < L on (=1, 1) The

expression (5.8) together with the bounds (5.10) and (5.12)— (5.16) (we can argue in a
similar way for the points (ii) and (iii) in Remark 4 of [1]) allow us to apply the Itd
formula for the Skorohod integral (see [1]) and to obtain, for % <1

t
Fm (X[(”), Yt(")) — |X(()l’l)|v +/0 8me(X§n), Yv(n))bgn)Xgn)dS
' t
+/(; 3me(X§n), Y;n))¢(71)(s, Xén))ds _,_/(; 3me(X§n)’ Ys(n))as(n)xs(n)(sws
' o @my?
+/ Oy Fn(X{", Y)Y (B = =5 + & | ds
0
1 f 2 ) v o) v () 2
+5 0 3x,xEn(Xs ’ YS ) (as Xs ) ds
t
+/o 07+ Fun (X, Y)a(" XV DS X" ds.
Taking into account the definition of F;, and (B4T) we have
t (n) —
Fn (Xt(h)’ Yt(n)) = |X(()n)|v + \)/ axam(Xs(ﬂ)) am(Xgn))vfl eﬂ)ylv bﬁ”)Xi”)ds
0

t )
o / Bt (X (XY= ¢~ g0 (. X M) g
0

4 (n)
+v/ et (X)) ap (XY=L eV B g0 x (D sy
0

t w - al (n)y2
_Vf 01111(X§n))v e—vYS <b§n) ( 2) (n) ds
0

v [! ) 2
+5/0 8§’X¢xm(X§”)) ozm(Xﬁn))” Levls (as(")Xs(")) ds

_ 1 t 2 (n 2
+% /0 (ran (X)) (X072 e (0 XM) ds

(5.17)

! 0
+v f 397 o (X)) (X e aM X W DS XM ds
0

! 2 (n)
o —1) /0 (B0m (X)) e (X)* 72 e 0 X DX s,

.
> =,
m

Multiplying the two sides of (5.17) by 14, with

inf ’X§">
[0.7]

rel0

An = {x e Q;
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and thanks the definition of «,,, and the local property of the Lebesgue and Skorohod
integrals (see Lemma 5.2 and Proposition 1.3.15 in [14]) we get

t (n) -
g, F (Xf"’,Yf"))Z“A,,I{IXE)”)I”“ / X e b ds
0

t ) (n) ,X(n) t w
+v/ |X;n)|v e~ Vs Mds _;’_v/ |X§n)|v e Vs as(n)(gWS
0

X(")
o (n)y2
- / XD e (W @ o) as
—1 () 2
+l) 1)2 )/ |Xs(n)|v B_VYS (a§n)> ds
0

t (n)
_ v —vy® (n)D X
+v(v 1)/(; X" e ag X0 ds

Using that ™, 5™ and ¢ are adapted to the underlying filtration I, (3.3), Lemmas
5.1 and 4.3, Hypothesis (B4T), (4.5), Lemma 2.6 in [12], Proposition 2.1.4 in [5] and the
fact that Dy L(()'?; =0, we have

3,2 (AM, X3P (AM))
zM AW, x Ay

Dy X" =x". (DX ") (AM). (5.18)

Noting that Lemma 4.3 and (3.3) imply

lim

1, =1, =1,
m—too  {infreor) 1X > L) {inf,ejo,71 1X\ >0}

(5.18) leads to write

t
F(XP ) =X 4w [, v R0as
0

™ (s, x)
x{

! - (ﬂ ))?
—U/ F(X‘gn), Ys(fl)) b_g") +e (11) ds
0

—1 t 9 Z(") A("),X(”) A(")
+U(V2 )[) F(Xin)7YS(n))|i2a§n) x &5 ( K 0 ( N ))(D‘YX(()n))(Af,n))

ZM(AP, X8 (AM))
2
+(a) }ds.

t t
+vf F(Xs(n),ys(n)) ds +v/ F(Xgn)’ys(n))as(n)aws
0 0
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So,

t
F(ﬂ“ﬂ&O:4X$V+u/'HX?%w“m@mm
0

™)?
@S)+¢W@X@)
2 X§")

t
+v/ FXM™ y™y | v e | ds
0

3.2 (AM, x3M (AM))
zM AP, xPAaMy)

13
+v( —1) / F(X™, y™)a™ (Ds X5 (AM)ds.
0

Note that

v (n)
F(th)’ Ys(n)) a§n) — ‘Z§n)(A§n)’ X(()n)(Agn))) (L(()’Tz)ue_VYS a§n)

is an element of LIT’Z’f (using the same argument applied to (5.7), together with Lemmas
4.3,4.4 and 5.2). Butitis not enough to show that the expectation of the Skorohod integral

is zero. In order to prove it, we have that a®™, ng, e_y§”> e LP([0,T1; ]D)lT’p) for all
p > 1. From Lemma 4.3,

T
n
VWM@J?M@Mzgw{—/ummw)
0

As before, with % < Zexp (— fOT lvs ||oods), we have

v

v
[z X[ = e (20040 X0 40)

Note that 3, (@ (x)") = v (x)" 10, a,, (x). For the case of positive initial condition,
we obtain o, (x)'~! < (2m)!~Y and we also know that 9., is bounded. So, the proof
of Lemma 5.2 implies that 2" (A™, X{" (A™)) € LP([0, T1; D}?) forall p > 1.
Therefore, taking expectations in the penultimate equality, we prove the result for the
particular case of simple processes introduced above:

t
E [F (X,("), Y,(”)>] =EIX{" +v Ef FX™, Y™™ (s)ds
0

where
2
(n)
(as ) ¢(”)(S,X§")) o
+ o) — &
2 X!

3,2 (A, x5 (AM))
ZM A", xMAaMy)

n™(s) = v

+( = Dal™

(DX (AM).

2. In order to prove the general case we will take limits on the last equality as n — oo to
show

t
Euwxhnn=E0me+vEZ;ﬂxmnmaMx

where 7 is introduced in (5.4). This claim is detailed as follows.

First of all, we have the convergence of E(|X(()") |) to E(] Xo|"”) as a consequence of the
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fact that by construction X(()”) converges in L2(2) to Xj.
In relation with the second term it is enough to show that

T
lim E / F(Xs, Yon(s) — FX®, Y™™ (s)|ds = 0
n—oo 0

in order to finish the proof. To do so, we utilize the inequality

T
E / |F (X, Yon(s) — F(X, Y™ (s)|ds < Bin + Ban,
0
with
T
B, = IE/ IF(Xy, Yy) = FOX™, Y)Y Ines)|ds
0

and
T
By, —E / FX™, Y)Y n(s) — 1™ (s)]ds.
0

We first deal with By ,,. Note that from Lemma 4.3, Remark 5.4 and Hypotheses (X3T),
(A2T) and (B4T), the process 1 is bounded. That is, there exists a constant C > 0 such
that

sup n(| < C.
(,1)eQx[0,T]
Therefore, (3.3), (4.3), Lemma 4.1, (6.20), the hypothesis on the coefficients a, ¢ and
b, the definition of their approximations a®™ ™ and ™ and the Cauchy-Schwartz
inequality yield
T
By < CE [P0 ¥) = FO. Y)lds
0

T T v )
<c E/ g, —@g|as+c E/ (L62) |ee = e |as
0 ’ 0 ’

T %
+CE [ (24)1Z0Ac Xo(Al = 127 AP X AP ds
(Lo

T
< CIEf g, — @i |as
A !

1 1

T 2 2 T 12 2
+C (E/ (£62) Uds) <1E/ et — " ds>
0 ’ 0
1

+C (E /0 ' (L) ds>2

T
x (E f 15 (A, Xo(ADII” = 128 (AP, X" (AP
0

2 2
ds)

(5.19)

We claim that our hypotheses allow to show that all these terms converge to zero. Indeed,
the last summand goes to zero as n — 400 due to (6.12) in Sect. 6.3 and the integral of
|L(‘;‘ s (ng)”l also tends zero because of the properties of It6’s integral. Moreover, it
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is easy to see that the second summand converges to zero.
Concerning the second term we can write

N
By =E / (L)
0

Note thatby Lemma 4.1, the hypotheses on the coefficients and applying Cauchy-Schwarz
inequality we have

T 2v % T 2 %
By, <C (E/ (Lé":) ds) (E/ ‘n(s) — n(n)(s)‘ ds) ,
0 " 0

because |Z§") (Ag"), X(()") (Agl))) |V e_”Y;n) < C (see (6.20)). The first factor in the right
hand side is also bounded. Finally, in a similar way as in Sect.6.2 we may take a
subsequence of 7 (-) that is denoted with the same subindex for simplicity and then,

lim E f
n—oo 0
thanks (3.3) and (4.5), Remark 5.4, assumptions on the coefficient a™ and the initial

condition X (()"), the definition of q,’)(") ,and Sects. 6.2 and 6.3. Namely, we obtain that there
is a constant C > 0 such that

v (n)
ZO @0, XP A e nes) = 1) ds.

T 2
’n(s) — ™) ds =0 (5.20)

4
2
e =1 e[ =30,
i=1
where

22
2 ()]
oW (s, X)) $(s, X)
X" X
2

1 (s) =

2

’

" (s) =

= |gg — 85(”)

and

ax Z‘v (Am XO(AX))

= |ay——— " (D X0)(Ay)
Y Zo(As, Xo(Ay) ’

9,2 (A, x5V (AM))

zM A", xAMy)

2
—a™ .

(DsX ") (AW)

Using the construction of a™ and ™ it is obvious that

T
lim E/ [nin)(s) + né")(s)] ds = 0.
0

n—o0o

In order to deal with the 775"), we divide it into three parts as follows:

2
" (s) = [ X0 6™ 6. X = X 65, %)

X X2
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2 2
< W[wz (676, X)) =005, X))+ b5 X002 (X, = X7) }
‘ c 5 2 2
< W[w {(¢<">(s,xs<">)—¢(s,X§")>) + (965, X))~ 95, X)) }

T (s, Xy)? (XS - X§">)2 ]

Now, (3.3), (X3T), the construction of X 5"), Lemmas 4.1 and 4.3, and the arguments
used in the study of By, in (5.19), (6.11), (6.25) and (6.26) imply that
T
lim E / S (s)ds = 0.
n—0o0 0

The convergence of the fourth term is more complicated. It is a consequence of the
construction of ¢ and X(()"), Remark 5.4, Equality (4.5), the approximation of Z by
Z™ given in Sect. 6.3, a similar argument used in (6.14) involving the second derivative

of X in order to study the difference between (D;X0)(Ay) and (DSX(()") Y(A™) and,
finally, the more delicate aspect is to state

T
lim E |:/
n—o0 0

This fact is true because of (4.5) and the mean value theorem. We can see that it holds
applying Sect. 6.2. Indeed,

T 2 T
B| [ [ooo.x0 - a0 x [ as| <28 [ (10 + ) as

Here
T T 2
]E/ nﬁ"i(s)ds =E |:f ds] ,
0 ’ 0

T T 2
E/ ) (s)ds = E [/ ‘8X¢(”)(s, X) — 9™ (s, X§">)‘ ds].
0 0

2
b (s, X) — 0™ s, X)) ds] 0.

A (s, X5) — 3™ (s, Xy)

The construction of ¢, together with (B4T), yields

T T | rXs 2 T 5
E/ n‘(‘”%(s)ds <E f / 32(1)(11)(57 y)dy’ ds | < CE |:f ‘Xs _ XA(,”) ds:| )
0 ’ 0 0

x»
Section 6.3 implies that this quantity converges to zero as n tends to 4-c0. In order to
study the other term we observe

T T
E / " (s)ds = E /
0 ’ 0

since Bftb(") (s,0) = 8f¢(s, 0) by definition. Also by definition,
|8x¢(s, y) — 3x¢(”) (s, y)| converges to zero almost surely in (w, s, y) € Q2 x[0, T] xR,
and it is bounded by a constant (see (B4T) and Section 6.2). Consequently, the dominated
convergence theorem leads to

Xy 2
/ [afqb(s,y)—8f¢(”)(s,y)]dy‘ ds:|, (5.21)
0

n—o0

T
lim E / ny" (s)ds = 0.
0
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Thus, the proof of the theorem is finished. O

5.2 Main results

In this section X (-, X¢) stands for the unique solution to Eq. (3.1), under Hypotheses (X3T),
(A2T) and (B4T). Now, we introduce three types of stability for this solution.

Definition 5.5 Assume that X satisfies (X3T). We say that X (-, 0) = O is stable in probability
if, for every p > 0 and § > 0, there exists » > 0 such that

sup P{|X (7, Xo)| > p} <8,

t>0
for any X satisfying
|: |Ds X0|
sup
s.weR.xq L 1 Xol

+ IXOI] <r. (5.22)

Remark 5.6 Note that if we only consider deterministic initial conditions in Eq. (3.1), then
the last definition agrees with the usual stability in probability for Eq. (3.1). See Section 1.5
in Khasminskii [9]. Note the same happens if Xg is a random variable independent of the
Brownian filtration and satisfies (X3T). In this case we can assume that X is Fp-measurable
and we have D; Xy = O for all s > 0 and (5.22) reduces to || X¢||co < r, the usual condition
in the deterministic case (in addition to the condition that its absolute value is greater than a
constant).

Definition 5.7 Assume that X satisfies (X3T) and p > 0. We say that X(-,0) = 0 is
exponentially p-stable if there are positive constants A, r, « > 0 such that

E(1X(1, Xo)I”) < AE(IXo|”) exp(—a1), >0,
for any X satisfying

Lsx‘)'] <r (5.23)

sup [
s.weRyxe L 1 Xol

Remark 5.8 For instance, in order to have an example of an initial condition satisfying this
definition, we can consider Xg = nexp{¢(F)} withn e R — {0}, F = fooo h(s)§Ws, where
lh]| 0o is assumed to be small enough and ¢’ is bounded.

Definition 5.9 Suppose that X satisfies (X3T). We say that X (-, 0) = 0 is exponentially
stable in probability if, for a given & > 0, there are constants A, r, « > 0 such that

P (X, Xo)| > §) < Aexp(—ar), Vi=0,
for any X satisfying (5.23)
Remark 5.10 Note that the exponential p-stability implies
Jlim E (1X(z, X0)I”) =0
and the exponential stability in probability implies that

Jim P(X (7, Xo)| > &) =0.
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Theorem 5.11 Suppose that a, b and X satisfy (A2T), (B4T) and (X3T) forany T > 0,
respectively. Moreover, assume that X satisfies (5.22) and that

t 2
sup ¥, = sup/ [135 _4 es] ds <k, forallw € 2, (5.24)
>0 t>0J0 2

for a constant k > 0 and some positive adapted process € such that

2
% +8 +r(1 —v)|a|e" <g, forallt>0, (5.25)

for some v € (0, 1], 6; defined in (B4T), cy in (BIT) and r in (5.22). Then, the solution to
equation (3.1) is stable in probability.

Proof. Lemmas 4.1 and 4.3, together with (5.3), (5.4) and (5.25), yield
EF (X, Y) < E(|Xol"). (5.26)

Indeed, note that

2
a o (s, Xy) 0xZs(As, Xo(Ay))
<p= = 1-— Sl 7 (Dg X)) (A
nis) <v > +‘ X, es + (1 —v)las] Z.(As. Xo(As) [(DsX0)(As)]
2
a . (DsX0)(Ay)
< v 4§ — 1— 2ep | MZSADIATS
=vo+os es + (1 —v)lasle Xo(Ay)
and consequently, (5.25) and (5.22) gives that (5.26) holds.
Therefore, for p > 0,
EF(X;,Y)) = / F(X,,Y)dP = / X, "¢ MdP = p” e P(X, | > p),
{IX:]>p} {IX:]>p}

where we have used (5.24) and the definition of the process Y. Thus, (5.26) gives

E(|Xol”
PAXi| > p) < 200D gy
0
Hence, choosing E(| Xo|") small enough, the result holds. O

Remark 5.12 Note also thatif e, = §;+¢€ foracertaine > 0and a isboundedin (0, +00) x 2,
we always can find positive constants v and r small enough such that (5.26) holds. So, a
sufficient condition to prove that the theorem holds is to assume &5 + € satisfies (5.24).

We also have the following stability criterion.

Theorem 5.13 Assume (A2T), (BAT) and (X3T) are satisfied for any T > 0 and (5.23)
and (5.24) hold. Assume also there exists a strictly positive constant ko such that

Uaz
1 2cy
-+ 8 +r(l —v)|asle™ — & < —ko, (5.27)

forallt > 0 and some v € (0, 1]. Then, the solution to Eq. (3.1) is exponentially v-stable.

Remark 5.14 Note that in comparison with Theorem 5.11, now the condition is (5.27) instead
of (5.25).
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Proof of Theorem 5.13 In order to apply Theorem 4.1 in Hartman [8] (pag 26) we may use
the approximation X ) because if we use the original X, the derivative of EF' (X., Y.) is not
continuous. Using the same arguments given in the proof of Theorem 5.3, we have that there
exists a sequence {F (X", ¥™), n > 1} that converges to F(X;, ¥;) in L'(Q x [0, T]) (see
the study of (5.19)) and satisfies

t
E[F (X", ¥"™)] = E(X5" ") +v f ELF(X™, ¥,)n" (5)]ds.
0
Now, the goal is to apply Theorem 4.1 in Hartman [8]. Borrowing its notation, we define a
function U (¢, u) = —kjvu, on (0, T) x R. Then, the solution of u (t) = U (¢, u) in [0, T']
is u(t) = u(0)e k1. Moreover, if we define v(r) = E[F(X™, ¥™)], since n™ () is
continuous thanks to the definitions of all the coefficients and the constructions of ¢("), xXm
and Z™ we have
V(1) = vE [F(Xt(”), Y,("))n(")(t)] ., forallt e [0, T).

Furthermore,

ELFC, Y 0] = E[FEP. v ") (170 =) |+ E[FE. ¥

So, using Proposition 2.1.2 in [5], (5.20), (5.27) and proceeding as in the proof of Theorem
5.11 we have that there exists 0 < k1 < kg such that for any n big enough,

V') =vE[FX, 1™ 0] < —kivw ().

Then, defining u(0) = v(0) = ]E(|X(()") |") and applying Theorem 4.1 in [8] we have
E(F(X", ¥") < B(Xg" e " (528)
for any ¢ € [0, T]. Letting n — oo in (5.28) we have
E(F (X1, Y,) < E(IXo|")e ™.
Finally, (5.24) allows us to get
e ME(X, ") < E(Xi|"e™"") < E(|Xo|)e ™,
which implies the desired result O

An immediate consequence of previous theorem is the following result:

Corollary 5.15 Under the hypotheses of Theorem 5.13, the solution to equation (3.1) is
exponentially stable in probability.

Proof Observe that for any p > 0,

P(X:| > p) <

v =

v kN VY
E(X)") _ (g) —— .
0

Moreover, we also have the following result:
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Theorem 5.16 Assume that (A2T), (B4T) and (X3T) hold for any T > 0. Also assume that
(5.24) is satisfied and that for some v € (0, 1] there exists n < 0 such that

2
va;

7+81—8[<7]<0, VIZO.

Then, the solution to Eq. (3.1) is exponentially v—stable and exponentially stable in prob-
ability, for any initial condition Xy € D2 such that sup(&w)eR+XQ{|?‘)}§‘°|} is small

enough.

Proof The result is an immediate consequence of (5.3). O

6 Appendix
6.1 Proof of Theorem 3.1
The purpose of this section is to provide a proof of Theorem 3.1.
Here, to simplify the notation, we assume that ¢; < L without loss of generality. As in

Nualart [14] (Proof of Theorem 3.3.6), we apply Gronwall’s lemma and (B1T) to equation
(3.2) and then, we use (3.3) to obtain

t
|Xt| < LOJEL |:|XO(AZ)| + L/ L(Ii dS:I .
0

So, from (2.6), we have
t
E(IX]) < ¢"E [|X0<At>|Lo,t +L Lo, / (Lal)ds]
0
t
= e"E[|Xo|] + Le"E [LO,, / (Lg})ds] <00
| Lo,

as a consequence of the fact that supg., .7 E [L(’)J] < +o0 and supy, .7 E [LJ?] < 400,
for any r > 1, which follows from (A1T). Moreover, we have

sup E|X;| < oo. 6.1

0<t<T

The proof that X, introduced in (3.3), is a solution to Eq. (3.1) is similar to that of Theorem
3.3.6 in Nualart [14]. Thus, using (2.6), (3.3), (6.1), Buckdhan [5] (Lemma 2.2.13), the
integration by parts formula and the Girsanov’s theorem, we obtain

t t
E[/ as X DSGds:I =]E|:G <Xt —Xo—/ b(s,Xst)], (6.2)
0 0
for any G € S. Therefore the duality relation (2.2) implies that

t t
/ asXSSWs:X[—Xo—/ b(s, X;)ds
0 0

because the right-hand side is an integrable process due to (6.1) and Hypothesis (BI1T).
Consequently, (3.1) holds.
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Now, we prove the uniqueness of the solution to equation (3.1). To do so, we make use of
the fact that there is a sequence {a] : s € [0, T]} of the form

n—1
a;l = Z Fi,n 11([[,[[+1](S)7
i=0

where F; , € S,i =0,...,n—lLand0 =1 <1t <...<ty—1 <t, =T, such that a"

. 1.2
goes to a in L([0, T]; D7), lla” [z=@xpo.1 < lal<@xpo.rn. 1Da" | o@xio.rp) <
||Da||Loo(QX[0YT]2) + 1 and

1
G(A}) = G(AY) — / a, Du(G(A}))du, (6.3)
N
where G € S and A" is the solution to equation (2.4) when we change a by a” (see Lemmas
3.2.3 and 3.2.4 in Buckdhan [5]).
Let Y be a solution to (3.1) such that Y belongs to LY x[0, T]) and Iio,7aY € Dom g,
for all ¢ € [0, T']. Multiplying the members of (3.1) by G(A}) and taking expectations, we

have
t

t
E[Y,G(A)] =E[YoG(A)]+E U b(s, YS)G(A;’)ds] +E [/ as Yst(G(A;’))ds] .
0 0

Integrating by parts and using (6.3), we get
t t
E[Y;G(A})] = E[YoG] —E [YO/ a,’}Du(G(AZ))du] +E [/ b(s, YS)G(AZ)ds]
0 0
t t t
-E |:/ b(s, Ys)/ agDu(G(AZ))dudsi| +E |:/ aSYSDS(G(A?))ds]
0 s 0

t t
-E [ / a, Yy / Ds(a;’Du(G(AZ)))duds]. (6.4)
0 K

Consequently, by Fubini’s theorem, and proceeding as in Buckdhan [5] (Proof of Theorem
3.2.1), we obtain

t
E[Y;G(A)] = E[YoG] + lim E[/ b(s, Ys)G(Af)dS}
n—oo 0

n—o0

=IE[Y0G]+]E|:/
0

Hence, Girsanov theorem (see (2.6)) implies

t
+ lim E U Y (ag — af)) DS(G(A?))ds]
0

t

b(s, YS)G(AS)ds] .

t
E[Y/(T)Lg}(T)G] =E[¥oG] +E [G /0 bis, Y,(Ty), Ts>LaL(Ts>ds] :

forany G € S. So,

t
Y((T)Lg (T = Yo + / b(s, Yo(Ty), Ty) Ly {(Ty)ds.
0

Thus, the uniqueness of the solution to Eq. (3.2) leads to establish
Yi(T) Ly, (Ty) = Z,(Yp), w.p.1.
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It means Y is equal to the right-hand side of (3.3). So, the proof of Theorem 3.1 is complete.

6.2 Construction of ¢

Let n € N. Define the partition

and

. j=-n% ..., =1,0,1,...,n%

Thanks to (B4T), 32¢ ((#; — ,,17) V0, x;) € L*(Q) for any (i, j) and we can find Fl.(f;.’m) esS
such that Fl(';m) — 2 ((t; — n%) Vv 0,x;),as m — +0o0, in L?(R) and a.s. So, let

0= sup |03, x)
(w,t,x)eRx[0,T]1xR

which is finite due to (B4T). Let f € C2°(R) taking values in [0, 1] such that

3

Lolxl <1,

e = {0, x| = 2,
and fo(x) = f(i). Then, if we define

~(nm) (n,m) (n,m)
F =l <Fi,_/’ )Fi,j ’

we have that I:“l.(';’m) €S,

= (n,m)
Fij

(nm) _ (nm) .
<40, B = R if

Fl.(';.'m)‘ < 20, and, moreover,
ﬁi("/.‘m) — 2o ((t; — %) v 0,x;) in L?(R) and a.s., as m goes to +00. So, now we can
take Hi(”j) = E(.’}’"O) with ng € N such that

y

Using the function ki(") introduced in the proof of Theorem 5.3 we define the following
bounded random field

1
0 — ) v 0.x)) — HY)

2 1
] < ok (6.5)

n—1 n?—1
PO =Y 3 HIKY () 1 g0 x). n= 1

i=0 j=—pn2

where we take into account that the indicator depends on n because x; is so. The function
(t, x) = Y (¢, x) is continuous in time with probability one satisfying ™, x)| < 160.
Our next step is to show that, for any compact K C R, we get

T _ 2
lim ]E/ f [a§¢>(t,x) — 1/f<”)(t,x)] dtdx = 0. (6.6)
K JO

n—o0o

To do so, we observe
T _ 2 4
IE/ / [a§¢(z,x) - 1//<">(z,x)] <Y cr®, 6.7)
K JO i=1
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with
2
n—1 n?-1
11<n> / / a2 (t, x) — oy 2P x) I, 1O L 210 | drdx,
i=0 j—_,2
n—1 n2—1
= /f [Z > (a B, x)) — 0 ¢><<r,——>v0x,)>
_0 _ n2
2
X ﬂ(ti,ti+1](t) H(Xj,xj'+]](x):| dtdx,
2
n—1 n?-1
I(n) // Z Z <a &t — 2)\/0 xj) — l’;) L0410 Wy | drdx,
i= Oj_,nZ
2
n—1 n?-1
1(") - E/ / Z Z H(n) e 110 ( L0010 7k(")(z)> didx.
i=0 j=—p2

We first study I(") and I("). Let M > 0 such that K € [—M.M]. Then, forn > M,

7 n—1 n?—1
11(">=]E// SN |t x) — o7 261, )7 W1 (O 1 (a0t dx
K JO

tOjf n2

7 n—1 n?—1

< E/ / Z Z sup[|8 o1, y)—32¢>(t,,x,)| | NPT PSP (y)] didx.

2 yekK

Now, due to the continuity of 8%(;5, uniformly on [0, T] x K, we have

tim [1" +1§"] =0. 6.8)
n—oo
Secondly, we have that (6.5) gives
2MT
(n)
L=< o
obtaining
: (n) _
nEToo I;7 =0. (6.9)

We now study the last term. For n large enough, we have

2
n 1 n?-1
I(n) = CQZ]E/ / Z I (xj’ijrIJ(X) ’ I 10 (0) — ki(n)(t)‘ dxdt
i=0 j=—pn2
n—1 2
< CQ? / / 1 (x; ;001 (%) <Z| 1 gy 101 () — ki(t)|> dxdt.
J_—I‘LM 1 i=0
It is not difficult to see that
nM
Z ]1 (x_,-,x]-+|1(x) E 1
j=—nM-—1
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and
n—1 n—1 n—1
Z | I g1 (0) — ki(t)| = Z 1 (t,»—iz,t,-](t) + Z 1 (fi+1s7i+1+%](t)'
i=0 i=0 ! i=0 "

So, using these facts we get

T M [n-] 2
Ii") < CQ2/ / |:Z| ]l(liqlz#l](t) —ki(l‘)|i| dxdt
0 =M1
T M [n—1 n—1 2
= CQ2/0 /—M |:Z ll(li*niz,li]([)—i_z(; ﬂ(ti+1.,ti+1+n12]([):| dxdt
i=

i=0

T M-l T .M n—1
2 2
co /O /M Z 1 (ti—n%,ti](t) dxdt +CQ /0 /M Z U (fi+1,fi+1+n%](t) dxdt
=0 i=0

IA

2
_ cuMTQ

n

)

and, therefore

lim 1,V =0. (6.10)

n—oo

Now, putting together (6.8), (6.9) and (6.10) in (6.7), we get that (6.6) holds.
Finally, let g € C2°(R) such that |g(x)| < |x| and

NEACET TS
§x) = {o, 1] > 88 oo,

where ||§|lcc = SUP (4, 1)eQ2x[0,T] |6¢ (w)]. With (6.6) in mind, we define, for any (¢, x) €
[0, T] xR,

Y (t,x) = 0,0 (t,0)+ g (f v, y)dy) :
0
and
M (t,x) = /x v, y)dy.
0

Remember that [ (¢, x)| < 160 and we observe that (6.6) implies
quﬁ(t, x)= lim ¥"™(,x), foralmostall (w,x,1) € QxR xI[0,T],
n—+o0o

taking a subsequence if it is necessary. Furthermore, we have that, for any x € R,

T
lim [quﬁ(t,x) — w(”)(l,x)] di =0,

n—+00 0

as a consequence of the dominated convergence theorem since [82¢(z, y) — ¥ (t, y)|
is bounded. Indeed, 3,¢™(r,x) = ¥ ™(, x), the function ¥ (¢, x) is bounded
(1™ (¢, x)| < 9]8]|e0) and continuous in x, and

v, x) — 0,¢(1,0) + g (/x 321, y)dy> =0,:¢(r,x), as.
0
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In a similar way we obtain that the fact that 3, = ¥, for any x € R, yields

T 2 T X 2
B[ [oen-omenla=z [ | [ (no05 -0 n)ar] a
0 0 0

T prx 2
<wiE [ [ (a0 -9 aya.
0 Jo

Hence, we can find M > 0 such that K C [—M, M] and

T
supE/ [d)(t,x) —¢(”)(t,x)]2dt
0

xekK
T M 2
<me [ [ [a600-vPan] dvar —o.
o J-m
as n goes to oo.
6.3 Convergence of Z" to Z

In this subsection of the Appendix we show the convergence of Z (”)(A(") X, (n) (At(”))) to
Z(A;, Xo(Ay) in LY(Q x [0, T]). It means

T
lim IE/ Zi(Ar, Xo(Ap) — Z (A", X(")(A,(”)))‘dt=0. 6.11)
n——4oo
Note that if (6.11) is true, then we also have
T 2
lim E f Z:(Ar, Xo(A)) — Z(A™, X(”)(A§")))‘ dt =0, 6.12)
n——+o00

because |Z;(A;, Xo(A;))| and |Z(")(A(”) X(")(AE")))l are bounded by a constant indepen-
dent of n due to Lemma 4.1, Hypothesis (X1) and Sect.6.2 (see also inequality (6.20)
below).

Now we will prove that (6.11) is satisfied. For simplicity we write Z§”) (x) and Z;(x)
instead of Z §”) (A§'1), x) and Zs(Ajg, x), respectively. Using the triangle inequality, we have

T
g
0

T
efzza/
0

on = E/ ‘Z (X®A™M)y) — Z(")(X(")(A,(”)))‘dt.

Zi(Xo(A) — 2 (X (A,(’”))l dr <07 + 65, (6.13)

with

Z,(Xo(40) — Zi (X" (A7) ar,

We first study 67 . For this, we observe that (3.2) allows to get
'
1Zi(x) = Zi(W)] = |x — +/0 L(Il [b(s, Lo,s Zs(x)) — b(s, Lo,s Zs(y))|ds

t
< lx—yl +/0 ¥slloo 1Zs(x) — Zs(y)lds,
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and applying Gronwall’s Lemma we have, for ¢ defined in (B1T),
1Zi(x) = Zi(0)] < € |x — yl.
Consequently, using the triangle inequality again, we can establish
T
o) < K / ’XO(A,) - Xé"’(Aﬁ“)‘ dr = e [0]  +07,]. (6.14)
0 :
with

T
fi= E/ |Xo(40) = Xo(A™)| dt,
0

T
or, = E/ [Xo(A™) = X{" (A" dr.
0

By Propositions 2.1.4 and 2.2.12 in [5], we obtain

1

T 2 T
o1 < (/ |DsX0|2dS> ]E/ |4, — A"
’ 0 0 cM

Lo°(Q)

dt, (6.15)

where CM means the norm of Cameron-Martin. Now, we consider the last factor of (6.15).
For s < t and a certain generic constant C > 1, we can apply (2.4) and [5] (Poposition 2.1.4)
to conclude

2
(n)
‘As‘,t - As’,lz c

¢ 2
. =/S (a,(A,,,)—aﬁn)(Aﬁ’f))) dr
t 2 t 2
< 2/ (a,(A,,,) —a,(Aﬁ’f,’)) dr+2/ (a,(Ag'};) _a;m(Aﬁ’j))) dr
s s

t T
<2 / f (Dyay)?du
s 0 L°(2x[0,T

t
12C lall e @xio.r) /

N

2

‘A,,,—Aﬁ”} dr
) TIcM

ar(AL)) — i (A")| dr

r.t

2

t
2 (n)
f 2T||Da||L°°(Q><[O,T]2)\/T ‘Ar,l - Ar,[ cM dr

t
+2C|lall Lo @x[0,71) f
s

ar(AL) = a (Al dr.

Hence, taking expectation and using (2.6),

5 ‘ 2
E ( g — A" CM) < 2T1Dal g 012, / E ( Arg = A CM) dr
1 1
t 2 2 ! —1 2
+2Cllall Lo @x0.71) (E/ ar —a" d’) <E/ (Lfnr)) d’)
s s
< 27Dl "4, —a® Var
= Lo@x[0,T1?) J " "tlem

¢ Ja—a®] ~
+CllallLe@xio, ) ||@ —a L2@x[0.T])

Thus, Gronwall Lemma implies that, for0 <s <¢ < T,
J
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(n) 2 2
Ast — As,t CM) = C”“”LZ(Qx[O,T]) Ha —a™ H L2(Qx[0.T]) exp {ZT ”Da”Lz(QX[O,T]z)} :
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(6.16)
Similarly, changing a and ¢ by X and X(()"), respectively, we are able to state
1 1
! )y _ o> o\ AN
fh< (E /0 [Xo(af™) = X" (A" Lo,tdt> (m: /0 (L) )
= VT [xo- x| , - (6.17)
LY(R)

So, putting togheter (6.14), (6.15), (6.16) and (6.17) and considering the assumptions on
(n) (n)
a,a™, Xoand X, we get

T
lim 0! = lim IE/ ‘Z,(Xo(At))—Z,(X(()”)(A,(")))‘dt=0. (6.18)
n——4o0o n——+oo 0

Now, we analyze 67 . Because of (4.6) we have, for ¢ € [0, T'],
) "l )
1Z(x) — 2, (x)] < /0 ‘Las b(s, LosZs(x)) — (Lg’s)*l b (s, Lof'sz§n)(x))‘ ds
t

< f Loy
0 O
t
+,
0

t
< / 175l1oo 1Z6(6) — 20 (o) ds

0

\/.U

Applying Gronwall’s Lemma we obtain

b(s, LosZs(¥)) = bs, Lo, 28 ()] ds

LgbbGs, LogZ () = (L )7 b (s, LIZ ()| ds

Lot b(s, LosZ™ () — (Lo )7 6™ (s, LY Z§">(x))‘ ds.

t
2w~ 201 = e [ |Lg! b, Lo 20w = (24,07 65, L2 ) s
0
So, from (B4T), we can decompose
4
05 <> Hin. (6.19)
i=1

with

T t_ - (n)
H1,n=E/ / ‘bsfbs
0 0

T pt
Hyy =E /0 fo Lgx |66 LosZ (XA = oG5, L7 (X7 (A | dsar,

|2 (" Al | dsar,

T t
H3, = Efo fo ‘Lai - (Lf)f’_ﬂ)‘l\ ‘¢(s,Lg’j§2§”)(xg”>(A§”)))) dsdt,
T t
Hy, =E fo /0 @D o LIZ XA = 6 5, LGN Z (X (A | dsdr.

As in Lemma 4.1, using that IIE(”)IILoo(QX_[o,T]) < C”E”LOO(QX[()’T]) for a certain generic
¢ > 1 (due to (B4T) and the definition of 5™) and that [¢p™ (¢, x)| < 9|x|[18]| Lo @x[0.7])
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(thanks the construction of ¢ in Sect. 6.2), we have
2@, )| = Cla, (6.20)

for all w € Q and for n > 1. Then, Cauchy-Schwartz inequality, (6.20) and the fact that
||X(()") L) < cllXollLe> (), for a certain generic C > 1, give that

3 Tp o)
Hi, <CT? <IE/ ‘b,—b,
0

Proceding as in (6.21), we obtain

2
dt) . (6.21)

Los — Ly |Z&M (X" (A)| dsdt

T t

—1

H,, < |I3||L°°<Qx[0,TJ)]E/ / Ly
0 0

2 2
ds> . (6.22)

T
< CT 8|l L= @x0,T1) <E/ ‘Lo,s - ng
0
Moreover, using ¢ (s, 0) = 0 in (B2T), we get

Hyn < C I3li@xom E | — @i L |z o Ay | dsde

< CT ||8llL>=@x[0,77) E/ ‘LOSL(") - l‘ds

L") — Lo |ds

< CT |8l L=@x[0,T]) E/ LS,;
1

2 2
ds) . (6.23)

<CT ||5||L°0(Qx[o,T])< / ’L(") Lo

Now we deal with the last term Hy ,. Note that Hy ,, has the form

Hyp = HM , + HY . (6.24)

x ]¢<s, L5”32<">(X‘"><A(">)>) (s, LENZ (X" (ALY dsdr,

H42n = E/ / L<n>>M}(L("))_

x |6 (s, LEIZ XA — (s, LEIZ (X (AL ) | s,

with

On one hand, on {L(") < M3}, we know that L(")Z(”) (X, (n) (Aﬁ”’)) is bounded, then, for
a compact K big enough, we establish, for certaln constant C > 0 and L > 0 such that
K C[-L,L],

xekK

[Hf:’l’n]z <TC IE/O sup ‘(b(s x) — ¢ (s, x) ds
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T X 2
=TC IE/ sup (/ [axgb(s, y) — (s, y)] dy) ds
0 0

xekK
T X 2
<7cs [ s (1 [ [0 - 06 ] ay)as
0 xekK 0
T L 2
<TCL ]E/ / [8x¢(s,y) —w(")(s,y)] dyds, (6.25)
0 —L

and this converges to zero as a consequence of Sect.6.2.
On the other hand, Lemma 4.1, (6.20) and (B4T) yield

T t
M (n)y—1
H4,2,n = E/() /O H{LST;EM}(LO,S)

< [|6 . L 20X AP + [0 6, L ZO X A |] dsar

T
< CT I8llz~@xtor E /0 I

and Txebitxeff inequality implies

CT? 18]l o0
lim Hfz,,,i lim 181l Loo(2x[0,77)

=0. (6.26)
M—+00 M—+00 M

So, last part of Section 6.2, the definitions of a™ and 5™, together with (6.19) and (6.21)-
(6.26), allow us to obtain

T
lim 6} = lim /0 ’z,(xg”(Aﬁ”)))—z,(">(xg”)(A§”>)) dr=0.  (627)

n—-+oo n—o00
Finally, (6.18), (6.27) and (6.13) yield that (6.11) holds. ]
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